Chapter 4

Small-z Behaviour of F2NS<ZC, Q?)
Structure Function

In this chapter I present the full calculation of non-singlet structure function F'%(z, Q?)
by means of solving DGLAP equation with QQCD corrections up to next-next-to-leading
order. Using the two ansatz, discussed in the previous chapter, developed by combin-
ing the features of perturbative Quantum Chromodynamics and Regge theory, as the
initial input we have solved the DGLAP equations. The solutions, along with the
ansatz allow us to obtain some analytic expressions which represent the joint Bjorken
x and Q* dependence of Fi¥(x,Q?) structure function. The expressions are studied
phenomenologically in comparison with experimental results taken from New Muon
Collaboration (NMC) and the results of NNPDF parameterizations. A great phe-
nomenological success is achieved in this regards, which signifies the capability of the
expressions in describing the small-v behaviour of the non-singlet structure function

and their usefulness in determining the structure functions with a reasonable precision.

4.1 Introduction

The structure function Fi¥°(x,Q?) is the non-singlet part of Fy(z,Q?) structure
function originated in the unpolarized charged lepton DIS and it is given by the
difference of proton and neutron structure functions as Fy'% = F} — F'[59]. The
non-singlet structure function F¥°(x, Q?) provides a very good mean to investigate

QCD as a theory of strong interaction. Besides being interesting in themselves, the
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non-singlet structure functions are not marred by the presence of the sea quark and
gluon densities about which we have very poor information in particular in the small-x
region and hence theoretical analysis by means of them are comparatively technically
simpler. Therefore they are regarded as a starting ground for a theoretical description
of DIS structure functions.

The Gottfried sum rule[34, 35, associated with F¥9(z, Q?) is also an important
observable of QCD. The determination of the Gottfried sum rule requires knowledge
of FNS(x,Q?) structure functions over the entire region of z € (0;1). However,
the experimentally accessible x range for DIS is limited for the available data and
therefore one should extrapolate results to x = 0 and x = 1. The extrapolation to
x — 0, where F¥5 structure functions grow strongly, is much more important than
the extrapolation to x — 1, where structure functions vanish. Again, it is known that
maximum contribution (about 90%) to the Gottfried sum rule come from the small
z(< 0.1) region. Because of the large contribution to the Gottfried sum rule from
small z, the small = region is particularly important. Therefore this chapter is an
attempt to have the small-z behaviour of F¥¥(x, Q?) structure function by means of
solving the DGLAP equation using the two Regge ansatz discussed in chapter 3 as
the initial input.

The Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution equation[24]
which describe the Q? behavior of unpolarised non-singlet structure function FV9(z, Q?)

in perturbative Quantum Chromodynamics (QCD) formalism is given by

0F;"> (x, Q°)
Oln ()2
Where, P(w) is the splitting function associated with FJV¥(z, Q?) structure function,

which is defined up to NNLO by|[31]

:/ d_wFQNS(g,Q%P(w). (4.1)

w

P(w) = O‘(Q?T ) PO ) + (%)213(”(@0) + (%)313(2)(@0). (4.2)

Here, P (w), PM(w) and P®(w) are the corresponding leading order(LO), next-to-
leading order (NLO) and next-next-to-leading order(NNLO) corrections to the split-
ting functions. Splitting functions are given in Appendices.

Again, in LO, NLO and NNLO, the running coupling constant @) }as the

2T
forms[23],
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where 5y = 11 — %Np, £ =102 — %NF and By = % — %NF + %N% are the one-

loop, two-loop and three-loop corrections to the QCD S-function. Here the running

coupling constant is expressed in terms of the variable ¢, which is defined by ¢ = ln(g—j).

Substituting the respective splitting functions along with the corresponding run-
ning coupling constant in (4.1), the DGLAP evolution equations in LO, NLO and
NNLO become

OF)Y (z,t) [ al(?)
oo \om )

OF)(x,t) [ a(t)
ot S\ orm NiO

2{3 + 4n(1 — )} FNS (z,t) + Iy (, t)] ; (4.6)

§{3 +4in(1l —2)}F3' (x,t) + L (x, t)]

+ (@) Iy(z,t), (4.7)

2T
NLO

and

OFY (x,t) [ a(t)
ot o\ or
NNLO

o))’ a()\’
NNLO NNLO

respectively. Here A is the QCD cut-off parameter and the integral functions are given

by

;{3 + 4in(1 — x)}FéVS(x, t)+ I(x, t)]
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Uidw |14 w? x
Ii(z.t) = FNS{Z ¢ | —2FNS(x,t 4.9
1(‘Ta ) /3; 1—w w 2 w? 2 (:L‘7 ) P ( )
L(x,t) = /l B p (s [ Ly (4.10)
2 ) ; w 2 wa .
and
Is(z,t) = /1 d—“P@)(w)FNS L (4.11)
3 ) N W 2 wa . .

The DGLAP equations up to NNLO ((4.6)-(4.8)) can be solved analytically using
the ansatz FV¥(x,t) = A(t)2"® and FiV5(x,t) = Bz~ as the initial inputs and I

have discussed bellow in detailed.

4.2 Solution of DGLAP Evolution Equations with
the Initial Input F{'°(x,t) = A(t)2"?

On substitution of

FNS(x,t) = FNS(z,t) = A(t)a"? (4.12)

and hence

FVS(E ) = FYS(E 1) = A(0)a®5w ™0 = FYS (2, t)w 0% (4.13)
w W

in the equations (4.6), (4.7) and (4.8), we obatin

OFY 5 (x,t) [ a(t)
ot o\ 27 o

2 4 [t d
{3+ din(l— )} + 5 e

3/, 1—w
1 2
{ +ww_0.5_2}
w

2 4 [t d 1+ w?
§{3+4ln(1—x)}—|—§/ d { +ww*0'5

1l—w w

FNS(x,t), (4.14)

8F2Ns(x,t)_ a(t)
ot “\ or Nio

)

2
t Ld
FNS(x,t) + (%) / %P(l)(w)w_0'5F2NS(:p,t) (4.15)
NLO *
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and

OF)5(xz,t)  [a(t)
ot o\ or
NNLO

2
t Ld
_2} FQJVS(x7t) + <%> / %P(l)(w)w_oﬁ)FQNS(x,t)
NNLO " *

3
t td

+<@> / & PO (W) O FNS (1, 1) (4.16)
vvroe

respectively. These equations can be rearranged to have three ordinary differential

1—w w

2 4 (Y d 1+ w?
§{3+4ln(1—x)}+§/ ~ { +ww’0'5)

21

equations in terms of FiV%(xz,t),

OF3"(x,t) _ a(t) N
m =5 U(x)FNS(x,t), (4.17)

NS T o o ?
g () o (2] s

271- NLO
and
OFNS(.t) [ alt) o)\
+ (@> W(x)] FNS(x,t) (4.19)
27r NNLO

which can be easily solved to have

= = C)ex T alt)
FNS (2. 1) ~Giew Ul )/ ( - >Lodt], (4.20)
FNVS(z,t) = Cyexp |U(x) (@) dt +V(z) <@> dt], (4.21)
NLO / 2™ ) wio / 2T J wio
and
FNS(x,t) = Csexp |U(x) <@> dt +V(x) <ﬂ> dt
NNLO / NNLO / / NLo
a(t)
+W(x) <— dt] (4.22)
/ 2"} wno

69



Chapter 4 Small-z Behaviour of FJV¥(z, Q%) Structure Function

respectively. Here,

Uz) = 2{3 +4in(1 —x)} + %/ 1d_“w{ LEW 05 _ 2}, (4.23)

w

1
_ / D p1) ()05, (4.24)
z W

/ P<2> w08, (4.25)

and C, Cy, C3 are the constants originated due to integration .

Now at a fixed value of x = x(, the t dependence of the structure function

FN9(z,t) in LO is given by
wof(2)
2m o

Again the value of the structure function at x = zy and ¢ = ¢, in accord with (4.26)

a(t)
o ] (5), 1)L

Dividing (4.26) by (4.27) and rearranging a bit we obtain the ¢ evolution of F}V%(z, )
in accord with the LO DGLAP equation with respect to the point F)¥5(xq,ty) as

U(xo) /t: (%) LOdt] | (4.28)

Again in accord with our preassumption (4.12), the ¢ dependence of F¥5(z,t) at

Fst(:co,t) = C}exp

LO

1S

F2]VS($0, to) = Cl exXp (427)

LO

FQNS(xO,t) = FQNS(:cO,tO)exp

LO

a particular value of x = x( is given by

FNS(zo,1) = A(t)2d5. (4.29)
Dividing (4.12) by (4.29), we have the following relation
0.5
R - (1) (10
Lo

which describes both t and x dependence of F¥°(x,t) structure function in terms of
the ¢ dependent function FiV°(zg,t).
Now combining (4.28) and (4.30) we obtain the relation,
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F(x,t)| = By (wo, to) exp
LO

alt) x "
o [(42) ()" o

which describes both ¢ and z dependence of F¥°(x,t) structure function in LO in

terms of the input point FiV5(xq, to).
Proceeding in the similar way we can obtain the expressions representing both x
and t dependence of F)¥¥(x, ) structure function in terms of an input point F¥° (g, o)

in NLO and NNLO as

t
Bt = Bt exp |UGeo) [ (‘%’?) it
NLO to NLO
, 2 0.5
+V (o) / (@) dt] (i) (4.32)
to ™) nro o
and
Ealt
FQNS(Qj,t> :FQZVS<I‘0,t0> eXp U(SU())/ (%) dt
NNLO to NNLO
2
¢ t
v [[(52)
to NNLO
3 0.5
t t
W () / (%3) dt] (f) (4.33)
to NNLO 0
respectively.

4.3 Solution of DGLAP Evolution Equations with
the Initial Input Fst(x,t) — By(1-bt)

Now considering the ansatz, F¥(z,t) = Bz~ as the initial input we obtain the

DGLAP equations in LO, NLO and NNLO as

OF)(x,t) [ a(t)
ot o\ or o

3 1—w w

)

2 4 [t d 1 2
§{3+4ln(1—x)}—|— / - { REAPCE)

FNS(z,t), (4.34)
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3 1l—w w

OF)5(x,t)  [al(t)
ot S\ 27 Nio

_2}
and

OF S (z,t) [ al(t)
ot \ o
NNLO

2
t Ld
_2} FéVS(x’t) + (%) / %P(l)(w)w(bt*nFQNS(x,t)
NNLO“7®

respectively, which can be easily solved to have

2 4 ' d 1 2
§{3+4ln(1—x)}+—/ ~ { RIRCASY

2
t Ld
FQNS(:B,t) + (?) / %P(l)(w)w(bt_l)FQNS(x,t) (4.35)
7r X
NLO

3 1—w w

2 4t d 1 2
§{3+4ln(1—az)}+—/ ~ { REBPCES)

3
aft L dw N
+<2—7T)> /m UP@)(w)w(bt VENS (,1)(4.36)
NNLO

FNS(x,t)] = Clexp [ <@> U(x,t)dt], (4.37)
LO / 2m LO
ENS(x,t) = Cyexp [ <$t)> Ul(x,t)dt + <@> V(x,t)dt] (4.38)
NLO / 2m NLO / 2n NLO
and
ENS(x,t) = C3exp [ (@> U(z,t)dt + (a_t)) V(x,t)dt
NNLO / 2m NNLO / 27T3 NNLO
a(t)) }
+ (22 W (z,t)dt(4.39)
/ ( ™/ nnLo
respectively. Here
Ulz,t) = §{3 +4in(1 —z)} + g /1 fﬁu{ ! Z“’Zw(bt—l) — 2}, (4.40)
Vi t) = / I%P(l)(w)w(btl), (4.41)
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W(z,t) / PO ()t (4.42)

and C4, Cy and C3 are the constants originated due to integration.
At a fixed value of © = x¢, the t dependence of the structure function in LO is given
by

FNS(20,1) = Cy exp [ <@> U (o, t)dt] . (4.43)
/ 2m o

Again the value of the structure function at x = z¢ and t = ty in accord with

(4.43) is given by

a(t)

FQJVS(:L'O’tO) = Ol exXp [/ ?UCBO’ t)dt] (444)

t=to
Dividing (4.43) by (4.44) and rearranging a bit we obtain the ¢t dependence of F'%(z, )
in accord with LO DGLAP evolution equation with respect to the point Fi¥5(xq,t)

/ t (@) Uz, t)dt] | (4.45)
to ™) o

Again, as both t and = dependence of F}V¥(x,t) is assumed to satisfy

as

Fst(xo, t) = FQNS(xO, to) exp

FNS(x,t) = B.g=% (4.46)

relation, and at any fixed x = z( we have

FNS(zo,t) = B.a{'™, (4.47)

which represents the ¢ dependence of the structure function at any fixed value of

xr = xo. Dividing (4.46) by (4.47) we have the following relation

(1—bt)
ES(et) = B (a0, ) (—) | (1.48)

Zo

which gives both ¢ and = dependence of FJV¥(z,t) structure function in terms of the

t dependent function F¥5(xg,t) at fixed x = .
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Now combining (4.45) and (4.48) we obtain the expression representing both x and
t dependence of F¥°(x,t) structure function in terms of an input point Fi¥S(xq,t)

in LO as

Fy(z,t)

¢ (1-0bt)
= F%VS([L’O’t()) exXp [/ <O;L7?) U($0,t>dt] <:L‘£> . (449)
o LO 0

Similarly we may have the joint z and ¢ dependence of FV9(z, t) structure function

in NLO and NNLO as

LO

NS NS ")
Fy2(x,1) = I (20, o) exp o U (o, t)dt
NLO to T ) Nro
() 2 N (1—bt)
+/ (O‘—> V(xo,t)dt] <—> (4.50)
2 To
to NLO
and
t t
S (2, 1) =F§S<xo,to>exp[ / (%) Uz, t)dt
NNLO to T ) NNLO

o)
+/to <%>NNLOV(IO,t)dt
. 3 (1—bt)
+/to (%)NNLOW(xO,t)dt] (%) . (4.51)

4.4 Results and Discussion

The equations (4.31)-(4.33) and (4.49)-(4.51) are the analytic expressions representing
both z and Q? dependence of Fi¥S(x,Q?) structure function jointly, obtained by
means of solving the DGLAP equations in LO, NLO and NNLO incorporating the
Regge ansatz, FV9(z,Q?) = A(Q*)2%® and F'¥(x, Q%) = B!~ as the initial inputs
respectively. These expressions are consisting of an input point £V (zg, ), which can
be taken from the available experimental data. If the input point is more accurate and
precise, we can expect batter results. There are not any specific reason in choosing
the input point. Any one of the data points at a certain value of x = xy and t = t; can

be considered as the input point. Off course, the sensitivity of different inputs will be
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Figure 4.1: Q? evolution of F¥(z, Q?) structure functions in accord with (4.31)-
(4.33) in comparison with NMC[63] and NNPDF[101] results. For clarity, the points
are offset by the amount given in parenthesis. (Q?’s are taken in the unit of GeV?).

different. However instead of choosing the input point on the basis of their sensitivity,
in our manuscript we have incorporated a suitable condition in determining the input
point. We have considered that particular point from the most recent measurements
as the input point in which experimental errors are minimum. Under this condition
we have selected the point Fi¥¥(zg,t5) = 0.010348 4 0.006208 at o = 0.025 and Q? =
2.34686GeV? from the experimental results of NMC[63]. Here we have considered
the central value of the input point. Further the expressions (4.49)-(4.51) consists of
the additional parameter b which has the value b = 0.118 £ 0.028 for FV¥(z, Q?) as
obtained in Chapter 3.

With the input point Fi¥V°(zg, ) = 0.010348, substituting the respective expres-

as(t)
2

sions in LO, NLO and NNLO for running coupling constant, and performing
the corresponding integrations, we have obtained both z as well as Q? evolution of
FN5(z, Q) structure function in accord with the equations (4.31), (4.32) and (4.33)
respectively. The Q? evolution results at fixed value of x are depicted in Fig. 4.1 in
comparison with the experimental data taken from NMCI[63] and with the results of
NNPDF collaboration[101]. In Fig. 4.2, the = evolution of F{'¥(z, Q?) for fixed values

of Q? are depicted along with NMC and NNPDF results. In all figures, as indicated ,
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Figure 4.2: z evolution of F{¥(x, Q?) structure functions in accord with (4.31)-
(4.33) in comparison with NMC[63] results. For clarity, the points are offset by the
amount given in parenthesis.
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Figure 4.3: Q?(in the unit of GeV?) evolution of F{¥°(x, Q?) structure functions
in accord with (4.49)-(4.51) in comparison with NMCJ[63] results. For clarity, the
points are offset by the amount given in parenthesis. (Q?’s are taken in the unit of

GeV?).
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Figure 4.4: z evolution of F{¥(x, Q?) structure functions in accord with (4.49)-
(4.51) in comparison with NMC[63] and NNPDF[101] results. For clarity, the points
are offset by the amount given in parenthesis.
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Figure 4.5: Q? evolution of FJ'¥(z,Q?) structure functions in accord with (4.33)
and (4.51) in comparison with NMC[63] and NNPDF[101] results. For clarity, the
points are offset by the amount given in parenthesis. (Q?’s are taken in the unit of
GeV?).
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Figure 4.6: z evolution of FJV9(x,Q?) structure functions in accord with (4.33)
and (4.51) in comparison with NMC[63] results. For clarity, the points are offset by
the amount given in parenthesis.
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Figure 4.7: Q? evolution of F{¥S(x, Q?) structure functions in accord with NNLO
corrections, (4.33) and (4.51) in comparison with NMC[63] results. For clarity, the

points are offset by the amount given in parenthesis. (Q?’s are taken in the unit of
GeV?).
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the dotted curves represent the LO results, the dashed curves represent NLO results
and the solid lines are representing NNLO results. Experimental data are given with
vertical upper and lower error bars for total uncertainties of statistical and systematic
erTors.

Again the results from equations (4.49), (4.50) and (4.51) for @ and x evolution
of FN9(z,Q?) structure function with F¥S(xg,ty) = 0.010348 and b = 0.118 are
depicted in Fig. 4.3 and Fig. 4.4 respectively. The experimental results from NMC
and the results of NNPDF collaboration are also plotted along with our results. Here,
our LO, NLO and NNLO results are represented by the dotted, dashed and solid
curves respectively. The solid circles are used to represent the NMC data point and
they are along with vertical upper and lower error bars for total uncertainties of
statistical and systematic errors.

As far the figures, 4.1-4.4 are concerned, we observe a very good consistency
between theoretical and experimental as well as parametrization results within the
kinematical region z < 0.05 and Q? < 20GeV? of our consideration, especially, if
the NNLO results are concerned. The most consistent results, the NNLO results for
both the inputs along with NMC and NNPDF results are plotted in Figs. 4.5 and
4.6 . It reflects the comparative picture of the results obtained by means of the two
ansatz. However within our kinematical region of consideration we do not observe
any significant differences among them. This implies that the analytic expressions,
we have obtained by means of solving the DGLAP equations with both the ansatz
as the initial input, are applicable in describing the small z behaviour of F¥¥(x, Q?)
structure function with a considerable precision.

In addition, we have shown in the Fig. 4.7, the band due to the uncertainty
associated with input and the fitting parameter b. Here the uncertainty due to the

fitting parameter is considerably less than that of due to input point.

4.5 Summary

We have employed the usefulness of two ansatz as the initial input in order to solve
DGLAP equation up to NNLO and obtain Q? evolution of the unpolarized non-singlet
structure function FV°(x, Q?). The structure function, evolved as the solutions of the
DGLAP equations are studied phenomenologically in comparison with the results
taken from NMC and NNPDF collaborations. We observe a very good agreement be-

tween our theoretical results and other experimental results as well as parametrization,
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within the kinematical range z < 0.05 and Q? = 20GeV? of our consideration. The
phenomenological success achieved in this study suggests that the two simple QCD
featured Regge behaved ansatz Fi¥° (x, Q%) = A(Q?)2%% and FN%(z, Q*) = Bz~ are
capable of evolving F{¥%(x, Q?) structure functions with Q2 in accord with DGLAP
equations at small-z. However we could not distinguish the efficiencies among the
two models in comparison with experimental data within the kinematical range of
our consideration. We hope future experimental measurements at very very small
values of Bjorken x will clarify their differences and help us in batter understanding

of the structure of nucleon. J
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