Chapter 4

NNLO Analysis of Gluon
Distribution Function in the
DGLAP Approach

4.1 Introduction

The gluon distribution function is one of the extremely indispensable physical observ-
ables that controls the physics at high energy or small-z in DIS, where x is the Bjorken
variable. Especially, precise knowledge of gluon distribution functions at small-z is
of utmost importance in estimating backgrounds and exploring new physics at the
Large Hadron Collider. The gluon distribution G(z, @*) does not come into sight in
the experimentally available proton structure function Fh(z,Q?). Tt is determined
only via the quark distributions together with the evolution equations. More direct
approach to determine the gluon distribution is based on the reconstruction of the
kinematics of the interacting partons from the measurement of the hadronic final
state in gluon induced processes. They are controlled by different systematic effects
and provide a substantive test of perturbative QCD. The proton structure function
is measured by the H1 and ZEUS collaboration at HERA [1-3] over a wide kinematic
region which makes it possible to know about the gluon distribution in the previously
unexplored region of z and Q2. The fast growth of the proton structure function at
small-x observed at HERA brings about much attention because perturbative QCD
in conjunction with the DGLAP equation [4-7] attributes this sharp growth to a

similar rise of gluon density towards small-z. In the DGLAP formalism the gluon
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distribution turns out to be very large at small-z and so it contributes crucially to
the evolution of the parton distribution. Subsequently, the gluon distribution gov-
erns the structure function Fy(z,Q?) through the evolution g — ¢ in the small-z
region. In this situation it is very important to explore the possibility of obtaining
analytical solutions of DGLAP equations at least in the restricted domain of small-z
and many approximated analytical solutions of the gluon distribution function in the
framework of DGLAP equation have been reported in recent years with significant
phenomenological success [8-14].

In this chapter, we derive an explicit expression for the gluon distribution func-
tion upto NNLO by solving the DGLAP evolution equation for gluon distribution
function analytically. In such an approach, we use a Taylor series expansion valid
at small-z and reframes the DGLAP equations as partial differential equations in
the variables x and ? as discussed in chapter 3. The resulting equations at LO,
NLO and NNLO are then solved by the Lagrange’s auxiliary method to obtain the
Q? and x-evolutions of the gluon distribution function. The obtained results can be
described within the framework of perturbative QCD. To illustrate the method and
check the compatibility of our predicted gluon distributions, we use the published
values of the gluon distributions from the GRV1998NLO [15], MRST2004NNLO [16],
MSTW2008NNLO [17] and JROINNLO [18] global analyses. We find that the ana-
lytic gluon distributions from our solution are consistent with these parametrizations.
We also compare our results with the Block-Durand-McKay (BDM) model [14] and

observe that our results depict almost the same behaviour as that of BDM model.
4.2 Formalism

4.2.1 General framework

The DGLAP evolution equation for gluon distribution function in the standard form

is given by [19]

dg(x, Q Ld
WD) [ Prhastafen @) + Brfelgtef, ). (1)
where the splitting function Py, is defined as
s(Q? S(Q)\2 S(@Q%)\3
Pu(e.@?) = D p0) 1 (ALY pa) 4 (1LY P )
+OPY (). (4.2)
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where P\ (z), Piy)(z) and P (z) are LO, NLO and NNLO quark-gluon splitting
functions respectively. The gluon-gluon splitting function P,, can be defined in a
Similar fashion. Here gg is the singlet quark density and g is the gluon density. The

representation G(x, Q%) = xg(x, Q?) is used here.

4.2.2 LO analysis of gluon distribution function

Substituting the explicit form of the LO splitting functions [7, 21] in Eq.(4.1) and
simplifying, the LO DGLAP evolution equation for the gluon distribution function

can be written as

8Gg§,t) o;(rt)[ <11 Ny

6( 55— 7o +n(l— :c))G(x,t) + 6[{’(9:,15)], (4.3)

where G(z, Q%) = zg(z, Q?) is the gluon distribution function. The integral function
I} (z,t) is defined as

(1) = /; o [“’G(f’t) —G@h) | (v —w)+ e (Z0)

+ g(—l +(1- w)Q) Ff(gt).] ) (4.4)

Here the variable ¢ is used where ¢ = In(Q?/A?). Now, using Taylor expansion method

and neglecting higher order terms of z, since we consider the small-z (x < 0.1) domain

in our analysis, as discussed in the Chapter-3, we can write G(x/w,t) as

x zu O0G(x,t)
—.t) = t . 4.
G(w’ ) Gz, )+1—u ox (4.5)
Similarly, Fy (%, t) can be approximated as
s(® )\ _ ps zu OF(z,1)
F (w,t> = Bi(at) + 75 (4.6)

Substituting these values of G(%,¢) and Fy(%,t) in Eq.(4.4) and carrying out the

integrations in u we get from Eq.(4.3)

0G(x,t)  G6Afr g, 1 0G(z,1) g s
o = L A@)G(@ 1) + AYfa) g+ A B ()
OFy (x,t)
Af(z) 2 A7
+ Af () =T, (47)
where A?(z) (i=1,2,3,4) are functions of = (see Appendix D). AT :a;(Tt) where
Aj :% and (y is the one-loop correction to the QCD beta function. Eq.(4.7) is

a partial differential equation for gluon distribution function with respect to the
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variables x and ¢. Thus using a Taylor expansion valid at small-x we reframe the
DGLAP equation for gluon distribution, which is an integro-differential equation, as
partial differential equation in two variables x and t or Q2.

The gluon distribution is coupled to the singlet structure function and therefore to
obtain an analytical solution of the DGLAP evolution equation for gluon distribution
function a relation between gluon distribution function and singlet structure function
has to be assumed. As discussed in chapter 3, here also we assume the relation
G(z,t) = K(x)Fy (x,t) [22-24] to solve Eq.(4.7) where K (x) is a parameter to be
determined from phenomenological analysis. From this relation we get Fj (x,t) =

K, (z)G(z,t), where Ky(z) = 1/K(x). Using this relation Eq.(4.7) takes the form

0G(z,t) 0G(z,t)

—t 5 + L{(z) 5 + M{(x)G(x,t) =0, (4.8)
with

LY(x) = 6A; | Af(x) + Ka () AY(x) |, (4.9)

M) = 1[40 + K ) 480 + T o) (1.10)

Now the general solution of the equation (4.8) is
F(U,V) =0, (4.11)

where F'(U, V) is an arbitrary function of U and V. Here, U(z,t,G(x,t)) = k1 and

V(x,t,G(x,t)) = ky are two independent solutions of the Lagrange’s equation

Solving Eq. (4.12) we obtain

U, 1.G(a.1)) = t-exp / fmdaﬂ} (4.13)
and

Vix,t,G(z,1)) :G(x,t)-exp[ Aﬁg x} (4.14)

Thus we see that it has no unique solution. In this approach we attempt to

extract a particular solution that obeys some physical constraints on the structure
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function. The simplest possibility to get a solution is that a linear combination of U

and V' should obey the Eq.(4.11) so that
a-U+B-V=0, (4.15)

where a and 3 are arbitrary constants to be determined from the boundary conditions
on singlet structure function. Putting the values of U and V' from Eq.(4.13) and
Eq.(4.14) respectively in Eq.(4.15) we get

at - exp[/ %dx} + BG(z,t) - exp[/ ]\L/[;(m)dm] =0, (4.16)

which implies,

G(z,t) = —~t - exp[/ (L‘{l(x) - Aféf(%>>d$] (4.17)

2
where ~y :% is another constant. Now at ¢t = ty, where t; = In —2 for any lower value

A2
Q? = Q?, we define

G(z,to) = —7to - exp[/ (Lﬁ’l(q:) — ]\ggiq((;)))dx} (4.18)
Then Eqgs.(4.17) and (4.18) lead us to
Gla,t) = Gz, to) (%) (4.19)

This gives the ¢t or Q%-evolution (¢ = In(Q?/A?)) for gluon distribution function at

LO at a particular value small-z. Again we define

1 Mi(z)
— —~t. — 4.2
at a higher value of x = xy. Then from Eq.(4.17) and Eq.(4.20) we get
v 1 M{(x)
= . — . 4.21
G(x,t) = G(xo,1) exp[ / 0 ( e Lo )dx] (4.21)

which gives the z-evolutions of gluon distribution function at LO for a given value of

Q.
4.2.3 NLO analysis of gluon distribution function

Substituting the NLO splitting functions [25-27] in Eq.(4.1) and simplifying, we get
the DGLAP equation for gluon distribution function at NLO in standard form as

OG(x,t)  au(t) [6(11 Ny

N 1218

ot 21
+ (O‘;—?)2I§(x,t), (4.22)

(1 — x))G(a:, £) + 619(z, )
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where the integral function I3 (z,t) is defined as

19(x, 1) = / o [Pglg(w)G(g,t) + A(w)Ff(%,tﬂ (4.23)

xT

The explicit forms of P, (w) and A(w) are given in Appendix E.
Following the same procedure as in LO, the Eq.(4.22) can be simplified as

~(; —tljlnt> aGéf’ D Lg(az)% + M(2)G(, 1) = 0. (4.24)
Here
If(e) = 5 [6(A3(0) + B (@) 4%(@) + To(Bi(a) + Kal0)BY(0)) |, (425)
Mi(x) = ;0 6(Af(@) + Ky (@) A3() + afgf) A())
+ T (B{’(:v) + Ky (2)BY(z) + 8!2196@) Bﬁ(x)ﬂ , (4.26)

where BY(z), (i=1,2,3,4) are functions of z (see Appendix D). Here we consider the
numerical parameter Ty such that T2(t) = T,T(t) where T'(t)="23 (t) As discussed in
chapter 3, this parameter is chosen in such a way that the difference between T2(t)
and TyT'(t) is negligible in the specified range under study.

Thus proceeding in the same way we solve Eq.(4.24) we obtain the ¢ or Q? and

x-evolutions of gluon distribution function at NLO as

G(z,t) = G(x, 1) <::—bb/z)> ~exp(§ - %) (4.27)
and
G(z,t) = G(xg, 1) ~exp[/: (Lgl(x) — ]\gg(%>)dx] (4.28)

with b = ﬁ 5. The input functions G(z, tg) and G(zg, t) can be determined by applying

the 1n1t1a1 condltlons at t =ty as well as at x = z( as in the previous case.

4.2.4 NNLO analysis of gluon distribution function

Using the splitting functions upto NNLO [28-30] and simplifying, we get the DGLAP
equations for gluon distribution function at NNLO as

OG(x,t)  au(t) [6(2 Ny

— g
ot 27 12 18 +In(1 x)>G(37,t) + 617 (x,t)

" (Oés( )) I(x,t) + (045_@))313?(%15)’ (4.29)

21 2
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where, the integral functions I§ is given by

() = /; ao P2 we( 1)) (4.30)

The explicit forms of the function szg is given in Appendix F. In this case we over-
look the quark contribution to the gluon distribution function. The reason behind
this approximation is that at very small values of x, the gluons, being the most
abundant parton, dominate over the quarks. Moreover, it simplifies the calculations
involving the NNLO splitting functions which otherwise are very complicated to solve
analytically.

To obtain an analytical solution of Eq.(4.29) we consider the numerical parameter

Ty such that T3(t) = T1T(t), where T(t)za;(f)-

The value of T} is determined by
phenomenological analysis, like T, from a particular range of Q? under study and
by an appropriate choice of T7 the error can be reduced to a minimum. Thus Eq.

(4.29) can be simplified as

t? g, \OG(z,t) g _
N (t “bInt+ (It —Int— 1)+ c) T Lale) =5, + Mi(@)Gla, 1) = 0. (4.31)
Here
g — 2 g g g g
L) = o |6(A8) + Ka@)Af(@) + To(Br) + K (@) B (x) )
+ Tlcg@;)} , (4.32)
Mi(x,t) = %[6 (A9(2) + K (2) A4 () + af;f)Ag@)) + T (Bi(x)
+ Ky (2) BY(x) + 3[2 (@) Bi(x)) + TC{(x)], (4.33)

where CY(z), (i=1,2) are functions of = (see Appendix D).
Following the same procedure as earlier, we solve Eq.(4.31) and obtain the ¢ or

Q? and z-evolutions of gluon distribution function at NNLO as

FHb—b%)/t > (b —c—In’t b—c—bIn’t
- exp -

G(z,t) = G(z, t0)< ) (4.34)

t(1)+(b—b2)/to t to
and
| MY (x)
G(x,t) = G(xp,t ~exp[/ -3 dx], 4.35
() = Glaot)-exp| | (7305~ Tatw)) 439
where b :5—5 and ¢ :%. The input functions G(z, ty) and G(xg,t) can be determined
0 0

by applying the initial conditions at t = t; as well as at ©* = xg as earlier.
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4.3 Result and discussion

In this chapter, obtain the Q? or ¢ (¢ = In(Q?/A?)) and x-evolutions of the gluon
distribution function solving the DGLAP evolution equation for gluon density up to
NNLO approximation. The analysis is performed in the range 5 < Q? < 110 GeV?
and 107 < 2 < 0.1. The computed results of gluon distribution function at LO, NLO
and NNLO are compared with the available GRV1998NLO [15], MRST2004NNLO
[16], MSTW2008NNLO [17] and JROINNLO [18] global QCD analysis. We also com-
pare our results with the results of the BDM model [14]. The BDM model obtains
an analytic solution for the LO gluon distribution function directly from the proton
structure function using the accurate Froissart-bound [31] type parametrization of
proton structure function. In this model, it is shown that using an analytic expres-
sion that successfully reproduces the known experimental data for proton structure
function in a domain 2, (Q?) < = < Tme(Q?) and @2, < @Q* < Q?,,. in DIS,
the gluon distribution G(x, Q?) can be uniquely determined in the same domain of x

and Q2. In all the graphs, the lowest-Q? and highest-z points are taken as input for
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Figure 4.1: Comparison of T2 and Ty.T'(t) as well as T° and T1.T'(t) versus Q2.

G(z,to) and G(x,t) respectively. As mentioned earlier for the analytical solution of
DGLAP equation for gluon distribution function we consider a function K (x) which
relates the gluon distribution and the singlet structure function. For simplicity we

consider the function K;(x) = Kj, where K7 is a constant parameter. The acceptable
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range of the arbitrary constant K is found to be 0.14 < K; < 0.85. In each figure
the dot lines represent our LO results, the dash-dot lines represent our NLO results
whereas the solid lines represent the NNLO results. As expected the improvement is
found to be better at NNLO than at NLO and LO.

In the calculation of gluon distribution function at NLO and NNLO, we consider
two numerical parameters Ty and 1) to linearise the equations in «y as discussed in
section 4.2. These numerical parameters are obtained for a particular range of Q?
under study. Figure 4.1 shows the plot of T?(t) and TyT'(t) as well as T3(t) and
TiT(t) versus Q* in the range 2 < Q% < 110 GeV?. Tt is observed that for T, = 0.035
and T} = 0.0042 the differences between T?(t) and TyT(t) as well as T2(t) and TyT'(t)
becomes negligible in the % range under study. Therefore, the consideration of the

parameters Ty and 77 does not induce any unexpected change in our results.
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Figure 4.2: Q? evolution of gluon distribution functions at LO, NLO and NNLO compared with
GRV1998NLO for two fixed values x. The dot lines represent the LO results (Eq.4.19), dash-dot
lines represent the NLO results (Eq.4.27) and solid lines represent the NNLO results Eq.(4.34).

Figure 4.2 and Figure 4.3 show the comparison of the analytical gluon distribu-
tions obtained by solving the DGLAP equation for gluon distribution at LO, NLO
and NNLO with the published results of GRV1998NLO. In Figure 4.2 we plot the
computed values of G(z,Q?) from Eqs.(4.19), (4.27) and (4.34) for LO, NLO and
NNLO respectively vs. Q% at x = 0.01 and = 0.0001 respectively in the range
10 < Q? < 105 Gev?. It is seen from the figures that the predictions at NNLO
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Figure 4.3: z evolution of gluon distribution functions at LO, NLO and NNLO compared with
GRV1998NLO data for two fixed @?. The dot lines represent the LO results (Eq.4.21), dash-dot
lines represent the NLO results (Eq.4.28) and solid lines represent the NNLO results Eq.(4.35).

approximation show better agreement with the GRV results at x = 0.01. On the
other hand in Figure 4.3 the computed values of G(z, Q?) obtained from Eqs.(4.21),
(4.28) and (4.35) for LO, NLO and NNLO respectively are plotted against x for two
representative Q?, viz. Q? = 20 GeV? and Q? = 80 GeV? respectively in the range
1074 < 2 <0.1.

Figure 4.4 represent the comparison of our results of Q2 or t (¢ = In(Q?*/A?))
evolution of gluon distribution function G(z,Q?) calculated from Eqs.(4.19), (4.27)
and (4.34) for LO, NLO and NNLO respectively with the MRST2004NNLO global
analysis. Here we plot our predictions of G(z,Q?) as functions of Q? for some fixed
values of z, viz. at x = 0.01,0.001,0.0005 and 0.0001 considering the Q? domain
5 < Q? <100 GeV2 The NNLO predictions show the better compatibility with
MRST2004 result particularly at x = 0.001.

In Figure 4.5 we plot our computed results of gluon distribution G(z,Q?%) ob-
tained from Eqgs.(4.21), (4.28) and (4.35) for LO, NLO and NNLO respectively as
functions of x for Q? = 20,40, 60 and 80 GeV? respectively. Here we compare our
results with the MRST2004NNLO predictions in the x range 107* < x < 0.1. The
NNLO approximation improves the agreement of the predicted values of G(z,Q?)
with MRST2004NNLO global analysis.
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Figure 4.4: Comparison of Q? evolution of gluon distribution functions at LO, NLO and NNLO
with MRST2004NNLO parametrization for four fixed values z. The dot lines represent the LO
results (Eq.4.19), dash-dot lines represent the NLO results (Eq.4.27) and solid lines represent the
NNLO results Eq.(4.34).

Figure 4.6 depict the @Q*-evolution of G(x,Q?) at LO, NLO and NNLO ob-
tained from Eqs. (4.19), (4.27) and (4.34) respectively in the range 5 < Q% < 105
GeV?2. Here our predictions are compared with the MSTW2008NNLO parametriza-
tion and the comparison is performed for four fixed x values, namely x=0.01, 0.005,

0.001 and 0.0001. For each x, the NNLO result show good consistency with the
MSTW2008NNLO predictions.
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Figure 4.5: Comparison of the values of gluon distribution function at LO, NLO and NNLO
plotted against x with the MRST2004NNLO parametrization for four representative Q2. The dot
lines represent the LO results (Eq.4.21), dash-dot lines represent the NLO results (Eq.4.28) and
solid lines represent the NNLO results Eq.(4.35).

Figure 4.7 shows the comparison of our results of z-evolutions of G(z, @?) at LO,
NLO and NNLO obtained from Eqgs.(4.21), (4.28) and (4.35) with those obtained by
the MSTW200SNNLO parametrization in the range 10~* < 2 < 0.1. The comparison
is done for four representative Q? = 30, 50, 80 and 100 GeV?. It can be seen that the
NNLO result for each Q? agrees well with the MSTW2008NNLO parametrization.

We also compare the predicted results of x dependence of gluon distribution
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Figure 4.6: Q? evolution of gluon distribution function at LO, NLO and NNLO compared with
MSTW2008NNLO parametrization for four fixed x values. The dot lines represent the LO results
(Eq.4.19), dash-dot lines represent the NLO results (Eq.4.27) and solid lines represent the NNLO
results Eq.(4.34).

function G(x, Q?) with the JROINNLO global parton analysis [18] as well as with the
results of BDM model [14]. This comparison is portrayed in Figure 4.8 where we plot
the computed values of G(z, Q?) at LO, NLO and NNLO using Eqgs. (4.26), (4.33) and
(4.40) versus z in the range 107* < x < 0.1 for Q* = 5 GeV? and Q* = 20 GeVZ2. Our
predictions of G(x,Q?) at NNLO show very good agreement with the JROINNLO.

Our results also show similar behaviour with those of BDM model, however the BDM
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Figure 4.7: Comparison of the values of gluon distribution function at LO, NLO and NNLO
plotted against = with the MSTW2008NNLO parametrization for four representative Q2. The dot
lines represent the LO results (Eq.4.21), dash-dot lines represent the NLO results (Eq.4.28) and
solid lines represent the NNLO results Eq.(4.35).

model gives much larger gluon distribution towards small x. Figures indicate that the
compatibility of our predictions with the JROINNLO parametrization much better
that that of BDM model.

To check the compatibility of our results of gluon distribution function at LO,
NLO and NNLO respectively with different parametrizations, we perform a y? test

shown in Table 4.1. From this we observe that our results are almost comparable
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Figure 4.8: Comparison of our predictions of gluon distribution function at LO, NLO and NNLO
with JROONNLO global fit as well as with the BDM model for two representative Q2. The dot
lines are the LO results of obtained from Eq.(4.21), dash-dot lines are NLO results from Eq.(4.28)
and solid lines are the NNLO results from Eq.(4.35). The dash curves are from the JROINNLO
parametrization and dash-dot-dot curves are the results of BDM model.

Table 4.1: x? text for G(z, Q%)

Order | GRV1998 | MRST2004 | MSTW2008 JRO09
LO 4.03 2.34 3.18 2.38
NLO 3.16 1.63 2.16 1.24
NNLO 2.96 0.85 1.72 0.61

with different parametrizations and the inclusion of NNLO contributions improve the

consistency.

4.4 Summary

To summarise the evolution of gluon distribution function with respect to x and Q>
at LO, NLO and NNLO are presented by solving the DGLAP evolution equation for
gluon distribution analytically. Here the DGLAP equation is first transformed into a
partial differential equation in the two variables x and Q? by using the Taylor series
expansion valid at small-x. Following this the resulting equation is solved at LO, NLO
and NNLO respectively by the Lagrange’s auxiliary method to obtain the Q2 and z
evolutions of the gluon distribution function. We compare our predictions with the

GRV1998NLO, MRST2004NNLO, MSTW2008NNLO and JROINNLO global QCD
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analysis as well as with the BDM model. The obtained results of gluon distribution
can be described within the framework of perturbative QCD. Our results show that
at fixed = the gluon distribution function increases with increasing Q?, whereas at
fixed Q? it increases as = decreases which is in agreement with perturbative QCD
fits at small-z. We perform our analysis in the Q? and x range, viz. 5 < Q? < 110
GeV? and 107% < 2 < 0.1 and note that in this domain our predicted solutions are
comparable with different global analysis of parton distributions. We consider the
function K;(x) = K, where K is a constant parameter, in defining the relation
between gluon and singlet structure functions and obtain our best fitted results in
the range 0.14 < K; < 0.85. Moreover we consider the numerical parameters Ty
and 77 to linearise the equations at NLO and NNLO in a,. These parameters are
chosen from phenomenological analysis for a particular range of @? under study and
therefore, the use of the parameters Ty and 77 does not produce any abrupt change
in our results. From our phenomenological analysis we observe that our computed
results of gluon distribution function at NNLO show significantly better agreement
with different parameterizations than those of LO and NLO. Thus we can say that the
NNLO approximation has appreciable contribution to the gluon distribution function
in the particular range of x and Q% under study. However, in the very small-z region,
where the number density of gluons become very high, the gluon recombination
processes may take place inducing nonlinear corrections to the QCD evolution and
in that case the solution suggested in this chapter may not be sufficient to explain
the available data at very small-z. The nonlinear GLR-MQ evolution equation may
provide a good description of the high density QCD at very small-x, which we will

discuss in the next chapter.
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