Chapter O©.  Fitting and Forecasting

Mortality for  Assam
population by Applying
the Lee-Carter Model

6.1 Introduction

The attempt to forecasts mortality had a long history in demography and actuarial
science. Traditionally, a parametric model was fitted to annual mortality rates. The most
famous parametric models in the history were De Moivre [16], Gompertz [23], Makeham
[46], and Weibull [62]. In the course of recent years, various new methodologies were
produced for forecasting mortality using stochastic models, such as such as Alho, Alho
and Spencer, McNown and Rogers [[44], [45]] Bell and Monsell and Wang [[5], [61]],
Wong-Fuppy and Haberman [66] . Lee and Carter [40] introduced the first mortality
model with stochastic estimate. In this model time dependent variable is modelled
through time series models. The Lee and Carter model has been used for fitting and
forecasting the mortality rates for many countries: US [40], Chile [41], China [42], Japan
[65], the seven most economically developed nations (G7) [55], India [[54], [68]], the
Nordic countries [36], Sri Lanka [1] and Thai [69]. Lee and Carter model is

computationally easy to apply and it has given successful results for various countries.

In this chapter, a long-term study of mortality rates for Assam population has been

concentrated for total, male and female. There are many advantages for choosing the Lee
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Carter model for forecasting mortality. The Lee-Carter model performs one of the most
influential recent developments in the field of mortality forecasts. Additionally, the
essential component of this model is that for a precise value of the time index k;, a
complete set of death probabilities can be characterized that enable us to compute the all
of the life table functions. The estimated values of the parameters, a, and B,, remain
consistent and invariant through time. Subsequently, the estimated parameters can be
utilized for any time of intrigue. Also, traditional projection models provide the forecaster
with point estimates of future mortality rates. But, the Lee Carter model allows for

uncertainty in forecasts.

6.2 Objectives

In this chapter, the main aim is to examine the feasibility of using the Lee-Carter model
for forecasting the mortality of Assam population. The stochastic mortality model given
by Lee and Carter is used for fitting and forecasting the human mortality of Assam for
both the gender. The model has been fitted to the matrix of Assam death rates based on
15 years data separately for Assam male and female populations in the form of life tables
for the period 1995-99 to 2009-13. The Singular Value Decomposition (SVD)
methodology is applied to estimate the parameters of the model. A time-varying index of
mortality is forecasted up to 2025 year using random walk drift model (RWD) and is

used to generate projected life tables.

6.3 Materials and Methods

6.3.1 Data Description

The analysis is based on the data obtained from abridged life tables of Assam male and
female populations for rural and urban area for 15 years from 1995-1999 to 2009-2013.
The data source used for this study is “Sample Registration System” (SRS). The data
which have been used is the death rate period and the population size is five-year age

groups i.e., 0-5, 5-10, ---, 80-85. From these life tables, the age group specific central

death rate (m, ) has been derived as:
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Where q, . denotes probability of dying in the age group at time t.

6.3.2 The Lee-Carter Model

Lee-Carter (1992) developed the first stochastic mortality model for forecasting human

mortality is a simple bilinear model in the variables x (age) and t (calendar year) as given

by:
ln(mx,t) = Ay + bxkt + Sx’t, (61)

where
m, . . observed central death rate at age x in year t,
a,. average age-specific pattern of mortality,
b, pattern of deviations from the age of profile as the k, varies,
k.. a time-trend index of general mortality level,
&x,¢ the residual term at age x and time ¢.

The time component k, captures the main time trend on the logarithmic scale in mortality
rates at all ages. The model includes no assumption about the nature of the trend in k;.
The age component b, modifies the main time trend according to whether change at a
particular age is faster or slower than the main trend. In principle, not all the b, need
have the same sign, in which case movement in opposite directions could occur. In
practice, all the do have the same sign, at least when the model is fit over fairly long

periods. The model assumes that b, is invariant over time.

In order to obtain a unique solution the following constraints used by Lee and Carter
(1992),
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a, = %Z ln(mx,t), (6.2)

Z b, =1, 6.3)
z k, = 0. (6.4)

6.3.3 Estimation of Parameters Using Singular Value Decomposition (SVD)

The Lee Carter model cannot be fitted by ordinary regression methods, because there are
no given regressors; thus in order to find a least squares solution to the equation (6.2).
The SVD methodology suggested by Lee and Carter [40] has been used for estimating the
parameters assuming that the errors are homoschedastic. Here, the first stage SVD

method is directly used. The different steps of the SVD method are as follows:

Step 1: From equation (6.2), the parameter a, can be easily computed as the average
over time of the logarithm of the central death rate as

tn
1
Oy = ?Z In(m,,),x =0—-1,1—5,5-10,-,80 — 85. (6.5)
t=t1

Step 2: Then for estimating the parameters b, and k;, the SVD have been applied on

the matrix z, ., where

Zyr = In(my) — Gy, (6.6)
ln(m0—1,1995—99) —dy ln(m0—1,1996—2000) — oy ln(mo—1,2009—13) — oy
ln(m1—5,1995—99) —d;_s ln(m1—5,1996—2000) —d;_s ln(m1—5,2009—13) —d;_s

ln(m80—85,1995—99) — Qgo-gs [n(Mgo_gs1996-2000) — Ago-g5 - ln(m80—85,2009—13) — Qdgo_gs

Step 3: Applying SVD to the matrix z,  which decomposes the matrix of z, . into the

product of three matrices : ULVT = SVD(zy,) = LiUy1Viy + -+ + LyUyxxVix, Where
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U representing the age component, L is the singular values and V representing the
time component, where, r = rank(z,.), L; (i = 1,2,---r) are the singular values in
increasing order with U,; and V;; (i = 1,2.---,r) as the corresponding left and right

singular vectors.

Step 4: The approximation to the first term gives the estimates b, = U,; and

~ 2
k. = L,V;;. The proportion of variation explained by the LC model is rL;LZ .

=11

Finally, estimate the logarithm of the central death rate, In (my.) = @y + Zy; =

a, + b,k,.
6.3.4 Forecasting of Mortality

One of the main advantages of using the Lee and Carter model is that once the data are
fitted to the model and the estimations of the vectors d,, b,, and k, are found, just the
mortality index k, needs to be predicted. Lee and Carter forecasted the mortality index k,
by using a standard univariate time series model autoregressive integrated moving

average ARIMA (0, 1, 0). Here, an approach has been made to predict the mortality index
k. by fitting the random walk with drift model (RWD) The model is given by:

where 8 depends on the first and last value of the estimated k,’s and &, is the error term.
For forecasting two periods ahead, simply put the definition of k,_:
iét = Et_l + é‘l‘gt,

= (ke + 0+e,_q) + O+,
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= ke_y + 20+ (gp+e_1).

To forecast k, at time T + At, the same procedure is followed and iterate At times and

obtain:

kriae = kr + (000 + Z%At) ET+n-1r

=kr + (A)0 + /(A)e,.
After ignoring the error term, one can forecast point estimates and is given by,
kriae = kr + (A1),

kr—ki

=k + (A) ——

)

which is a straight line as a function of (At) , with slope .

6.4 Results and Discussion

The Lee-Carter model has been fitted for estimating the parameters based on the period

1995 — 1999 to 2009 — 2013 at the age groups0—1,1—-5, 5—-10, ---, 80 — 85.
The estimated values of age-dependent parameters a, and b, are presented in Table 6.1
and estimated values of time dependent parameter k, is reported in Table 6.2 for total,
male and female populations in Assam. For SVD analysis, the Matlab program has been
used. From SVD analysis, it is found that 81.78%, 71.27%, 76.93% variation explained
by fitted LC model for Assam total, male and female mortality data respectively. It is
observed that the fitted mortality rates are very close to observed (actual) mortality rates

except for lower and higher ages.

Table 6.1: Estimated @, and b, for Assam total, male and female (1995-99 to 2009-13).

Age Total Male Female

group R R R
) Ay by ay by ay by
0-1 -2.65337 -0.2157 -2.67209 0.2367 -2.67558 -0.1889
1-5 -5.01268 -0.2417 -5.08341 0.3049 -4.99308 -0.0798
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5-10 -6.1274 -0.6580 -6.15856 0.7378 -6.20371 -0.5486
10-15 | -6.62297 -0.3144 -6.59279 0.2881 -6.71091 -0.2302
15-20 | -6.11237 -0.1065 -6.30327 -0.0262 -5.98206 -0.1960
20-25 | -6.00938 -0.2898 -6.07905 0.2395 -6.00998 -0.2342
25-30 -5.7975 -0.2405 -5.73282 0.1275 -5.89945 -0.3902
30-35 | -5.64016 -0.1956 -5.64753 0.0758 -5.67571 -0.2753
35-40 | -5.45808 -0.1889 -5.37817 0.2066 -5.58162 -0.1568
40-45 | -5.15352 -0.1969 -5.00760 0.0775 -5.41493 -0.3761
45-50 | -4.64295 -0.1015 -4.52169 0.1294 -4.84377 -0.0265
50-55 -4.3963 -0.1563 -4.27487 0.1555 -4.59294 -0.1339
55-60 | -3.87734 -0.0894 -3.72246 0.0144 -4.1016 -0.1387
60-65 | -3.60321 -0.2224 -3.46071 0.1954 -3.84318 -0.2288
65-70 -3.0389 -0.0360 -2.97170 0.0718 -3.11881 0.0025
70-75 | -2.73238 -0.0360 -2.72231 0.0198 -2.73491 -0.0723
75-80 | -2.34351 0.0162 -2.25616 -0.0820 -2.48302 -0.0454
80-85 | -2.14713 -0.0484 -2.08505 -0.0574 -2.25139 -0.1384

It is seen that when b, is large for some x then the death rate at age x varies significantly

when the general level of mortality changes (again, as with x = 0 for infant mortality)

and when b, is small, then the death rate at that age varies little when the general level of

mortality changes. Parameter @, represents the general age shape of mortality. It is found

that both females and males have upward trend of mortality in general, whereas the

younger ages have a lower mortality and the older ages have a higher mortality.

Table 6.2: Estimated k, for Assam total, male, female population based on decade-wise
life tables (1995-99 to 2009-13).

Time (year) | Total Male Female
1995-99 -0.853 | 0.74 -1.151
96-2000 -0.475 | 0.072 | -1.151

97-01 -0.83 | -0.495 | -0.765
98-02 0.49 -1.19 0.861
99-03 -0.136 | -0.609 | -0.606
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2000-04 -0.075 | -0.376 0.006

01-05 -0.695 | 0.188 0.552
02-06 -0.102 | -0.761 0.123
03-07 1.18 | -0.236 0.267
04-08 -0.565 | 0.614 0.358

05-09 0.641 | 0.461 -0.697
60-10 2434 | 0.293 -0.153

07-11 4377 | 0.111 0.437
08-12 6.469 | -0.084 1.072
09-13 8.71 -0.294 1.752

The mortality index, k,, captures the main time trend on the logarithmic scale in death
rates at all ages. Parameter b, describes the tendency of mortality at age x to change as
the general level of mortality (k, ) changes. This indicates that when b, is large for some
x, the death rate at age x varies a lot than the general level of mortality change and when
b, is small, then the death rate at that age varies a little. The Assam mortality for the
prediction period of 2014 — 2025 has been projected. Table 6.3, Table 6.4 and Table
6.5 represents the projected life expectancies at the age groups 0 — 1,1 —5,5—-10,10 —

15--- 80 — 85 separately for total, male and female.

Table 6.3: Projected life expectancy of total 2014-2025.

age 2014 | 2015 | 2016 | 2017 | 2018 | 2019 | 2020 | 2021 | 2022 | 2023 | 2024 | 2025

0-1  |625 |649 |671 |689 |705 |71.9 |73.0 |74.0 | 748 | 755 | 76.1 | 76.6
15 1652 |670 |685 |69.8 |71.0 |72.0 | 729 |73.7 | 743 | 749 | 754 | 758
510 | 625 |640 |653 |665 |67.5 | 684 |69.2 |69.9 705 |71.0 | 714 | 719
10-15 | 579 |59.2 |60.4 | 615 |625 |63.4 | 642 | 649 | 655 | 660 | 664 |66.9
15-20 | 531 |s544 |556 | 566 |57.6 |584 |59.2 | 599 | 605 |61.0 | 61.5 |61.9
20-25 | 486 | 499 |51.0 |52.0 |529 |538 |545 |551 [557 |562 |56.6 |57.0

25-30 | 441 | 452 |46.2 | 472 |481 |488 | 495 |50.2 |50.7 |51.2 |51.6 |52.0

30-35 | 396 |40.6 |41.6 |42.4 | 432 | 440 | 446 | 452 | 458 | 462 | 46.6 | 47.0

35-40 | 351 36.1 369 | 37.7 | 385 |39.2 | 398 | 403 | 408 | 413 | 417 | 420

40-45 | 307 |315 |323 [331 [338 |344 |350 |355 |360 |364 |367 |371

4550 | 264 | 271 |27.8 | 285 [29.1 | 296 |30.2 |306 |31.1 |315 |31.8 |321
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50-55 | 225 | 231 |237 | 243 |248 |253 | 257 | 262 |265 | 268 |27.1 | 274
55-60 | 185 |19.1 |19.5 |20.0 | 204 |20.8 |21.2 | 215 |21.8 | 221 | 223 |225
60-65 | 151 | 155 | 159 | 163 | 166 | 169 |17.1 |17.3 | 175 |17.7 | 17.9 | 181
65-70 | 116 |11.7 |11.9 |12.0 | 122 | 123 [124 | 126 |12.7 | 129 |13.0 |13.1
70-75 190 |91 91 |92 |93 |93 |94 |95 |95 |96 |96 |97
7580 | 6.4 6.4 64 |64 |63 |63 |63 |63 |63 |62 |62 |61
80-85 | 39 4.0 40 |40 |41 |41 |42 |42 |43 |43 |44 |44
Table 6.4: Projected life expectancy of male 2014-2025.
age 2014 | 2015 | 2016 | 2017 | 2018 | 2019 | 2020 | 2021 | 2022 | 2023 | 2024 | 2025
0-1 |[614 [633 |650 |664 |676 |687 |696 |703 |709 [713 |717 |719
15 |639 |652 |664 |673 |682 |[689 |695 [700 |[704 [707 [709 |711
5-10 |61.1 [622 |631 |639 |645 |651 |657 |661 |665 |668 |67.0 |67.1
10-15 | 565 | 573 [582 [589 |596 |602 |607 |61.1 |615 |61.8 |620 |62.1
15-20 | 51.8 | 526 |533 |540 |547 |552 [557 |561 |565 |568 |57.0 |57.2
20-25 | 472 | 480 |488 [495 [502 |508 |[513 [51.8 |521 [524 [527 [529
25-30 | 42.6 |43.4 |441 |448 |454 |459 |464 |468 |472 |475 |477 479
30-35 [ 38.2 [389 [396 |402 |408 |413 [417 |421 [424 [427 |429 [430
35-40 [ 338 [345 [351 [357 [362 |367 [371 [375 [37.7 [3380 |[382 [383
40-45 | 29.4 [300 |[306 [311 [315 [319 [323 [326 [329 [331 [332 [333
45-50 [ 253 | 258 |263 [268 [272 |276 |279 [281 |283 [285 |286 |287
50-55 | 21.4 | 219 |223 [226 |229 |232 [234 [236 |238 [239 [239 |239
55-60 | 17.6 |17.9 |182 | 184 |186 |188 | 189 | 190 |19.1 | 191 [19.1 [19.1
60-65 | 145 |14.8 |151 | 154 |156 |157 | 158 | 159 |159 | 159 |159 |158
65-70 | 11.3 | 113 [11.4 [114 [114 |114 [11.4 [113 [113 [112 |111 [ 110
70-75 |87 |86 |84 [83 |82 |so [79 |77 |75 [73 |71 |69
7580 |60 |58 |56 |54 |52 |49 |47 |aa |41 [38 [34 |31
80-85 (38 [37 [37 [36 [36 [35 [34 [33 [33 [32 [31 |30
Table 6.5: Projected life expectancy of female 2014-2025.
age 2014 | 2015 | 2016 | 2017 | 2018 | 2019 | 2020 | 2021 | 2022 | 2023 | 2024 | 2025
0-1 644 | 671 | 69.4| 713 | 728 | 741 | 752| 761 | 768 | 774 | 78.0| 784
1-5 670 | 69.0| 706 | 71.9| 731 | 740| 749| 755| 761 | 767| 77.1| 775
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5-10 646 | 664 | 679 | 69.2| 702 | 710 | 717 | 723 | 728 | 73.2| 735 | 739

10-15 599 | 616 | 630 | 642 | 652 | 660 | 66.7| 673 | 67.8| 682 | 685 | 689

15-20 551 | 56.8| 581 | 593 | 602 | 610| 617 | 623 | 628 | 63.2| 63.6 | 639

20-25 | 50.7| 52.2| 534| 545| 554 | 562 | 568 | 574 | 578 | 58.2| 586 | 589

25-30 | 46.1| 475| 487 | 497 | 505| 512 | 519 | 524 | 528 | 53.2| 53.6| 539

30-35 | 414 | 427 | 438 | 448 | 456 | 463 | 469 | 474 | 478 | 48.2| 48.6 | 489

35-40 | 369 | 380| 39.0| 399 | 407 | 413 | 419 | 424 | 429 432 | 436 | 439

40-45 324 | 335| 344 | 352 | 359| 365| 370 | 375 | 379 | 383 | 386 | 389

45-50 279 | 287 | 295 | 303 | 309 | 315| 321 | 325 | 329 | 333 | 336 | 339

50-55 23.8 | 247 | 255 | 262 | 269 | 274 | 279 | 284 | 288 | 29.1| 294 | 296

55-60 198 | 205 | 21.2 | 21.8| 223 | 228 | 23.2 | 23.6| 239 | 242 | 245 | 247

60-65 160| 166 | 171 | 175| 179 | 183 | 186 | 189 | 192 | 194 | 19.6 | 19.8

65-70 121 124 12.7 13.0 13.2 13.5 13.8 14.0 14.2 14.4 14.6 14.8

70-75 9.5 9.9 10.2 10.6 11.0 11.3 11.6 12.0 12.3 12.6 12.8 13.1

75-80 6.9 7.1 7.3 7.5 7.7 7.9 8.1 8.3 8.4 8.6 8.7 8.8

80-85 4.1 4.2 4.4 4.5 4.6 4.7 4.7 4.8 4.8 4.9 4.9 4.9

6.5 Conclusion

An attempt has been made to identify the common trend of mortality change by fitting a
standard Lee-Carter model to Assam population data. The parameters of the model are
estimated by using the Singular VValue Decomposition (SVD) based on the data from time
series of 1995-99 to 2009-13. Based on our results it is observed that the general pattern
of mortality (a,) for both male and female populations of Assam have high infant
mortality, an accidental hump around ages 20 years and almost exponential increase at
older ages. The sensitivity of mortality (b,) demonstrated mortality decay at high rate for
ages 25-34 years for female and for ages 15-24 years for male population than other ages.
It is also observed that life expectancy of female is high than male. Improvement in
female mortality is larger than male mortality. The Lee-Carter Model is one of the most

popular methodologies for forecasting mortality rates.
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