
Chapter 6

Second harmonic generation by an

obliquely incident s-polarized laser

from a magnetized plasma

An expression for the relativistic factor in presence of magnetic field has been ob-

tained. The dependence of second harmonic conversion efficiency on the angle of

incidence, electron plasma density, laser electric field amplitude and magnetic field

has been calculated. An increase in magnetic field increases the value of the modified

relativistic factor which in turn, reduces the conversion efficiency. The presence of

magnetic field affects the conversion efficiency due to the modification observed in

the relativistic factor. In absence of magnetic field, the second harmonic conversion

efficiency increases with an increase in the laser electric field amplitude and angle

of incidence. However, in presence of magnetic field, the conversion efficiency starts

decreasing as the magnetic field is increased.

6.1 Background of the study

Interaction of ultrahigh intensity lasers with plasmas induce transverse currents due

to quiver motion of the electrons. Laser intensities upto 1020 W/cm2 has been

achieved, which while propagating through the plasma makes the electrons move with

relativistic velocities and the electron motion becomes non-linear and thus leads to
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the generation of harmonics. In presence of high power laser fields, the relativistic

change in mass of the electron may affect dielectric property of the plasma medium.

On the other hand, there may be depletion in plasma density from the higher field

region due to expeltion of electrons in a radial direction from the axis, resulting in

density gradient in the transverse direction. Both of these effects may be a source

of second harmonic emission. Generation of second harmonics is one of the most

important aspects of research in laser-plasma interactions due to its promising ap-

plications in the study of material properties, biological samples etc. and also in

coherent extreme ultraviolet (EUV) radiation [1–3]. It can also serve as a diagnos-

tic tool for warm and dense plasmas [4–6]. Engers et al. [7] have measured the

time dependence of second harmonics from plasmas produced by femtosecond laser

pulses. Dromey et al. [8] have observed the generation of higher order harmonics

with photon energy hν >1keV from petawatt class laser-solid interactions and have

presented the harmonic efficiency scaling in the relativistic limit. Linearly polarized

intense laser beams on interaction with a homogeneous plasma produces transverse

nonlinear plasma currents and thus lead to the generation of coherent harmonic ra-

diation in the forward direction [9]. Esarey et al. [10] have shown that the presence

of transverse gradients in the initial plasma density profile favours the generation of

even harmonics. Meyer and Zhu [11] and Malka et al. [12] have shown the relativistic

second harmonic generation under the condition of beam filamentation. Krushelnick

et al. [13] have experimentally observed second harmonic generation of stimulated

Raman scattered light from a plasma. Jha and Agrawal [14] have studied analytically

the second harmonic generation by a p-polarized obliquely incident laser propagating

in an underdense plasma. Second harmonic generation in the reflected component of

the beam by an obliquely incident, relativistically intense laser polarized perpendic-

ular to the plane of incidence has been reported [15].

Presence of a magnetic field may play a very important role in increasing the

efficiency of such second harmonic current from a plasma. The magnetic field gets

coupled with the relativistic and ponderomotive effects and drastically affects the

efficiency of second harmonic generation. Rax et al. [16] have analyzed relativis-

tic harmonic generation with ultrahigh intensity laser pulses in a weakly magnetized

plasma. They have considered both permanent magnet and laser-driven wigglers and
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have addressed and solved important issues of phase matching, pump depletion, and

relativistic tapering. Salih et al. [17] have investigated the second-harmonic gener-

ation of an intense self-guided right circularly polarized laser beam in a self created

magnetized plasma channel. Generation of second harmonics by a linearly polarized

laser beam propagating through an underdense plasma embedded in a transverse

magnetic field has been analyzed [18]. Verma and Sharma [19] have investigated

second harmonic generation by a laser produced plasma having a density ripple in

presence of an azimuthal magnetic field.

Here, we present an analytical study of relativistic second harmonic generation

in the reflected component by an obliquely incident s-polarized laser from a cold

underdense plasma in presence of a magnetic field. Moreover, the effect of magnetic

field on relativistic factor has been properly taken into consideration in this work.

Thus, the presence of magnetic field not only affects the motion of electrons, but

it also modifies its relativistic mass. Correct understanding of the behaviour of

relativistic electrons in presence of magnetic field is essential for the study of any

phenomena related to the interaction of lasers with magnetized plasmas. In presence

of magnetic field, the relativistic factor is modified and this might have a direct

impact on the interaction of plasma electrons and laser field. Here, we have found

an analytical expression for modified relativistic factor [20] in presence of magnetic

field and hence analyzed the effect on the efficiency of second harmonic generation.

6.2 Theoretical Formulation

The electrons acquire an oscillatory velocity under the influence of laser electric field

and a ponderomotive force is thus exerted on the electrons at twice the incident laser

frequency. The ponderomotive force thus give rise to oscillatory electron velocities

at second harmonic and produces a non-linear second harmonic current which drives

the emission of second harmonic radiation. We consider an s-polarized laser beam

incident obliquely on a vacuum-plasma interface at z = 0 with z < 0 as vacuum and

z > 0 as a uniform plasma of density n0
0 embedded in a magnetic field, ~b = bẑ. The

laser beam is propagating along the x − z plane at an angle θ with the z-axis as

shown in Fig. 6.1. The fundamental laser beam propagating through vacuum can be
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Fig. 6.1: Schematic of second harmonic generation process by an obliquely
incident s-polarized laser.

represented as

~E1i = ŷE10exp[−i(ωt− kxx− k0zz)] (6.1)

where kx = (ω/c)sinθ and k0z = (ω/c)cosθ. The electric and magnetic fields of the

laser transmitted inside the plasma can be written as

~E1 = ŷE1exp[−i(ωt− kxx− kzz)] (6.2)

~B1 = c
~k × ~E1

ω
(6.3)

where kz = [(ω2/c2)(1− ω2
p/ω

2)− k2x]1/2 and a1 = 2a0/(1 + kz/k0z). a0 = eE10/m0ωc

and a1 = eE1/m0ωc are the normalized electric field parameters, ω2
p = 4πn0

0e
2/γm0

is the relativistic plasma frequency, ε1 = 1−ω2
p/ω

2 is the dielectric constant where e,

m0 and γ are the electronic charge, rest mass and time averaged value of relativistic

factor respectively.

6.3 Relativistic factor in presence of magnetic field

At high intensities, the laser electric field make the electrons quiver with velocities

close to the velocity of light and hence the electrons become relativistic. An increase
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in intensity will increase the value of the relativistic factor γ = 1/
√

1− v2/c2 =√
1 + a20/2 and hence will increase the relativistic mass of the electron. This will

decrease the effective plasma frequency which in turn will affect the plasma dielectric

constant and increase the transparency of plasma. The cyclotron effects induced due

to the presence of magnetic field can severely affect the dynamics of the relativistic

electrons. The relativistic factor can thus get modified in presence of magnetic field

and can significantly effect the second harmonic generation.

The equation governing electron momentum is given as

dp

dt
= −eE1 −

e

c
~v × ( ~B +~b) (6.4)

The components of the above eqn. can be written as

dpx
dt

= −eE1
kx
ω
vycos(ωt− kxx− kzz)− e

c
vyb (6.5)

dpy
dt

=
−eE1

ω
(ω − kxvx − kzvz)cos(ωt− kxx− kzz) +

e

c
vxb (6.6)

dpz
dt

= −eE1
kz
ω
vycos(ωt− kxx− kzz) (6.7)

The equation governing electron energy is given as

m0c
2dγt
dt

= −eE1vycos(ωt− kxx− kzz) (6.8)

Using Eqs. 6.7 and 6.8, we get

d

dt

{
pz −m0cγt(ε1 − sin2θ)1/2

}
= 0 (6.9)

Thus, we can write

pz −m0cγt(ε1 − sin2θ)1/2 = pz0 −m0cγ0 (6.10)

where pz0(= m0γ0vz0) and γ0 are the initial values of electron momentum along z

direction and relativistic factor respectively.

Using Eqn. 6.8 in Eqn. 6.5 and integrating it using the initial values of electron

momentum along x as px0(= m0γ0vx0) and integrating Eqn. 6.6 using the initial
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values of electron momentum along y as py0(= m0γ0vy0) we obtain

px = mcγtsinθ −
e

c
(y − y0)b+ px0 (6.11)

py = py0 +
e

c
(x− x0)b−

eE1

ω
sin(ωt− kxx− kzz) (6.12)

Using Eqn. 6.10 we get

pz
m0c

= γt(ε1 − sin2θ)1/2 +
pz0
m0c
− γ0 (6.13)

Here we define a variable τ such that

τ =
z

c
− t (6.14)

Using Eqn. 6.10 one can obtain

dx

dτ
= − px

m0γ0(1− βz0)
(6.15)

and
dy

dτ
= − py

m0γ0(1− βz0)
(6.16)

where βz0 = vz0/c. Using Eqs. 6.11 and 6.12 in Eqs. 6.15 and 6.16 we obtain

x− x0 =
1

m0γ0(1− βz0)

{
mcγtsinθ −

e

c
(y − y0)bτ − px0τ

}
(6.17)

and

y − y0 =
−1

m0γ0(1− βz0)

{
py0τ +

e

c
(x− x0)bτ +

eE1

ω2
cos
[
ω
(z
c
− τ
)
− kxx− kzz

]}
(6.18)

Solving Eqns. 6.17 and 6.18 we obtain

x−x0 =
−mcτγtsinθ − px0τ − ωcτ

{
eE1

ω2 cos
[
ω
(
z
c
− τ
)
− kxx− kzz

]
+ τpy0

}
m0γ0(1− βz0) {1 + ω2

cτ
2}

(6.19)
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and

y − y0 =
ωcmcγtτ

2sinθ − py0τ + ωcpx0τ
2 − eE1

ω2 cos
[
ω
(
z
c
− τ
)
− kxx− kzz

]
m0γ0(1− βz0) {1 + ω2

cτ
2}

(6.20)

Using Eqs. 6.19 and 6.20 in 6.11 and 6.12 we obtain

px
m0c

=
γ0(βx0 + βy0ωcτ)

1 + ω2
cτ

2
+

γtsinθ

1 + ω2
cτ

2
+
a1ωccos

[
ω
(
z
c
− τ
)
− kxx− kzz

]
ω(1 + ω2

cτ
2)

(6.21)

and

py
m0c

=
γ0(βy0 − βx0ωcτ)

1 + ω2
cτ

2
− ωcτγtsinθ

1 + ω2
cτ

2
− a1sin

[
ω
(z
c
− τ
)
− kxx− kzz

]
−
a1ω

2
cτcos

[
ω
(
z
c
− τ
)
− kxx− kzz

]
ω(1 + ω2

cτ
2)

(6.22)

where βx0 = vx0/c, βy0 = vy0/c and ωc = eb/m0cγ0(1− βz0) is the electron cyclotron

frequency. Using Eqn. 6.13, 6.21 and 6.22 with γ2t = 1 + (p2x + p2y + p2z)/m
2
0c

2 and

applying initial conditions, βx0 = βy0 = βz0 = 0, γ0 = 1, the time averaged value of

the relativistic factor is obtained as

γ =
1

2

[
1− ε1 + sin2θ

{
1 + 1(

1+4π2(ωc
ω )

2
)2

}] {−2(ε1 − sin2θ)1/2 +
[
4(ε1 − sin2θ)

+4(1− ε1 + sin2θ)

2 +
a21
2

1 +

(
ωc

ω

)2
(1 + 4π2a21

(
ωc

ω

)2(
1 + 4π2

(
ωc

ω

)2)2




1/2


(6.23)

6.4 Second harmonic conversion efficiency

The electrons under the influence of an intense laser electric field of frequency ω

and wave vector ~k acquire an oscillatory velocity ~v1 at (ω,~k) and the laser exterts

a ponderomotive force ~v1 × ~B1 on electrons at (2ω, 2~k). The ponderomotive force

gives rise to ocillatory electron velocities at (2ω, 2~k) and produces a second harmonic

current ~J2 at (2ω, 2~k) which gives rise to second harmonic radiation.
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The wave equation governing second harmonic generation is given as

(
∇2 − 1

c2
∂2

∂t2

)
~E2 =

4π

c2
∂ ~J2
∂t

(6.24)

The solution of Eqn. 6.24 can be written as

~E2 = ~A2exp[−i(2ωt− 2kxx+ 2k0zz)] (6.25)

The laser imparts an oscillatory electron velocity at (ω,~k)

~v1 =
e ~E1

γm0iω
(6.26)

which produces an oscillating current at (ω,~k)

~J1 = −n0
0e~v1 = −n

0
0e

2 ~E1

γm0iω
(6.27)

~v1 beats with ~B1 to produce the ponderomotive force ~F2 at (2ω, 2~k)

~F2 =
i~kcε1e

2γω
a1E1exp[−i(2ωt− 2kxx− 2kzz)] (6.28)

The electron velocity due to ~F2, self-consistent field ~E2 and the external magnetic

field ~b at (2ω, 2~k) is

~v2 =
1

2γm0iω

{
e ~E2 − ~F2 +

e

c
(~v2 ×~b)

}
(6.29)

The x, y and z components of the electron velocities are obtained as

v2x =
e

2γm0iω
(

1− ω2
c

4ω2

) {(E2x +
ωc
2iω

E2y

)
− ikxcε1

2γω
a1E1exp [−i(2ωt

−2kxx− 2kzz)]} (6.30)
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v2y =
e

2γm0iω
(

1− ω2
c

4ω2

) {(E2y −
ωc
2iω

E2x

)
+
( ωc

2iω

) ikxcε1
2γω

a1E1exp [−i(2ωt

−2kxx− 2kzz)]}

(6.31)

and

v2z =
e

2γm0iω

{
E2z −

ikzcε1
2γω

a1E1exp[−i(2ωt− 2kxx− 2kzz)]

}
(6.32)

Using Eqn. 6.30, 6.31 and 6.32, the current densities along x, y and z directions are

obtained as

J2x =
1(

1− ω2
c

4ω2

) {− ω2
p

8πiω

(
E2x +

ωc
2iω

E2y

)
+
ω2
pkxcε1

16πω2γ
a1E1exp [−i(2ωt

−2kxx− 2kzz)]} (6.33)

J2y =
1(

1− ω2
c

4ω2

) {− ω2
p

8πiω

(
E2y −

ωc
2iω

E2x

)
−
( ωc

2iω

) ω2
pkxcε1

16πω2γ
a1E1exp [−i(2ωt

−2kxx− 2kzz)]}

(6.34)

and

J2z = −
ω2
p

8πiω
E2z +

ω2
pkzcε1

16πω2γ
a1E1exp[−i(2ωt− 2kxx− 2kzz)] (6.35)

Substituting Eqs. 6.33, 6.34 and 6.35 into the x, y and z components of wave Eqn.

6.24, and solving for A2x, A2y and A2z by assuming ∂2/∂z2 << ∂2/∂x2 we obtain

A2x =
−iε1a1E1sinθω

2
p

2γω2
{

4cos2θ
(

1− ω2
c

4ω2

)
− ω2

p

ω2

}1− ω4
pω

2
c

4ω6

{
4cos2θ

(
1− ω2

c
4ω2

)
−ω2

p

ω2

}2


×

1 +
ω2
pω

2
c

4ω4
{

4cos2θ
(

1− ω2
c

4ω2

)
− ω2

p

ω2

}
 (6.36)
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A2y =
ε1a1E1sinθω

2
pωc

4γω3
{

4cos2θ
(

1− ω2
c

4ω2

)
− ω2

p

ω2

}1− ω4
pω

2
c

4ω6

{
4cos2θ

(
1− ω2

c
4ω2

)
−ω2

p

ω2

}2


×

1 +
ω2
p

ω2
{

4cos2θ
(

1− ω2
c

4ω2

)
− ω2

p

ω2

}
 (6.37)

and

A2z =
−iε1ω2

p(ε1 − sin2θ)1/2

2γω2
(

4cos2θ − ω2
p

ω2

) a1E1 (6.38)

The resultant amplitude (|A2
2| = |A2

2x| + |A2
2y| + |A2

2z|) of the second harmonic wave

is calculated and the ratio of the reflected second harmonic power density, P2 =

c|A2|2/8π to that of the fundamental power density, P0 = c|E10|2/8π is obtained to

calculate the second harmonic conversion efficiency, η(= P2/P0) as

η =


ε21sin

2θω4
p

4γ2ω4
{

4cos2θ
(

1− ω2
c

4ω2

)
− ω2

p

ω2

}2

1− ω4
pω

2
c

4ω6

{
4cos2θ

(
1− ω2

c
4ω2

)
−ω2

p

ω2

}2


2

×

1 +
ω2
pω

2
c

4ω4
{

4cos2θ
(

1− ω2
c

4ω2

)
− ω2

p

ω2

}


2

+
( ωc

2ω

)21 +
ω2
p

ω2
{

4cos2θ
(

1− ω2
c

4ω2

)
− ω2

p

ω2

}


2

+
ε21ω

4
p(ε1 − sin2θ)

4γ2ω4
(

4cos2θ − ω2
p

ω2

)2

 4a0{

1 + (ε1−sin2θ)1/2

cosθ

}2


2

(6.39)

It can be seen from Eqn. 6.39 that in absence of magnetic field, the second harmonic

electric field has only x and z components. Thus, second harmonic emission is p-

polarized in absence of magnetic field and is dependent on the incident angle θ.

6.5 Results and Discussion

Second harmonic generation from plasmas by an obliquely incident s-polarized laser

in presence of magnetic field has been studied analytically in this work. Considering

relativistic mass variation, the expression for modified relativistic factor in presence
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of magnetic field has been derived and the second harmonic conversion efficiency η

has been calculated for relativistic laser intensities. Fig. 6.2 represents the variation
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Fig. 6.2: Modified relativstic factor γ as a function of normalized electric
field amplitude a0 and applied magnetic field b at ω2

p/ω
2 = 0.1, θ = 700 and

ω = 1.88× 1014 Hz.

of the modified relativistic factor γ with normalized electric field amplitude a0 and

magnetic field b. It is observed that γ increases both with a0 as well as b. This

behaviour of γ is reflected in almost all the results having the variation of η which is

obtained as a function of b. Fig. 6.3 shows the variation of η with b and the angle of

incidence θ at a0 = 1. For normalized electron density ω2
p/ω

2 = 0.1, it is found that

η increases with θ. However, θ can be varied upto a maximum of 700 (critical angle)

as beyond the critical angle the laser propagation vector becomes imaginary and

the laser propagation becomes evanescent. Hence, the second harmonic conversion

efficiency is maximum at the critical angle. It is observed that η decreases with an

increase in magnetic field. The dependence of η on b is found to be same in Fig.

6.4 as in Fig. 6.3 which depicts the variation of η with b and ω2
p/ω

2. Fig. 6.5

(a) displays the variation of η as a function of a0 and b. Fig. 6.5 (b) displays the

same variation for unmodified relativistic factor γ′ [15]. The efficiency increases with

a0 as expected. Second harmonic conversion efficiency in case of an unmagnetized
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Fig. 6.3: Conversion efficiency η as a function of applied magnetic field b and
angle of incidence θ at a0 = 1, ω2

p/ω
2 = 0.1 and ω = 1.88× 1014 Hz.

Fig. 6.4: Conversion efficiency η as a function of applied magnetic field b and
normalized electron density ω2

p/ω
2 at a0 = 1, θ = 700 and ω = 1.88× 1014 Hz.

plasma as shown in Fig. 4 [15] for a0 ≈ 1 at the critical angle is about ≈ 0.2 % which

agrees with our result in Fig. 6.5 (a) when the magnetic field is zero (b = 0 T). A

comparison of the results shown in Fig. 4 [15] with our results as depicted in Fig.
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Fig. 6.5: Conversion efficiency η as a function of applied magnetic field b
and normalized electric field amplitude a0 at ω2

p/ω
2 = 0.1, θ = 700 and ω =

1.88× 1014 Hz with (a) modified γ (b) unmodified γ′.

6.5 (a) shows that the second harmonic conversion efficiency increases up to a0 ≈ 1

and then gets saturated. However, our results show that the conversion efficiency

decreases with an increase in magnetic field. When the effect of magnetic field on

the relativistic factor is ignored, then it is found from Fig. 6.5 (b) that the second

harmonic conversion efficiency increases slightly with the increase in magnetic field.

This may be due to the contribution of the magnetic field to the transverse motion of
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the electrons which is favourable for the generation of the second harmonic current.

However, the introduction of the modified relativistic factor results in a decrease of

the efficiency with the magnetic field. This may be attributed to the increase in the

value of the relativistic factor γ with an increase in magnetic field.

6.6 Conclusion

We have investigated the effect of magnetic field on the efficiency of second harmonic

generation in a plasma subjected to an intense obliquely incident s-polarized laser

beam. In presence of magnetic field, the relativistic factor gets modified and this has

been duly taken into consideration in this work. The conclusions drawn from the

above discussions can be summarized as follows:

i) The efficiency is found to increase with the angle of incidence upto the critical

angle.

ii) Second harmonic conversion efficiency increases with a0 which is also revealed

in the literature [15]. However, in the presence of magnetic field, the conversion

efficiency starts decreasing as the magnetic field is increased.

iii) The presence of magnetic field enhances the value of the modified relativistic

factor γ, which results in the reduction of the second harmonic conversion

efficiency.
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