Chapter 5

A comparative study on some zero-truncated

distributions

5.1 Introduction

In probability theory, zero-truncated distributions may be defined as discrete
distributions which supports the set of positive integers. Zero truncated distributions
arise when the data to be modeled originate from a mechanism which generates data
that excludes zero counts.

Py (x; 8,a)

SUppOSG, P(X; 0, a) = m,

where Py(x; 6,a) is the pmf of the original

distribution.

In this chapter, we have studied on zero-truncated Poisson-Lindley (ZTPL)
distribution, zero-truncated new generalized Poisson-Lindley (ZTNGPL) distribution
and zero-truncated generalized two-parameter Poisson-Lindley (ZTGTPL)
distribution. Various properties of the distributions have been studied. Lastly,

methods of estimation of parameters have been discussed.
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5.2 Zero-truncated Poisson-Lindley (ZTPL) distribution

The Poisson-Lindley (PL) distribution having the probability mass function
(pmf) given as,

62(x+6+2)
(1+6)x+3”’

P(x; 6,a) = =012, ..,0>0. (5.2.1)

has been obtained by Sankaran[85] by compounding Poisson distribution with the

Lindley distribution.

The pmf of ZTPL distribution has been obtained by considering its zero-truncated

form as,

— ) = p(x) = PO
P(X =x)=p() = 1-P,(0; 6,) ’
where, Py(x; 6, a) is the p.m.f of PL distribution in equation (5.2.1)

62%(6+2)
(1+6)3

and Py(0; 8,a) = is the pmf of PL distribution at point x = 0.

Thus, the pmf of ZTPL distribution has been obtained as

02(x+6+2)

P(X =x) = P(X) = (1+9)x(92+39+1);

x=1,23..,0>0. (5.2.2)

The resultant distribution that is obtained in equation (5.2.2) is the zero truncated

version of PL distribution obtained by Ghitany et al. [41].
5.2.1 Recursive expression for probabilities
If X follows ZTPL distribution then the probability generating function of X is
g = E(tY),
= Zx=1 7 p(2),

where p(x) is the pmf of zero truncated Poisson Lindley distribution as given in
equation (5.2.2).
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0%2(x+6+2)
(1+6)*(02+36+1)’

Thus, g(t) = Xy, t*

0%t {(9+3)(9+1)—t(9+2)}

- (62+36+1) (1+6-1t)2 (5.2.3)

Expanding equation (5.2.3) and equating the co-efficient of t” we have obtained the

recursive expression for probability as

— {2(1+0)pr_1—pr_2}

N 1D , (5.2.4)
_ 62%2(6+3)
where, p; = (1+6)(62+36+1) '
62%(60+4)

P2 = 5926213040 °
The higher probabilities may be obtained from equation (5.2.4) puttingr = 3,4, ....
5.2.2 Recursive expression for moments

The moment generating function of ZTPL distribution may be obtained as

m(t) =

62et {(9+3)(9+1)—et(9+2)}
(62+360+1) (1+06—et)2 !

The recurrence relation for moment generating function of ZTPL distribution has

been obtained as,

. . T
trer = A2T(BO+7)+ (0 +3)(6 + D} +3{(1 +6)> —2"/* + 371} 37, (r —j+ 1) ui,r>1,

_ (6+1)
where, 4 = 0(62+36+1)’

r_ (0+1)2(6+2)
M= 0(62+36+1)’

, _ (0+1)%(6%+46+6)
27 92(92+36+1)

5.2.3 Recursive expression for factorial moment generating function (fmgf)

The fmgf may be been obtained as

G) =g +0),
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(5.2.5)

02(1+t) {(92+39+1)—t(9+2)}
(62+360+1) (6-t)2

The recursive expression for factorial moment generating function may be written as,

1A 1 1A 1A
Ky = 552071y = 7(r = Dptr_p}, 7> 2 (5.2.6)
o (6+1)2%(6+2)
Where, k() = Ggtraaryy
o (0+1)2(6+3)

@) = 920213040 -
From equation (5.2.6) the higher factorial moments may be obtained.

From the factorial moments using the relationship between the factorial moments and

raw moments, the raw moment has been obtained as,

; _ (0+1)2(6+2)
M1 = 0(62+360+1) '

r _ (6+1)2{0(0+2)+2(0+3)}
Ha = 62(62+30+1) '

,_ (0+1)%{0(02+60+6)+2(6%2+90+12)}

H3 63(82+360+1) :
r _ (0+1)%{0(0°+146%+360+24)+2(0°+2162+726+6)}
Ha 64(62+36+1) '

The central moment p, has been obtained as

_ (0+1)%(6%+66%2+100+2)
2= 02(02+36+1)2

5.2.4 Index of dispersion and co-efficient of variation

The index of dispersion of ZTPL distribution has been denoted by y and may be

defined as,

LD = g? _ 6°+66%+100+2
T u T 8(0+2)(02+36+1)

[Ghitany et al. [40]]

The co-efficient of variation may be defined as,

o _ (63+662+106+2)
n (0+1)(0+2)

Cv=
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5.3 Zero-truncated new generalized Poisson-Lindley (ZTNGPL)

distribution

Shanker and Mishra [93] obtained discrete two-parameter Poisson-Lindley

distribution having the pmf as,

02{1+0+a(x+1)}

(B+a)(1+0)x+2 ’ =0,1,2..;06>0,a>0. (531)

pO(x; 91 a) =

The distribution has been further studied by Bhati et al. [10] and renamed it as new
generalized Poisson-Lindley (NGPL) distribution and investigated certain additional

properties.

The pmf of ZTNGPL may be obtained as,

Py(x; 0,)
1-Py(0; 6,a) '

PPX=x)=p"(x) =
where, P,(x; 6, a) is the pmf as given in equation (5.3.1).

P,(0; 6, ) is the pmf of NGPL distribution at x = 0.
Thus the pmf of ZTNGPL distribution has been obtained as

62(1+0+a(x+1))
(02420a+a+0)(0+1)*’

PP X=x)=p"(x) = =12,.;0>0,a>0.

5.3.1 Probability generating function

If X~ZTNGPL distribution then the probability generating function (pgf) of X

may be written as,
gt) =E@"), [t <1

= Dr=1 P (x)

_ 0%t{(a+6+1)(A+6—-t)+at(1+6)}
= " orrarorzanyaro—oz 0> 0a>0.

The recurrence relation for probabilities may be obtained as

_ {3r(1+6)?p,—3(1+60) (r—1)pr_1 +(r—2)pr_»}
Pr+1 = r+1(1+6)

, r>1

62



62(1+6+a)
02+a+0+2a6)(1+6) "’

where, p; = %

_ 62%2(1+6+2a)
b2 = (82+a+68+2a0)(1+8)2

5.3.2 Recursive expression for moment generating function
The moment generating function (mgf) may be obtained as,
m(t) = E(e™),

_ 0%et{(a+6+1)(1+6—et)+aet(1+0)}
- (82+a+0+2a0)(1+6—et)?

(5.3.2)

Differentiating equation (5.3.2) w.r.t t and equating the co-efficient of i—r' we have

) A(1+6)[27B+C(1+6)+532 | wj{3(146)2-3(1+6)27 1~ 4+37+1-1}]
Hri1 = 93 '

92

where, A = 62+a+6+2a0)’

B=Q208a+a+6+1),
C=a+6+1.
5.3.3 Recursive expression for factorial moment generating function
The factorial moment generating function (fmgf) may be written as,

G@) =g +1),

021 +){(1+0+a)(0—t)+a(1+t)(1+6)}
- (02 +a+6+af)(6—t)? '

(5.3.3)

Expanding equation (5.3.3) and equating the co-efficient of i—r' we have obtained the

recurrence relation for factorial moment generating function as,

20 ,r_ _( _1) ,r_
ey = A L2 9; a 2)],7“ > 2 (5.3.4)
(0+1)2(6+20a)

where, p(;y = 0(62+a+6+2a6) "’
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¢ 2(041)2%(6+30)
@ T g2(62+a+6+2a0)

The higher order probabilities may be obtained from equation (5.4.4) for r = 3,4, ...

From the factorial moments the raw moments have been obtained as

r _ (0+41)2%(6+20)
= 0(62+a+6+2a6)’

~

_ (6+1)2(6%+2a0+260+6a)
Ha = 02(82+a+6+ab) '

_ (0+1)?(6%+2a62+602+18a0+6624a)
Hs = 63(62+a+6+ah) '

w~

_ (6+1)?(6*+2a60°+146%+42a6%+366%+144a6+246+1200)
Ha = 603(62+a+0+ab) '

B~

5.4 Zero-truncated generalized two-parameter Poisson-Lindley (ZTGTPL)

distribution

Two-parameter Poisson-Lindley (TPPL) distribution has been obtained by
Shanker et al. [93]. Again in the previous chapter we have revisited (TPPL)
distribution and named it as generalized two-parameter Poisson-Lindley (GTPL)
distribution having the pmf as,

62 x+1
PO(X, 0, a) = m(a +m),x =012..;0>0,a>0 . (541)

Now, the pmf of ZTGTPL distribution may be obtained as,

Py (x; 0,a)
1-P,(0; 6,a) '

P*(X =x)=p~(x) =
where, P,(x; 6, a) is the pmf of GTPL distribution,
and, P,(0; 6, a) is the pmf of ZTGTPL distribution at point x = 0.

Then, the resultant distribution is the ZTGTPL distribution obtained by Shanker and
Shukla [91] having the pmf as,

0%2(x+a(6+1)+1)

P*(X =x)=p™(x) = (62a+0a+20+1)(0+1)*’

=12,.;0>0a>0 (54.2)
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It has been observed that ZTPL distribution obtained by Ghitany et al. [40] is a

particular case of ZTGTPL distribution when a = 1.

5.4.1 Probability generating function

The probability generating function of ZTGTPPL distribution may be obtained

as,
g(©) = E(t¥),
= Xx= 7 (x),

_0%2t{(a(0+D+1)(1+0-)+(1+6)}
T (B%2a+B8a+20+1)(1+6-t)2 (5.4.3)

Differentiating equation (5.4.3) w.r.t 't’ and equating the co-efficient of t” we have

obtained the recurrence relation for probabilities as

_ (3r(1+6)*p,—3(1+0) ('~ D)pr—1 + (r=2)py 5}
Pr+1 = (r+1)(1+0)3 , o
3 82(2+a(6+1))
where, p1 = (62a+6a+26+1)(1+6)’
62(3+a(6+1))

bz = (02a+08a+20+1)(1+6)2 °

The higher order probabilities of ZTGTPL distribution may be obtained from
equation (5.4.4) for r = 3,4, ... etc.

5.4.2 Recursive expression for moment generating function
The moment generating function (mgf) of ZTGPL distribution

0%2et{(a(0+1)+1)(1+0—et)+(1+6)}
(02a+0a+20+1)(1+6—et)? (5.4.5)

m(t) =

Now by differentiating equation (5.4.5) and equating the co-efficient of i—rl we obtain

the recurrence relation for moment generating function as

, _A{(1+9)(9—a(1+6)—zr)—4.3r(a(1+9)+1)}+Zj~=1{3(1+9)2—3(1+9)2T—1'+1+3T—J'+1}u}

#r+1_ 93 'T'>1

93

where, A = (82a+0a+20+1)
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The first four moments about origin may be obtained from mgf given in equation

(5.4.5) as

¢ (B+1)2(Ba+2)
= 0(62a+0a+20+1) '

¢ (B+1D)2%{0a(6+2)+2(6+3)}
Ha = 02(82a+0a+20+1)

;_ (0+1)%{0a(62+60+6)+2(62+96+12)}
Hs = 03(02a+0a+26+1) :

_ (6+1)2{0a(6%+146%+3660+24)+2(63+2162+726+60)}
Hs = 04(02a+0a+20+1) '

The variance of ZTGTPL distribution has been obtained as,

_ (0+1)?{0%a?+a?6%+50% a+4ab+66+2}
2= 02(02a+af+20+1)2 '

5.4.3 Recursive expression for factorial moment generating function (fmgf)

The factorial moment generating function may be written as

G() =g +0),

_ 02(+){(a(6+1D)+1)(6-0)+(1+6)}
B (B2a+0a+20+1)(0—t)? (5.4.6)

The recursive expression for factorial moment generating function has been obtained

as
, T[BBZMET)—39(r—1)y£r_1)+(r—1)(r—2)uér_2)]
:u(r+1) = 93 > 2
o (6+1)?%(6a+2)
where, p(y) = 0(02a+0a+20+1)
(6+1)%2(6a+2)

! —
@ = 9z(02ar0arzo+1) °
The general expression for factorial moments may be written as,

¢ ri(0+1)%(Ba+r+1)
Ho) = grozatoatzo+1)
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5.5 Index of dispersion

The Index of dispersion for ZTGTPL distribution has been obtained as

o2 _ {0%a?+a?02+50%a+4a0+660+2}

LD = = S Grarasrze+ ) ((Bar2))

The 1.D may be equi-dispersed, over-dispersed or under-dispersed according as o2 =

pore?>poro? <y,
5.6 Estimation of parameters

This section is based on the estimation of parameters by the following methods.
5.6.1 Estimation of parameters ZTPL distribution

The parameters of ZTPL distribution may be obtained by the method of
maximum likelihood. Supposing x4, x5, ..., x,, t0 be a sample of size n from ZTPL
distribution and £, be the observed frequency corresponding to X = x(x = 1,2, ... k)
such that ¥X_, £, = n.

Then the likelihood function of ZTPL distribution may be written as,
L=Tlk1p(x; 6,0),

_ 9211 1 . .
L= ((92+39+1)n) @+ 15T x [[io1{0x +6 + 2}".

The log-likelihood function is
log L = 2nlogh — nlog(6% + 30 + 1) — Xk_, xflog(8 + 1) + YX_, f log(x + 6 + 2) .
The derivative of log likelihood equations is,

dlogl. _ 2n n(20+3) nx k fx _ . . .
20~ 6 (er)) (9+1)+2x=1(x+9+2)—0, which is a non-linear

equation and can be solved by numerical methods.
5.6.2 Estimation of parameters of ZTNGPL distribution

The parameters of ZTNGPL distribution may be obtained the method of

maximum likelihood by considering x;, x5, ..., x, to be a sample of size n from
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ZTNGPL distribution and f, be the observed frequency corresponding to X =
x(x =1,2,..k) suchthat ¥¥_, f, = n.

Then, the likelihood function may be written as

L = HI;::[ p*(x; 9; a) y

— 2" 1 k n
L= ((92+29a+a+9))n) (9+1)2,’§=1xfx [Te=slax +6 +a + 13",

The log-likelihood function may be written as,
log L = 2nlogh — nlog(8? + 20a + 0 + a) — YX_, xflog(6 + 1)
+ ¥k fologlax+ 60 +a +1}.

The derivatives of log likelihood equations are,

dlogl _ 2n n6+2a+1) nx k fx

90 6  (62+20a+6+a) (6+1) Yix=1 (ax+0+a+1) '
dlogl n(20+1) Zk (c+Dfy
da  (82+20a+6+a) =1 (gx+0+a+1) '

The second derivatives are

d%logl _ 2n | n{2(0%+2a0+6+2a%+a) +1} " nx n Zk fr ~0
90z~ 92 (62+20a+0+a)? (6+1)2 =1 (gx+0+a+1)2 '
9%logl n(20+1)>2 _y (x+1)2f
da? ~ (02+20a+6+a)? *=1 (gx+0+a+1)2 '
9%logl _ n{26%2+20+2a+1} Zk (xX+1)fy -0
900a  (62+20a+0+a)? =1 (gx+0+a+1)2
The following equations for 8 and & can be solved
0%logL 9%loglL alogL
320 960a 6 — Oo| _ | a6
0%logl.  9%logL & —«a dlogL J
= —_—c 1 0 —~
900a 092 10=0 da 19=60
a=«a &=a0

where 6, and «a, are the initial values of 6 and a respectively. These equations are

solved iteratively till sufficiently closed values of  and & can be obtained.
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5.6.3 Estimation of parameters of ZTGTPL distribution

Suppose xy, x5, ..., X, be a sample of size n from ZTGTPL distribution and f,
be the observed frequency corresponding to X = x(x = 1,2, ... k) such that ¥X_, f, =

n.

Then, the likelihood function may be written as
L=Tl}-1p"(x; 6,@),

L_( p2n

fx,
(92a+9a+29+1)n) (9+1)2x *fx [Toilx + 14+ a(6 + 1)}

The log likelihood function may be written as
logL = 2nlogf — nlog(#%a + fa + 20 + 1) — YX_, xf,log(6 + 1)
+ ¥k flog{x +1+ a(60+1)}.

The maximum likelihood estimates of 8 and a can be solved from the equations,

dlogl _ 2n n(20a+a+2) nx k afy

30 6  (f2a+Ba+20+1) (6+1) Zx:l(x+1+a(9+1))_

dlogl _  n(6%*+6) y O+ f 0
da  (02a+0a+20+1) =1 (x+14a(6+1))
The second derivatives are
d%logl _2n _ n{26%+26+1} vk Ce+1) fy
62~ 92  (02a+Ha+20+1)2 =1 r1tra@+n)’
d%ogl _ _ n(6+6%)° 5 0(0+1%f
daz  (6%a+0a+260+1)2 =1 errra(e+n)’

8%logl _ n{202+20+1} ik (CENS
900a  (O2a+0a+260+1)2 =1 (er1+a(0+1)”

The following equations for & and @ can be solved by numerical method iteratively

till close values of 8 and & are obtained.

0%logL 9%loglL dlogL
220 200a 6 — Oo| _ | a6
0%logl.  9%logL & —«a dlogL
gogt  grosh | 0 _
200a  92q 10=6 da 19=60
a=a &=a0
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5.7 Goodness of fit

In this section an attempt has been made to test the suitability of ZTPL,
ZTNGPL and ZTGTPL distributions. The goodness of fit of the three distributions
has been studied for two data sets. The parameters are estimated by the method of

maximum likelihood.

Table 5.1 Observed and expected frequencies of Number of flower heads  with

number of fly eggs. [data by Finney and Varley [36]]

Number of | Number of Expected frequency
fly eggs flowers ZTPL ZTNGPL ZTGTPL
1 22 26.8 26.0 25.1
2 18 19.8 19.3 20.3
3 18 13.9 14.1 15.0
4 11 9.5 9.9 10.1
5 9 6.4 7.1 7.0
6 6 4.2 4.0 4.5
7 3 2.7 2.7 3.0
8 0 1.7 14 1.6
9 1 1.1 1.0 1.0
Total 88 88 88 88
Parameter estimates 6 =0.7185 | 8 =0.5426 | 6 =0.0.82
a =12.2145 a=16.67
x? 5.9901 4.8457 3.9951
d.f 4 3 3
p-value 0.1999 0.1835 0.2620

In table 5.1 the observed and expected frequency of ZTPL, ZTNGPL and
ZTGTPL distribution has computed for data sets regarding counts of number of
flower having number of fly eggs which is due to Finney and Varley [36]. The

expected frequencies have been obtained to calculate the y? values.
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Table 5.2 Observed and expected frequencies of number of snowshoe hares counts

captured over 7 days. [data by Keith and Meslow [61]]

Number of Observed Expected frequency
times hares frequency
caught ZTPL ZTNGPL ZTGTPL
1 184 182.6 183 183.4
2 55 55.3 54.0 54.9
3 14 16.5 16.1 15.2
4 4 5.1 4.8 4.0
5 4 1.6 19 2.7
Total 261 261 261 126
Parameter estimates 6 =0.7185 | 8 =2.4080 § = 2.5570
a=17.3677 a =0.2343
x2 47578 2.7517 0.7170
d.f 2 1 1
p-values 0.0927 0.1283 0.2102

In table 5.2 we have considered data set due to Keith and Meslow [61] which is
regarding the number of snowshoe hares count captured over 7 days. The expected

frequencies and y? values have been obtained.

5.8 Conclusion

In Table 5.1 and Table 5.2 it has been observed that the y? values have been
calculated from the observed and observed and expected frequencies. Comparing the
values of x2 in both the tables we may conclude that of all the three distribution

ZTGTPL distribution gives a closer fit than ZTPL and ZTNGPL distribution.
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