Chapter 4

Sums of squares and sums of
triangular numbers-1I

4.1 Introduction

As mentioned in the introductory chapter, here we prove the following seven con-

jectures of Sun [34].

Theorem 4.1.1. (Conjecture 2.9 in Sun [34]) Letn € N* withn =0, 3,5,6,7 (mod 11).
Then
48T(1,1,4,11;n) = N(1,1,4, 11;8n + 17). (4.1.1)

Theorem 4.1.2. (Conjecture 2.10 in Sun [34]) Let n € Nt withn =0,1,2,4,7 (mod 11).
Then
48T(1,1,2,22;n) = N(1, 1,2, 22; 8n + 26). (4.1.2)

Theorem 4.1.3. (Conjecture 2.12 in Sun [34]) Let n € NT with n = 1 (mod 4).

Then

32T°(3,5,20,32;n) = N(3,5,20,32; 8n 4 60) — 4N (3,5,20,32;2n 4 15).  (4.1.3)
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Theorem 4.1.4. (Conjecture 2.13 in Sun [34]) Let n € NT with n = 1 (mod 4).

Then

247(1,6,15,18:n) = N(1,6,15,18;8n + 40) — 3N (1,6,15,18: 2n + 10).  (4.1.4)

Theorem 4.1.5. (Conjecture 2.16 in Sun [34]) Let n € N with n = 0 (mod 4).

Then

247(1,7,10,30;n) = N(1,7,10,30;8n + 48) — 3N(1,7,10,30: 2n + 12).  (4.1.5)

Theorem 4.1.6. (Conjecture 2.17 in Sun [34]) Let n € N with n = 3 (mod 4).

Then
24T(1,10,15,30;n) = N(1,10,15,30;8n + 56) — 3N (1,10, 15,30;2n + 14). (4.1.6)

Theorem 4.1.7. (Conjecture 2.5 in Sun [34]) Let n € N* with n = 0,2 (mod 8).
Then
AT(1,2,4,17;n) = N(1,2,4,17;n + 3). (4.1.7)

We employ elementary dissections of Ramanujan’s theta functions to prove the
first six theorems. We could not effectively use that method to prove the last
theorem. So we prove that theorem by employing some elementary techniques.
We would like to thank Mingyu Kim and Byeong Kweon Oh for their contribution
towards the proof this theorem.

In Section 4.2, we state some preliminary identities. In the remaining sections,

we prove Theorems 4.1.1-4.1.7.

4.2 Preliminary lemmas

In the following lemma, we record some well-known 2-dissections, 3-dissections and

identities from Berndt’s book [21, pp. 39, 40, 49, 114, and 115]. The Identities
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(4.2.1), (4.2.2), (4.2.5)—(4.2.7) can also be found in a recent book by Hirschhorn [27,
Egs. (1.9.4), (1.10.1), (1.7.1), (10.7.3), and (10.7.6)], which contains many other

interesting results.

Lemma 4.2.1. We have

o(q) = ¢(q") + 2q0(q%),
o(q)? = o(¢*)* + 4qv(q")?,

U(g) = f(¢°.¢"°) + af (¢, ¢"),

o0

F(=q)° = ¢(=q)*P(q) = Y (=1} (2k + 1)g" 172,

k=0

3(=q)° f(—q) = D (6k+1)g"FD/2,

and

Some useful 2-dissections are given in the following lemma.

Lemma 4.2.2. We have

$(0)o(a°) = d(g")d(q") + 2q0(a*)(d°) + g ¥ (¢*)w(g™),
D(a)(d°) + ap(a®)v(a™),

D(@)e(q") = »(d*)o(q®) + q(@®)v (™) + ¢°o(g") v (™),
D(@*)0(a°) = U(a*)o(d®) + v(a)(a™) + ¢ o(a") (™),
$(a°)9(a°) = d(=a*)d(—=q") + 2¢°¥(q)v(q"),

(@)0(a"”) = o(=°)p(—¢") + 2q¥(¢*) (™) + 24" (4*)¥ (™)

+2¢"6(q") v (¢").
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Proof. 1dentity (4.2.8) follows by setting (i, v) = (2,1) in [21, p. 68, eq. (36.2)], and
then employing (4.2.1), identities (4.2.9), (4.2.10) and (4.2.11) follow from (36.8) of
[21, p. 69] by setting (i, v) = (2,1), (p,v) = (4,3) and (u,v) = (4, 1), respectively.
Identity (5.2.11) is in [21, p. 377, Entry 9(ii)]. Finally, identity (4.2.13) follows from

21, p. 377, Entry 9(ii)] and (4.2.11). O
Lemma 4.2.3. We have

() (q") + o) (q*™) = F(—a) f(—=d"") + q(@)v(d™). (4.2.14)

Proof. With the aid of (4.2.1) and the identity (see Berndt’s book [21, p. 365, eq.
(7.5) 1)

o(q)d(q") — d(—q)o(—q"") = 4qf (—=¢*) f(—¢*) + 4¢°¥(¢*) ¥ (™),

we have

¢(q44),¢)(q8) + q10¢(q4)¢(q88) _ <¢<q11) +2¢(_q11)) (¢(Q) — ¢(_Q))

g0 (¢(Q) + ¢(—Q)) (¢(q11) —2¢(—q11))

Replacing ¢* by ¢ we arrive at (4.2.14). O

Lemma 4.2.4. We have

o(q")(q") + qo() (@) — Fa.d) f(@®.q7) = " f(@. ) f (¢, ¢"") = 0.
(4.2.15)

Proof. With the help of (4.2.4), we find that

f(q2 q14)f(q90,q150) +q14f( 6 1O)f(q30,q210)
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= 10 (0(0) = 9(=0) (4(6") + ¥(=4") + 5 (6(0) + ¥(=0) (9(0") = V(1)
= 50 (WDv(a"™) = vl-0)v(=4") (142.16)

On the other hand, with the aid of (4.2.1) and (5.2.11), we find that

o)) + o) v (¢™)
! (0(¢°) + do(—a%)) (o(¢®) — D(—¢%)) + Lg (0(¢®) + ¢(—4%)) (6(¢°) — ¢(—4"))

- .
_ 5 (6(*)(8) — d(—a*)o(~a)
= 2—1q (Y(@)¥(q") = Y(—a)e(—¢")) - (4.2.17)

From (4.2.16) and (4.2.17), we arrive at

F(@ a0, 6 + ¢ f(@® ¢") (@, ) =6(¢*)0 (™) + (") v (™),

which is clearly equivalent to (4.2.15) with ¢? replaced by gq. ]
Lemma 4.2.5.
P(@)P(q") = »(d®)(a") + ao (™) () + ¢ (q"*)v(¢"). (4.2.18)

Proof. 1dentity (4.2.18) easily follows from (4.2.17) and the identity

V(QU(q") + U(—v(—¢") = 20(¢°)Y(¢"),

in [21, p. 377, Entry 9. O

4.3 Proof of Theorem 4.1.1

We have

> N(1,1,4,11;0)q" = 6(q)°d(g*)d(q")

n=0

= o(q*) (0(¢*)* + 4q¥(¢")?) (o(g™) + 24" 0 (¢™))
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from which we extract

D ON(L1,4, 11520+ 1)g" = 46(6*)d(q*)1(¢°)* + 24°6 (0" d(a) (™)

n=0

=40(*) () () + 2¢° ¢ (") (¢*) (6(¢*)” + 4qv(q*)?)

from which we further extract

D ON(L L4, 1L 4n 4+ 1)g" = 49(a)°0(0)6(q") + 86*(d*) d(a) v (¢%)

=49(q)’0(¢") (%) + 8¢°d(a) ()¢ (%)
=4(o(¢*)” + 4qv(¢")?) (o(g™) + 2¢"(¢*)) ¥(¢?)
+8¢° (8(q*) + 2q¥(¢%)) () *¥ (™),

where the second equality is due (4.2.3).
It follows that

D ON(1,1,4,11;8n + 1)q" = 4(9)6(a)°0(a) + 32¢°0(9)1(¢°) (™)

n=0

+16¢%0 ()% (¢*) v (g™,

which becomes

ZN (1,1,4,11;8n + 1)¢" —16ZT (1,1,4,11;n)¢g"*?

n=0 n=0

= 46(q)*0(¢*)¥(q) + 32¢°¥(q)¥(¢*) ¥ (¢")

=4 (o(—q)* + 8qv(¢")*) 6(¢**)¥(q) + 32¢° ()9 () *¥(¢™)

= 4¢(—q)*¢(q**)v(q) + 32¢ (6(4*)¥ (@) (q")* + ¢* (@) (a*) ¥ (g™))

= 4¢(—q)*¢(q**)v(q) + 32¢ (6(a*)¥(d")* + ¢ ¢(a*)¥ (g ) ¥ (¢™))) ¥ (a)

= 46(—)*0(¢*)¥(q) + 324 (6(¢™)¥(¢") + ¢ 3(a*)v(a™))) Y (@)¥(a")

= 4¢(—)*d(¢*)¥(q) + 324 (f(=a) f(—a"") + av(@)v(a')) Y(@)v(q?)

= 4¢(—q)*¢(q**)(q) + 32q0(¢" )¢ () F(—=a) f (—a'") + 32¢°¥(q)*(q" ) (g"),

> ON(1,1,4,11;8n + 1)¢" — 48¢° Y T(1,1,4,11;n)q"

n=0 n=0
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= 4¢(—q)*0(¢*)V(q) + 32q0(¢") f(—¢*)* F(—¢')
46(q) f(—q)® + 32¢f (—¢")v (") f(—¢*)°

Z 27”L—|— (n +n)/2+32f(_q11) Z (3n+1)q6n2+4n+1’

where the last equality is due to (4.2.5) and (4.2.7).

Now, it can be easily verified that (n? +n)/2=0,1,3,4,6, or 10 (mod 11) and
6n2+4n+1=0,1,3,4,6, or 10 (mod 11). Therefore, extracting the terms involving
q" for n =2,5,7,8,9 (mod 11) in the above, we find that

D ON(1L L4, 1180+ 1)g" — 48 ) T(1,1,4,11;n)¢" =0,

n=0 n=0
which readily implies that, for n = 0,3,5,6,7 (mod 11),

N(1,1,4,11;8n + 17) = 487(1,1,4, 11; n).

This completes the proof.

4.4 Proof of Theorem 4.1.2

We have

iN(l, 1,2,22;n)q" = 6(q)*¢(¢*)d(¢*)

n=0

= (6(¢*)? + 4qv(¢")?) d(a*) d(¢*),

from which we extract

D ON(1,1,2,22:20)q" = 6(q)°6(q")

n=0

= (0(a") + 2a0:(a"))” ((a™) + 24" (a™)) -

It follows that

D ON(1,1,2,22;8n + 2)¢" = 66(q)*(¢*)(q") + 246°¢(q) v (¢*) (™)

n=0
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= 60(q)v(q)*d(q"") + 24¢°¢ (q)* () ¥ (¢*),

which implies that

> ON(1,1,2,22;8n +2)q" — 24y T(1,1,2,22;n)¢" "
n=0 n=0

= 60(q)¥(q)’(q")
= 61(q)°d(—q)d(—a"") + 24¢°Y(q)* b (¢*) 0 (¢*?) + 24q(q)” f (—*) F(—¢*),

and so,

D ON(1,1,2,22:8n + 2)¢" — 48¢° Y T(1,1,2,22;n)q"

n=0 n=0

= 6¢(q)*p(—q)d(—q"") + 24q0(q)* F(—=*) F(—¢*)
=6/(—¢*)’0(—¢"") + 24 () f(0)* f (=)

[e.9] [e.9]

=60(—¢") D (=1)"@n+ 1"+ 24f(=¢%) Y B+ 1) (=g

n=—oo n=—oo

Since n? +n =0,1,2,6,8,9 (mod 11) and 3n*+2n+1=10,1,2,6,8,9 (mod 11),
extracting the terms involving ¢" for n = 3,4,5,7,10 (mod 11) in the above, we find

that

> ON(1,1,2,22:8n + 2)¢" — 48 ) T(1,1,2,22;n)¢" = 0.

n=0 n=0

Thus, for n =0,1,2,4,7 (mod 11), we have

N(1,1,2,22;8n + 26) = 487°(1, 1,2,22; n).

4.5 Proof of Theorem 4.1.3
We have
> " N(3,5,20,321)0" = 6(¢*)p(q°)d(q*) p(q*2)

= (¢(¢") + 26°0(¢*)) (6(¢) + 2¢°¥(¢")) D(a”)d(¢*).
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It follows that

D N(3,5,20,324n)¢" = (6(¢*)0(¢°) + 4°P(d°) v (¢'°)) b(¢°)d(q®)

- ( (6(4) + 26°0(a)) (6(®) + 26°0(q")) + 4q2¢<q6>¢<q10>)
x (6(¢”) +2¢°¥(¢")) ¢(¢®),

from which we extract

> N(3,5,20,32;8n + 4)q"

= 290(q")0(q"°) (") + 44°0(q") 0 (¢°) (™) (¢™) + 8¢° B (g ) (g™ ) (¢™)*
+8¢°0(¢° )0 (¢”) (g (¢*)

= 290(q")0(q"°) (") + 44°0(a") o (a°) p(d")(d™) + 8¢° b (g )b(a**)(¢™)?
+8¢% (V(¢*)0(™) + ¢ (¢*)¥(q™) + ¢ d(g ) (¢™)) b(g")v(g™).

We further extract

> N(3,5,20,32; 16n + 4)q"

n=0

= 4q0(*)0(¢*)0(0°) (") + 8¢°d(a* ) (¢°) 0 (¢'°)? + 84° ¢ () (") () (")
= 4q0(*)(q") (0(¢") + 2¢°¢v(¢*)) (¢(¢*°) + 26°¢(¢")) + 8¢°d(¢*) ¥ (¢°)v(q")?
+8¢°¢(¢*)v (") (£(d°, ") + af (. a') (f(¢*, ¢"°) + ¢ f(¢*°, ¢*'7)) ,

from which we have

D N(3,5,20,32;32n + 4)q"
n=0

=8¢°d(q)(¢°) (a0 (q"?) + 8¢° (v (q°)d(¢°) ()
+ 8¢ ()v(a°) f(a.4") f(d*®,qd7) + 8¢° ¢ () () f (¢, &) f (", ¢'*).  (4.5.1)

Next, we have

Y N(3,5,20,32;4n + 1)¢" = 2q6(¢° )¢ (¢") b (¢°) (")
n=0
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=2q (¢(¢") + 2¢°¥(¢™)) (8(¢*°) + 2¢°¢¥(¢™)) o(q®)¥(¢™),

from which it follows that
> N(3,5,20,32;8n + 1)¢" = 4¢°0(q" ) (¢*)(q"*)d(q"°) + 4¢°¢(q*) v (¢°)p(a°) o (¢™).
n=0

(4.5.2)
Again,

> T(3,5,20,32;n)q"

n=0

= (¢*)0 () () (™)
= (¥(*)o(@™) + (@) (@) + ¢ o(q") (™) Y ()0 (¢*),

from which we extract
> T(3,5,20,322n + 1)q" = q(q)v(q")e(¢" ) (")
n=0
= q(o(=a")o(=q"") + 2q¢(¢*)¢(¢™) + 24" (¢*) ¥ (¢™)
+2¢" (g0 (q") v (g")v(¢"),

from which we further extract
> T(3,5,20,32;4n + 1)¢" = qt(¢°)b(¢*) f (0, 4) f(4*, ")
n=0

+ ()W) (@, ) F (", d"). (4.5.3)

From (4.5.1), (4.5.2) and (4.5.3), we have

> N(3,5,20,32;32n + 4)¢" — 4 ) N(3,5,20,32;8n + 1)g"
n=0

n=0

—32) "T(3,5,20,32;4n + 1)¢"*

n=0

=8¢°0(q)(¢°)d(q" )0 (q"?) + 8¢° (v (q°)d(¢°) ()
+ 8¢ (V(@) f(a.4") f(d®,47) + 8¢° () () f (. &) f (", 4'*)
— 16¢°p(q") ¥ (¢°)¥(q"*)(q"") — 164°B(q*) ¢ (q°)d(q°) (™)
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- 32q3¢(q5)¢(q8)f(q q)f(q",4") — 324" (q %( (@ d) (a7, 4")
= 8¢*1(q°) (¢(q) — 26(qa")) (o(a")¥(a"?) + ap(d°)¥(¢™))
+8¢°0(q”) (o( q4 —2q9(q®)) (f(g:4")f(¢", q75) +4'f(d’,¢") f(a"°, ¢'*))
= =8¢ (¢")¢(—a) (¢(a'*)¥(a") + qd(¢)¥ (™))
W()p(—q) (f(a,d) f (@, ) + 4" (&, ) (", ¢'™))
= =8¢°0(¢")p(—q) (#(a")¥(¢"?) + qd(®)(¢™) — [, a") f (¢, 4"™)

—q"f(¢*,4°) F(q", ¢'™))
=0,

+ 8¢%

where the last equality is due to (4.2.15).
It follows that

N(3,5,20,32;32n + 68) — 4N (3, 5,20, 32; 8n + 17) = 327'(3,5, 20, 32; 4n + 1).

This completes the proof.

4.6 Proof of Theorem 4.1.4

We have

> N(1,6,15,18;n)q" = ¢(q) - ¢(q"°) - $(¢°)6(q"®)

n=0

= (¢(q") + 2q(¢*)) (6(¢*) + 2¢"°¢(¢™"))
x (3(*)o(q™) + 2¢°0(q") 0 (¢°°) + 4 (¢**) v (¢*)) |

from which it follows that

> N(1,6,15,18; 4n)q"

n=0

= ((o(q") + 2qv(*)) (¢(¢™) + 2¢"°¢(¢")) + 4q" v (¢*) (™))
x (6(¢°) (") + 4¢°¢(¢")v(¢*)) - (4.6.1)
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We extract from here that

> N(1,6,15,18;8n)q"
n=0

(0(a®)o(¢™) + 4°¢Y () (¢*) + 4% () (¢")) (0(a*)d(¢”) + 4% (¢®) ¥ (¢'®))
= (6(¢*) (™) + 46° V(¢ (¢®) + 4¢° (V(¢®)¥ (") + qo(¢*) ¥ (¢**)

+ @ o(q")(q*))) (0(a*)d(d*) + 6¢° v (¢°) v (") + 46" (* ) (¢™))

from which we extract

> N(1,6,15,18; 16n)q"

n=0

(0(a°)0(d"®) + 4¢°Y ()0 (d*)) (d(a)d(q") + 4¢* ¢V (¢*)(¢™) + 4qv(¢®)¥(q°))
+24¢°0 () (¢”) (¢(¢")0(a"?) + ao(¢®)v(¢™))

= (¢(¢")o(q"®) + 46" (¢"*)(¢™)) ( (o(a") + 2q0(¢®)) (6(¢®) + 2¢"1(¢"*))
+4¢" ()0 (q®) + 49 (W ()0 (™) + (@) (™) + ¢ o (g (¢™)) )
+24¢° (V(q")0(d"*) + o (°)v(¢*)) (a0 (") + qd(¢®) (™)) ,

from which we further extract

> " N(1,6,15,18;32n + 16)q"

= 60(¢°)d(¢”) 0 ()0 (d*) + 64" ¢(¢*) o (q”)d ()0 (¢*) + 24¢°%(¢°) e (") (q*) (™)
+ 240" (¢°) (") () (¢%) + 2490(0°)0(¢°)*d(a”) + 24¢°d(a*)* ¥ (¢" ) (¢"®).

(4.6.2)
From (4.6.1), we also extract
i N(1,6,15,18;8n + 4)¢"
= 20(¢*)p(q”) (g0 (¢™) + 24" d(¢°) ¢ (q”) D (a*) b (™)
+8¢°Y(q°) (g™ ) (g (g™) + 84" ¥ (¢°) (¢ d(q*) b (¢™). (4.6.3)

Again,

> "T(1,6,15,18;n)q"
n=0
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= (q)0(q") - v (¢®)0(q"®)
= (Y(@®)v(q") + qo(®)(d**) + @ d(d"*)v (")) ¥(¢®)(¢"®),

from which we extract

> T(1,6,15,18;2n + 1)g"

= (*)(¢”) (8(¢" ) (q") + qd(¢®) (™))
= (¥(¢%)0(d"®) + *0(¢°) (™)) (¢(¢")0(a"?) + ad(¢®)v(¢™)) |

from which it follows that

D T(1,6,15,18;4n + 1)¢" = $(¢°)°¢(4")(¢°) + ¢°¢(6*) P (q"* ) (¢").  (4.6.4)

n=0

From (4.6.2), (4.6.3) and (4.6.4), we have

23 N(1,6,15,18;32n + 16)¢" — 6 _ N(1,6,15,18;8n + 4)q"

=48 T(1,6,15,18; 4n + 1)g"+,
n=0

and hence,

N(1,6,15,18;32n + 48) — 3N(1,6, 15, 18;8n + 12) = 247(1,6, 15, 18: 4n + 1).

Thus we complete the proof.

4.7 Proof of Theorem 4.1.5
We have

> N(1,7,10,30;n)q"

n=0

= o(q)o(a")d(a"") o (™)
= (o(q" +2q1/1( ") (6(a*) + 24" (¢*))
( 120 +2q10w( ZO)w(qﬁo)+4q40w<q80>w(q240)),
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from which it follows that

Z N(1,7,10,30; 4n)q"

= (8(¢")(¢*) + 46"V (¢*)¥(¢™)) ((@)d(q7) + 46°¢(¢*) ¥ (¢™))
= ((¢" ) (¢™) + 4¢" v (¢*)v(¢*))
x ((o(q") 4+ 2q¢(q%)) (¢(¢*) +2¢"0(¢*°)) + 4°Y(¢*)v(¢™)) (4.7.1)

from which we extract

ZN(L 7,10, 30; 8n)¢"

(<b q") + 4¢°(¢" ) (¢*)) (6(a*)(q") + 4q" V(g )P (®) + 4qv (@) (q"))
= (6(¢®)8(¢*) + 66 (q"*) ¥ (™) + 44" (¢"*))

x (¢(q2)¢( M)+ 4q' (M) (0%) + 490 (d*)d(6*®) + 4% () (g™)

+4q"p(q") 0 (¢*°)).

It follows that

> " N(1,7,10,30; 16n)q"

= (6(")9(¢™) + 46"V ()0 (¢™)) (2@ D7) + 47V (¢*) (™) + 4qv(q)¥(qT))
+60(¢)¥ (") (460 (a")o(g") + 46°(a*)¥(¢™))

= (6(¢")0(¢™) + 49" (¢*)(¢™)) (#(a")D(¢>) + 6q1(d*)H(¢™)
+6470(q")(q*°) + 4% () (¢™) + 8¢°Y () v (¢"))
+244° (¥(¢™)0(a™) + P o(a™ )0 (™)) (¥(g")o(a") + ¢®(a*)v(a™)) ,

from which we extract

> " N(1,7,10,30; 32n + 16)q"
n=0

= 60(¢°)Y(¢) (") d(d"?) + 640 (q°)d(¢°) 6 (") (¢7)
+ 246" (g0 (¢ ) (") (¢™) + 24¢°d(¢*) v (¢") (6% (™)
+ 24q0(q*) ¢ (d ) (a")p(q"°) + 24¢° (@) (@)Y (") (™). (4.7.2)
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From (4.7.1), we also extract

> N(1,7,10,30;8n + 4)q"

= 20(¢)0(q")D(4°)D(4"°) + 26°D(4*)D(q°) D (") ()
+8¢°(g")(a')p(a )0 (¢™) + 8¢°d(4*)v(a™ ) ()¢ (¢™). (4.7.3)

We have

> T(1,7,10,30;n)q"

n=0

= (@)Y (q")v(g")v(¢™)
= (¥(¢*)o(a®) + av (@) (d") + °o(a) v (@) (W(g")o(d®) + ap(a®) (")) ,

from which it follows that

> T(1,7,10,30;4n)q"

n=0

= (¢*)(a")(a"*)o(d") + ¢ 0 () o () (g™ ) v (¢™). (4.7.4)

From (4.7.2), (4.7.3) and (4.7.4), we have

2 " N(1,7,10,30;32n + 16)¢" — 6 > N(1,7,10,30;8n + 4)q"

=48 "T(1,7,10,30;4n)q" ",
n=0
which implies that
N(1,7,10,30; 32n 4 48) — 3N(1, 7,10, 30; 8n + 12) = 247(1,7, 10, 30; 4n).

Thus we finish the proof.

4.8 Proof of Theorem 4.1.6

We have

> " N(1,10,15,30;n)q"

n=0
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= o(q)p(q") - ¢(¢)p(¢™)
= (¢(¢" +2qw( *)) (6(¢*) +2¢"(¢'"))
X (o(g")0(q"*) + 24" (™) (¢%) + 44D (¢ (*Y)) |

from which we extract

WK

N(1,10,15,30;4n)q"

3
Il
=)

(0(0)0(a") + 46" V(@) (¢*)) (6(a") e (™) + 44" % (¢*)(¢™))
((6(g") + 2q¥(¢®)) (6(¢%) +2¢"0(¢"™°)) + 4¢"(¢*)¥(¢™))
x (0(q")o(¢™) + 4" (¢*)v(¢™)) (4.8.1)

from which it follows that

]2

N(1,10,15,30;8n)¢"

[e=]

3

(6(a*)0(q™) + 4°b(q")v(q™) + 4g*b(9)v(¢"))

x (¢(a°)0(q") +4g°v(q'*)v(¢™))

= (6(¢))o(a™) +4g°(g") ¥ (¢™) + 4¢*¢(¢°)¥(¢™)
+4q°o(¢”)(¢*) + 40’0 (¢"*)¥(¢"))

x (0(6*)9(4%) + 6470 (q")(¢™) + 44* 0 (4" (™)) .

From the above we extract

WK

N(1,10, 15, 30; 16n)q"

S
Il
o

(¢(¢")e(q) + 449 (¢*)1 (™))
x (6(q)0(q") + 44" (a*)¥ (™) + 4qv(¢°)(q))
+64°0(q°)P(a") (4a°0(a") (™) + 4a°¢(¢°) ¥ (¢™))
= (0(¢")0(¢*) + 44" (¢™)¥(¢™))
X (3(=4%)o(=q") + 6qv(¢*)(¢™) + 64" ()¢ (¢™) + 64 p(q") ¥ (¢™)
+4q" V()Y (™)) + 60 (V(a*)d(a™) + ¢ (a")(¢™))
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X (4¢20(q")(q"?) + 46 0(¢")v(¢™))
from which it follows that

> " N(1,10,15,30; 32n + 16)q"

n=0

= 6v(¢")8(¢°)8(q")d(¢™) + 64" d(q°)d(¢°) 6 (") (¢™)
+ 24 (M) (") (*) 0 (¢*°) + 24420 (¢*) Y (¢") 0 (¢*) v (¢*)
+24¢0(°) (") 0 (") + 244* 0 (¢°)* 0 (¢°) Y (¢™). (4.8.2)

Now, from (4.8.1) we also extract

> N(1,10,15,30;8n + 4)¢"

n=0

= (20(¢Mo(¢®) + 2¢"0(¢*)¥ (™)) (6(a*)0(¢") + 4¢° ¥ (¢"°) ¥ (¢™))
= 2¢(¢")p(0°)d(¢")(a*) + 24" d(a*) 0 () d(q"*) 1 (¢™)
+8¢°Y(q") (") d(q*) v (¢™) + 84 ¢ (¢*) v (¢ ) (¢™) b (™). (4.8.3)

On the other hand, we have

3" 7(1,10,15,305m)g" = wl0)é(a) - ¥(a ()

n=0

= (Y(®)0(q") + a0 (¢®*) + ¢ (¢")v(¢"))
x (¥(g")o(q%) + ¢ (¢*)¥ (™)),

from which we extract

> T(1,10,15,30;4n + 3)¢" = ¢(¢*)¥(q")’6(¢"°) + ¢°¢(¢°)*(a° ) (¢%).  (4.8.4)

n=0
From (4.8.2), (4.8.3) and (4.8.4), we have

23 " N(1,10,15,30;32n 4 16)¢" — 6 > _ N(1,10,15,30;8n + 4)q"

n=0 n=0

=48 "T(1,10,15,30;4n + 3)g"*?,
n=0

which readily implies that
N(1,7,10,30;32n + 80) — 3N (1,7, 10,30; 8n + 20) = 247'(1,7,10, 30; 4n + 3).

This completes the proof of Theorem 4.1.6.
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4.9 Proof of Theorem 4.1.7

Our proof of Theorem 4.1.7 is quite different from the proofs of Theorems 4.1.1 —
4.1.6. In fact, the method is quite similar to that of [30], which considers the ternary
case of Sun’s conjectures in [35].

For a quaternary quadratic form f(x,y, z,w) and a positive integer n, we define

R(f,n) ={(z,y,2z,w) € Z*: f(z,y,z,w) =n} and 7r(f,n)=|R(f,n).
At first, we state and prove a proposition.

Proposition 4.9.1. For any positive integer n = 3,5 (mod 8), we have

r(x? + 207 + 42° + 17Tw?, n) = r(22° + 3y* + 42% + Sw? + 22y + 2yz + 2yw, n).

Proof of Proposition 4.9.1. Let

f=flz,y,z,w) = 2° + 29> + 42° + 17w,

g =gz, y, z,w) = 22> + 3y* + 427 + 8w? + 2wy + 2yz + 2yw.

First, we consider the case when n is a positive integer congruent to 3 (mod 8).
Note that if (z,y, z,w) € R(f,n), then 2 # w (mod 2). Furthermore, one may easily
show that if (z,y,z,w) € R(f,n) and x = 1 (mod 2), then 2z + 2y — 2z — 3w =
0 (mod 4). Since f(—z,y,z,w) = f(x,y,z,w), the map 1 : R(f,n) — R(f,n)
defined by

771<377y727w) = <_x73/727w)7

is a well defined bijective map. Hence we have

| {(z,y,z,w) € R(f,n) :z =1 (mod 2),2x + 2y — 2z — 3w =0 (mod 8)} |

= |{(z,y,z,w) € R(f,n):x =1 (mod 2),2x + 2y — 2z — 3w = 4 (mod 8)} |,
which implies that

| {(z,y,z,w) € R(f,n) :z =1 (mod 2)}|
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=2/{(z,y,z,w) € R(f,n):x =1 (mod 2),2x 4+ 2y — 2z — 3w =0 (mod 8)} |.

Note that if (z,y,z,w) € R(f,n) and x = 0 (mod 2), then z + 6y — 62z + 6w =
0 (mOd 4) Since f(xvyaza_w) = f(xayazaw)v the map 12 : R(fan) - R(f7n)
defined by

772(%3172710) = (%% Z, _w)v

is a well defined bijective map. Hence we have

[{(z,y,z,w) € R(f,n) :x =0 (mod 2),z + 6y — 62+ 6w =0 (mod 8)} |

= [{(z,y,z,w) € R(f,n): x =0 (mod 2),z + 6y — 6z + 6w =4 (mod 8)} |,
which implies that

[ {(z,y,z,w) € R(f,n) : x =0 (mod 2)} |
=2/{(x,y,z,w) € R(f,n):x=0 (mod 2),x + 6y — 6z + 6w =0 (mod 8)}|.

Now, if we define

Fi ={(z,y,z,w) € R(f,n): x =1 (mod 2),2x + 2y — 2z — 3w =0 (mod 8)},

F,={(x,y,z,w) € R(f,n) : x

0 (mod 2),z + 6y — 6z + 6w = 0 (mod 16)},
Fy={(z,y,2,w) € R(f,n) : x

0 (mod 2),z + 6y — 62 + 6w = 8 (mod 16)},

then we have

r(fin) = 2(|Fa| + || + [ F3]).

Now, we analyze the set R(g,n). First, we note that y = 1 (mod 2) for any
(z,y,z,w) € R(g,n). Since g(x + y,—y, —z,—w) = g(x,y,z,w), the map n3 :
R(g,n) — R(g,n) defined by

773<I7 Y, z, ’UJ) = (‘r + Y, —Y, —=%, _w)
is a well defined bijective map. Therefore, we have

r(g,n) =2|{(z,y,z,w) € R(g,n) : x =0 (mod 2)} .
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One may easily check that for (z,y, z,w) € R(g,n), if z = 0 (mod 2), then z—z+w =
0 (mod 4). Furthermore, if z —2z+w = 4 (mod 8), then 7z —4y+9z—w = 0 (mod 8).
Thus if we define

G1:{(Iay;Z,w)ER(g,n):CL‘EO(mOdQ), x—z+w50(nlod8>}7
=0 (mod 2), #—z+w=4 (mod 8),

Gy =< (z,y,2z,w) € R(g,n) : x (mod 2), z—z+w (mod 8) |
Tr —4y + 92 —w = 8 (mod 16)

G3I{(l’,y,2,w)€R(g,n>: z (mO ) r—ZTwW (rno ) }’

T —4y + 9z —w = 0 (mod 16)
then the set {(x,y, z,w) € R(g,n) : x =0 (mod 2)} is a disjoint union of G, G5 and

(G3. Hence we have

r(g,n) = 2(|G1| + |Ga| +|Gs)).
Now, for j = 1,2, 3, we define maps ¢; : G; — F} by

4 8 —4 —-12 €T

11—-2 -8 —6 —-10
¢($,y,Z,UJ>:— )
' 81-3 0 -5 5

-2 0 2 =2 w

<

I\

2 24 -2 18 T

1 ]1-10 -8 —6 22 Y
¢2(x7yazaw):_ )
6 -3 —4 —13 —-11 2

-4 0 4 —4 w

6 —8 —6 —42 x
112 -8 14 2 y
¢3(x7yasz> = -
617 12 9 -1 2
4 0 -4 4 w

It is easy to check that all of them are well defined bijective maps. Therefore, we

have

r(fin) = 2(|F1] + |Fo| + |F3|) = 2(|G1| + [Ga| + |Gsl) = (g, n).

Next, we consider the case when n is a positive integer congruent to 5 (mod 8).

Note that if (z,y,z,w) € R(f,n) and x = 1 (mod 2), then 2z + 2y — 2z + bw =
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0 (mod 4). Since f(—z,y,z,w) = f(z,y, z,w), we have

[ {(z,y,z,w) € R(f,n):x =1 (mod 2), 2x+2y—2z+5w=0 (mod 8)}|

= |{(z,y,z,w) € R(f,n):x =1 (mod 2), 2x+ 2y —2z+ 5w =4 (mod 8)}|,
which implies that

| {(z,y,z,w) € R(f,n) :x =1 (mod 2)} |

=2|{(z,y,z,w) € R(f,n):x =1 (mod 2), 224 2y — 2z + 5w =0 (mod 8)}|.

For (z,y,z,w) € R(f,n), if x = 0 (mod 2), then we have w = 1 (mod 2) and

x4 6y — 6z + 6w =0 (mod 4). Since f(z,y,z, —w) = f(x,y, z,w), we have

| {(z,y,z,w) € R(f,n) : 2 =0 (mod 2), z+ 6y — 6z + 6w =0 (mod 8)} |

= |[{(z,y,z,w) € R(f,n): =0 (mod 2),  + 6y — 6z + 6w =4 (mod 8)} |,
which implies that

| {(z,y,z,w) € R(f,n):x=0 (mod 2)}|
=2/{(x,y,z,w) € R(f,n): x =0 (mod 2), x+ 6y — 62+ 6w =0 (mod 8)}|.

Thus, if we define

X; ={(x,y,z,w) € R(f,n): x

1 (mod 2), 2x + 2y — 2z + 5w =0 (mod 8)},

Xy ={(z,y,z,w) € R(f,n): x=0 (mod 2), x+ 6y — 6z + 6w =0 (mod 16)},

X3 ={(z,y,z,w) € R(f,n): =0 (mod 2), z+ 6y — 62+ 6w =8 (mod 16)},

then we have

r(fin) = 2(]1X1| + [Xo| + [X3]).

Now, we analyze the set R(g,n). One may check the followings;
(i) if (x,y, z,w) € R(g,n) and x =0 (mod 2), then z +y + z — w =0 (mod 4) ;

(ii) if (x,y, z,w) € R(g,n) and x = 1 (mod 2), then z — z + w = 0 (mod 4).
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Since g(x + y, —y, —z, —w) = g(z,y, z,w), we have

[{(z,y,z,w) € R(g,n) : 2 =0 (mod 2), x +y+ 2z —w =0 (mod 8)} |

= [{(z,y,2,w) € R(g,n) :x =1 (mod 2), z — z+w =0 (mod 8)} |
and

[{(z,y,z,w) € R(g,n) :x =0 (mod 2), x+y+2z—w=4 (mod 8)} |

= |{(z,y,z,w) € R(g,n) :x =1 (mod 2), x — 2+ w =4 (mod 8)}|.
Therefore, we have

r(g,n) =2/ {(z,, %) € R(g,n) : = 0 (mod 2)} |
=2|{(z,y,z,w) € R(g,n) : 2 =0 (mod 2), x4+ y+ 2z —w=0 (mod 8)} |
+2/{(z,y,z,w) € R(g,n) :x =0 (mod 2), s +y+2z—w=4 (mod 8)}|
=2/ {(z,y,z,w) € R(g,n) :x =0 (mod 2), z+y+2z—w =0 (mod 8)} |
+2|{(z,y,2z,w) € R(g,n) : x =1 (mod 2), x — z+w =4 (mod 8)}|.

One may easily show that for (z,y,2z,w) € R(g,n),if 2 =1 (mod 2) and z — 2+
w =4 (mod 8), then 7z — 4y + 92 — w = 0 (mod 8). Thus if we define

Y1 ={(z,y,z,w) € R(g,n) : =0 (mod 2), z+y+2z—w=0 (mod 8)},

Y = x?y?'Z’w eRg?” :
’ {( ) (g.7) Tr —4y + 9z —w = 8 (mod 16)

r=1(mod2), z—2z+w=4 (mod 8), }
r=1(mod2), x—2z+w=4 (mod 8), }

Y3 =4 (z,y,2,w) € R(g,n) :
7Tr —4y + 9z —w = 0 (mod 16)

then, we have

r(g,n) = 2(Y1] + [Ya| + [Y3]).

For j = 1,2,3, if we define maps ¢; : ¥; — X; by

¢1(xayvzaw> =
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2 24 -2 18 T
1 =10 =8 =6 22 ||y
w2($7y7Z7w>:_ 3
16 -3 —4 —13 —11]] =

—4 0 4 —4 w

6 —8 —6 —42 T

112 -8 14 2 Y
77Z)3(x7y7zaw):_ )

167 12 9 -1 2

4 0 -4 4 w

then one may check that they are all bijective. Therefore, we have
r(fin) = 21X | + [Xo| + | Xs]) = 2(IVa] + [Ya| + [Y3]) = (g, n),

which completes the proof.

Now we are in a position to prove Theorem 4.1.7.
Proof of Theorem 4.1.7. Let

f=flzy z,w) = 2%+ 2> + 42 + 1Tw?,
g=g(x,y, z,w) = 22° + 3y* + 42% + 8w? + 2ry + 2yz + 2yw,
hi = hi(z,y, z,w) = 20% + 4y* + 42* + 6w* + 20w + 2yw + 42w,

hy = ho(z,y, z,w) = 2% 4 2y + 22% + 9w? + 2zw.
First, note that

[{(z,y,z,w) € R(h1,2n+6) : w =0 (mod 2)} |
= | {(x,y,z,w) € Z*: hy(x,y, z,2w) :2n+6}|
=[{(z,y,2,w) €Z": 2 - ha(z + w,z +w,y,w) =2n+ 6} | = r(ha,n + 3).

Next, for (z,y,z,w) € R(h1,2n + 6), if w = 1 (mod 2), then y = 0 (mod 2).

Hence we have

| {(z,y,2z,w) € R(h,2n +6) : 2 =0 (mod 2), y =0 (mod 2), w =1 (mod 2)}|
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= [{(z,y,2,w) € Z" : 22,2y, z,w) =2n + 6} |

= ’ {(xawa?w) € VARY: 'g(szax7y) = 271—|—6} ‘ = r(gan+3)
Finally, since hy(w — 2z, 2y, z,w) = 2 - g(z,w,x — w,y), we have,

{(z,y,2z,w) € R(h1,2n+6) : 2z =1 (mod 2), y =0 (mod 2), w =1 (mod 2)}|
= }{(m,y,z,w) € Z*: hi(w — 22,2y, z,w) = 2n+6}‘

=r(g,n+3).
Therefore, we have
r(hy1,2n +6) = r(he,n+ 3) + 2r(g,n + 3), (4.9.1)

for any nonnegative even integer n.

By Proposition 4.9.1 and (4.9.1), we arrive at
2-r(f,n+3)=r(h1,2n+6) — r(hg,n +3) for any n=0,2 (mod 8).  (4.9.2)

Now, if 822 + y? +22% + 9w? — 4w = 0 (mod 4), then y = 2 = w (mod 2). Since
hi(y, x, z, —w) = 42 + 2y* + 422 + 6w? — 20w — 2yw — 42w, we have

| {(z,y,2z,w) € R(f,8n+24) : x = w (mod 4)} |

=r((w — 42)? + 2y + 42° + 17w?, 8n + 24)

r(822 + y? + 222 + 9w® — daw, 4n + 12)

r(4a? + 2y% + 427 + 6w? — 20w — 2yw — 4zw, 2n + 6)

(

r(8x2 + (w — 2y)2 +2(w — 22)2 + 9uw? — dzw, 4n + 12)
(
(

r(hi,2n + 6).

Now, if 22 + 8y* + 162? + 17Tw? = 8n + 24, then z = w = 0 (mod 2). Since
2 hy(y, 2z, z, —w) = (w— 2x)% + 2y* + 42% + 17w?, we see that

| {(z,y,z,w) € Z* : 2° + 8y* + 162" + 1Tw® = 8n + 24} |

= | {(:v,y,z,w) € Z* : 4x* + 8y* + 162% + 68w? = 871—1—24}\
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=r(2® +2y° + 42> + 17Tw?,2n + 6) = r((w — 22)* + 2y° + 42° + 17Tw?, 2n + 6)

=r(hg,n + 3).
From these equalities and (4.9.2), we have

2.-r(f,n+3) =|{(z,y,z,w) € R(f,8n+24) : x = w (mod 4)} |

— | {(:U,y,z,w) € Z*: 2? + 8y + 162 + 17w? :8n+24} ,

(4.9.3)
for any n = 0,2 (mod 8).
1 _ 1)(—
Now, as sz —1) = (=2 + 1) x)’ we see that
2 2
167(1,2,4,17;n)
1 1 1 1

1 1 1 1
]

= {(z,y,z,w) € Z* : 2z +1)* + 22y + 1)* + 4(22 + 1) + 17(2w + 1)? = 8n + 24}|
= {(z,y,z,w) € R(f,8n +24) : zyzw =1 (mod 2)}|.

Note that if 22 + 2y% + 422 + 17w? = 8n + 24, then
(22,297, 42° 17w?) = (1,2,4,1),(0,0,0,0), (4,0,0,4), (4,0,4,0) or (0,0,4,4) (mod 8).
From this and (4.9.3), we may easily deduce that

87(1,2,4,17;n) = |{(z,y,2,w) € R(f,8n+24) : x = w (mod 4), y = z =1 (mod 2)}|
=|{(z,y,2,w) € R(f,8n+24) : x = w (mod 4)} |
— [ {(z,y,2z,w) € R(f,8n+24) 1y =2 =0 (mod 2)} |
= {(z,y,z,w) € R(f,8n+24) : x = w (mod 4)} |
— | {(z,y, z,w) € Z* : 2* + 8y* + 162" + 1Tw” = 8n + 24} |

=2-r(f,n+3),

which is equivalent to (4.1.7). This completes the proof. O
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