Chapter 6

Genus of commuting conjugacy

class graphs of groups

Continuing the works of Ashrafi and Salahshour [86], in Chapter 5 we have obtained var-
ious spectra and energies of commuting conjugacy class graphs of finite groups. In this
chapter we compute genus of commuting conjugacy class graphs of the groups consid-
ered in Chapter 5 and determine whether CCC(G) for those groups are planar, toroidal,
double-toroidal or triple-toroidal. This chapter is based on our paper [19] published in
Algebraic Structures and Their Applications.

6.1 Genus of CCC(G)

In this section we compute genus of commuting conjugacy class graph of the groups
Day, SDsny Qamy Vans Un,m) and G(p, m, n) one by one and check their planarity, toroidal-
ity etc.

Theorem 6.1.1. Let G = Dsy,,. Then
(a) CCC(G) is planar if and only if 3 < n < 10.
(b) CCC(G) is toroidal if and only if 11 < n < 16.
(c) CCC(Q) is double-toroidal if and only if n = 17,18.

(d) CCC(G) is triple-toroidal if and only if n = 19, 20.
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Chapter 6. Genus of commuting conjugacy class graphs of groups

{WW . ifnis odd and n > 21
(e) ~(CCC(@)) =

{w—‘ , if n is even and n > 22.

Proof. Consider the following cases.
Case 1. n is odd.

By Result 1.3.18 we have CCC(G) = K; U Kn%l Therefore, for n = 3 and 5, it follows
that CCC(G) = 2K, K; U K respectively; and hence CCC(G) is planar. If n > 7 then, by
Result 1.1.4 and (1.1.b), we have

B _[(n=T7)(n—-9)
ece(@) =kan) = | “=0=2).
Clearly v(CCC(G)) = 0 if and only if n = 7 or 9. Also, v(CCC(G)) =1 if n = 11, 13 or 15;
v(CCC(G)) =2if n=17; v(CCC(G)) = 3 if n = 19. For n > 21 we have
(n—=T)(n-9) _ 7
RS VAS A S
48 25735

and so

seceay - [0 5y

Thus, CCC(G) is planar if and only if n = 3,5,7,9; toroidal if and only if n = 11,13, 15;
double-toroidal if and only if n = 17 and triple-toroidal if and only if n = 19.
Case 2. n is even.

By Result 1.3.18 we have

2K U K%,l, if n and § are even

CCC(@G) =
Ky U K%_l, if n is even and 3 is odd.
Therefore, for n = 4 and 6, it follows that CCC(G) = 3K, 2K, respectively; and hence
CCC(G) is planar. If n > 8 then, by Result 1.1.4 and (1.1.b), we have

(n—8)(n— 10)}
48 ’

2CCC(G)) = 4K 3 1) = [
Clearly v(CCC(G)) = 0 if and only if n = 8 or 10. Also, 7(CCC(G)) =1 if n =12, 14 or 16;
v(CCC(G)) =2 if n =18; v(CCC(G)) = 3 if n = 20. For n > 22 we have

(n—8)(n —10)
48

7
>—-=35
_2 Y

and so

> 4.

v(cee(@)) = [(n —8)(n— 10)}

48
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Chapter 6. Genus of commuting conjugacy class graphs of groups

Thus, CCC(G) is planar if and only if n = 4, 6,8, 10; toroidal if and only if n = 12,14, 16;
double-toroidal if and only if n = 18 and triple-toroidal if and only if n = 20. Hence the

result follows. O
Theorem 6.1.2. Let G = SDsg,. Then

(a) CCC(G) is planar if and only if n =2 or 3.

(b) CCC(G) is toroidal if and only if n = 4.

(¢) CCC(Q) is double-toroidal if and only if n = 5.

(d) CCC(Q) is not triple-toroidal.

{@j%&ﬁw’ if nis odd and n > 7

(e) v(CCC(G)) =

[%—‘ , ifn is even and n > 6.

Proof. Consider the following cases.
Case 1. n is odd.
By Result 1.3.22 we have CCC(G) = K4 U Ko,—9. For n > 3, by Result 1.1.4 and (1.1.0),

we have

Y(CCC(G)) = Y(Ka) +Y(Kan 2) = [O’L —3)(2n - 5)} |

6
Clearly v(CCC(G)) =0 if n = 3; v(CCC(G)) =2 if n = 5. For n > 7 we have

(n— 3)é2n —5) > 6,

and so

J(cee(G)) = [(” 0= ﬂ > 6.

Thus CCC(G) is planar if and only if n = 3; double-toroidal if and only if n = 5.
Case 2. n is even.
By Result 1.3.22 we have CCC(G) = 2K1UKay,—1. For n > 2, by Result 1.1.4 and (1.1.0),

we have

1(CCC(G)) = (K1) = ﬂ” 2en ﬂ |

Clearly v(CCC(G)) =0 if n = 2; v(CCC(G)) =1 if n = 4. For n > 6 we have

(n—2)(2n — 5)
6

14
> Y
-3
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and so

J(cee(@)) = [(” S ﬂ > 5

Thus CCC(G) is planar if and only if n = 2; toroidal if and only if n = 4. Hence the result
follows. u

Theorem 6.1.3. Let G = Q4. Then
(a) CCC(G) is planar if and only if m = 2,3,4 or 5.
(b) CCC(QG) is toroidal if and only if m = 6,7 or 8.
(c) CCC(Q) is double-toroidal if and only if m = 9.
(d) CCC(G) is triple-toroidal if and only if m = 10.
() n(cce(G)) = [=45m2] for m > 11,

Proof. By Result 1.3.19 we have

KoUK, 1, if m is odd
CCC(G) =

2K U K,,—1, if m is even.

Therefore, for m = 2,3, it follows that CCC(G) = 3K, 2K respectively; and hence CCC(G)
is planar. If m > 4 then, by Result 1.1.4 and (1.1.b), we have

ACCC(G)) = 1K) = ﬂm S ﬂ |

Clearly v(CCC(G)) = 0 if and only if m = 4 or 5. Also, v(CCC(G)) =1if m =6, 7 or §;
v(CCC(G)) =2 if m =9; y(CCC(G)) = 3 if m = 10. For m > 11 we have

(m—4)(m —5)
12

7
>—-=35
=9 9

and so

seceay = =R - g

Thus, CCC(G) is planar if and only if m = 2,3,4,5; toroidal if and only if m = 6,7,8;
double-toroidal if and only if m = 9 and triple-toroidal if and only if m = 10. Hence the

result follows. O
Theorem 6.1.4. Let G = Vg,,. Then

(a) CCC(G) is planar if and only if n = 2.
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Chapter 6. Genus of commuting conjugacy class graphs of groups

(b) CCC(Q) is toroidal if and only if n =3 or 4.
(¢) CCC(Q) is not double-toroidal.

(d) CCC(Q) is triple-toroidal if and only if n = 5.

{%] . ifnis odd andn >7

(e) v(CCC(G)) =

{(nfa) ((62%5)

—‘, if n is even and n > 6.

Proof. Consider the following cases.
Case 1. n is odd.
By Result 1.3.21 we have CCC(G) = 2K UKay,_1. For n > 3, by Result 1.1.4 and (1.1.0),

we have

1(CCC(G)) = 7(Kan_1) = ﬂ" 2en ﬂ |

Clearly v(CCC(G)) =1 if n = 3; y(CCC(G)) = 3 if n = 5. For n > 7 we have

—2)(2n — 1
== 15,

and so

Case 2. n is even.
By Result 1.3.21 we have CCC(G) = 2Ky Ll Ko,,_2. Therefore, for n = 2 it follows that
CCC(G) = 3Ko9; and hence CCC(G) is planar. If n > 4 then, by Result 1.1.4 and (1.1.b), we

have

H(CCE(G) = (K 2) = |
Clearly v(CCC(G)) =1 if n = 4. For n > 6 we have

(n—3)(2n —5)
6

(n— 3)ézn— 5)} |

7
> —-=35
=9 9

and so

~(CCC(Q)) = [(" - 3)((32” - ﬂ >4,

Thus CCC(G) is planar if and only if n = 2; toroidal if and only if n = 4. Hence the result
follows. u

Theorem 6.1.5. Let G = Uy, ). Then

(a) CCC(G) is planar if and only if n =2 and m = 3,4,5,6; n =3 and m = 3,4; orn =4
and m = 3,4.
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Chapter 6. Genus of commuting conjugacy class graphs of groups

(b) CCC(G) is toroidal if and only if n =2 and m =7,8; orn =3 and m = 5,6.

(c) CCC(Q) is double-toroidal if and only if n = 2 and m = 9,10; n = 4 and m = 5,6;

n=5andm=3;n=6 andm=3; orn=7T and m = 3.

(d) CCC(Q) is triple-toroidal if and only if n =3 and m =7,8; n =5 and m =4; n =6

and m=4; orn="7 and m = 4.

(e) v(CCC(G)) =

_(mn_n_eﬁémn_n_s)} , ifn=2,mis odd and m > 11

_(mn—Qn—Giémn—Zn—S)—‘ if n =2, m is even and m > 12

—(mnfnf()‘iémn*nfg)—‘ + {w—‘ , an — 3’ m 1s odd and m 2 9’
n=4,m>7n=5m>25;
n=6m>5n=7m2>25;

orn>8m>3

{(mn_%_ﬁiémn_%_g)-‘ + 2 {(n_31)(2n_4)-| , ifn =3, mis even and m > 10;
n=4,m>8n=>5m > 6;
n=6m>6;n="7,m > 6;

orn>8m>4

Proof. Consider the following cases.
Case 1. m is odd.
By Result 1.3.20 we have CCC(G) = K nim-1) U K.
Subcase 1.1 n = 2. ’
If n = 2 then we have CCC(G) = K,,—1 U Ka. Therefore, for m = 3 it follows that
CCC(G) = 2K>3; and hence CCC(G) is planar. For m > 5, by Result 1.1.4, we have

o-tm=a]

V(CCC(G)) =y (Km-1) =

Clearly v(CCC(G)) = 0 if m = 5; v(CCC(G)) = 1 if m = 7; v(CCC(G)) = 2 if m = 9. For

m > 11 we have
(m—4)(m —5)

12

7
> —-=35
_2 I
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and so

J(cee(@)) = ﬂm S ﬂ -

Thus CCC(G) is planar if and only if m = 3, 5; toroidal if and only if m = 7; double-toroidal
if and only if m = 9.
Subcase 1.2 n > 3.
If n > 3 then we have CCC(G) = Knm-1n U K. By Result 1.1.4, we have
2
mn—n—6)(mn—n—38 n—3)(n—4
CCEE) =1(Kntaen) + 1) = | ) 4 | =B,

2

Clearly v(CCC(G)) =0ifn=3,m=3orn=4,m=3. y(CCC(G)) =1if n =3,m = 5;
v(CCC(G)) =2ifn=4m=5o0orn=5m=3o0orn=6m=3o0rn="7m=3;
v(CCC(G)) =3ifn=3,m="7. If n =3 and m > 9 then

(mn—n—6)(mn—-n—-8) (m—3)(3m—11) -

48 - 16 2 6.

Therefore

Wam@»:[Wm—n—@@m—n—&w+ﬁn—$m—®w26

48
If n =4 and m > 7 then

(mn—n—6)(mn —n—238) _ (2m —5)(m — 3) > 6.
48 6 -

Therefore

wam@D:[Wm—n—@@m—n—&w+ﬁn—$m—®w26

48
If n =5 and m > 5 then

(mn —n—6)(mn—n—38) _ (5m — 11)(5m — 13) S
48 48 -

Therefore

%aw@»:[Wm—n—@@m—n—&w+ﬁn—$m—®w25

48
If n =6 and m > 5 then

(mn —n—6)(mn —n—38) _ (m—2)3m —17) > 6 and (n—3)(n—4) 1
48 4 - 12 2

Therefore

wam@»:[Wm—n—@@m—n—&w+Wn—$m—®w>T

48
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Chapter 6. Genus of commuting conjugacy class graphs of groups

If n =7 and m > 5 then

(mn —n—6)(mn —n—28) _ (Tm — 13)(7m — 15) S 55 (n—3)(n—4)
48 48 -6 12

Therefore

~(CCe(@)) = [(mn—n—ﬁ)(mn—n—S)_‘ n [(n—i’))(n—él)-‘ 11

48
If n > 8 and m > 3 then

(mn—n—6)(mn —n—238)

>

and

Therefore

HCCC(E) = [(mn—n—t}iémn—n—&—‘ . [(n—?)ién—él)—‘ -

Thus CCC(G) is planar if and only if n = 3,m = 3 or n = 4, m = 3; toroidal if and only if
n = 3,m = 5; double-toroidal if and only if n =4,m =50orn=5,m=3orn=6,m=23
or n =7, m = 3; triple-toroidal if and only if n =3,m =T7.
Case 2. m is even.

By Result 1.3.20 we have CCC(G) = K nm-2 U2K,.
Subcase 2.1 n = 2. ’

If n = 2 then we have CCC(G) = K,,—2 U 2K5. Therefore, for m = 4 it follows that
CCC(G) = 3K>y; and hence CCC(G) is planar. For m > 6, by Result 1.1.4, we have

(m — 5%27”— 6)} .

A(CCC(G)) = A(Koms) = [

Clearly v(CCC(G)) = 0 if m = 6; v(CCC(G)) =1 if m = 8; y(CCC(G)) = 2 if m = 10. For

m > 12 we have
(m —5)(m — 6)
12

7
> —-=35
-2

and so

sieceay = M= y

Thus CCC(G) is planar if and only if m = 4, 6; toroidal if and only if m = 8; double-toroidal
if and only if m = 10.
Subcase 2.2 n > 3.
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Chapter 6. Genus of commuting conjugacy class graphs of groups

If n > 3 then we have CCC(G) = Knm-2 U2K,. By Result 1.1.4, we have

2

1(CCC(G)) = YK i) +7(2x)

_ [(mn— zn_ﬁiémn_ o — s)w Ly [(n— Bién—él)“ |

Clearly v(CCC(G)) =0ifn=3,m=4orn=4,m=4. y(CCC(G)) =1if n = 3,m = 6;
v(CCC(G)) = 2iftn =4,m = 6; vy(CCC(G)) =3 ifn=3,m=8orn =>5m=4or
n=6m=4orn=7m=4. If n=3 and m > 10 then

48 16

(mn —2n —6)(mn —2n—8)  (m —4)(3m — 14) > 6.

Therefore

J(cee(@)) = { !

(mn—?n—ﬁ)(mn—2n—8)-‘ Y [(n—3)(n—4)-‘ -
If n =4 and m > 8 then

(mn—2n—6)(mn—2n—-8) (m—4)2m—17) S

48 6 -

Therefore

HCCC(E) = "(mn—Zn—G)(mn—Qn—S)_‘ Ly [(n—?))(n—él)-‘ -

48

If n =5 and m > 6 then

(mn —2n — 6)(mn — 2n — 8) _ (5m — 16)(5m — 18) < 7 _35
48 48 -2
and
(n—3)(n—-4) 1
12 "6
Therefore

HCCC(E) = {(mn—2n—6)(mn—2n—8)—‘ Y [(n—f&iéﬂ—él)w 6

48
If n =6 and m > 6 then

(mn —2n —6)(mn — 2n — 8) _ (m — 3)(3m — 10) > 6 and (n—3)(n—4) 1
48 4 - 12 6

Therefore

HCCC(E) = {(mn—Qn—G)(mn—2n—8)_‘ Y [(n—?)i;n—él)-‘ .-

48
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If n =7 and m > 6 then

(mn —2n —6)(mn —2n—8)  (Tm — 20)(7m — 22) S 55 (n—3)(n—4)
48 a 48 =6 12

Therefore

(mn — 2n — 6)(mn — 2n — 8)" Lo {(n—i?;n—él)w > 19

s(eee@) = | )

If n > 8 and m > 4 then

(n=3)(n—4) _5 (mn —2n —6)(mn — 2n — 8)
BT R ( 1 W =0
Therefore
~(CCC(G)) = {(mn—Qn—Giémn—2n—8)_‘ 49 [(n—Si;n—él)-‘ >4

Thus CCC(G) is planar if and only if n = 3,;m = 4 or n = 4, m = 4; toroidal if and only
if n = 3, m = 6; double-toroidal if and only if n = 4, m = 6; triple-toroidal if and only if

n=3m=8orn=5m=4orn=6,m=4orn="7,m=4. Hence the result follows. [
Theorem 6.1.6. Let G = G(p,m,n). Then

(a) CCC(Q) is planar if and only if n = 1,m = 1,p = 2,3,5; n = 1,m = 2,p = 2;
n=1lm=3,p=2;n=2m=1Lp=2;n=2m=2,p=2;orn=3,m=1,p=2.

(b) CCC(G) is not toroidal.
(c) CCC(Q) is double-toroidal if and only if n =2,m =1,p=3.

(d) CCC(G) is not triple-toroidal.
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(e) v(CcC(G)) =

(p+1) [ 2=492=21], ifn=1l,m=1p>7
(p+1) ’(p2_p_3igp2_p_4)“ , ifn=1m=2,p>3
p+1) _(”3‘1’2‘3{?3‘1’2‘4)] , ifn=1,m=3p>3
(p+1) _(pm_le_S{é”m_pm*l_ﬂ : ifn=1,m>3p>2
(»* —p) {%] +2 {@Q*P*}gﬁp%)] , ifn=2m=1p>5

2 -3 2 —4
(% - p) {(p P zgp P )—‘

2 [l ] ifn=2m=2p>3
(® — p) {(p’”*l(p—l)—3%§pm*1(p—1)—4)1

) {(pm(pfl)f?’igpm(pfl)%)w ’ ifn=2,m>3p>2
36, ifn=3m=1,p=3
P —1) {(p—4%gp—5)1 19 {(p3—p2—3igp3—p2—4)1 . ifn=3m=1,p>5
4, ifn=3m=2,p=2

m__,m—1__ m__m—1__
P(p—1) {(p P i?gp p 4)}

o | QIR ifn=3m=2p>3

orn=3m2>3,p>2

5 "(pn—l(pm_pm—l)_:{%gpn—l(pm—pm—l)—4)—| ’ fn>4m>1,p>2

and p™ —pm~1 < 4

n—1) {(pm—pm*l—32(17’”—17”“1—4)-‘

(" —p 2

492 {(p”‘l(pmfpm‘l)*i?gpn_l(pm*pm_l)*‘l)W , ifn>4,m>1,p>2

and p™ — p™~1 > 5.

Proof. By Result 1.3.23 we have
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CCC(G) = (pn — pn_l)Kpm—n(pn,pn—l) L Kpn—l(pm,pm—l) L Kpm—l(pnipn—l).

Consider the following cases.
Case 1. n=1.

We have CCC(G) = (p+1)Kym-1(,—1). For m = 1 and p = 2,3, it follows that CCC(G) =
2K or 3K which is planar. If m =1 and p > 5, by Result 1.1.4 and (1.1.5), we have

Y(CCC(G)) = (p+ Dy(Ep-1) = (p+ 1) W“?gg—ﬂ '

Clearly v(CCC(G)) =0 for p=5. If p > 7 then
(p—4)(p—5)
and so
sece@) = e 1) [ PHE= ) o s

If m =2 and p = 2 then v(CCC(G)) = 3v(K32) = 0. For m = 2 and p > 3, by Result 1.1.4
and (1.1.b), we have

(p2—p—3)(p2—p—4)w .

Y(CCC(G)) = (p+ D)y (Kyp-1)) = (p+1) [ 12

If p > 3 then
P -p-3)p"-—p—4)
12

1
> -
-2

and so

L(eee(@)) = (p+ 1) W’z =2 205y

If m = 3 then y(CCC(G)) = (p + 1)7(Kp2(p—1)). Therefore, if m = 3 and p > 2 then by
Result 1.1.4 and (1.1.5), we have

(P —p*=3)(p* —p° 4)} '

Y(CCC(G)) = (p+ Dv(Kp2p-1)) = (p+ 1) [ 12

Clearly if m = 3 and p = 2 then v(CCC(G)) = 0. If p > 3 then

(P*—p*=3)(p*—p*—4) _ 35

and so

A(eee(@) = (p+ 1) W)
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If m > 4 and p > 2 then v(CCC(G)) = (p+1)y(Kpm-1(p—1)). Therefore, by Result 1.1.4 and
(1.1.5), we have

(pm _ pm—l _ 3)(pm _pm—l _ 4)“ .

Y(CCC(G)) = (p+ DV(Kpm-1(p-1)) = (P + 1) { 12

We have

and so

s(cce(@)) = () [ WIS

Therefore, CCC(G) is planar if and only if n = 1,m =1,p =2,3,5; n=1,m =2,p = 2;
orn =1,m = 3,p = 2. Also, in this case, CCC(G) is neither toroidal, double-toridal nor
triple-toroidal.

Case 2. n =2.

We have CCC(G) = (p* — p)Kpm—1(p—1) U 2Km(,—1). For m =1 and p = 2, it follows
that CCC(G) = 2K U 2K5 which is planar. If m = 1 and p = 3 then, by Result 1.1.4 and
(1.1.0), we have

Y(CCC(G)) = 2v(K) = 2.

If m =1 and p > 5, by Result 1.1.4 and (1.1.b), we have

v(CCe(@)) = (P* — p)y(Kp-1) + 29(Kpp-1))
— () {(p—ﬁl)(p— 5)} Lo [(p2 -p=3)(p° —p—éﬂ '

12 12

Since p > 5 then
(P —p-3)(p*—p—4) _ 68
12 -3

and so ) )

(P"—p—3)(p"—p—4)
12

If m =2 and p > 2 then CCC(G) = (p* — P)Kpp—1) U 2K)2(p_1y. Therefore, if p = 2 then

CCC(G) = 2K, U 2K, hence by (1.1.b) we have v(CCC(G)) = 2v(K4) = 0. If p > 3, by

Result 1.1.4 and (1.1.5), we have

v(CCC(G)) > 2 [ w > 46.

Y(CCC(G)) = (p* — P)V(Kpp—1)) + 27 (Kp2(p-1))

(P’ —p=3)p* —p—14) (P’ —p* =3’ —p* -4
:(pz_p){p p 1210 P WJFQPD p 121? p w
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3 2 o3 2
Also, Z°=P 3{;’) =) 3 and so

(P* —p* =3)(p* —p* —4)
12

H(Cee(G)) > 2 { w > 36.

If m >3 and p > 2 then

Y(CCC(G)) = (07 = P)V(Epm-1(p-1)) + 27(Epm(p-1))

_ " 'p-1)-3)p" '(p—-1)—4)
=(p*—p) [ o w

{(pm(p -1)=3)p"(p—-1) - 4)}
12

+2 > 4.

Therefore, CCC(G) is planar if and only if n = 2,m =1,p =2, n=2,m = 2,p = 2; or
n = 3;m = 1;p = 2 and double-toroidal if and only if n = 2,m = 1,p = 3. In this case,
CCC(@G) is neither toroidal nor triple-toroidal.

Case 3. n = 3.

We have CCC(G) = p*(p — 1)Kpm-1(p—1) U 2Kpmt1(p—1). If m = 1 and p = 2 then
CCC(G) = 4K U 2Ky, and so by Result 1.1.4 and (1.1.b) v(CCC(G)) = 2v(K4) = 0. For
p = 3 we have CCC(G) = 18K3 LI 2K33. Therefore, by Result 1.1.4 and (1.1.b) we have
v(CCC(G)) = 2v(K18) = 36. For p > 5, by Result 1.1.4 and (1.1.b) we have

Y(CCC(R)) = p*(p — DY(Kp-1) + 27(Kp2(p-1))
- [EA09) [ g

" B w > 36.

If m = 2 and p = 2 then we have CCC(G) = 4K, U2Kg. By Result 1.1.4 and (1.1.b) we have
Y(CCC(G)) = 2v(Ks) = 4.

If m =2and p >3 orm >3 and p > 2 then we have CCC(G) = p*(p — D Kpym—1(5—1) U
2K ym+1(p—1y- By Result 1.1.4 and (1.1.b) we have

y(€eee(@)) = p*(p = Dy(Epm-1p-1)) + 27 (Kpms1(p-1))

-~ " 'p-1)=3)(p" '(p—1)—4)
—ﬁ@—U{ o W
(P (p—-1)=3) (" (p—1)—4)
Lo [ )¢ ] |
We have
" -1 =" p-1)—-4) 5
12 =3
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and so
Y(CCC(G)) > 2

[(pm“(p -1)=-3)p" " p-1) - 4)} -
12 =

Therefore, CCC(G) is planar if and only if n = 3,m = 1,p = 2. Also, in this case, CCC(G)
is neither toroidal, double-toridal nor triple-toroidal.
Case 4. n > 4.

We have CCC(G) = (p" —p" 1)K

p—pm—1 2K jn—1(,m _pm-1y. Therefore, by Result 1.1.4,

we have

For m > 1 and p > 2 we have

7(Kp"‘l(IDmfpm‘l)) 2 V(Kp"—l) > y(Ks) =2,

noting that Kg and Kjn-1 are subgraphs of K.-1 and Kpn—1(m_,m-1) respectively. There-

fore
Further, if p™ — p™~! < 4 then, by (6.1.d) and (1.1.b), we have

’Y(CCC(G)) = 27(Kpn—1(pm,pm—1))

_5 [(p"‘l(pm - - 3;(229"‘1(197” —p" Y - 4)} ’

If p™ — p™~! > 5 then, by (6.1.d) and (1.1.b), we have

m _ ,m—1 _ m _ ,m—1 _
s(ece(@) = o - | WIS )

5 {(p”‘l(pm - - 3i;p”‘1(pm —p"h) - 4)} .

+

Hence the result follows. O

We conclude this chapter with the following characterization of CCC(G) for the groups

considered above.
Corollary 6.1.7. Let G = D2y, SDgn; Qam, Van, Upnym) or G(p,m,n). Then

(a) CCC(Q) is planar if and only if G = Dg, Dg, D19, D12, D14, D16, D1s, D20, SD16, SDaa,
QRs, Q12, Q16, Q20, V16, U2.2), U23): Uy, Uy, Ue)s Usz): Uzgs) Usays Uaz)s
U(473), U(474), G(2,1,1),G(3,1,1), G(5,1,1), G(2,2,1), G(2,3,1), G(2,1,2), G(2,2,2)
or G(2,1,3).
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(b) CCC(Q) is toroidal if and only if G = Daz, Dag, Dag, Dag, D3o, D32, SD32, Q24, Qos,
Q32, Vaa, Va2, Un ), Ug), Uss) or Ugge)-

(c) CCC(G) is double-toroidal if and only if G = Dss, D3s, SDao, Q36, Ura,9), U2,10);
Uusys Uy Us2), Uiy Us2)s Ues)y, U2, Uss) or G(3,1,2).

(d) CCC(Q) is triple-toroidal if and only if G = D3s, Dao, Qao, Vao, U7y, Usg)s Ugs s
U(6,4) or U(7,4).
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