Chapter 2

Linear operators in fuzzy normed
linear spaces

2.1 Introduction

Linear operators are of great importance in classical functional analysis. In FNLSs
too, linear operators have evolved during the last few decades. Many authors have
contributed to the study of operators in FNLSs and their applications. We refer
to the work of Sadeqi and Kia [59] and the references listed there for details. The
authors used the notion of operators between the FNLS Cla, b] of all bounded se-
quences on the closed unit ball [a,b] and the n-dimensional FNLS R” in an image
processing application.

In this chapter, we explore linear operators and establish several results in an FNLS

as described in the following subsections.

2.2 Boundedness of linear operators in FNLSs

One of the fundamental aspects of a linear operator in classical functional analysis is

its boundedness. In the classical case, a linear operator 1" from a normed linear space

IThe results of Section 2.2 and 2.3 of this chapter have been accepted for publication in New
Mathematics and Natural Computation, World Scientific (2019).
The results of Section 2.4 of this chapter have been published in the form of an article in Annals
of Puzzy Mathematics and Informatics (2017) .
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X into a normed linear space Y is bounded if and only if it maps every bounded
subset in X to a bounded set in Y. Fuzzy boundedness of linear operators, on
the other hand, in the fuzzy setting does not follow similar equivalence in general.
Usually these equivalent conditions give rise to different notions of fuzzy bounded
linear operators. As a result, various notions of fuzzy bounded linear operators are

found in literature.

2.2.1 Different notions of fuzzy boundedness and fuzzy con-
tinuity

In this section, we provide the different notions of fuzzy bounded linear operators
and fuzzy continuous linear operators in FNLSs that are found in the literature.
One of the earlier definitions of fuzzy bounded linear operators in FNLSs is given
by Felbin in 1999.

Let (X, || ., L, R) and (Y,]| . ||, L, R) be two FNLSs.

Definition 2.2.1. [22] The linear operator T : X — Y is said to be fuzzy bounded
if there exists a fuzzy real number n € FT,n = 0,b, < 0o for every a € (0,1], where
[]a = [@a, ba] such that, Vo € X :
I Tz |2 0o | = | (2.2.1)

Earlier, in 1998, Itoh and Cho gave the following definition.
Definition 2.2.2. [34] The linear operator T : X — Y is called a fuzzy bounded
operator if there exists a fuzzy number K = 0 (K € FT) with sup{K2|a € (0,1]} <
o0, such that

(a) whenever s <|| z ||},t < K and st <|| Tx ||3,

I T || (st) = min([| = || (s), K(2)) and
(b) whenever s >|| x ||3,t > K| and st >| Tz ||1,

I T || (st) < max(|| = || (s), K(2))
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where [Klo = [K, K] and [[| Tz o = [I| T |lg, || T2 [2]

However, in the same paper, the authors proved that the inequalities (a) and () in

Definition 2.2.2 are equivalent to the inequality:
| Tz | K& || ||, Va( 6) € X. (2.2.2)

This is similar to (2.1.1). Therefore definition by Felbin (Definition 2.2.1) and
definition by Itoh and Cho (Definition 2.2.2) are the same. In both these cases
the right norm R and left norm L are taken as R = max and L = min.

In 2003, Xiao and Zhu defined another type of fuzzy bounded linear operators, using
general right and left norms instead of the standard right and left norms. We refer

to this notion as X Z-bounded linear operators.

Definition 2.2.3. [66] The linear operator T : X — Y is called X Z-bounded if T

maps fuzzy bounded subsets of X into fuzzy bounded subsets of Y.

Later, in 2008, Bag and Samanta defined two types of fuzzy boundedness of a linear
operator, viz., strongly fuzzy bounded linear operator and weakly fuzzy bounded

linear operator.

Definition 2.2.4. [4] A linear operator T : X — Y is said to be strongly fuzzy

bounded if there exists k > 0 such that:
| Tz || @ || z||= k V(£ 0) € X. (2.2.3)

Definition 2.2.5. [4] A linear operator T : X — Y is said to be weakly fuzzy

bounded if there exists a fuzzy interval n € F+,n > 0 such that:
[Tz || @ = |27 Va(#0) € X. (2.2.4)

Remark 2.2.6. Bag and Samanta proved that every strongly fuzzy bounded linear
operator is weakly fuzzy bounded. They provided an example to show that converse

does not hold ([4], Example 4.2).
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In literature, one can find various other notions of boundedness of linear operators
in fuzzy setting. However most of the other notions fall into one of the notions
mentioned above.

Similar to fuzzy boundedness, there are also various notions of fuzzy continuous
linear operator in FNLSs. Xiao and Zhu and Itoh and Cho gave similar definitions

of fuzzy continuous linear operators with right norm R satisfying 1im+ R(a,a) = 0.
a—0

Definition 2.2.7. [34, 65] A linear operator T : X — Y is said to be fuzzy norm

continuous if im x,, = x implies lim Tz, = Tx, for arbitrary sequence {z,} € X.
n—oo n—oo

Bag and Samanta defined two types of continuity, which are strongly fuzzy continuity

and weakly fuzzy continuity.

Definition 2.2.8. [4] The linear operator T : X — Y is said to be strongly fuzzy

continuous at x € X if for a given € > 0, there exists § > 0 such that
| Tz — Ty ||2< e, whenever || x —y ||L< 6, Va € (0,1].

If T is strongly fuzzy continuous at all points of X, then T is said to be strongly

fuzzy continuous on X.

Definition 2.2.9. [4] The linear operator T : X — Y is said to be weakly fuzzy
continuous at x € X if for a given € > 0, there exists & = 0 such that for [§], =
(6L, 62] and o € (0,1]

Tx —Tx, ||} < e whenever || x — x, ||2< 62, and
o « «

| Tx — T, ||2< € whenever || x — x, ||L< 6L
Bag and Samanta further proved the following:
Theorem 2.2.10. [4] A linear operator T : X — Y s strongly(weakly) fuzzy
bounded if and only if T is strongly (weakly) fuzzy continuous.

Hence every strongly fuzzy continuous operator 7' is weakly fuzzy continuous. In
2010, Hasankhani et al. proposed another notion of continuous operators, namely

strongly continuous linear operators.
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Definition 2.2.11. [31] A linear operator T : X — Y s said to be strongly con-
tinuous if for e > 0, there exists § = 0 such that if || x ||2< 6L, || Tx ||2< € and if

|z ||lb< 82, | Tz ||i< e, for a € (0,1] and z € X.
Hasankhani et al. obtained the following equivalent conditions.

Theorem 2.2.12. [31] A linear operator T is fuzzy bounded if and only if T strongly

continuous.

Theorem 2.2.13. [31] If T : X — Y is fuzzy bounded then, T is fuzzy norm

continuous.

With a general right norm R satisfying lim R(a,a) = 0, Xiao and Zhu proved the

a—0t
following result:

Theorem 2.2.14. [66] A linear operator T : X — Y is XZ-bounded if and only if

T is fuzzy norm continuous.

Combining Theorems 2.2.13 and 2.2.14 we get the following result:
Theorem 2.2.15. If T : X — Y 1is fuzzy bounded, then T is X Z-bounded.

Remark 2.2.16. Fuzzy boundedness is not equivalent to fuzzy norm continuity.
We refer to Example 6.2 in [31] which shows that fuzzy norm continuity does not

imply fuzzy boundedness.

In view of Theorems 2.2.13 and 2.2.14 and Remark 2.2.16, we can conclude that
X Z- boundedness (refer to Definition 2.2.3) is, therefore, not equivalent to fuzzy

boundedness (refer to Definition 2.2.1) of a linear operator.

Remark 2.2.17. The right norm and left norm, in the above discussion, satisfy

R < max and L > min.

Remark 2.2.18. Despite the use of the same notation || . || for the fuzzy norms on

X as well as Y, it may be mentioned that these are different in general.
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2.2.2 Main results

In the sequel, we undertake a comparative study on the boundedness and continuity
of linear operators in FNLSs. We shall use the right norm R < max and the left

norm L > min, unless otherwise specified.

Theorem 2.2.19. Let (X, | .||, L, R) and (Y,|| . ||, L, R) be FNLSs andT : X —Y

be a linear operator. If T is strongly fuzzy bounded, then T is fuzzy norm continuous.

Proof. Let lim z, = x. Therefore, lim ||z, —x ||1L= lim || 2, — 2 |2=0. As T is

strongly fuzzy bounded, there exists k > 0 such that || Tz, —Tx || @ || 7, — 2 || = k.

Hence:
| T2y = Ta G< k|| 20 — @ |lg and || Ton — T o<k || 20 — 2 |3
Thus, we have lim || Tz, — Tz ||t= lim || Tz, — Tz ||?= 0 = lim Tz, = Tx.
n—oo n—oo n—oo
Therefore, T' is fuzzy norm continuous. O]

Corollary 2.2.20. A strongly fuzzy bounded linear operator T from X to Y, is
X Z-bounded.

Proof. Proof follows directly from Theorems 2.2.14 and 2.2.19. [

Corollary 2.2.21. A weakly fuzzy bounded linear operator T from X toY, is fuzzy

norm continuous.

Proof. Proof follows directly from Remark 2.2.6 and Theorem 2.2.19. O

In reference to Lemma 2.2.19 and Corollary 2.2.21, we now show that the converse is
not true in general, i.e., a fuzzy norm continuous linear operator need not be weakly

fuzzy bounded and hence, by Remark 2.2.6, need not be strongly fuzzy bounded.

Example 2.2.22. Let X be a vector space over R and B = {e;}°, a basis for X
(dim X = 00). With L = min and R = max, let us define the fuzzy norms on X as

follows:
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lft— |Cli’,'
I Jlo ( -1

otherwise.

and

: 1fZ|aZ|<t
[ [l (5) =9 1. 1ft:Z|ai|:0;

i=1

| 0, otherwise.
where, © = Zaiei. Then the a-level sets of || . || and || . || are:
i=1
| ai
[l [lo]a Z|az|21az,and [l = [[la Z\az Z
Let T : (X,]| . ||) — (X, || . |lo) be a linear operator and fo;each e, € B, let us

define as: Te,, = ne,, .
The linear T is fuzzy norm continuous:

Let us consider a sequence {x,} C X such that lim x, = 0. Then, hm |z, L=
n—oo
2_

Jim [z, [[5=10

kn kn, kn,
Let z,, = Zamei. Then, Tz, = meei. It gives: || Tz, ||%,= Z | ap,i |, for

i=1 i=1 i=1

all @ € (0,1]. Then, we have:

kn En, kn
I T2o 2= ) lanid = il an |< Zg | an, = 2 15
i=1 i=1 i=1

Letting n — oo, we get || Tz, ||?,— 0 as || z, [|2— 0, for any a € (0,1]. Thus
nh—{Eo Tx, = 0 and hence T is fuzzy norm continuous.

The linear T is not weakly fuzzy bounded:

Let T be weakly fuzzy bounded. There exists a fuzzy real number n = 0 and n € F,

such that, || Tz || @ || x || =X n, for all z € X. Therefore:
I T 2= ne [12=] n [=n <0t || ea [= 7

Hence n < n?, for all n € N, which is a contradiction. Hence T' is not weakly fuzzy
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bounded.

Next, we proceed to compare fuzzy bounded and weakly fuzzy bounded linear op-

erators.
Theorem 2.2.23. Let (X,|| . ||,L,R) and (Y,|| . ||, L, R) be FNLSs and let T :
X =Y be a linear operator. If for each o € (0,1], sup || x ||2< +oo, then Tis fuzzy
zeX
TH#0

bounded < T is weakly fuzzy bounded.

Proof. Suppose T : X — Y is fuzzy bounded. Then there exists n = 0 such that
| Tz ||[X n® || = || for all z(# 0) € X. That gives | Tz [|[L< nl || = ||} and

| Tx ||2< 2 || z ||2. Set mq = mf | z ||} and M, = su);; | z ||, for any a € (0,].

ac;éG r#0
Then,
[ O PO vy - -1 EY AT
f— f— ) f— f—
[k I |2 : [k H»’UH& Mg

Let K be the fuzzy real number generated by the family of nested bounded closed
intervals {[n},n? ]\m@] : o € (0,1]}. Obviously £ > 0 and K € F* (by Proposition
1.3.10). Then, we have || Tz || @ || = || K, for all x(# ) € X. Hence T is weakly
fuzzy bounded.

Conversely, suppose T' is a weakly fuzzy bounded linear operator. Therefore, there

exists n € F,n > 0 such that || Tz || @ || z || X . Using similar argument, we have:

1 2 2 1
1T lla o na e lE _ 3 Ma and, I T )15 _ n2 |l

Telh = el = ama oz = Tz =

Then, there exists a fuzzy real number K € F* and K = 0 generated by the family
of nested bounded closed intervals {[né%—z,ni] ca€ (0,1} and || Tz || KO || x|
Thus T is fuzzy bounded. O

Analogues to Lemma 5.8 by Hasankhani et al. [31], we obtain the following necessary

condition for a linear operator to be weakly fuzzy bounded.
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Lemma 2.2.24. Let (X, || . ||) and (Y, || . ||) be FNLSs and letT : X — Y be a linear

operator. If for all o € (0,1] , sup || Tz ||2< oo and sup sup || Tz ||L< oo,
zll&<1 a€(0,1] [|lz[[3 <1

then T is weakly fuzzy bounded.

Proof. Let Sq = sup || Tz ||2, for all a € (0,1]. If @ <, then || z [|J<| ||} and

[}
llzlla<1

| T [|2<|| T [|2. This implies that S, < S,. Let us assume that I, = g)nf Sg. For
<«

a < 7y, we have Sg < S, < S, and hence
v <y (2.2.5)

Let {ay} be an increasing sequence in (0, 1] converging to a. Since ay < « for each

k, therefore I, < I,, and hence
I, < i%f]ak. (2.2.6)

Using definition of infimum, there is a 5, < «a such that Sz, < I, + €. Since oy
is increasing and converges to «, there exists k, > 0 such that §, < ag,. Then
irgf I, <1, < Ss, and hence irklf I, <I,+e

Letting € — 0, we have
inf o, < o (2.2.7)
Hence by (2.2.6) and (2.2.7), infy I,,, = I, implies
ir}if I, = I,= ]flgl[olo I1,,. (2.2.8)

Now, we have S, < Sg, for all 8 < «, thus 5, < }}nf S = 1,. Then, for any
<a
x(#0) e X
1Tz o < Sallzlla< Lol - (2.2.9)
Next, let I = sup sup || T ||.. Then, for any z(#£ 0) € X

a€(0,1] [|lz[3<1

[Tz la< I ll= o< (T + L) [l 2 II7 - (2.2.10)
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[T HTxHi]
lzlla 7 el

fuzzy real number || Tz || @ || = || for all (# 0) € X. Define [, = [, + 1,].

By Proposition 1.3.10, we obtain that {[ :a € (0,1]} generates the
Then, the inequalities (2.2.5) and (2.2.8) imply that the family {[n], : o € (0,1]}
represents the a-level sets of a fuzzy real number 7. Using inequalities (2.2.9) and
(2.2.10), we obtain that || Tz || @ || = || 7.

Hence T' is a weakly fuzzy bounded linear operator. O]

Remark 2.2.25. If the FNLS X is finite dimensional, then, for all a € (0, 1]:

sup || Tz [|2< oo and sup sup || 7Tz ||L< oco. We thus have:
[=]l&<1 ae(0,1] |jz]|2 <1

Corollary 2.2.26. A linear operator T' from a finite dimensional FNLS X to an
FNLS'Y is weakly fuzzy bounded.

In view of Theorem 2.2.14 and Example 2.2.22, we can conclude that an X Z-
bounded operator is not weakly fuzzy bounded, in general. However, we obtain

a condition for a X Z-bounded operator to be weakly fuzzy bounded.

Theorem 2.2.27. Let (X,|| . ||) and (Y,|| . ||) be FNLSs and T : X — Y be
XZ-bounded. If for each o € (0,1] there exists M, > 0 such that Izl < M, and

lllla

sup || @ ||2< +oo, sup ||y ||A< +oo, forallx € X andy €Y, then T is weakly
a€(0,1] a€(0,1]

fuzzy bounded.

Proof. Let T : X — Y be X Z-bounded operator, so T' maps a fuzzy bounded subset
of X into a fuzzy bounded subset of Y. Choose any « € (0,1]. Consider the set

Ny ={z € X z|L<1}. For 8 € (0,al,
|z 2<] 2 [15< Mg | @ [l5< Mg || @ [lo< Mg (2.2.11)
and, for 5 € («, 1],

I [3<l 2 15 Mo || @ [la< Ma (2:2.12)
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Therefore, for any 8 € (0,1] we can find Mj = max(Mp, M, ), such that (2.2.11)
and (2.2.12) imply N, € N(Mp, B). Thus, Ny is a fuzzy bounded set in X and so

T'Nj is a fuzzy bounded subset in Y. Thus for any 8 € (0, 1], using Lemma 1.3.25,

sup || Tz [|3< +o0,i.e., sup || T [|3< 400
TEN1 lz]|L <1

Since € (0, 1] is arbitrary, we have

sup || Tz ||2< +o0 (2.2.13)

zlle<1
Also, for any € (0,1], {z :|| = |3< 1} C {z ;|| « |[3< 1} and || T [|5<[| Tz ||3.

Therefore

sup || Tz [[3< sup || Tz |3< sup || T ||3< +oo (2.2.14)
el <1 Jallz <1 lellb<1

Thus for each 8 € (0, 1], (2.2.14) gives:

sup || Tz || 5< +00
lellz<1

Since sup |z [|3< +oo, sup |y ||3< +oo, for all z € X and y € Y, therefore
pe(0,1]

5e(0,1]
sup sup || Tz |[5< +o0 (2.2.15)
Be(0.1] Joll3 <1
From (2.1.13), (2.1.15) and Lemma 2.2.24, T is weakly fuzzy bounded. ]
Theorem 2.2.28. Let (X,|| . ||) and (Y,|| . ||) be FNLSs and T : X — Y be

X Z-bounded. If for each o € (0,1] there exists M, > 0 such that lalla < A7, and

[l

sup || x [A< +oo, sup ||y ||I2< +oo, forallz € X andy € Y, then T is fuzzy
a€(0,1] @€(0,1]

bounded.

Proof. Using similar argument as in Theorem 2.2.27, we get, for all « € (0, 1]

sup || Tz ||2< +o0 (2.2.16)

zlla<1
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Since for any 3 € (0,1], || Tz [[<|| T« |3, therefore sup | Tz [3< sup |
llzllp<1 llzllz<1

Tz ||3< +o0, using (2.2.16). Hence,
sup sup | Tz ||5< +oo (2.2.17)

BE(0.1] [l <1

From inequalities (2.1.16) and (2.1.17), we have T is fuzzy bounded (Hasankhani et.
al [31], Lemma 5.8). O

A weakly fuzzy bounded linear operator T" may not be strongly fuzzy bounded
(Remark 2.2.6). We, however, have the following result:

Theorem 2.2.29. Let T be a weakly fuzzy bounded linear operator from a FNLS

(X,|| . ) to a FNLS (Y, || . ||). If sup 12 < +oc where, | Tx | @ ||  |< n and
a€(0,1]

n>=0¢&F*T. Then T is strongly fuzzy bounded as well.

Proof. Let T : X — Y be weakly fuzzy bounded. Therefore dn = 0 € F* so that

| Tz || @ | = |2 n. It gives:
I T2 flo< na |l @ |5 and || Tz <02 || = (2.2.18)

for each a € (0,1]. We have 0 < 7}, < n?> < +oo. Let n, = max(n},n?) and

k = Sup,e(,1]Ma- Since sup n2 < +o0o, we have 0 < k < 4oo. Hence, using
a€e(0,1]

(2.2.18), we get

[Tz o< k2 |lo and || Tz G< k|| = I,

Thus, 3k > 0 such that || Tz || @ || z || < k and hence T is strongly fuzzy bounded.
[

The interrelationships amongst various boundedness notions help us in obtaining a

fair analysis of the existing theorems of linear operators in FNLSs.
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2.3 Space of strongly fuzzy bounded operators

Different notions of fuzzy boundedness of linear operators apparently constitute
various types of fuzzy norms. As mentioned earlier, various authors discussed the
FNLSs of linear operators. In this section, we study the completeness of the FNLS of
strongly fuzzy bounded operators with respect to the FNLS of weakly fuzzy bounded
operators.

Before going to the main results, we prove the following general property of an

FNLS.

Lemma 2.3.1. Let (X,|| . || be a complete FNLS with lim R(a,a) =0. If A is a

a—07t

fuzzy closed subset of X, then A is complete.

Proof. Let {x,} be a Cauchy sequence in A. Then {z,} is a Cauchy sequence in

X also. Since X is complete, therefore, {x,} converges in X such that lim z, =z
n—oo

where z € X. As A is fuzzy closed, using Lemma 1.3.26, we have z € A. Thus {xz,}

converges in A and so A is complete. m
Let (X, || ., L, R) and (Y, ]| . ||) be two FNLSs, with R < max.
Bag and Samanta [4] defined the fuzzy norm || . ||* of a linear operator 7' : X — Y

as a function || T ||*: R — [0, 1] such that:

1T ()= \{ae©U:te T I T I}

where

Tz ||} Tz ||?
| T ||5}= sup H |2|°‘,and | T ||52= sup | |1|"‘
sex || @[3 zex || @ [|g
z#0 x#£0

The fuzzy norm || T ||* is, thus, generated by the family of nested bounded closed
intervals {[| 7, | 7 122 : a € (0, 1]}

Let us denote the space of all strongly fuzzy bounded operators from X to Y by
B*(X,Y) and the space of all weakly fuzzy bounded operators by B(X,Y). Ji
et al. [37] stated that the spaces B*(X,Y) and B(X,Y) are quite different spaces.

However, it is already been proved that every strongly fuzzy bounded linear operator
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is weakly fuzzy bounded, so we have B*(X,Y) C B(X,Y). We can, in fact, prove

the following:
Theorem 2.3.2. B*(X,Y) is a fuzzy closed proper subspace of B(X,Y).

Proof. Let {T,,} be a sequence of strongly fuzzy bounded linear operators in B*(X,Y)
and let lim 7,, = T, for some 7' € B(X,Y). Fix any z € X and a € (0,1]. For

n—o0

e > 0 there exists n. (depending on ¢ and «) such that || T,, — T ||}*< ¢ for all

n > Ne.
T,x —Tx |2

That is, sup | Tz 1x . <eforalln>n. ie., || Tyx—Tx ||2<e| x|k, for all

wex ol

T#0
n>n.and z € X
In particular, for any z € X,

| Toow = T 3<e | = |l (2.3.1)

As T, is strongly fuzzy bounded, there exists K, > 0 such that || T,z || @ || = ||

K, ,Vx € X. Therefore:
| Tooo 6< Ko, [l @ [l and || Tz flo< Ko, || 2 |12 (2.3.2)
Since R < max, for any z(# ) € X, from (2.3.1) and (2.3.2):

| To o< To = Tz I3 + | Tooz lla< e 12 [la +Kn. || 2 la

ie.,
I Tz 5=  |la (e + Kn.) (2.3.3)
T 2
Thus, sup | Tz ’1|O‘ < (e+K,.).
vex |l ]|
T#£0
. | T || —
Similarly, sup 22 < (e+ K,.). Therefore, | Tz || @ || z ||X (¢ + K,.),Vz € X
zeX T |la
T#0

and hence, T is strongly fuzzy bounded, i.e., T' € B*(X,Y).
Therefore B*(X,Y) is fuzzy closed subset of B(X,Y). O
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Theorem 2.3.3. If B(X,Y) is complete then B*(X,Y) is also complete.

Proof. As B*(X,Y) is a fuzzy closed subset of B(X,Y"), the proof follows directly
from Lemmas 2.3.1 and 2.3.2. O

Ji et al. [37] proved that the space B(X,Y) is complete if Y is complete. Thus,
completeness of Y implies completeness of B*(X,Y). However, B*(X,Y) may be
complete even if Y is not complete ([37], Example 3.3 ). Therefore, while complete-
ness of B(X,Y) implies the completeness of B*(X,Y), the converse is not true in

general.

2.4 Few results on linear operators

In this section, we obtain several results on linear operators in FNLSs. The results

are obtained using the general right and left norms respectively.

2.4.1 Extension of a linear operator

We first introduce an extension of a linear operator in FNLSs and then prove a
boundedness result for the extension operator. The definitions of range space and

null space of a linear operator are considered as in Kreiszig [42].

Definition 2.4.1. Let T : (X,|| . ||, L,R) — (Y,|| . ||, L, R) be a linear operator.
The restriction of the operator T to a set A C X, denoted by T |4, is defined as:

T|arA—=Y,T|a(x) =Tz Ve e A

Definition 2.4.2. An extension of T from a set M C X to X is the operator

T:X —Y such that: T |yy=T,i.e., T(z) = T(x), Vo € M.

Theorem 2.4.3. Let (X, || . ||, L, R) and (Y,|| . ||, L, R) be FNLSs with lim R(a,a) =
a—0

0 where Y is complete. Let T : D — Y be a strongly fuzzy bounded linear operator,

where D C X. Then T has an extension T : D — Y such that T is strongly fuzzy

bounded linear operator of fuzzy norm || T ||*=|| T ||*.
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Proof. Consider any x € D. Then, there exists a sequence {,} in D such that
lim x,, = z (by Lemma 1.3.26). Since T is a strongly fuzzy bounded linear operator,
n—oo

3k € R* such that, forallz € X, || Tz || @ || « |2 k. Thus, we have || Tx,, — Tz, ||

@ || ¥y — 2, || k. This gives:

Tx, — Tz, ||} Tx, — Tz, ||
| Tz z 2||a <k and IT® r 1”& <k (2.4.1)
| Zm — 20 |2 | Zm — 20 |4
As {w,} converges, {z,} is a Cauchy sequence. Therefore, lim | x,, —x, |[|2=
7,1M—00
lim || @, — 2, ||4= 0. Thus, (2.4.1) gives, lim || Tz, — T, ||2= 0, and
n,Mm—00 n,Mm—00

hence, {T'x,} is a Cauchy sequence in Y. Since Y is complete, {T'z,} converges.
Let hgn Tz, =y, where y € Y.

Let us define a function 7 : D — Y as Tz = y for € D. As {x,} is a sequence in
D C X, for all n, we have || Tz, ||L< k|| 2, |2

Now,

I T2 llo= Iy llo=I lim Tz, [o= lim || Tz, |,
< . 2: . 2
<k lim |z, o= F | lim 2, [

=kl x|
Thus, | Tz 1< k || 2 ||2, ie., 1Z2s < .

[EIE
In the same way, it can be proved that % < k. Combining these, we get

| Tz || @ || 2 || < k and hence T is strongly fuzzy bounded.
We now show that || 7 |[*=|| T ||*. For z € D, Tz = Tz gives | T ||*=|| T ||*.

For # € D — D: There exists a sequence (z,,) in D such that lim z,, = x. For all

n—oo
such x € D — D,
~ . 1 .
(e sup 1 To I W T o) a7 g
= sup =Sup —————— = sup = sup
R N A [ v [ P

which gives || T ||*!=| 7" ||*!. In the similar way, we can show that: || T ||:2=| T" ||:2.

Hence the two families {[|| 7 |25 7 /2] : « € (0,1]} and {[|| T |21, || T |2
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| : a € (0,1]} generate the same fuzzy number (using Proposition 1.3.10). Hence

=T 0

Example 2.4.4. Consider X = Y = R, the linear space of all real numbers and

L = min and R = max. Define the fuzzy norms || . || and || . ||~ on R as follows:
=] .
2oif |z < ot
2l =4 1 if|zl=t=0;
0 otherwise.
and
N if |z |=t;
[ [~ (1) =
0 otherwise.
The a-level sets of | = || and || x ||~ are given by: [|| = [|]lo = [| = \,'Z‘;—‘] and
Wz 1e =1l el

Define a mapping 7' : D — X, D = (—1,1) as Tz = z,Vx € D. Clearly T is linear
and strongly fuzzy bounded. For

| Ta ]y _|a
T2z = H

|:a§1,Vm7é6’€D (2.4.2)

I T ||5*

[

_ ; i : = 1,Va(£6) €D (2.4.3)

From (2.4.2) and (2.4.3), || Tz ||~ @ || = |2 1, Va(# 0) € D. Hence T is strongly

fuzzy bounded. As R = max = lim R(a,a) = 0, using Lemma 1.3.26 we get

a—07t
D = [-1,1]. Now define a function T : D — X as follows:
1 ifr=—1;
Tr=3 1 ifz=1;

Tz if z(# —1,1) € D.

Then, clearly T |p= T and hence T is an extension of 7. Also,

T ~1
[ O S

1__
|7 5= sup .
«

z(#£0)eD |z []2 B z(#0)€D
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T ~2
17 2= sup Dl o L2l
z(#£0)€D |z [13 z(£0)eD | T |
~ T ||t T(—1) I~ 1 T(1) 11~ T ||~
1T = s T2l ITED IS NTOIE g 1T
20 | 2 13 FEDIE T TR sepoay T2 l2
—1 1
= max{‘ (ﬂ) |,%, | 751} = max{a,a,a} = a < 1.
~ T ||~2 T(—1) 172 | T(1) 112 T ||~2
| T |22 = sup w = max{” (=1) Hlo‘ , I (1) Hlo‘ . sup Il T JI3 ”1a
«z0ep | 7 o FED e TG septay T2 lla

G R 2y e _
- {‘<_1)|7’1|7“T”a} {17171} L.

Hence, || T [l5'=|| T |5 and || T [l2= T |2>
Therefore, the fuzzy real numbers || T ||* and || T ||* generated by the families of
closed intervals {[| 7[5, 1| 7 (|22}, e € (0,1]} and {[I| 7 I3, ]| T |l2”]. v € (0,1}

respectively are the same, i.e., | T |*=| T |*.

2.4.2 Inverse of a linear operator

In this section, we define the inverse of a linear operator on FNLSs and establish an

existence theorem.

Definition 2.4.5. Let (X,| . ||, L, R) and (Y,|| .||, L, R) be FNLSs andT : X —Y
be a linear operator. Let R(T) and N(T) be the range space and null space of T
respectively (definitions are same as their classical counterparts).

If T is bijective, then inverse of T—' exists and for A CY, let us define
THANR(T) ={x € X : Tz € A}.
First we prove the following lemma.

Lemma 2.4.6. Let T be a XZ-bounded linear operator from an FNLS (X,| . ||
,L,R) to an FNLS (Y, || . ||, L, R) with lim R(a,a) = 0. Then, the null space N (T)
a—0

of T is fuzzy closed.
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Proof. Let * € N(T). Then, there exists a sequence {x,} in N(T) such that
lim z,, = x. Since T is X Z-bounded, therefore, T is fuzzy norm continuous. Thus,
n—oo

we get lim Tz, = Tz. Again, for each n, Tz, = 0 as z,, € N(T). Therefore,

n—00

Tx =0 and hence x € N(T). Hence, N (T) is fuzzy closed. O

Since a strongly fuzzy bounded or weakly fuzzy bounded or fuzzy bounded linear
operator is also X Z-bounded, Lemma 2.4.6 is valid for this type of linear operators

as well.

Theorem 2.4.7. Let T be a strongly fuzzy bounded linear operator from a complete
FNLS (X,| . |l,L,R) to an FNLS (Y,|| . ||, L, R) with ali)rtlgl+ R(a,a) = 0. Suppose
that for some ¢ > 0, || Tx | @ || = ||= ¢, Yo € X. Then the range R(T) of T is
fuzzy closed.

Further if R(T) =Y, then T is invertible and || T~ ||22< L.

Proof. Let {y,} be a convergent sequence in R(7") and let lim y, = y. Correspond-
n—o0

ing to each y,, there exists x,, in X such that Tz, = y,. Therefore, nhjEO Tx, =y.

As
| Ton || @[l 2n |I= € (2.4.4)
we have:
| T2y 52 ¢ || 2 |l and || Tz o= ¢ [ 2 |I2 (2.4.5)
As {Tx,} converges, it is a Cauchy sequence. Using the inequality (2.4.5) we get:
cll @m = @ oSl Tom — Ton I3 < T2 — Ty |15 (2.4.6)

This implies that lim || 2, — 2, ||2>= 0. Therefore {x,} is Cauchy. As X is
m,n—oo

complete, (x,) converges in X. Let 7}1_{20 x, =, for v € X.

Since T is strongly fuzzy bounded, therefore T' is fuzzy norm continuous (Lemma
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2.2.19) and we have nh_)n;() Tx, = Txz. Hence, Tz = y.
Therefore, y € R(T) and thus R(7T) is fuzzy closed.
Next, let R(T) = Y, then T is onto. Consider 1,25 € X. Using (2.4.4), we get
| Ty ||L#] Tao ||} and || Txy ||2#|| Txo ||2. Thus Ty # Ty and so T is one-one.

Hence T is invertible. Let T~! be the inverse of T. We have

T—l 2

T—l 2*: su H x Ha

| o p
vevato || T3

(2.4.7)

Forx(#£0)eY,let T7'v=ye X =Ty==z Using | Ty | @ || y ||= ¢ (from

2.4.4), we obtain for any xz € Y

ITvle > oy 2ot | 7y sl 770 < e )
H H2 - Yy ~C Ylla Tlla> € Tl
Y lla
T—l 2
Therefore, we get:  sup w <c'and hence | T~ [|#< ¢t O
vevato | 7l

Corollary 2.4.8. Let T be a weakly fuzzy bounded linear operator from a complete
FNLS (X,| . |l,L,R) to an FNLS (Y,|| . ||, L, R) with ali)rél+ R(a,a) = 0. Suppose
there is a fuzzy real number n > 0 such that | Tz || @ || = ||= n. Then the range
R(T) of T is fuzzy closed. Also if R(T) =Y, then T is invertible and || T~ ||22< %

Proof. Proceeding as in Theorem 2.4.7, for any convergent sequence {y,} in R(T),

there exists a sequence x,, € X such that Tz, = y,. Therefore, lim Tz, = y, for
n—oo

y € Y. Using similar argument as above, {z,} is Cauchy. As X is complete, {z,}

converges in X. Let lim z, =z, for x € X.
n—oo

Since T' is weakly fuzzy bounded, T is fuzzy norm continuous (Corollary 2.2.21) and
therefore nh_)rrolo Tz, =Tx. It gives Tx = y and hence y € R(T).

Thus, R(T) is fuzzy closed.

Next, let R(T) =Y, then T' is onto and one one, similar to Theorem 2.4.7. Hence
T is invertible. Consider T~! be the inverse of T. We have

Tfl 2
|| T—l ||i*: sup ” Y ||a

(2.4.8)
yEY,y#0 “ Yy ||Lly
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ForyeVY,let T-'y =2 € X = Tz =y. Using
[Tz || @ = |=mn, (2.4.9)

For any y € Y we obtain:

| Tz |l 1 - 1 N
e 2 o = @ 5= ol L= Ty 2< ol I, (2.4.10)
T*l 2 1
Therefore, sup 1777 Jla < — and hence || T ||2*< 2. 0
yeY,y#0 ” Yy ||é 7731 N

Similar results can be proved for fuzzy bounded linear operators. The proofs are

straightforward and follows from Theorem 2.4.7 and Corollary 2.4.8.

Corollary 2.4.9. Let T be a fuzzy bounded linear operator from a complete FNLS
(X, || . I, L, R) to an FNLS (Y, || . ||, L, R) with ali)IglJr R(a,a) = 0. Suppose there is a
fuzzy real number n > 0 such that || Tz ||= n® || = ||. Then the range R(T) of T is
fuzzy closed. Also if R(T) =Y, then T is invertible and || T™* ||3*< %
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