Chapter 3

Generating functions and
congruences for some partition
functions related to mock theta
functions

3.1 Introduction

In sequel to Chapter 2, in this chapter, by using relations between R(q) and
R(q?), we find several new exact generating functions for some partition functions
related to Ramanujan/Watson mock theta functions as well as the associated small-
est parts functions and deduce several new congruences modulo powers of 5. We
refer to Section 1.6 of the introductory chapter of the thesis for the definitions of
various partition functions appearing in this chapter.

We find the following representation of the generating function of p, (50n + 8).

Theorem 3.1.1. We have

oo E5E4 E11E4 E11E10
pu(50n + 8)¢" = 5| —2—- + 160g—2—> + 2000¢* —2-->- |. (3.1.1)
2. B, B’ By

n=0

We also deduce (1.6.8) and the following new congruence modulo 125.
Corollary 3.1.2. For any nonnegative integer n, we have

(6250 + 5208) = 0 (mod 125).
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From (1.6.6), Theorem 3.1.1 and Corollary 3.1.2, we also have the following new

results on f(n), the number of 1-shell totally symmetric plane partitions of n.

Theorem 3.1.3. We have

E5E4 E211E4 ) E211 Eéo
f(150n +25)¢" =5 + 160g—=—2> + 2000q .
,; EYE3, B Y

Furthermore, for any nonnegative integer n,
f(18750n + 15625) = 0 (mod 125).

We see that Waldherr’s congruences (1.6.4) can be easily deduced from (1.6.5).
In this chapter, we also find the following generating function of p,(40n + 12).

Theorem 3.1.4. We have

> FE2F; E3E} E3EY
(400 + 12)¢" = 4(9 2 3975 10 | 90742542 2210
nzzop( n+12)q % + q £ + 5E,
s ESEY, LESEI2
+ 4229000¢° BIE? 0 4 448500004 EIiE3
E7E15 ESEIS
274000000¢° 9800000005 =219
' TEE " "B
E9E21 EIOE%l
+ 192000000047 EES + 16000000004® o E7> (3.1.2)

We deduce the following interesting congruence recently proved by Xia [71].

Corollary 3.1.5. For any nonnegative integers n and k, we have

7 X 52k+1 + 1

Do <8 % 52k+1n+ 3

) = (—1)*p,, (40n + 12) (mod 5). (3.1.3)

In this chapter, we find the following exact generating functions of spt,, (10n + 3)
and spt,, (50n + 23).

Theorem 3.1.6. We have

> E,E3 ESED
> spt, (10n+3)¢" =5 (E3E5 + 6210 4 9542 5)

3.1.4
n=0 El Ello ( )
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and

> spt,, (50n + 23) "

n=0

EyE-E3 E3E4 E3 L0
S GRS SEICE R
1 2 2

16 3 13 176 10 9 7 12

ESp EBE Ep ETE
+ 50( Elel; + 150q E14El?0 + 5650¢> 151131571?? + 101825¢ 3E12E£‘31

4 15 18 21

s E\ES E
EH E5 + 70425004° + 29800000¢% ——2

+ 10681254 o E6 ESET

B B ER
12 -
£ 790000004 ot 0000000¢® TomE 80000000¢° ET RS AT

8 1,6 8 12 8 1718 8 1724

ESE? G ESE
+ 625¢ (63 ol + 6500 —==— E + 1968754 5 + 23437504

1 1

E8E30
+ 9765625¢" o . (3.1.5)

1

Note that the congruences (1.6.15) and (1.6.16) follow trivially from the above
theorem. Furthermore, we deduce (1.6.17) and (1.6.18).

We also present the following exact generating function of spt,, (10n + 5).

Theorem 3.1.7. We have

Ey B 2 B3 By
E spt, 10 5 = 18E E 720 7625¢q
spt,, n + q 10 + quE5 + Ei‘Eg
3 7710 4 1713

E3E EAE
+32500¢° 222 + 50000¢* =229 (3.1.6)
ETE3 ENE?

As a corollary, we deduce the following new infinite families of congruences.

Corollary 3.1.8. For any nonnegative integers n and k, we have

spt,, (5% (10n + 5)) = spt,, (10n +5) (mod 5), (3.1.7)

spt,, (5% (10n + 3)) = 0 (mod 5) (3.1.8)
and

spt,, (572 (10n + 7)) =0 (mod 5). (3.1.9)
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Andrews [2] claims that the second order mock theta functions

> 2oy gl

n>0 n+1 n>0 q;9q n+1

n(n— 1

and

1" (¢: ),
f) = 3

may be related though the former does not appear in Ramanujan’s Lost Notebook.

He also showed that

n 2n (n+1)

q q S
n(q) Z 1— q2n+1

Using this Gordon and Mclntosh [42] proved that

n(g) +n(=q)  E}

2 B}
If
> b(n)g" == 1(q),
n=0
then clearly,
> b(2n)g" = 2. (3.1.10)
n=0 El

Chern and Wang [31] found the following infinite family of congruences modulo

powers of 3.

Theorem 3.1.9. For a« > 1 and n > 0, we have
200 1
2

b(2- 3% In + 3 ) =0 (mod 3%).

In this chapter, we find the following exact generating function for b(10n + 2).

Theorem 3.1.10. We have

> FE>Fs E2E3 E3ES E3
Zb (10n + 2)¢" = 4—= + 125¢—2-10 4 900¢> =212 + 20004
n=0

5 o 5E, E10E2‘ (3.1.11)



38

In the process of our proof, we also find the following congruences.

Corollary 3.1.11. For a > 1 and n > 0, we have
b(10n +6) = b(10n + 8) =0 (mod 5) (3.1.12)

and

200+1 1

b(2- 5% n + 5

) = 3°b(10n + 2) (mod 25). (3.1.13)

We organize this chapter as follows. In Section 3.2, we state two useful lemmas.
In Section 3.3, we deduce Waldherr’s congruences (1.6.4) from the generating func-
tion of p,(8n +4) and in Section 3.4, we deduce two congruences for spt,,(10n + 7)
and spt,(10n 4+ 9) from the generating function of spt,(2n 4+ 1). In Section 3.5,
we find the exact generating function for p,(50n + 8). We also deduce congru-
ences for p,(250n 4 208) and p,(6250n 4+ 5208). In Section 3.6, we find the exact
generating function for p,(40n + 12) and deduce the infinite family of congruences
given by Corollary 3.1.5. In Section 3.7, we find the exact generating function
for spt,,(10n + 3) and spt,,(50n + 23) and deduce congruences for spt,,(250n + 73)
and spt,,(1250n + 573). In Section 3.8, we find the exact generating function for
spt,(10n + 5) and deduce some infinite family of congruences given by Corollary
3.1.8. In the final section of this chapter, we prove Theorem 3.1.10 and the congru-
ences in Corollary 3.1.11.

The contents of Sections 3.3-3.8 have been submitted to International Journal

of Number Theory [18].

3.2 Two useful lemmas

In the following two lemmas we recall the famous Euler’s pentagonal number theorem
and a well-known identity on the Rogers-Ramanujan continued fraction R(q) from

Berndt’s book [20, p. 12 and p. 164].



Lemma 3.2.1. We have

[e.9]

E, = Z (_1)qu(3k+1)/2'

k=—o00

Lemma 3.2.2. If R(q) = ¢*/*R(q), then
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(3.2.1)

(3.2.2)

3.3 Deduction of Waldherr’s congruences (1.6.4)

from (1.6.5)

Using (2.4.2) in (1.6.5), we have

E* E
pr 8n+4)¢" =4 15 L (mod 5),

5

which can be rewritten with the aid of famous Euler’s pentagonal number theorem

(3.2.1), as
S Efy S ke k(3k+1)/2
pr(8n+4)q” =44 (—1)F¢*CF1/2 (mod 5).
n=0 5 k=—oo

Since k(3k +1)/2 = 0, 1, or 2 (mod 5) only, equating the coefficients of ¢°"*,

r = 3,4 from both sides of the above, we easily arrive at (1.6.4).

3.4 Deduction of (1.6.10), (1.6.11) and (1.6.15) from

(1.6.13)

Taking congruences modulo 5 in (1.6.13) and using (2.4.2), we have

G EwE3
Zsptw(Zn + 1)¢" = 150] 2 (mod 5).
- 5

Employing Jacobi’s identity (2.2.10) in (3.4.1), we have

— 10 (k+1)
Z spt,(2n + 1)¢" = A ; F(2k 41 (mod 5).

(3.4.1)
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Since k(k + 1) = 0, 1, or 2 (mod 5), equating the coefficients of ¢°**", r = 3,4
from both sides of the above, we easily arrive at (1.6.10) and (1.6.11). Furthermore,
we note that k(k + 1) = 1 (mod 5) only when k£ = 2 (mod 5), that is, only when
2k +1 =0 (mod 5). Therefore, equating the coefficients of ¢! from both sides of

the above we arrive at (1.6.15) which is, in fact, contained in (1.6.9).

3.5 Proofs of Theorem 3.1.1, (1.6.8) and Corollary

3.1.2

Proof of Theorem 3.1.1. Employing (2.2.5) successively in (1.6.7), we see that
E%o E2E160
Zpy (10n + 8)q 5(E2 Y9 ps

E%o ElElo 2 Ell
=9 (ﬁ a0 100 s

Employing (1.4.1) and (1.4.2) in the above, extracting the terms involving ¢°*, and
then replacing ¢° by ¢, we find that

ES E2E5E5 q2
,(50n + 8)¢" = 52 +20¢—=2—"2( 2 ( R(Q)R(¢*)* — =————=
Zp n+8)q" et i ( ( () R(¢%) R R

n=0
R(¢®)?® 5 R(q) ) Ey' E5°
— +q - | —5q | +400q
< R(q) R(q?)? B

2
q
X |2 Rq5——)+3q).
( ( @ R(q)®
Employing (3.2.2), (2.2.1) and (2.2.3) in the above, we find that

> E3 E3ES E2E-FE? E,E10 ENE4
L(50n + 8)¢" = 5=2 4 20g—22 — 60g> =210 _ 80P 210 4 Qg —2—>
;p (50n -+ 8)q" = 53 + 200 g = ¢ Gopi + 800

11 710

E}
2 5
+10000g" =57

We now reduce the above into the form (3.1.1) with the aid of (2.2.5) and (2.2.6)

as shown below:

+q——

f: (50n+8)”—5£+20
n:opy ¢" = mEn 9T,

E3Es By, ( E3 Efo)
E? ET
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sog2 2l (_Es | Py + 800g 2 B
"B e \ B ER, g, E14
E 10
2 5
+ 10000qg 7
E3 ESEBE, E3ES ENE?
=522 4 20¢—25"2 80> 210 4 800g—2—>
E2 EY ESE? Bl
Ell 10
2 5
+ 10000qg £
_s5 2oqESEilo £ — 4q By + 800g By By
E? Eng BB, 'BE, CE
E 10
2 5
+ 10000g 7
553 + 20q 5 Eiy + 800q 2 §+ 10000 2 By B
U TR E1 T g
E5E4 E11E4 EllEIO
= 5—2-5 1 800¢g—=—2 + 10000¢> 2>
EVER, I B

Proof of (1.6.8). Employing (2.4.2) in (3.1.1), then using (1.1.1), we have

E3 B} & .
E py(50n +8)¢" =5 =5 p(k)q” (mod 25).
E1Eg By~

n=0

Extracting the coefficients of ¢°" ™, and then using (1.1.4), we easily arrive at (1.6.8).

O

Proof of Corollary 3.1.2. From (3.1.1), we have

- N EjE? E1E}
> pu(50n +8)q" = (EﬁE% 1609y >(mod 125).

n=0

Employing (2.2.7) in the above, we see that

B3 E,F2E2
,(50n +8)¢" =5 165¢g——>—10
ZP n+8)q <E1E10 16505

n=0

ES
=5 +165¢F, By Es B2, | (mod 125).
EiFEq

Employing (1.4.1) and (1.4.2) in the above, extracting the terms involving ¢°*4

from both sides, dividing by ¢*, then replacing ¢° by ¢, and then using (1.1.4), we
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obtain

> p.(250n + 208)¢" = 25 ( =3 ?E2 + 33E1E§E5E10>

n=0 1

E2
=25 <E§ - El + 33E1E§E5E10) (mod 125). (3.5.1)
2

Employing (1.4.1) and (1.4.3) in (3.5.1), extracting the terms involving ¢°" from
both sides, and then replacing ¢° by ¢, we find that

> p.(1250n 4 208)q"
n=0
E4E2 (]2
=25 =2 +3BBE BB | ROR(E) +4— 5553
( Eqo - e ( @R() +4 R(q)R(¢*)?
o5 (-E5 13 b2, (R R + < (mod 125)
= - mo .
E1Eq b D ! R(q)R(¢?)?
(3.5.2)
. q
Now, from [62, p. 56| (|4, p. 35, Entry 1.8.2]), we note that if k = —————
62, p. 56] ( y1832) T
and k < 6 — 2, then
?(q) B 1+ k— K2
a*(¢°) koo
which can be seen to be equivalent to
2 2 E4E2
R(Q)R(@)? + ¢ — =— _ v _ Bb (3.5.3)

R(@R()?  ¢*(¢°)  BEiBY)
where the last equality is by (1.2.2).

Using (3.5.3) in (3.5.2) and then applying (2.4.2), we obtain
3

> " p,(1250n + 208)¢" = 25 x 34
n=0 14410

=25 x 34 =5 )¢" (mod 125).
Emzp )

Equating the coefficients of ¢ from both sides of the above, and then applying

(1.1.4), we arrive at

,(6250n + 5208) = 0 (mod 125),

to finish the proof. O
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3.6 Proofs of Theorem 3.1.4 and Corollary 3.1.5

Proof of Theorem 3.1.4. Employing (2.2.7) in (1.6.5) successively, we have

> E3Fy ESEA
¥ 8TZ + 4 no__ 4 2 + 5 210
nE_Op ( )a E'E, q ETE?

—4 ElE%O +5qE2E10 _|_5 (E2E150 +5qE22E§O)>

E? E?E3 E?E3 EPE}
ElElO E2E10 2E22E§0
=4 +10g +25¢ .
E? " Es EYE}

Now applying (2.2.5) in the above successively, we see that

pr(Sn +4)q
n=0

E E2 E2E7 ElO ElO E E13
:4( : 10+10q< L0 4 4q 10>+25q2( 0 49— 10))

E? B,ET TR ES BB CUEIE

EIE%() E2E170 ) ElO E15 A E18
Sy 10 65¢ 100 400q
( B2 g T s T s T apn

Employing (1.4.1) and (1.4.2) in the above, extracting the terms involving ¢*"™!,

dividing both sides by ¢, and then replacing ¢° by ¢, we obtain

> pu(40n + 12)¢"

n=0

N _4%?5 + 40E2]§17E?0 <R(q)ZR(q2)4 + W;(q?)‘*) + (1300E;)f5
+ 14400E21;§§5 (R(q)m + R(q(;m) - 160%??% (R(q)R(q2)2
- ) e (g R}Zq%)) e (2000%?
_ 200%21]3fO + 283200 EZ?;“ R(q)°® — 3?2)5) - 120E2]§17E io (ggggj

R(q*) s B3°E3°
— 113600 .
R(q)? + 5
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With the aid of (2.2.1) — (2.2.4), the above reduces to

> po(40n +12)q"

n=0
E2E5 E3E12 E2E7 E2E2E5 EIO
f— _4 2 40 2 5 _ 80 2 5 _ 280 2 5 10 _ 160 3 10
r VEE, U E T TESED
EIOES E9E5 20 1125 E19E20
+1300¢—2-72 + 2000¢> 222 + 14400¢—2—2= + 3984004 —2-—2
Bt B EFER EPEY,
E18E15 E17E10E5 E16E5E10
32 5 42 5 10 52 510
+ 1736000¢ e + 3648000¢ B + 7296000¢ e
E15E15 E14E20
+ 3686400¢° 21 + 3686400¢" —2—2..
Y BB

With the help of (2.2.7), the above can be shown to be equivalent to (3.1.2).

This completes the proof. O

Proof of Corollary 3.1.5. Taking congruences modulo 5 on both sides of (3.1.2), we

have

i EZE
> po(40n +12)q" = ]2325 (mod 5). (3.6.1)
n=0 1

Employing (1.4.1) and (1.4.2) in the above, extracting the terms involving ¢°"*2
dividing both sides by ¢?, and then replacing ¢° by ¢, we obtain

= E2E?
> pu(200n +92)¢" =3 %35 = 3E?E2E; (mod 5),

1

n=0
where the last congruence is by (2.4.2). Once again invoking (1.4.1) in the above,

5n+1

extracting the terms involving ¢ , dividing both sides by ¢, and then replacing

¢° by ¢, we find that

ESEy,  E2E;
E3F; E?

> p,(1000n + 292)¢" = (mod 5). (3.6.2)

n=0
From (3.6.1) and (3.6.2), we see that
Pu(1000n + 292) = p,(40(25n + 7) + 12) = —p,(40n + 12) (mod 5).

[terating the above congruence as shown by Xia [71], one can easily arrive at (3.1.3)

to finish the proof.
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3.7 Proofs of Theorem 3.1.6, (1.6.17) and (1.6.18)

Proof of Theorem 3.1.6. Employing (2.2.7) in (1.6.13), we find that

[e.9]

E3Ey E?ES E?
spt, (2n + 1) ¢" = 2= + 5g——2 4 2542 10
; pt,, ( )q i N T E

Applying (1.4.1) and (1.4.2) in the above, extracting the terms involving ¢*"™!,
dividing both sides by ¢, replacing ¢° by ¢, and then proceeding as in the previous
section, we obtain (3.1.4).

With the aid of (2.2.7), we can rewrite (3.1.4) as

- E,E3 E3E? E2E7,
spt,, (10n 4+ 3) ¢" = 5| E}E5 4+ 6g——2 + 25— + 250¢° —=—1°
;p ( )q ( VEs + 60— T E3E2

EsES
+ 625q35—610> . (3.7.1)
El

Now, let [¢°"*"|{F(q)}, » = 0,1,...,4 denote the terms after extracting the

terms involving ¢°"**"

, dividing by ¢" and then replacing ¢° by g¢.
With the aid of (1.4.1)-(1.4.3) and Lemmas 2.2.1 and 2.2.2, omitting details, we

find that

E E,E-F3
5n+2 {E2E5—|—6 2 10}:5<E1E§+6q 2E52 10)7
1 1
E3E4 E3E10
5n+2 — 125 2 ~1-10 25 3~1+10
o) = om (g s St ).
5n+2 250 2E23Eir)0
E}Ey
E ElSE ElOE E7E12
1 10 1 10 21 10 3 10
~ 250( EFE, 1000 gy + 5050 Trpg +101825¢' oy
E4E15 E El E21
106812 10+ 7042500 29800000¢° —5—2—
+ 1068125¢" FIED + qE210E§+ qE%EgEg

E24 E27 Eiﬂg
120000000¢® ——2— + 80000000¢° ——0
+ 790000007 FaE " EEE ¢ G g Em

and

E,E3
|:q5n+2j| {625(]3 5E1610}
1
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E8E6 E8E12 E8E18 E8E24
= 3125¢ | 632> £ + 6500 —22— gt 1968754 £ + 23437504 i

1

ES E30

a Lo L5
+9765625¢" —2: )
Invoking the above in (3.7.1), we obtain (3.1.5), as desired. O

Proof of (1.6.17). Taking congruences modulo 125 on both sides of (3.1.5), we have

= EyEE3
> " spt,, (50n + 23) ¢" = 25 <E1E52 + q%) (mod 125).
n=0 1

Again employing (1.4.1) and (1.4.2) in the above, extracting the terms involving

¢®" 1, dividing both sides by ¢, replacing ¢° by ¢ and then proceeding as in the

earlier sections, we find that

. ESE? ESE, 2 EIE:
t, (250 + 73) ¢" = 25 | —E2E 20g P2 E5 0 | gg 2 F2bh
nzgspw( n+73)q ( 5+E3Ew+ (o 5
ESE?

=25 (—E§E5 + 5 ) (mod 125).
10

By (2.2.7), the above becomes

= EyE3,
> spt,, (250n + 73) ¢ = 125g——+° - 0 (mod 125),

n=0 1

from which (1.6.17) is apparent. O

Proof of (1.6.18). Taking congruences modulo 625 on both sides of (3.1.5), we have

- EyE5E3
> spt,, (50n +23) ¢" = 25 (E1E§ + 6q%) (mod 625).
n=0 1
Employing (1.4.1) and (1.4.2) in the above, extracting the terms involving ¢°"*!,
dividing both sides by ¢, replacing ¢° by ¢ and then proceeding as in the earlier

sections, we obtain

E3E? ESE5E2,
+ 120¢g—2-5210
E3Eq, ES

> spty, (2500 +73) " = 25( E?Es +6

n=0
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7 15

EIE?
+ 4804 59 0) (mod 625).

Employing (2.2.7) and (2.4.2) in the above, we have
- E>E},
> spt,, (250n + 73) ¢" = 25 ( E?Es +6 <E2E5 + 5¢q 2, )

n=0 1
EyEY, | ESEY,
120 | ——— + bg———
e ( E, od ElEs

E2ES,  E3E)
480 2 210 5 210
s (EfE5 TR

E2ES,
=125 <E2E5 + 2164> )

EiE;
E\E3EY,

=125 <E2E5 +q°
1 Eg

) (mod 625).

5n+2

Again employing (1.4.1) in the above, extracting the terms involving ¢ , dividing

both sides by ¢?, replacing ¢° by ¢, and then proceeding as before, we find that

- E)E?
> " spt,, (1250n + 573) ¢" = 125 < E\E? + o E%o) (mod 625). (3.7.2)
n=0
Since by (2.4.2),
E°E3
~E\E2 + B, = =0 (mod 5),
from (3.7.2), we readily arrive at (1.6.18) to finish the proof. O

3.8 Proofs of Theorem 3.1.7 and Corollary 3.1.8

Proof of Theorem 3.1.7. Employing (2.2.5) — (2.2.7) in (1.6.14), we see that

> E4E10 ESE4
2 1 2 5 210
z:% "SR E TR

E,E5 E,E5 E,F8

— E E2 10 5 10 5 10

R R A o

E\E 2B B
:EE2+6 10+252( 10+4 10)
2% TS B.ES B E?
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ELED 2B [13
_ E E2 6 10 25 2 10 100 3 10
285+ 00 2 s B EY

Applying (1.4.1) and (1.4.2) in the above, extracting the terms involving ¢°"*2,
dividing both sides by ¢2, replacing ¢° by ¢ and then using (2.3.4) — (2.3.12), we
find that

0 L E5E E10E2 E13E5
t (10n+5)¢" = —E2E,, — 622 1 25 500q .
;spw( n+5)q 2E10 57 + E8E10+ 55

We now complete the proof of Theorem 3.1.7 by transforming the above into (3.1.6)
with the aid of (2.2.5) and (2.2.7) as given below:

Zﬁw (10n +5)¢"
n=0
E,E4 E3Es ESE3
= _—E’E, —6( E?Ejp+5 10 25 [ =2 5q—2—10
1510 ( R N B 1 g
E3ELE, EYE3E,
+ 500¢q (—Ew q—E13
E, B4 E, B4 E,E4 E2ET
= —TE?’E;, — 30 0 195 ( E2Eyo +5 10 125¢ 10 4 5g—2—10
B0 =0 ( wEEE )t BB | CUEIE?
E3E3E? EAE2ES, FEAE2ES E3E-F3
500 2510 5 2500 2510 5 245410
+ q(—E{) + q—E1 + £ + 9oq Bl
E,Fi E2E] E3E3E? EAE2ES
= 18E%F;( + 220¢——=2 + 625¢> 19 1 500 —=2—=—2 4 50004 —2—=2—10
e BB T B Fo%
ESEx ES
+12500q3%

EE5 E4E2 EE5 E%Eg
E2E7 E3E E3E10 E4E13
2 210 210 210
+5000g ( B T E3> +12500¢ ( ooy T E1“E3‘>
1

27 3 710 4 1713

E2E10 o By By s By g 1By By
— 18E2 By + 720 7625¢ 325004 50000q .
Ryl EiE? o+ TETE T EPE!

E,E* E2ET E,E4 E2ET
= 18E2Eyg + 220g——20 1 625¢> =210 4 500q¢ ( 2710 4 gq2 10)

Proof of Corollary 3.1.8. Taking congruences modulo 5 on both sides of (3.1.6) and
then employing (2.4.2), we have

oo

> "spt,, (10n + 5) ¢" = 3E7Eyq (mod 5). (3.8.1)

n=0
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Using (1.4.1) in the above, extracting the terms involving ¢°"*2, dividing by ¢?,
replacing ¢° by ¢, we see that

> "spt,, (50n + 25) ¢" = 2, EZ (mod 5).

n=0
Once again using (1.4.1) in the above, extracting the terms involving ¢°"*1, ¢°"*3,
and ¢°"*2 in turn, we find that
spt,, (10(25n + 7) +5) = 0 (mod 5), (3.8.2)
spt,, (10(25n 4+ 17) +5) = 0 (mod 5), (3.8.3)
and
> sph, (250n + 125) ¢" = 3E}Eyo (mod 5). (3.8.4)

n=0

From (3.8.1) and (3.8.4), we have
spt,, (250n 4+ 125) = spt,, (10n +5) (mod 5).

[terating the above, we easily deduce (3.1.7).
Employing (3.8.2) and (3.8.3) in (3.1.7), we immediately arrive at (3.1.8) and
(3.1.9). Thus, we complete the proof.

3.9 Proofs of Theorem 3.1.10 and Corollary 3.1.11

Proof of (3.1.11). From (3.1.10) and (2.2.7), we have

> b(2n)q" = E_i
1

n=0

_ BBy, BB

. 3.9.1



90

Employing (1.4.1) and (1.4.2) in the above, extracting the terms involving ¢°"**!

dividing both sides of the resulting identity by ¢ and then replacing ¢° by ¢, we find
that

i b(10n + 2)q
n=0

e SE%ZE”) (T N

_ (ZEQ)) 2];((1 >) +16(R(g)*R(*) + m»

(q)7
R(q)* _ R(¢%)
(15+27< ) R(q)2)>>'
Employing (2.3.5), (2.3.7), (2.3.8), (2.3.10) and (2.3.11) in the above, we obtain

i b(10n + 2)q
n=0

EyEs _ ESEX E3EY EAENE,

E3ESES
= — +5 + 50¢ =22 — T5¢* 22— — 600> =221
B UERE, U UBPER B L
E2E11 E2E16
o 800 47210 320 5 10
TTep T EE

E>E5 ES E3 E? EL\ ( ESEL
=~ T\ Y )\ T ) i
1 110 12 1410 2 1 10

E5E5E2 E4E7 E3E12
+13q 2510 +28q2 210 +].6 3~2+10
B0 EY ESES

Using (2.2.5) and (2.2.6), the above can be written as

> b(10n +2)q
n=0

_ BBy (EIEP 154 ESES + 28 SBSEEY, 167 EAES,
B EPES, T CUEPE, En ENE?

Using (2.2.7) successively in the above, we arrive at (3.1.11).

Proofs of (3.1.12) and (3.1.13). From (3.9.1), we have

- Eqg
Z b(2n) Elfl (mod 5).

n=0 5
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Clearly, using (1.4.1) in the above, we arrive at the congruences (3.1.12).

Now, taking congruences modulo 25 on both sides of (3.1.11), we have

= ELyE
> " b(10n +2)¢" = 4—— (mod 25).
n=0 El

Employing (1.4.1) and (1.4.2) in the above, extracting the terms involving ¢°"™!,

dividing both sides by ¢, and then replacing ¢° by ¢, we obtain

> E2E3
6(50n + 12)¢" = 4—2-2 (mod 25).
2ol By, ")

We use (1.4.1) and (1.4.2) again in the above, extract the terms involving ¢°"*,

divide both sides by ¢, and then replace ¢ by ¢, to get

> FyE
2[1250n+62 =12 ]255
n=0

_325 10n 4 2)¢" (mod 25).
n=0

1

Thus, we have
b(250n + 62) = 3b(10n + 2) (mod 25).

Iterating the above congruence, we arrive at (3.1.13).
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