Chapter 3

Vanishing coefficients in infinite
product expansions

3.1 Introduction
In this chapter, we prove the following theorems.

Theorem 3.1.1. If

D ang" = (=0, 0" ¢")o(0, 01 0'°)% and D bug" = (=", % 0" (@’ 47 ¢"),,

then
S N /i
> b(En)g" =Y albn - 2)q" = 2, (3.1.1)
bsn+1 = asn—1, (3.1.2)
bsn+2 = asn, (3.1.3)
bsn+3 = Usn+1, (3.1.4)
bsn+a = Asnya. (3.1.5)
Theorem 3.1.2. If
D end" = (=0, =% )50 070" and ) dug" = (4", =% 0")2 (0, 0" "o
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then
Csn = d5n7 (316)
Csnt2 = dsnt2, (3.1.7)
Con+3 = don+3, (3.1.8)
and
Cntda = dspya. (3.1.9)
Furthermore,
i "N w2
Coni1q" = Y dsni1q" = 475, (3.1.10)
n=0 n=0 1

which shows that cspiq1 > dspiy-

As mentioned in our introductory chapter, instead of proving both (1.4.1) and
(1.4.2) by Hirschhorn [28], it would have been enough to prove only one of (1.4.1) or
(1.4.2). Similarly, instead of proving both (1.4.3) and (1.4.4) by Tang [36], it would
have been enough to prove only one of (1.4.3) or (1.4.4).

In addition to the above theorems, we also prove the following theorems by

proceeding in a similar way as in Hirschhorn [27].

Theorem 3.1.3. If

(Fa. Fa*; 0o (2q*, 2% ¢"0)3 =D eng”

n=0

and
(F&* F0°5 0o (£, 2% ¢"0)3 = fud”,
n=0

where the signs in the products are taken either both upper ones or both lower ones,

then

esn+3 = fonta = 0.
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Remark 3.1.4. The results involving the upper ambiguilty signs in Theorem 3.1.3
have already been proved by Tang [36]. Since our proof works for both the signs, we

felt it necessary to keep it here as well.

Theorem 3.1.5. If

(4:4% ¢")oo(—4, —4"; ¢"° Zgnq
and
(0 ¢% ¢")oo(—0, =473 ¢")% = D hag",
n=0
then

J5n+2 = h5n+1 =0.

Theorem 3.1.6. If

(0:4% ¢°)oo(9, 4”5 4" anq

and

(@*, 4% ¢")ooq” 4" 0" Zénq,

then

Fsnta = lspya = 0.

Theorem 3.1.7. If

[e.9]

(004032 (—0", 070" ) = Y _ $ug"
n=0
and
(¢*,¢% )% (¢, —¢" 4" Ztnq ,
then

Ssn+3 = tspga = 0.



Theorem 3.1.8. If

and

then
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(0:0% 020" 470" )0 = D ung”
n=0

oo

(@ 6% )2 (0, 6% " )oe = Y vnd",

Usn+4 = Usp+3 = 0.

n=0

In this thesis, we also propose the following conjecture on vanishing coefficients

for certain g-products with bases ¢” and ¢**.

Conjecture 3.1.1. If

(=%, =4 q")2(¢°. ¢ ")
(=% =" 4N (@, ¢" 5 4%

(¢.4% 42 (—q,—q"; 4"

(@%, 4% d)2 (=", " ") o
(*. ¢4 (=", —d" ¢

(¢.4% "3 (q,4"% ")

(. d°d")3% (0% ¢% ") oo

(@, q" 42, a" 5 ™)

o)

(4,4% 4N oo (4", =% 43,
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(@*, 4% 4 oo (=%, —a"54")3 = ian",
n=0

(%, 4" 4o (=0, —¢"% ¢")2 = i Lng",
n=0

(4:4% 4Noo(@’, 4" 4")3 = i Moq",
n=0

(@*,¢% )o@’ a5 03 = i Nag",
n=0

(¢°,q% aNoo(0, 4" 4% = iﬂ#ﬂ
n=0

then

A7n+1 = A7n+3 = B7n+1 = B7n+4 = C7n+2 = D7n+3 = E7n+6 = F7n+5
= G7n+1 - H7n+5 = J7n+3 = K7n+4 = L7n+3 = M7n+4 = N7n+1 = P7n+5
=0.

We employ simple g-series manipulations, Jacobi triple product identity, some
preliminary identities for Ramanujan’s theta functions, and two known identities for
a certain quotient of g-products.

In the next section, we state some preliminary identities. In Sections 3.3 and 3.4, we

prove Theorems 1.4.6 and 1.4.7, respectively. The remaining sections are devoted

to proving our new Theorems 3.1.3 — 3.1.8.

3.2 Preliminary identities
The following preliminary identities easily follow from [21, p. 46, Entry 30].
Lemma 3.2.1. We have

Fla,ab?)f(b, %) = 3 F(1,ab)f(a. D),
f(a7 b)f(_a7 _b) = f(_abv _ab)f(_a27 _b2)7
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Fah) = fahat’) +af (2.0%)),
F(a,b) = f(a®, 1) (ab,ab) + af (9 a%) F(1, ).

From [13, Egs. (1.19) and (1.20)], we also recall the following two identities

which will be used in our next two sections.

Lemma 3.2.2. Let
(q7q4;q5)oo
R(q) = —F—F—

(%, 6% ¢°) o
We have
1 2 2 o (@5 6)ee(@%6°)3
oy — ¢ RRY(q) =
R(q)R?(¢%) (@) (45 90)0 (410 ¢10)5,
and

(%) Fa) _ (0% 0050 0
2(q)  R(¢®) (4% 0°)oo (4% ¢%) oo

The Jacobi triple product identity (1.2.4) and the identities in the above lemmas

R
R
will be used frequently in our proofs without referring.

3.3 Proof of Theorem 3.1.1

We have
> ang" = (—¢.—¢"1¢")(0, 4" ¢"°)%,
n=0
(6% 0)=  (0.4% 6% %)%
(qq ¢°)oo (q 4% ¢'0)3
_ (% d% qo) (¢,9% ¢°)%
(q* 4% q'*)%
_ (@6 )x (0,44 (@* % a5
(*.¢%,d% 6% ") (0% 4d% ") (a*,4%q"0)%
O 10
49
= 0T ) ()

(4% 6%)oo(@% ¢°) o
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and
D bag" = (=¢*, —¢% 0)e(d® 03 ¢")%
n=0
(@ 4% ) (@0 " 0% a )%
(@% 4% ¢°) oo (4%, 4% q"0)3,
(654%4") (@ 6% )%
B (q2 4% q'0)3,
(0.6 6% ¢ ) (%) (d*,¢%a")%
(2,045 %) (6,040 (%% ¢'0)%
(D040 1
(0% ¢)oo(0 7)o R(q)R2(q?)
Therefore,
(q Q>oo<qm§q10)oo ( 1 2 2/ 2
bog" — Y ang"" —q R(q)R"(q
Z Z B Pnld Pl \ R 1 D)
_ (090" ") (6560’ 0°)%
(0% ) oo (@% oo (65000 (410 ¢10)2,
(4% ¢°)%

- (g10; q10)2
Equating the coefficients of ¢°"*", r = 0,1,2, 3,4 from both sides of the above, we
readily arrive at (3.1.1) — (3.1.5) to finish the proof.

3.4 Proof of Theorem 3.1.2

We have

icnq”z(— 0, =" 4°)% (0’ 4" ¢") o

(4% ¢,
(0,05 )%
(@ %) 5 )
(¢, 4% a°)3,
_(@*4d",¢% %) (@ %05 (@ %0
(6% 3 0 (@055 (646%¢)
_ (@"10)=(¢*1 ) R(¢%)
(4 D)oo(@¢)e  R*(q)

(%44
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and
D dnd" = (0 ~¢% ¢")% (0, ¢" 0"
n=0
_(@¢%a")% (0.6 ")
(@ a3
(046%™ (0. 0% )
(¢% ¢% )%
_(@%4d",¢% %) (0,455 (¢'4% ")
(¢,0%¢% q") (% 0% )% (0% % q0)
_ (@"10°)(¢* ") R2(q)
(¢ @)oo (@5 ¢"0)s  R(q?)
Therefore,

o oy o ([@)x(d% ) (R R(g)

2 end" =Dt = (45 4) (4" 4'%) o (RQ(Q) R(q2))

_ 4q(q5;q5)oo(q2;q2)oo (0%9")3%(¢3 9o
(0 (¢"% ") (6% ¢°)0(¢?; %) o

(¢"% q")2,

TR (3.4.1)

Equating the coefficients of ¢, r = 0, 2, 3, 4 from both sides of the above, we have

n=0 n=0

Csp = d5n7
Csn42 = d5n+27

C5n4+3 = d5n+3

and

Con44 = d5n+47

which are (3.1.6), (3.1.8) — (3.1.10). Similarly, extracting the terms involving ¢°"!

from both sides of (3.4.1), diving by ¢, and then replacing ¢° by ¢, we arrive at
(3.1.7), to complete the proof.
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3.5 Proof of Theorem 3.1.3

Throughout this section, we consider the ambiguity signs in the products to be either
all upper ones or all lower ones.

We have

D end" = (F¢, 744 ¢)oo(£4", £¢% )%,
n=0

= (Fq, ¢, £¢*, £¢*, £¢*, F¢°, £¢°, £¢°, £¢°, ¥¢°; ¢"%)
= (Fq¢, 20", £¢°, F¢"; ') oo (¢®. ¢"%; ") oo (£¢"; £¢% ¢'") o
= Ui(q)UxUs,
where U1 (q) = (Fq, £¢*, £¢5, F¢% ¢') 0, U2 = (¢%,6'%¢*°) 0, Us = (24 +¢% ¢'%) .
Now,
Ui(—q) = (£¢, £¢*, £¢°, £¢°; ¢")
= (£q, £¢" ¢")s

(£¢,£4% ¢°; ¢°)

(0% ¢°) oo
1 G m m2 m
= T o (Tt
— 1 S m? m = m?2 m
Rt ( Do Eg Y g )
1 7 13 20, 20 3 17 20, 20
= (@ (=4, =4", ¢ ¢)oe T a(=¢*, =4, 7% ")) ,
and hence,
5. .5 20. ,20
7 0°)oo (0% 4*°) oo
Ul(q)z( (q)10~(q10)3 ) (6" 4", ¢ 60 £ (. 4", 5 ¢%) o)
Therefore,
Ui(q)Us
(¢54%)

— (qlo, q10)3 (qs,q12,q20;q20)((q7,q13,q20; qQO)OO + q<q37q17’q20;q20)00)
) 00
5. .5 x
(q 4 )OO § : (_l)mq10m2+2m

("9 ¢10)3,

m=—0Q0
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> ( io: ( 1)n 10n? +3n:|:q Z n 1On2+7n)

n=—oo n=—oo
[e.e]

. (q5aq5>00 1 m4n _10m242m+10n2+3n
~ (q1%; q10)3 Z (=1)"™"q

m,n=—0o0

+ q 2 m+n 10m2+7m+10n +2n)

m,n=—0o0

( 5. 5) o
_ 459 ) Z 10(r45)24+2(r+s)+10(r—s)243(r—s)
(4% 40): !

Z q10(r+s—1)2+2(7‘+s—1)+10(r—s)2+3(7“—s)>

,8=—00

T 52 TT$s T—S2 T—S
iq< T T 0 20

r,§=—00

r,8=—00

[e.9]

o Z qu(r—i-s—1)2+7(r+s—1)+10(r—s)2+2(r—s)))

r,8=—00

5..5 o 0
_ (9°;9°) oo Z 207242052 4+5r+s _ 8 Z 20r?420s%415r+21s
" (410. 410)3 q q q

(q 4 )oo r,s=—00 r,§=—00

oo o0
20r24+20524+9r+5s 3 20r2+420s24+11r+15s
+ q( E q —q q

r,§=—00 r,8=—00

(q53q5)oo 15 25 40, 40 = 20n2+n ad 20n2-49n
:'<q10;q10)3 (_q ,y—q ,q 54 )oo Z q :i:q Z q

n2 n n2 n
¢q4(—q5,—q35,q40;q4”)oo( Dt Y ))

We also have

Us = (4", +¢% ¢"%)w0
1
= (", £¢% "% %)
(¢*%;¢')
1 o0

_ Z (:Fl)mq5m2+m

(415 ¢")
o0

— ( < Z q20m +2m $q4 Z q20m +18m)

m=—0Q m=—0Q

m=—0Q
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It follows that
> end”
n=0
. (q55q5)oo 15 25 40, 40 - 20m2-+2m 4 - 20m2+18m
~ (g1 ¢10)! (=" —=a".q"q )oo Z q Fq q

o D
x ( Z q20n2+n +q Z q20n2+9n>
n=—oo n=—oo

o0 oo
2 2
T (—q5, —g% 4. q4o)oo( Z 2om2m Z 2o +18m)

n2+11n n2+21n
X (q4 Z q20 +11 Z‘:q8 Z q20 +21 >)

_ (6%¢°) 15 2% 0. 40y (g =G 4+ G _ g
_(qlo;q10)4 <(_q ,y—q ,4q ;4 )OO( 1+ 02 3 4)

F (=4, —4%, 6" ¢*) (95 F S6 £ 57 — Ss)),

where
o0 o0
_ 20m24-20n2+2m+n _ 4 20m24-20n2+18m+n
S = E q , Sa=gq q ;
m,n=—0o0 m,n=—o0
o0 o0
_ 20m2420n2+2m+9n _ 5 20m2+-20n2+18m+9n
Sz =q E q , Si=¢q q :
m,n=—oo m,n=—oo
oo o
_ 4 20m2+4-20n24+2m-+11n _ 8 20m2+420n2+18m+11n
S5 =q E q , S6=q q :
m,n=—o0 m,n=—0o0
oo o0
_ 8 20m2+4-20n24+2m-+21n 12 20m2420n2+18m~+21n
S7=q § q , Ss=¢q q :
m,n=—0o0 m,n=—0o0

Proceeding as in the previous theorem, it can be shown that the 3-components of

the sums 57, Sy, ..., Sy are, respectively,

o0 [e.9]

q43 Z q100T2+10052+125r+408 q23 Z q100T2+10052+75r+605

) ;
r,8=—00 r,8=—00
00 ]

q23 Z q100T2+10032+75r+605 q43 Z q100r2+10052+125r+405

Y Y
r,8=—00 r,8=—00
[e.9] o0

13 10072410052 4-25r+60s 8 10072410052 4-25r+40s
q q , 4 q

r,8=—00 r,8=—00

)
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o0 o
q8 2: q100r2+10032+25r+408 q13 2: q100r2+10032+25r+608

Y

T,§=—00 r,8=—00
Since these cancel in pairs, we conclude that es, 3 = 0.

Similarly, we have
Z fud" = (F& F6% 0o (267, £6% ¢"0)2,
= (¥ £33+ FEF 7 £ 4 165 +65 ¢
= (£¢*, 7, 74", £¢% ") (0", ¢'% ¢*°) oo (£0%; £¢% ¢')
= Vi(q)VaVs,

where Vi(q) = (£¢% F¢* F¢", £¢%, 4o Vo = (¢*,0"%¢)o0, V3 = (£¢*£6% ¢"%)e
Now
Vi(—q) = (£¢*, £¢*, ¢", £¢°; ¢"*)
= (>, £¢% ¢")s0
_ (F £, %)

(4% 6°)oo
1 = 2
(:Fl) q(5m +m)/2
(D) mZ_:OO
( Z q10m +m:Fq Z q10m +9m)

1
(=", =", ) oo F (=0, "%, ¢*°; ¢*") )
T (%0950 ¢19) ( )

Therefore,

5. .5 20. 20
05 0°) oo (7% %) o
Vi(g) = ( (q)m‘(qw)g ) (¢, 0" % *)oe T (04", 6% %)),

and hence,

Vi(g)Va

¢ q
- @i ©a ) (6" a6 6™ F (0.4, ¢ ¢%))
(qlo qlo)

o0

(q ) )OO - m 10m2+6m n 10n2+n
- (q'0; q10)3 Z (=1)"g™™ " Z (=1)"g™ "

m=—0oQ n=—oo
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:Fq Z n 10n +9n)

_ (q57q5)<>>0 ( Z (_1)m+nq10m2+6m+10n2+n

(0 )%,

m,n=—00

o

m-rn ’I’)’L2 m TL2 n
:qu Z (_1) + qlo +9m+10 +6)

m,n=—00

( 5. 5) >
_ 459 ) Z 10(r48)246(r4s)+10(r—s)2+(r—s)
(¢'0; ¢10)3 q

r,8=—00

Z q10(r+s—1)2+6(7"+s—1)+10(r—s)2+(r—s))

T 82 T T8 7'—82 T—S
]Fq2( T 00— 460
- Z q10(r+s—1)2+9(r+s—1)+10(r—s)2+6('r—s))>
_ (615;615)00 - 2072+420s2+7r+5s 4 = 2072420s2413r+15s
_(10. 10)3 Z q —4q Z q
7497 ) 7,6=—00 r,8=—00
o0 o0
7‘2 82 T S 7‘2 82 T S
ﬂFq2< Z q20 +20s°+15r+3 —q Z q20 +20s°+5r+17 ))

(q5; q5)oo 20n2+7n 20n%4+17n
= (,10. 1013 (=q",—q” oo Zq +q° Zq
(q 4 )OO n=-—00 n=-—00
= (_q5’ C] 7q q <q2 Z q20n +3n q4 Z q20n +13n))

Also,

Vi(q) = (£¢% £¢% ¢")
1
= W(iq2,iq87qlo§qlo>m
1 - m . bm2%+3m
e 3 (F1)7

10. 410
e

:( ( Z q20m +6mq:q Z q20m2+14m)

m=—0Q m=—0oQ
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It follows that
> k"
n=0

(q5§q5)oo 15 25 40, 40 - 20m2+6m 2 - 20m2+14m
= e (=0 =, "% 0 ) D T Y q

10. 104
<q q )OO m=—00 m=—o00
(o] oo
« ( Z q20n2+7niq3 Z q20n2+17n)
n=—oo n=—oo

T (—q5, —q35, q40; q40>oo( Z q20m2+6m = qz Z q20m2+14m)

m=—00 m=—00

n2 n n2 n
% (qz Z q20 +3 j:q4 Z qzo +13 )>

_M (_ 15 25 40, 40) (T T:‘:T—T)
_(qlo;q10)4 q,—9,9 7,9 )oold1 F L2 3 4

T (=", =47, 4" ¢")oe (T5 T T5 £ Tr — Tx)),

where
o oo
_ 20m2+20n2+6m+T7n 2 20m2+420n2+14m+7n
T, = E q , Try=q q ;
m,n=—0o0 m,n=—00
o0 o0
_ .3 20m>2+20n24+6m+17n _ 5 20m24-20n2+14m+17n
T3=q E q , Tyi=q q ;
m,n=—00 m,n=—00
o o0
_ 2 20m24-20n2+6m+3n _ 4 20m2+-20n2+14m+3n
Ts =q E q , Ts=q q :
m,n=—00 m,n=—0o0
o oo
_ 4 20m24-20n2+6m+13n _ 6 20m24-20n2+14m+13n
Tr =q E q , Ty=q q :
m,n=—00 m,n=—00
It can be shown that, the 4-components of the sums 717,75, ..., Ty are, respec-
tively,
o o0

)

q14 Z q100r2+10082+207’+758 q29 Z q1007‘2+10052+80r+755

)
r,8=—00 r,8=—00
o0 [e'¢)

q29 Z q100r2+10032+80r+753 q14 Z q100T2+10082+20T+75S

) Y

r,8=—00 r,§=—00

x o
19 10072410052 4-80r+25s 4 10072410052 4-207r+255
q q q q )

)

r,8=—00 r,8=—00



[o¢] o0
q4 Z q100r2+10052+20r+255 q19 Z q100r2+10082+80r+25s

Y Y

r,8=—00 r,8=—00

and these cancel in pairs. Therefore, we arrive at fs,14 = 0 to finish the proof.

3.6 Proof of Theorem 3.1.5

We have
Zgnq (4:4% ¢")oo(—0, 4" 4")3
=(0,9", 4% ¢";¢") s (—q, —¢"; )2,
=(¢,—¢0,~-40-409"4",¢,—¢", -4, —¢"; ¢"") e
=(—4,4" 4" " 0" (¢*, 4"%; ¢*°) o (0, —¢”; ¢"°)
= K;(q) Ky K,
where

Ki(q) = (—4,4" ", —¢";¢")e, Ko =(¢*0"%¢"), K3=(—¢,—¢"¢")s
Now

Ki(—q) = (34" ¢° ¢";¢"")o

= (¢,4"¢")
_ (0,440 1 )
(0% %)
1 [ee]
- (_1) q(5m +3m)/2
(q q°) m;m
( i qum —+3m q Z qum +7m)
1

3

7 13 20. 20
(q qlo)oo<q1o ) (( q,—q ,q9 ;4 )oo—q(—q
Therefore,

5. .5 20. 20
9759 )oo\q75 47 ) oo
Ki(q) = ( (q)lo.(qm)s ) ((q77q137q20;q20>Oo T q(q3,q17,q20;q20)00)

) _q177 q20; q20)oo)-

45



and hence,

KI(Q)KZ
~(0°4°)0e (@07
o (q19;¢19)3

(S

m=—0o0

> ( io: ( 1)n 10n2? +3n_|_q Z n 1On2+7n>

n=—oo n=—oo

<q2’q18; q20)oo((q7’q13’q20; q20)oo + q<q37q177q20;q20)oo)

_ (4°;9°)oo ( Z (_1)m+nq10m2+8m+10n2+3n

(¢ ¢'9)3

+ q E m+n 10m24+-8m+10n +7n)

m,n=—0o0

m,n=—0o0

— (q5’q5)00 <( i q10(r+s)2+8(r+s)+10(7’—s)2+3(r—s)

("9 ¢10)3,

)
Z q10(r+sl)2+8(r+s1)+10(rs)2+3(rs))

r,8=—00

T8 2 T8 r—S 2 T—S
+ q< Z q10( +5)248(r+s)+10(r—s)2+7(r—s)
o Z q10(r+s—1)2+8(r+s—1)+10(r—s)2+7(r—s)))

5. .5 o0 00
_ (2°;4°)oo ( Z q20r2+2052+11r+5s_q2 }: q20r2+2082—9r—155

(4% ¢'0)3,

o0 (@)
2072420524157+ 3 207242052 —5r—19s
+q > g —q E q )

r,8=—00 r,8=—00

5 5 o0
0 W24 11n 24190
_ (;10;q10)3 ((—q —® g0 g ( 2: ¢ 2411 — 2: 2019 )
+q(—¢°, —¢%,¢"; ¢" ( > g Y +9”)>

n=—oo n=—oo

Also,



o0

— Z q5m +4m
— (qlo qlo ( ; q20m +8m_'_q ; q20m +12m)

It follows that

> oud"
n=0

(q5'q5)oo 15 20m2+8 20 12
=—)4((—q = 4" ¢ ( Z g 4 g Z gt m)

(qm. q10
’ > m=—00 m=—0oQ
n? n n2 n
% < Z qzo +11 —q3 Z qzo +19 )
o - o
+q(—q —q q q ( Z q20m +8m+q Z q20m +12m>
% < Z q20n2+n_q Z q20n2+9n)>

(4% 6°)oo 15 25 40. 40
:(qlo;q10)4 (_q =07, 47507 )00 (S1+ Sy — S5 — Sa)

+4(—¢°, =%, 4" ¢") (S5 + S6 — S7 — Ss),

where
o o
_ 20m2+20n2+8m~+11n _ 20m2+20n2+12m~+11n
S1 = E q , Sa=gq q ;
m,n=—0oo m,n=—oo
o0 o0
_ 3 20m2+20n2+8m~+19n _ 4 20m2+20n2+12m~+19n
Sz =¢q E q , Si=¢q q ;
m,n=—0o0 m,n=—oo
oo o0
_ 20m2+20n2+8m+n 2 20m2+20n2+12m+n
S5 =q E q , Se=q q :
m,n=—oo m,n=—oo
o o0
2 20m2+420n24+-8m~+9n _ 3 20m2420n24+12m—+9n
S7=q E q , Ss=¢q q :
m,n=—o0 m,n=—0o0

It can be shown that the 2-components of each of these eight sums 57, 5, ...

are, respectively,

x (o @)
12 10072 +100s2+75r+10s 32 10072410052 +75r+90s
q q y 4 q

Y

r,8=—00 r,8=—00
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10072 +10052+75r+90s
b

(s
98]
¥

B

o0
22 10072410052 +25r+90s
q q )

r,8=—00
[e'S)

2 100r2+4100s24-25r+10s
q E q )

T,8=—00

48

[o¢]
q12 Z q100r2+10082+75r+103

Y

r,8=—00

o0
2 10072410052 +25r+10s
q q )

r,8=—00
oo
q22 2: q100r2+10052+25r+905

r,8=—00

Since these cancel in pairs, we conclude that gs,.o = 0.

Proceeding similarly, we obtain

T (g10; g0y

[e.9]

((_q157 _q25’ q40; q40)oo(T1 + T2 . TS . T4)

+ (=", ¢, ¢"% ¢*") oo (T + T — Ty — Tg),

where
o oo
_ 20m2+20n2+4m+3n _ 3 20m2+420n2+16m-+3n
T, = 5 q , Ty=q q ;
m,n=—0o0 m,n=—oo
o0 o0
_ 2 20m2+-20n2+4m+13n _ 5 20m?24-20n2+16m+13n
T3=q E q , Tyi=q q ;
m,n=—o0 m,n=—o0
o o0
_ 3 20m24-20n2+4m+Tn _ 6 20m2+20n2+16m+7n
Ts =q E q , Ts=q q :
m,n=—o0 m,n=—oo
o oo
_ 6 20m24-20n2+4m+17n _ 9 20m24-20n2+16m+17n
T =q E q , Ty=q q :
m,n=—o0 m,n=—o0

The 1-components of 11,75, ..

x
q16 Z q100r2+10032+75r+303

b
r,8=—00
o0
q26 Z q1007"2+10052+75r+705

)
r,8=—00
[%S)

16 10072410052 +70r+25s
q q )

r,8=—00
[e'S)

6 100r24100s24-30r+25s
q q )

r,8=—00

., Ty are, respectively,

[o@)
q26 Z q100r2+10082+75r+703

)
r,8=—00
o0
q16 Z q100r2+10052+75r+3os

)
r,8=—00
o0

6 10072410052 +430r+25s
q q )

r,8=—00
oo
q16 2: q100r2+10052+70r+25s

r,8=—00

Since these cancel in pairs, we arrive at hs,,1 = 0 to finish the proof.



3.7 Proof of Theorem 3.1.6

We have

where P,

Now

anq (44 0")o (0, 4% 4"

1 A3 9
= (@ f(=4,—¢" ) f*(-=q,—q")

= 1o, g0 f(=a,=a") f(=q,—¢")

(¢
X ( (q ,qlg)f( 7") — af (&, ¢ f(1,¢*))

20. 20)5

(¢*;
— oo P, P, P
(65 4°)2. (4" ¢10)3, (q4°;q40)§o e
_2q (q 7q )oo P1P4P3,

(0% 4°)o0 (0% ¢1°)2. (¢%%; ¢%) o

= f(—q,—q¢*), Po=f(*¢"), Ps=[f(—¢,—¢"), Pr=(¢%q").

PPy = f(—q,—¢")f(d*,q")

and

o0 oo

_ 2: (_1)mq(5m2+3m)/2 2: q10n2+8n
m=—oo n=—oo
oo o o
_ 10m2+3m 10m2+7m 10n2+8n
= < E q —q E q q
m=—oo m=—oo n=-—o0
[o@) o
_ 10m2+8m+10n2+3n 10m2+8m~+10n2+7n
= q —q q
m,n=—0o0 m,n=—0o0
oo o
_ 2 : 20r2+117+20s%+5s 2 20724+9r+20s%+15s
= ( q +q q
r,§=—00 T,8=—00
o0 o0
20r24+15r+20s2+s 2 2072 45r+20s2419s
- CI( E q +q q
r,8=—00 r,8=—00
oo oo
_ 15 25 40, 40 20n2+11n 3 20n2+19n
= (¢, —4¢",q"q )oo( E q —q E q
n=—oo n=—odo
o0
20n2+n 20n249n
—q(—¢°, —¢* ( > g —q ) q )
n=—odo n=—oo

Py = f(—q,—¢")
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o0
— E (_1)mq5m2+4m
m=—00
o0 o0
_ 20m2+4-8m 20m2+12m
= E q —q E q .
m=—0oQ m=—0oQ
Therefore,
o o
_ 15 25 40, 40 20m2+8m 20m2+12m
PIRPy = (—q",—q¢",q";q )oo( § q —q § q
m=—oQ m=—0oQ
o oo
20n2+11n 3 20n2+19n
X( E q —q E q
n=-—00 n=-—00
o o
5 35 40, 40 20m2+8m 20m2+12m
—q(—=¢°,—q¢",q7;q )oo( § q —q E q
m=—0oQ m=—0oQ
o0 o0
20n2+n 20n2+9n
X ( E q —q E q
n=—oo n=—oo
_ 15 25 40, 40
_(_q ,y—q ,4q ;g )OO(SI_SQ_S3+S4)
5 35 40, 40
— (=4, =, 4" ¢") e (S5 — S5 — S7 + Ss),
where
o0 o0
_ 20m24-8m+20n2+11n _ 20m2+12m+20n2+11n
S = 5 q , Sa=gq q ;
m,n=—0o0 m,n=—o0
o0 o0
Sy = ¢ 2 : q20m2+8m+20n2+19n S, = q4 } : q20m2+12m+20n2+19n
) )
m,n=—o0 m,n=—oo
o0 o0
_ 20m24+-8m+20n2+n _ 2 20m2+12m~+20n2+n
S5 =q E q , S =q q ;
m,n=—o0 m,n=—oo
o o0
_ 2 20m2+8m+20n2+9n _ 3 20m24+12m~+20n2+9n
S7=q § q , Ss=¢q q :
m,n=—0o0 m,n=—0o0
Next,

qP Py = f(—q,—q") f(d*,4")

o0

—q Z (—1)mg(om?+3m)/2 Z g0+

m=—0oQ n=—oo

(o.9] o o0
:q( Z q10m2+3m_q Z q10m2+7m) Z q10n2+2n

m=—0Q0 m=—00 n=—oo

20



o @]

_ 10m2+3m+10n2+2n 2 10m2+7m+10n2+2n
=q E q —q q

m,n=—00 m,n=—00

oo oo
_ 20r24-5r+20s2+s 7 20r24+15r4+20s2419s
=dq ( E q +q q

r,8=—00 r,8=—00

00 e}
2 20r24+9r+20s2+5s 3 20r2+11r+20s%+15s
—q ( d g +q q

r,8=—00 r,8=—00

TL2 n TL2 n
_ (—q15,—q25,q40;q40)00(q Z PO _ g2 Z e +9)

7’L2 n n2 n
—(—q5,—q35,q40;q40)00<q5 Z 2o _ 8 Z 2019 )

It follows that

[e.e] [e.e]

qP1P4P3—(—q15,—q25,q4°;q4°)oo< P R A N )

m=—0oQ m=—0oQ

% (q i q20n2+n _q2 i q20n2+9n>

n=

2 2
— (=%, —¢%, " q40)oo( Z GO sm Z 2o +12m>

m=—00 m=—00

(o) o
5 20n2+11n 8 20n2+19n
X (q E q —(q E q
n=-—0oo n=-—oo

= (=4, —¢*. 4" ¢"")se (So — S10 — S11 + S12)

— (=", 4%, 4" 4" (S13 — S1a — S15 + Si6),

where
o0 o
_ 20m24+8m+20n2+n _ 2 20m2+12m~+20n2+n
Sy =q E q , Sw=¢q q )
m,n=—oo m,n=—o0
oo o
_ 2 20m24+8m+20n2+9n _ 3 20m2+12m+20n2+9n
Si1=¢q E q , Sie=4gq q )
m,n=—oo m,n=—oo
o oo
_ 5 20m2+8m+20n2+11n _ 6 20m2+12m~+20n2+11n
Si3 = ¢ E q , Su=q q )
m,n=—oo m,n=—oo
oo oo

_ 8 20m2+8m—+20n2+19n _ 9 20m2+12m~+20n2+19n
S15=¢q E q , Si=gq q :

m,n=—00 m,n=—00
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The 4-components of these sixteen sums Sy, .55, ..., S, are, respectively,
o0 oo
9 100r2+4100s24-50r+45s 9 10072410052 +50r+45s
q q y 4 q )
r,§=—00 r,8=—00
o0 [oe)
4 100r2+100s24-50r+5s 4 100r24+100524+50r+5s
q E q y 4 q )
7,§=—00 r,8§=—00
[ee] [oe)

q29 Z q100r2+10052+95r+505 q29 2: q100r2+10052+957‘+508

) Y

r8$=—00 r,s=—00
o0 oo

q14 Z q100r2+10052+557’+508 q14 Z q1007‘2+10082+55r+505

) )

r,8=—00 r,8=—00
o o0
29 10072410052 +95r+50s 29 100r2+10052495r+50s
> q D g ,
r,8=—00 r8=—00
o o0
14 10072 4+10052+55r+50s 14 10072410052 +55r+50s
> q D g ,
r,8=—00 r,8=—00
x (o @)

q14 Z q100r2+10082+45T+503

) Y

q14 Z q100r2+10082+457"+503

78=—00 r,§=—00
o0 o0
9 10072410052 4-57+50s 9 10072410052 4574505
q E q y 4 q .
r,8=—00 r,8=—00

Since these cancel in pairs, we arrive at ks, 4 = 0.

In a same fashion, we obtain

> g
n=0

2

= (*,¢% ")(d®.q";q

1 2 3 3 7
- (q5’q5)oo qlo;qlo)?’ f( q,—q >f<_q , —(q )

(
% (f(qﬁ,qm)f(qw,qw) o qsf(q4,q16)f(1,q20))

(¢*; %)% 2 3 6 14 3 7
= (q5;q5>go(q10;q10)go(q40;q4o)go : f(_q , —q )f(q ,q )f(_q , —q )

-2 it a0 =), F—a =) )
(0% 4°)o0 (41 4")2. (625 ¢%°) oo . ’ ’
(qQO. q20)5

_ 15 25
= (@5 )3 (q10; 10V (¢0; ¢10)2 <f(q 4 )(Tl -, -1T; +T4)

52



93

- f(q’, q35)(T5 16— 17 + Ts))

(g*0; ¢40)2
(0% 4°)oo (0% 4'0)2. (%% ¢°) 0

— f(@°,¢®) (T3 — Ta — Tis + T16)7)7

(f(qw, ) (Tg —Tyo— T + T12)

where
(o) oo
Z 20m24+-4m~+20n2+3 3 2: 20m2+16m+20n2+3
le qm+m+ n-l—’n,7 ngq qm m-+ n-l—’n,7
m,n=—o0 m,n=—00
o o0
_ 2 20m2+4m+20n2+13n _ 5 20m2+16m-+20n2+13n
T3=q § q , Ty=q q ;
m,n=—00 m,n=—00
o o
_ 3 20m24+4m+20n2+7n __ 6 20m2416m+20n2+7n
Ts =q § q , Ts=q q ;
m,n=—00 m,n=—oo
o o
_ 6 20m24+4m+20n2+17n _ 9 20m24+16m~+20n2+17n
T =q E q , I3 =gq q ;
m,n=—00 m,n=—00
o0 o0
_ 3 20m2+4m+20n2+7Tn _ 6 20m2+16m~+20n2+7Tn
Ty =gq E q , Tio=q q )
m,n=—00 m,n=—00
o0 o0
_ 6 20m2+4m+20n2+17n _ 9 20m24+16m~+20n2+17n
T =q E q , Tia=q q ;
m,n=—00 m,n=—00
oo oo
_ 5 20m2+4m~+20n2+3n _ 8 20m2+16m~+20n2+3n
Tiz=q E q , Twu=q q )
m,n=—o0 m,n=—o0
oo (oo}
72 20m2+4m~+20n2+13 102 20m2416m+20n2+13
T15:q qm+m+ n°+ n, T16:q qm-l— m—+20n“+ n.
m,n=—o0 m,n=—oo
It can be shown that the 4-components of these sixteen sums 7y,7T5, ..., T, are,
respectively,
o o0

24 10072 4+85r4+100s2+50s 24 10072 +85r+10052+50s
q q y 4 q

)
T,8=—00 r,s=—00

(o) o
9 10072 +450r+10052+35s 9 10072 4+5074+10052 4355
q q y g q )
T,§=—00 7,8=—00
o o0

q19 Z q100r2+65r+10052+503 q19 Z q100r2+65r+10052+503

) Y

r,8=—00 r,§=—00
00

9 10072 4-507r+10052+15s
q E q

Y )

o
9 10072 4-50r+10052+15s
q E q

r,8=—00 r,8=—00



o4

oo

[o¢]
q19 Z q100r2+65r+10052+503 q19 Z q100r2+65r+10052+505

) Y

r,8=—00 r,8=—00

o0 oo
9 100r2+450r+100s2+15s 9 10072 4+50r4+100s2+15s
q q y 4 q )

r,8=—00 r,8=—00
%) [e'e)

29 10072 4+50r+100s2+85s 29 100r2450r+10052+85s
q q y 4 q )

r,8=—00 r,8=—00
[ee] o0
14 10072 4+50r+100s2+35s 14 100r2450r+10052+35s
q q y 4 q .

T,8=—00 r,s=—00

As these cancel in pairs, we arrive at {5, 4 = 0 to complete the proof.

3.8 Proof of Theorem 3.1.7

We have

o0

> suq"

n=0

= (0,4 4°)2(—-¢*, 4" ¢"")

1
~ (¢ q5)§o(q10;q10)oof3<_q’ ~0)f (@)
1 4

- (q5 q5)go(q ’qm)oof(_q’ —q )f(q37q7)

< (f(@* ") (@ ¢") — af(a* d") F(1,4"))
B Uil f(=¢,—a") (&, 4°)

;g T

20. ,20\2
TR 0 )
10. ,10\6
- (q ;q) ((220) qzo) (f(q7, q13) - Qf(qga q”)) (f(qga C]H) + q2f(q7 q19))
—2q (07 47)e fl=q,—q"

(0% ®)3.(¢'%; ¢'0)%,
x (f(¢®,d")f(d™,d") + @ f(d*.d") (¢, ¢))
(¢

q

10.
- (q5 )6 7(6220) q%)2 (f(q7, q13)f(q97 qll) - Qf(qsa q17)f(q97 qn)

" q") f(g.4") — @ f(d® d") f(a, "))



— 9 (¢*% ¢*°)
(2% @°)3.(q"% ¢*°) 2 (¢*%; ¢*°)2,
20. 420 40. 402
2 (@) (@65 ) 7 a3 o
(65 %) (q1; ¢10)2 (f(q ,q°) —af(q,q ))f(q . ¢'%)
(4" q")%,
N (¢ ¢°)8_(q2; q20)2 (Sl — S+ 53 — 54)
(¢*; ¢,
(0% 7). (q10; 10)4(q20; ¢20)2, (S5 — Sg)
(6®; ¢*°) 0 (¢*% ¢*°)2,
_4 5. 5\3 (,10. 1102 (57—58)’
(4% ¢°)3,(¢9; ¢10)2,

where
oo o
_ 10m2+10n2+4+3m+n _ 10m2+10n24+7m+n
Si = 5 q , Se=gq q :
m,n=—00 m,n=—0o0
D o
2 10m2410n2+3m+9n _ 3 10m2+10n24+7m+9n
Sz =q § q , Sy=gq q ;
m,n=—o0 m,n=—o0
o o
_ 10m2+10n2+3m+4n 2 10m2+10n2+7m+4n
S5 =q § q , S6=q q :
m,n=—o0 m,n=—o0
x o
_ 4 10m?2+10n2+3m+6n _ 5 10m2+10n24+-7m+6n
S7=q § q , Ssg=q q :
m,n=—0o0 m,n=—0o0
The 3-components of these eight sums 57,9, ..., Ss, are, respectively,

[e.o] (e o]

13 5071245052 4+457r425s 13 50r24+50s2 445714255
q E q y 4 q s

T,8§=—00 r,§=—00

o o0

3 50r2 450524514255 3 50r2 450524514255
q E q y 4 q )
r,8=—00 r,8=—00

o o

8 50245052 4-307r4+25s 8 50r2+50s24-30r+25s
q E q y g q )
r,8=—00 r,8=—00

o o

8 50r245052420r+25s 8 507245052 4-20r+25s
q E q y q q )
r,8=—00 r,8=—00

and these cancel in pairs. Therefore, ss,.3 = 0.

Similarly, it can be shown that

Z tnqn = (q27 q3’ q5)io(_q7 _q9, qlo)oo
n=0

7
~ (fa".d") —af (@, d'")) f(® ¢™)
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o6

(q10. q10)6
(65 )% (g% ¢20)2 (fi-T+ T -T)

(g% ¢%)7,
@ I ) (o oy o )
<q20; q20)oo(q40; q40)c2>O

—4 5. .5\3 (10. 51012 (T7_T8)’
(4% 6°)3.,(q"°; ¢"0)2,

where
o0 oo
_ 10m2+10n2+m+3n _ 2 10m2+10n24+9m+3n
T = E q , Th=q q ;
m,n=—0o0 m,n=—0o0
o0 o0
_ Z 10m2+10n24+m+7n _ 3 10m2+10n24+9m+7n
T3 =4dq q ) T4 =4dq q )
m,n=—0o0 m,n=—oo
o oo
2 Z 10m2+10n24+m+8n _ 4 10m2+10n24+9m+8n
T5 =4dq q ) Tﬁ =4dq q )
m,n=—0o0 m,n=—oo
o o
_ 3 10m24+10n2+m+2n _ 5 10m2+10n2+9m~+2n
T7 =q § q , Ts=q q :
m,n=—oo m,n=—oo

The 4-components of 11,75, ..., Ty, are, respectively,

00 o0
9 5072 +50s2425r+35s 9 50r2+5052425r+35s
@ Y. q g q 7
r,8=—00 T,§=—00
00 [e.9]
4 5072+50s2425r+15s 4 50r? 4505242574155
@ D q g q ,
r,6=—00 r,8=—00
00 o0
4 5072 4+50524-25r+10s 4 507245052 +25r+10s
¢ > q . q q :
7,6=—00 7,8=—00
00 o0
14 Z 50r2+50s2+25r+40s 14 5072+50s2425r+40s
r,8=—00 r§=—00

Since these cancel in pairs, we arrive at ¢(5n + 4) = 0 to complete the proof.

3.9 Proof of Theorem 3.1.8

Omitting some intermediate steps, we have

S g (3.9.1)
n=0



o7

= (4,05 0°)2%( 4" 4"")oo
1
~ (5P (qm;qlo)oofg(_q’ ~0)f (=" ~d")
<q1%0 q10)3
= (qs. q5)4 ’(q20.0220) (f(q77 q13)f(_q9’ _(]11) - Qf(q37 q17>f(_q9a —C]ll)
+ (¢ ) (=0, ") = P, d' ) fF(=q,—¢"))
_Qm TN (6 14y 3 17\pg(_ 6 _ 14
PR (f(d"d") f(=d°, ") — af (@, ") F(—d°, —4'))
<q10. q10)3
- (6% )2 ,(qzo.ogzo) (P1P3 —qPyPs + ¢* PPy — q3P2P4)
(4 ¢*)oo By
() (qP1P5 q P2P5), (3.9.2)

-2

where

and
P = f(—¢",—q")
Now,
PPy
= f(d",¢°)f(=¢", —a')
m2 m n TL2 n
_ Z q10 +3 Z (-1) q10 +
m2 m m2 m
:( Z q40 +6 +q7 Z q40 +34 )
2 2
> ( Z q40n +2n_q9 Z q40n +38n)
= 51+ 59 — 53 — Sy,
where
2 4-40n2 4-6m-4-2n m2+40n2+34m+2n
S, = Z q40 +40n*4-6 +2’ 52:q7 Z q40 +40n°4-34 +27

m,n=—0o



o8

o0 o0
53 _ q9 q40m2+40n2+6m+38n 54 _ q16 q40m2+40n2+34m+38n
= E , — E .
m,n=—00 m,n=—00
Similarly,
qPyP3 = S5 + S¢ — S7 — S,
2
¢ PiPy = Sy + S1p — S11 — S1a2,
3
¢°PyPy = S13 + S1a — S15 — She,
qP1Ps = S17 + Sis — S19 — S,
2
q P Ps = So1 + Sag — Saz — Saa,
where
[ee) oo
_ 40m2+40n2+14m+2n _ 4 40m2+40n2+26m+2n
S5 =q E q , S6=(q q ;
m,n=—0o0 m,n=—o0
o o
S, = q10 Z q40m2+40n2+14m+38n Sg = q13 Z q40m2+40n2+26m+38n
== 9 — )
m,n=—00 m,n=—o0
o D
Sg _ q2 } : q40m2+40n2+6m+18n 510 _ q9 } : q40m2+40n2+34m+18n
= 9 — )
m,n=—00 m,n=—00
x oo
511 _ q3 } : q40m2+40n2+6m+22n 512 _ qlo 2 : q40m2+40n2+34m+22n
= 9 —_— b
m,n=—00 m,n=—0o0
o0 o0
513 _ q3 Z q40m2+40n2+14m+18n Siy = q6 Z q40m2+40n2+26m+18n
= P - )
m,n=—oo m,n=—oo
o0 o0
2 2 2 2
515 — q4 E : q40m +40n“+14m—+22n S — 7 § 40m=+40n“+26m-+22n
) 16 q q )
m,n=—00 m,n=—00
oo o
_ 40m2+40n24+6m-+8n _ 8 40m24+40n2+34m+8n
Sir=q E q . Sis=q q )
m,n=—0o0 m,n=—00
(oo} oo
2 2 2 2
519 — q7 E /‘ q40m +40n +6m+32n’ 520 — q14 2 q40m +40n“+34m—+32n
)
m,n=—00 m,n=—00
(e e} (oo}
Sy = q2 Z q40m2+40n2+14m+8n Sy = q5 Z q4om2+40n2+26m+8n
g 9 — )
m,n=—00 m,n=—00
o o

_ 8 40m24+40n2+14m—+32n 11 40m2+40n2+26m+32n
Saz = q E q , Su=q q .

m,n=—00 m,n=—00



The 4-components of each of Sy, Ss, ..

[o¢]
q84 Z q200r2+200s2+70r+25os

)
r,8=—00

(e}

q

r,8=—00
[e'e)

69 2007r24-200524-2307+50s
q q )

r,§=—00
o0

q64 2: q2007”2+20082+1707“+1508

)

r,8=—00
[e'e)

q94 Z q200r2+20082+270r+505

b
r,8=—00
o0
q49 Z q2007“2+20052+130r+1503
)

r,8=—00
o0
q79 Z q200r2+20052+30r+2505

)
r,§=—00

o0

q

r,8=—00
o0

q79 2: q200r2+20032+230r+1003

)

r,8=—00
o0

q79 2: q200r2+20052+230r+1005

)

r,8=—00
o0

q34 2: q200r2+20052+130r+1005

)

r,8=—00
[oe)

q34 2: q2007”2+20082+1307“+1008

)

r,8=—00

*

9 }: q200r2+20052+70r+505 q94 2: q200r2+20052+270r+503
)

4 Z q200r2+20082+30r+508 q69 Z q200r2+20082+230r+503
b

99

So4, are, respectively,

o0
q49 Z q2001‘2+20082+130r+1503

)
r,8=—00

[e.e]

)
r,8=—00
[e%S)

4 20072420052 43074505
q q )

r,8=—00
00

79 20072420052 430742505
q q )

T,8=—00
9]

9 20072420052 47074505
q E q

b
7,8=—00

o
q84 Z q2007”2+20052+70T+2508

b
7,8=—00
oo

q64 Z q2007‘2+20052+170r+1503

)
r,§=—00

[e.9]

)

r,8=—00

o0
q14 Z q200r2+20052+30r+1003

)
r,8=—00
[e's)

14 200724-200524-30r+100s
q q )

r,8=—00
[e'S)

19 20072 4-200524-707+100s
q q )

r,§=—00
oo
q19 2: q200r2+20052+70r+1005

T,8=—00

These components cancel in pairs. Therefore, from (3.9.1), we conclude that us, 4 =

0.

In a similar way, we obtain

> vnd"
n=0
1
(2% 4°)3.(¢%% ¢"9)

(¢*, 4% 4°)2 (0. 4”5 4" )

(=& =) f(—=q,—¢")
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(q10. q10>3
= L ) D100~ 02— a0+ 0 0e0)

20. 20
W(ff@l@s — ¢ QaQ5), (3.9.3)

-2
where

Ql = f(qga q11)7 QQ = f(q> q19)7 QS = f<_q77 _q13)7 Q4 = f(_q37 _q17)

and
_ 2 18
Qs = f(—q°,—q7).
We have
Q1Qs =T, + T, — Ty — Ty,
2 _
¢ Q2Qs =T5 +Ts — T — Ty,
qQ1Q4 =Ty + Ty — T11 — Tha,
3
¢°Q2Qs = Ths + Ty — Ths5 — T,
4
¢ Q2Q5 = Toy + Ty — Thz — Ty,
2
¢ Q1Q5 = Th7 + Tis — Thg — Tho,
where
oo o
_ 40m2+40n2+2m+6n _ 9 40m2+40n2+38m+6n
T = E q , Ta=gq q ;
m,n=—0o0 m,n=—o0
o0 o0
7 40m2+40n2+2m+34n _ 16 40m2+40n2+38m+34n
T3=q E q , Ty=q q :
m,n=—o0 m,n=—0o0
oo oo
2 40m2+40n2+18m+6n _ 3 40m2+40n2+22m+6n
Ts=q E q , Ts=q q :
m,n=—o0 m,n=—o0
oo o
_ 9 2 : 40m?4+40n2+18m+34n __ 10 40m2+40n2+22m-+34n
T7 =dq q ) T8 =dq q 9
m,n=—o0 m,n=—o0
D [oe)
_ 40m24-40n2+2m+14n _ 10 40m2+440n2+4-38m—+14n
Ty =q § q , Tin=gq q ;
m,n=—o0 m,n=—o0

o0

x
_ 4 40m24+40n2+2m+26n _ 13 40m?4+40n>+38m+26n
T =gq E q , Ti2=gq q )

m,n=—00 m,n=—00



oo o0

_ 3 40m24+40n2+18m+14n _ 4 40m2+40n2+22m~+14n
Tis=q E q , Twu=gq q )
m,n=—oo m,n=—00
o0 o0
_ 6 40m2+40n2+18m+26n 7 40m2+40n2+22m+26n
Ti5s =q E q , Tie=q q )
m,n=—oo m,n=—00
o0 o0
_ 2 40m2+40n2+2m+16n _ 1 40m2+40n2+38m+16n
Tir=q E q , Tig=gq q )
m,n=—o0 m,n=—oo
oo o0
4 40m2+40n2+2m+24 13 40m2+40n2+38m+24
Tig=q E g - T =g E g oA,
m,n=—o0 m,n=—oo
oo (oo}
4 40m24+-40n24+18m+16 5 40m24+40n24+22m-+16
Tn=q E g - Ty = ¢ E g oo,
m,n=—o0 m,n=—oo
oo o
6 40m?4+40n2+18m+24 7 40m2+440n2+422m-+24
Ty =gq E e E Y g,
m,n=—0o0 m,n=—o0
The respective 3-components of T, Ty, ..., Ty, are
o0 o0

38 2007r24-2005241507+90s 43 2007r24-200s24150r+110s
q q y 4 q )
T,§=—00 r,8=—00

o0 o0

13 20072420052 450r+90s 18 20072420052 450741105
q q y 4 q )
r,§=—00 7,8=—00

o0

(o0}
48 20072420052 4-507+190s 3 20072420052 45074105
q q y 4 q )

r,s§=—00 r8=—00
oo o0

q73 2: q200r2+20052+150r+1905 q28 Z q2007"2+20082+150r+105
)

)
r,8=—00 T,8=—00

o0 o
43 20072420052 4150741105 38 20072420052 415074905
q q y 4 q )
r,8=—00 7,8=—00
[o@)

oo
q18 Z q200r2+20032+50r+1105 q13 Z q200r2+20032+50r+903

) Y

r,8=—00 r,8=—00

o [o@)
3 20072 4-20052 45074105 48 20072420052 4-50r+190s
@ Y q Cd® D g :
r,8=—00 r,8=—00

o0 o0

) )

qzs Z q200r2+20052+150r+105 q73 Z q200r2+20052+150r+1903

r,§=—00 r,§=—00
o) )

58 2007r24-2005241007+190s 13 2007r24-2005241007410s
q q y 4 q )

T,6=—00 T,8=—00
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[o¢] o0
58 2007r2420052+1007+190s 13 20072 +4200s24100r+10s
q q y 4 q )
r,8=—00 r,8=—00
o0 o0

qzs 2: q200r2+20052+100r+1105 q23 2: q200r2+20052+100r+905
) )

T,§=—00 7,8=—00

o0 oo
q28 q2007”2+20082+1007“+1108 q23 q2007“2+20052+100r+905
E , E .

These cancel in pairs. Therefore, from (3.9.3), we arrive at v(5n + 3) = 0 to finish

the proof.
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