Chapter 2

Nil clean index of rings

2.1 Introduction

As mentioned in the introductory chapter, in this chapter we have introduced the
notion of nil clean index of a ring and characterized arbitrary rings with nil clean
index 1 and 2. Also a few results for rings with indices 3 and 4 are listed.

For an element a € R, if a—e € Nil(R) for some ¢? = ¢ € R, then a = e+ (a —¢)
is called a nil clean expression of a¢ in R and a is called a nil clean element. The
ring R is called nil clean if each of its elements is nil clean. A ring R is uniquely nil
clean if every element of R has a unique nil clean expression in R. For an element

a of R, we denote
n(a) ={e € R|e*=cand a—e € Nil(R)}
and the nil clean index of R, denoted by Nin(R) is defined as
Nin(R) = sup{| n(a) |- a € R}

where | n(a) | denotes the cardinality of the set n(a). Thus R is uniquely nil clean

if and only if R is a nil clean ring of nil clean index 1.

!The contents of this chapter have been published in International Electronic Journal of Algebra
(2014).



2.2 Elementary properties

Some basic properties related to nil clean index are presented here as a preparation

for the study on nil clean index of a ring.
Lemma 2.2.1. Let R be a ring and let e,a,b € R. Then the following hold:

(i) Ife € R is a central idempotent or a central nilpotent element, then | n(e) |= 1,

so Nin(R) > 1.
(i) e € na) iff l —e €n(l —a) and so |n(a) |=|n(l —a)|.

(i) If f : R — R is a homomorphism, then e € n(a) implies f(e) € n(f(a)) and

for the converse f must be a monomorphism.

(iv) If R has at most n idempotents or at most n nilpotent elements, then

Nin(R) < n.

Proof. (i) Let e be a central idempotent. So we have e = e+40, a nil clean expression
of e. If possible let e = a + n be another nil clean expression of e in R, where a €
idem(R), n € nil(R) and n* = 0 for some positive integer k. Then (e — a)?*~! =0,

which gives

o2h—1 _ (le_ 1) e I (;: - ;) (—1)%F2¢q2~2 4 (_1)2k71a2k71 -0,

© (¢4 (—1)%-1q) - { (2k;1— 1) - (2k;2— 1) b (—1)@9) @’; - ;) } e — 0.

Using elementary result of binomial coefficients, we get
(e—a)— (14 (=1)* 3ea = 0.

Hence e = a, i.e, | n(e) |= 1.



e € n(a),
a — e is nilpotent,
e — a is nilpotent,

(1 —a) — (1 — e) is nilpotent,

(R A

l1—een(l—a),

so we get | 7(a) |=[n(1 —a)|.

(1ii) is straightforward and (iv) is clear from the definition of nil clean index. O

Lemma 2.2.2. [If S is a subring of a ring R, where S and R may or may not share

the same identity, then Nin(S) < Nin(R).

Proof. Since S is a subring of R, all the idempotents and nilpotent elements of S
are also idempotents and nilpotent elements of R. Let a € S and e € ng(a) i.e., €* =
e € Sand a — e € nil(S). Obviously this implies e is an idempotent in R and

a—e €nil(R), ie., e € nr(a). Therefore we have

ns(a) C nr(a) for all a € S,

= | ns(a) |<| nr(a) | foralla € S,
= sup | ns(a) |[< sup | nr(a) |< sup | nr(a) | .
a€sS a€S a€ER

So we get Nin(S) < Nin(R). O
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Lemma 2.2.3. Let R = S x T be the direct product of two rings S and T. Then
Nin(R) = Nin(S)Nin(T).

Proof. Since S and T are subrings of R, so
Nin(S) < Nin(R) and Nin(7") < Nin(R).

If Nin(S) = oo or Nin(7T") = oo, then Nin(R) = oo and hence, Nin(R) = Nin(S)Nin(7')
holds. Now let

Nin(S) =n < oo and Nin(7") = m < 0.
As n, m > 1 and there exist elements s € S and t € T, such that
| ns(s) [=nand | no(t) |=m.

Thus s =e; +n;, fort =1,2,...,nand t = f; + m; for j =1,2,...,m, where ¢;’s,
f;’s are distinct idempotents and n;’s, m;’s are distinct nilpotent elements of S and

T respectively. Therefore (s,t) € R, can be expressed as
(s:t) = (€, [5) + (ni;my),
which are mn distinct nil clean expressions of (s,t) € R. Hence
Nin(R) > mn.

If possible let Nin(R) > nm, say nm + 1, then there exists an element (a,b) € R,

such that it has at least nm + 1 nil clean expressions in R. That is
(CL, b) = (gza hz) + (Cia dz)7

where i = 1,2, ... . mn+1, (g;,h)*= (g;, i) and (c;,d;) € nil(R). So a = g; + ¢;

and b = h; 4+ d; are nil clean expressions for a and b respectively. Let

K:{(g“hl)‘zzl7 2? 3a "-7mn7 mn+1}
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Now we have

| K |=nm+1
= [ {g:} |- | {ha} [ =nm +1
= | {gi} [> noor [ {hi} [>m,
which gives Nin(S) > n or Nin(7") > m, which is absurd. O

Lemma 2.2.4. Let I be an ideal of R with I C nil(R) and let n > 1 be an integer.

Then the following hold:
(i) Nin(R/I) = Nin(R).

(i1) If Nin(R) < n, then every idempotent of R/I can be lifted to at most n idem-

potents of R.

Proof. (i) Let a € R. Then any idempotent z+1 € n(a+1) is lifted to an idempotent
e, of R. Now from

(a+1)— (x+1)enil(R/I),

we get

(a+1)— (e, + 1) €nil(R/I),

which means there exists some positive integer k, such that

(a—e)"+T=1
= a— e, € nil(R)

ie., e, € n(a).
So the mapping n(a) — n(a + I) is onto, i.e.,

| n(a) |>| n(a+1)]| forall a € R.
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Conversely, if e € n(a) then a — e € nil(R); so there exists some positive integer k,
such that

(a—ef=0€el.
This implies

(a—e)f+1=1
and so

(a—1I)—(e+1I)enil(R/I)

which gives

e+1enla+1).
Therefore the mapping

n(a+ I) — n(a) is onto.

ie., | n(a+1)|>|n(a)|, for all « € R. Hence
| n(a) |=|n(a+1)|, for all a € R,

which implies

sup [ n(a) |= sup |n(a+1)],
acER (a+1)eR/I

consequently

Nin(R) = Nin(R/I).

(ii) Let @ € R such that a* —a € I. If a—e € I C nil(R), for some e* = e € R, then

e € n(a). But | n(a) |< Nin(R) < n. So there are at most n such elements. O
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A
Lemma 2.2.5. Let R = , where A and B are rings, AMpg is a bimodule.

0 B
Let Nin(A) =n and Nin(B) = m. Then
(1) Nin(R) > |M].

(i) If (M, +) = Cpr, where p is a prime and k > 1, then Nin(R) > n+-[5)(|M|-1),

where [3) denotes the least integer greater than or equal to .

(i11) Either Nin(R) > nm + |M|—1 or Nin(R) > 2nm.

14 0
Proof. (i) Let a = . Then we have
0 0
1A w
|we M 3 Cna)
0 O
as
1la w 14 0 0 w
— = is nilpotent.
0 O 0 0 0
So we have

Nin(R) > [n(a)[= |M].

(ii) Let ¢ = p* and a = e; + n;, i=1,2,...n be n distinct nil clean expressions of

ain A. Foranye=¢e2€ A
(M,+)=eM @ (1 —e)M.
Since (M, +) =2 C,, so (M, +) is indecomposable and hence
M =eM or =(1—e)M.
Assume that

—e1 — i .. — — €4 — s = =€y — .
(1—e)M (1—e)M = M and e; 1 M enM =M
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1A—CL 0
If s> (n—s) (ie, s> [5)), then for a = , we have
0 0
1y—e O la—e; w
n(e) 2 ; 1<i<nl1<j<s0FweM,,
0 0 0 0

SO

[n(@)|= n+s(g = 1).

If s<(n—s)(ie,n—s52>[5)), for =

00
e; 0 € w
n(B) 2 , 1<i<ns+1<j<n0#weM,,
0 0 0 0
therefore
n(B)|=n+(n—s)(qg—1).
Hence

Nin(R) > n + [g) (q—1).

(i1) Let a=e; +n;, i=1,2,...nand b= f; +m;, j=1,2,...m be distinct nil
clean expressions of a and b in A and B respectively.

Case I:

If e;, M (1 — fj;,) + (1 —e;) M fj, = 0 for some iy and jo. Then e;;w = wf;, for all

1A—a 0
w € M. Thus for a =
0 b
1ly—e O lg—ep, w
n(a) 2 ; 1<i<n,1<j<m0#weM,,
0 i 0 o

so we have |n(a)|> mn + |M|—-1.
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Case II:
If e, M(1—f;)+ (1 —e;))Mf; # 0 for all i and j. Take

0 7é Wi € GZM(l — f]) + (1 — ei)ij for each pair (Z,])

a 0
For o« = , we have
0 b
€; 0 €; Wij
n(a) 2 ) 1<i<n1<j<m0Aw;eM,,
0 0 f;

thus |[n(«a)|> 2mn.

Cases I and II imply, either
Nin(R) > nm + |M|—1 or Nin(R) > 2nm.

O

A
Lemma 2.2.6. Let R = , where A and B are rings, AMp is a bimodule

0 B
with (M, +) = Cyr. Then Nin(R) = 2" Nin(A) Nin(B).

Proof. Let k = Nin(A) and [ = Nin(B). For e; € Idem(A), f; € Idem(B),n; €
Nil(A) and m; € Nil(B), let a = e;+n;, i =1,2,...kandb= f;+m;, j=1,2,...1
be distinct nil clean expressions of a € A and b € B respectively. Write M =
{0, , 2x,...,(2" — 1)z}, for any e = €? € A, either M = eM or M = (14 — e)M;

so ex € {0,x}. Suppose ejx # eyx, say e;x = 0 and egx = x. Then
ar =mz =x +ngx = (1 +ng)x
Because ar € M, ax = iz for some 2 < i < 2*. So

mx =1z,

= 0= 1Pz [ Since n? = 0 for some p € NJ,



which gives ¢ is even, so let + = 25. Now
(1+n2) = (2))a
=  (14+ny)z=(2))z=7j"(2")x =0,

= x=0[asn+1eU(A4),

a contradiction, as © # 0. So e;x = esx = - -+ = exx. Similarly xf) = xfy = ---
ZL‘fl.
Case I:
1A —a 0
If e;4 =0 and zf; =0, for a = we have
0 b
1g—e; w —n; —w
o= + ,
0 0 m;

1=1,2,...,k,7=1,2,...,l and Yw € M, therefore in this case

Nin(R) > |n(«)|> 2"kl.

Case II:
1A —a 0
lfex=z, xf;j =, for B = , we have
0 b
ly—e w —-n; —w
f= + ,
0 0 my

1=1,2,...,k,j=1,2,...,1, and Yw € M, therefore in this case also

Nin(R) > |n(«)|> 2"kl.

Case III:
a 0
Iferx=a, xf; =0, for vy = we have
0 b
e w n; —w
V= + 5
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i=1,2,...,k,7=1,2,...,l and Yw € M, therefore in this case Nin(R) > |n(«a)|>

2"kl
Case IV:

a
If e,z =0, xf; =z, for 6 = , we have

0 b

e w n;, —w

0= +
0 f 0 m;

1=1,2,...,k,7=1,2,...,1 and Yw € M, therefore in this case also

Nin(R) > |n(«)|> 2"kl.

On the other hand for a = € R, we have
n(a) = een(c), fen(d), w=ew-+we
So, [n(a)|< |M||n(c)||n(d)|< 27kl and therefore

Nin(R) < 2"kl.

Hence Nin(R) = 2"kl = 2"Nin(A)Nin(B).
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Lemma 2.2.7. Let A and B be rings and sMp a nontrivial bimodule. If R =

A M
is a formal triangular matriz ring, then Nin(A) < Nin(R) and Nin(B) <
0 B
Nin(R).

Proof. Let k = Nin(A), for n; € Nil(R), ¢; € Idem(R); let a = ¢; +n; (i =

1, 2,...,k) be k distinct nil clean expressions of a in A. If e;M = 0, then

lg—a O lg—e; O -n; 0
= -
0 0 0 0 0 O
1ly—e; =« —ny —x
— + VO£zeM
0 0 0 0
1A —a 0
are at least k + 1 distinct nil clean expressions of in R.
0 0

If e;M # 0, then e;z # 0 for some x € M. So we have

a 0 e; 0O n; 0
= -
0 0 0 0 0 0
€1 €6x ny —eix
= + V 0#xeM
0 O 0 0
a 0
are at least k 4 1 distinct nil clean expressions of in R.
0 0

So in any case

Nin(R) > k+1 > k = Nin(A).

Similarly
Nin(R) > Nin(B).
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Lemma 2.2.8. Let R be a ring with unity. Then In(R) > Nin(R), where In(R) is

the clean index of R.

Proof. Let Nin(R) = k. Then there is an element a € R, such that it has k nil clean
expressions in R, i.e.,

a=¢e;+n;, fori=1, 2,--- k,

where ¢; € idem(R) and n; € nil(R). From this we get,
a—lzeﬁ—(ni—l)

are k clean expression for (a — 1) € R, and therefore In(R) > k. O

2.3 Rings of nil clean index 1

Lemma 2.3.1. Nin(R) = 1, if and only if R is abelian and for any 0 # e* = e €
R,e #n+m for n,m € nil(R).
Proof. Let e = e € R. Then for any r € R, we have
e+0=le+er(l—-e)+[—er(l—e),
where
(e+er(l—e))?=e+er(l —e) € ldem(R)
(—er(1—e))* =er(l—e)er(l —e) =01ie., —er(l —e) €nil(R).
Since Nin(R) =1, so

e=e+er(l—e) gives er = ere.

Similarly re = ere, hence er = re, thus R is abelian. For last part, if e = n + m for
some n,m € nil(R) then

e+ (—m) =0+n,
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since Nin(R) = 1, this is not possible.
Conversely, suppose R is abelian and no nonzero idempotent of R can be written as
a sum of two nilpotent elements. We know that Nin(S) > 1 for any ring S. Assume

that a € R has two nil clean expressions
a=-e +n :62+n2, (231)

where e1, €5 € idem(R) and nq,ny € nil(R). If e; = e; we have nothing to prove. So

let e; # ey. Now multiplying equation (2.3.1) by (1 — e;) we get,

e1(l—e1)+ni(1—ey) =ea(l —e1)+no(l —ey)

62(1 — 61) = Tbl(l - 61) - TLQ(]_ - 62). (232)
Since R is abelian, therefore
es(1 —e1) € Idem(R) and ny(1 — e1), na(l — eqg) Nil(R).

So (2.3.2) gives a contradiction if ex(1 —e1) # 0. ex(1 —e1) = 0, i.e., es — eqes.
Similarly, e; — ejes. Hence e; = ey. This shows |n(a)|< 1 for all @ € R, hence

Nin(R) = 1. 0
Theorem 2.3.2. Nin(R) =1 if and only if R is an abelian ring.

Proof. (=) This is by Lemma 2.3.1.

(<) Let R be an abelian ring and e a non zero idempotent of R. We claim that
e can not be written as sum of two nilpotent elements. Suppose e = a + b where
a,b € Nil(R) and for positive integers n < m, a” = 0 = b™. Then (e — a)™ = 0,

using binomial theorem we get

m m m
m (m—1) 2 (m—2) _ . -1 (n—1) (n—1) (m—n+1) __
e (1)a6 +(2)a6 +( ) (n 1)@ (& —O
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which gives

This implies
e(l—a)™ =0,
therefore we get, e =0 [ since 1 —a € U(R)].
Similarly, if n > m, then (e — b)" = 0 and so e = 0, a contradiction. Hence, no

nonzero idempotent can be written as sum of two nilpotent elements and therefore

Nin(R) = 1. 0
Above theorem gives the following observations:

(i) A ring R with Nin(R) = 1 is always Dedekind finite, but the converse is not

true by Example 2.5.2.

(ii) Rings with trivial idempotents have nil clean index one and consequently the
local rings are of nil clean index one. If Nin(R) = 1, then it is easy to see that

idempotents of R[[z]] are idempotents of R, and for any
a=a+oz+--- € R[[z]],

we have
Nrfa)) (@) € nr(ao).
This gives
Nin(Rlz]) = Nin(R[[a]}) = 1.
But if Nin(R) > 1 then, there is some noncentral idempotent e € R, such that

er # re for some r € R. So either

er(l1—e)#0or (1 —e)re#0.
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Let er(1 —e) # 0. Then we have

a:=e+er(l—e)

= le+er(l —e)x'] + [er(l —e)(1 — 2%)],

where ¢ is a positive integer, are infinitely many nil clean expressions of a in
R|x], which implies
Nin(R[z]) = oo.

Now we have the following theorem.
Theorem 2.3.3. Nin(R|[z]]) is finite iff Nin(R) = 1.

Proof. If Nin(R) = 1, then it is easy to see that idempotents of R[[z]] are idempo-
tents of R. For any o = ag + aqx + - -+ € R[[z]], it is easy to see that ngja(a) C
nr(ao). This gives Nin(R[z]) = Nin(R[[z]]) = 1. But if Nin(R) > 1 then, there
is some noncentral idempotent e € R, such that er # re for some r € R. So
either er(l —e) # 0 or (1 —e)re # 0. Let er(l —e) # 0. Then we have
a :=c+er(l—e) =le+er(l—e)]+ [er(l —e)(l — z')] where i is a posi-
tive integer, are infinitely many nil clean expressions of a in R[z| which implies

Nin(R[z]) = oo. O

Corollary 2.3.4. Nin(R[[x]]) is 1 or infinite.
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2.4 Rings of nil clean index 2

In this section, we characterize rings of nil clean index 2. From the discussion above
we see that such rings must be non abelian.

A M
Theorem 2.4.1. Nin(R) = 2 if and only if R = , where Nin(A) =
0 B

Nin(B) =1 and AMp is a bimodule with |M|= 2.

0 O
Proof. (<) For o = € R, we have
0 1p
0 w
;s we My Cnlap).
0 1p
Therefore
Nin(R) 2| n(ao) |2] M |= 2
a T
For any o = €ER
0 b
e w
n(a) = ;een(a), fenb), w=ew+wf
0 f

Because | M |= 2, | n(a) |< 1, | n() |< 1, it follows that | n(a) |< 2. Hence
Nin(R) = 2.

(=) Suppose R is non abelian and let ¢ = ¢ € R be a non central idempotent. If
neither eR(1 — e) nor (1 — e)Re is zero, then take 0 # = € eR(1 —¢) and 0 # y €

(1 —e)Re. Then
e=e+0
=(e+z)—v

=(e+y)—y
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are three distinct nil clean expressions of e in R. So without loss of generality, we

can assume that
eR(1 —e)# 0 but (1 —e)Re =0.
The Peirce decomposition of R gives

eRe eR(1 —e)
R—
0 (1—e)R(1—e¢)

As above 2 = Nin(R) >| eR(1 —e) |;so | eR(1 —e) |= 2. Write
eR(1—e)={0,z}.

If possible let a = e; +n; = e3 + ny be two distinct nil clean expressions of a in eRe.

If eyz = x, then

a 0 e;7 O ny 0
= +

0 0 0 0 0 O

€2 0 %) 0
= +

0 0 0 O

€1 X n T
= +

0 0 0 0

a
are three distinct nil clean expressions of € R. If eqx = 0, then

0 0

a 0 e;r O ny 0
= -

0 1p 0 1p 0 O

€9 0 o 0
= -

0 1p 0 O

€1 X sl x
= -
0 1p 0 1p
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are three distinct nil clean expressions of in R. This contradiction shows

that Nin(eRe) = 1. Similarly, Nin(( e)R (1—e) O

2.5 Rings of nil clean index 3

The next proposition gives a sufficient condition for rings to have nil clean index 3.

A M
Theorem 2.5.1. If R = , where Nin(A) = Nin(B) = 1 and sMp is a
0 B

bimodule with |M|= 3, then Nin(R) = 3.

Proof. This is similar to the proof of the implication “(<)” of Proposition 2.4.1.

O

The condition of Proposition 2.5.1 is a sufficient condition, but not necessary,

as shown by the following example.

Z
Example 2.5.2. R = 2 1s a ring of nil clean index 3.
Ly Lo
00 0 1 00 11
We see that, nil(R) = , , , . Using
00 00 10 11
Lemma 3.2.1, we get Nin(R) < 4. Also
10 10 11 10
/r] - Y ) )
00 00 00 10

thus Nin(R) > 3. Similarly verifying for each element we see that Nin(R) = 3. But

A M
it is not of the form . O

0 B

Next we have the following proposition for matrix ring.
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Proposition 2.5.3. Let S be a ring with unity and let n > 2 be an integer. Then
(i) Nin(M,(S)) > 3.
(i) Nin(M,(S)) =3 iff n =2 and S = Zs.

Proof. Let E;; € M,(S) such that (4, j)th entry is 1 and rest of the entries are 0. So

for A = Ella

U(A) 2 {En + ZTiE1i7E11 +ZSiEi1‘VTi75i & S (2 S 7 S TL)} .

=2 1=2

So we have

Nin(R) > |nr(a)|> 2/S[" ' ~1.
(i) If |S|> 3 or n > 3, then
Nin(R) > min{2.3>" ' -1, 2.3°"' -1} = 5.

By Example 2.5.2, Nin(Ms(Z,)) = 3, so in general Nin(R) > 3.

(1) If Nin(R) = 3, the above argument shows
3 = Nin(R) > 2|S|""'~1
= 2> |9t

So we must have n = 2 and |S|= 2. Therefore S = Z,. The converse part is

obviously true as Nin(M(Z,)) = 3. O

Theorem 2.5.4. Let R be a ring. If Nin(R) = 3 then one of the following holds:

A M
(i) R = , where A and B are rings with Nin(A) = Nin(B) = 1 and
0 B

AMp is a bimodule with |M|= 3.

A M
(ii)) R = , where A and B are rings with Nin(A) = Nin(B) =1 and
N B

AMp, BN, are bimodules with |M|= |N|= 2.
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Proof. Let Nin(R) = 3. Then R is non abelian. Let e € R be a noncentral idempo-
tent. Set
A=eRe, B=(1—¢e)R(1—¢), M =eR(1—¢), N=(1—e)Re.

Since e is noncentral, M and N are not both zero, so we have two cases
Case I:
Let M #0, N=0or M =0, N # 0. Without loss of generality let M # 0, N = 0.

A M
Then R = . Clearly by Lemma 2.2.5,
0 B

2 < |M|< Nin(R) = 3.
Also by Lemma 2.2.7, we have
Nin(A) < Nin(R) and Nin(B) < Nin(R).
By Lemma 2.2.6, if |M|= 2 then
3 = Nin(R) = 2Nin(A)Nin(B),
which is a contradiction. So |M|= 3. Now by Lemma 2.2.5, we see that

3 = Nin(R) > Nin(A)Nin(B) + |[M|-1 or Nin(R) > 2Nin(A)Nin(B)

=  Nin(A)Nin(B) <1 or Nin(A)Nin(B) <

N W

= Nin(A)Nin(B) = 1; that is, Nin(A) = Nin(B) = 1.

So we get (i).
Case II:
Let N # 0 and M # 0. So |[N|> 2 and |M|> 2. Now

n(e) D {e+w,e+z;we M,0+#z¢€ N}.
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Thus
3 = Nin(R) > [n(e)|= [M[+|N|-
= 4<[M|+[N|<4 = [M]=|N|=
Again C = C R, so Nin(C) < Nin(R) = 3.
But Nin(C') = 2Nin( ) ) <3 = Nin(A) = Nin(B) = 1, proving (i7). O

Note: Ring homomorphisms in general do not preserve the nil clean index. For
example, if we consider a ring R of nil clean index 2, then R cannot be abelian, so
Nin(R[[z]]) can not be finite. But R is a homomorphic image of R[[z]]. However in

case of Nin(R) = 1, we have the following result.

Theorem 2.5.5. The homomorphic image of a ring R with Nin(R) =1 is again a
ring with Nin(R) = 1, provided idempotents of R can be lifted modulo the kernel of

the homomorphism.

Proof. Straightforward. O
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2.6 Formal triangular ring with nil clean index 4

A M
Theorem 2.6.1. Let R = , where A and B are rings, AMp is a non

0 B
trivial bimodule. Then Nin(R) = 4 if and only if one of the following holds:

(i) (M,+) = C, and Nin(A) Nin(B) = 2.
(ii) (M,+) = Cy and Nin(A) = Nin(B) = 1.
(iii) (M,+) = Cy & Cy plus one of the following
(a) Nin(A) = Nin(B) =
(b) Nin(A) ( , where Nin(S) = Nin(T) = 1 and |W|= 2

and eM(1p — f +(1A—6Mf7é0 for all e* = e € A and f € n(b),
where b € B with |n(b)|=

(¢) Nin(B) , where Nin(S) = Nin(7') = 1 and |W|= 2
and eM(1p — f (1A—6Mf7é0 for all e = e € B and f € n(a),
where a € A with \n(a)|: 2.

Proof. (<) If (i) holds then by Lemma 2.2.6, we get Nin(R) = 4.

a x
If (4i) holds then Nin(R) > |M|= 4. Now, for any a = ( , ) € R,
0

0 f
Because |M|= 4, |n(a)|< 1 and |n(b)|< 1, it follows that |n(«)|< 4. Hence Nin(R) =
4.

n(a)z{(e w)ER: eenla), fenb), wzew—i-fw}.

Let (i7i) (a) hold. Then Nin(R) > |M|= 4. Now, for any o = < g i > € R,

n(a)z{((c; ?)6]%: eenla), fenb), w:ew—i-fw}.



30

Because |M|= 4, |n(a)|< 1 and |n(b)|< 1, it follows that |n(«)|< 4. Hence Nin(R) =

4.
a w
Suppose (iii) (c¢) hold. Then clearly Nin(R) > |M|= 4. Let a = < ) € R.
0 b
We show that |n(«)|< 4 and hence Nin(R) = 4 holds. Since Nin(B) = 1, we can

assume that 1n(b) = {fo}. Then as above we have

n(a)z{(é ;)eR:GEU(a),z:ez—i-zfo}

If |n(a)|< 1, then |n(a)|< |n(a)|.]M|< 4. So we can assume that |n(a)|= 2. Write
n(a) = {e1, ea}. Thus n(a) =T |JTs, where

Ti:{(i; ;)eR:(lA—ei)z:zfo} (1=1, 2).

n(la—a)={1a—e1, 14— e},

Since

the assumption (i77)(c) shows that
{zeM:(1y—¢€)z=2zfo}
is a proper subgroup of (M, +); so |T;|< 2 for i =1, 2. Hence
()| < |Th|+|T2|< 4.

(=) Suppose Nin(R) = 4. Then 2 < |M|< Nin(R) = 4. If M |= 2 then Nin(A) Nin(B) =
2 by Lemma 2.2.6, so (i) holds.

Suppose |M|= 3. By Lemma 2.2.5, we have
Nin(A) + |M|< Nin(R),
showing Nin(A) < 2. Similarly, Nin(B) < 2. But Nin(A) = 2 = Nin(B) will give
Nin(R) > 6 by Lemma 2.2.5
and Nin(A) = Nin(B) = 1 will give

Nin(R) = 3 by Theorem 2.5.1.
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Hence the only possibility is Nin(A) Nin(B) = 2, so without loss of generality we
assume that Nin(A) = 2 and Nin(B) = 1. Write

M ={0,z,2x}.

Now by Theorem 2.4.1, we have

T N
A= ,
0o S
where T' & S are rings, 1Ng is bimodule with Nin(7") = Nin(S) = 1 and |N|= 2.
Note that for e € Idem(A), ex € {0, z}. Indeed, if ex = 2z, we have

2t =ex=e(ex) =e(2x) =e(r+2)=ex+er=20+2v=4dx ==z

which is not possible.
17 0

Now let a =
0 0

) € A, such that
17 0 0 0
a = +
0 0 0 0
1 0 —
_ T Y n Y .
0 0 0 0
1r 0 1 0 0
Let us denote, e; = 4 , €9 = Ty , = and
0 0 0 0 0 0

0 _
ng = ( Y ) Clearly e, e5 € Idem(A) & ny, ny € Nil(A). Now we have
0 O

following cases:

Case I:
1A—a 0

0 0
ly—e =z —ny —x
B = + Vze M
0 0 0 0
1g—es z —nNy —X
+ VzeM
0 0 0 0

Let eqx = esx = 0. Then we have an element g = ( ) € R such that
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are six nil clean expressions for 5, which implies |n(/5)|> 6. That is Nin(R) > 6,
which is not possible.

Case 1I:

Let e;x = esx = x. Then we have an element

a 0
a=< >€Rsuch that

0 0
€1 Z ny —x
o= + Vee M
0 0 0 0
() +( ™ Ve M
0 0 0 0
are six nil clean expressions for a, which implies |n(«)|> 6. That is Nin(R) > 6,

which is also not possible.

Case III:
Let ez = z and eax = 0. Then we have (e; — eg)r = . Let j = e; — e3. Then

clearly j € Nil(A) and we have

Jjr =z,
= (la—j)z=0,
= =0, (asl—jeUA).
This is a contradiction.
Case 1V:

Let e;qx = 0 and esx = x. Then as in Case III, we get a contradiction. Hence if

M = (3, Nin(R) is never 4. Suppose |M|= 4. If
(M7 +) = 047
then Nin(A) Nin(B) = 1 by Lemma 2.2.6, so (ii) holds. If

(M7+) 202@027
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then since Nin(R) = 4, by Lemma 2.2.5, we have Nin(A)Nin(B) < 2. Now
if Nin(A) Nin(B) = 1 then (¢ii)(a) holds. If Nin(A) Nin(B) = 2, without loss of
generality we can assume Nin(A) = 2 and Nin(B) = 1. So by Theorem 2.4.1, we

(1)

where Nin(S) = Nin(7T) = 1, and |W|= 2. To complete the proof, suppose on

have

contrary that

eM(1p - f)+(1a—e)Mf =0
for some f? = f € B and e € n(a), where a € A with |n(a)|=2. Then ew = wf for

. . . 0w
all w € M. It is easy to check that n(a) = {e, e+ j} where j = €A
0 O

. 1A—6 0
with 0 # wy € W. Thus, for v := / ,
0

1ly—e 0 la—(e+34) O ly—e w v
77(7)2{( . f)( . f)( . f). eM},

so [n()|> 5, a contradiction. Hence (ii7)(c) holds. Similarly (ii7)(b) can be proved.O



