Chapter 5

Various spectra and energies of
commuting conjugacy class graph

of groups

The commuting conjugacy class graph (or CCC-graph) of a group G, defined by CCC(G), is
a simple undirected graph whose vertex set is the set of conjugacy classes of non-central el-
ements of G and two distinct vertices & and y* are adjacent if there exists some elements
2’ € 2% and ¢/ € y© such that (2/, /') is abelian. In 2020, Salahshour and Ashrafi [86] have
obtained the structure of CCC(G) considering G to be the groups Da,(n > 3), Qam(m >
2), Upmy(m > 2and n > 2), Veu(n > 2), SDgn(n > 2), G(p,m,n), (where p is any prime,
m > 1and n > 1). In this chapter we compute various spectra and energies of commuting
conjugacy class graph of these groups. Computation of various spectra is helpful to check
whether CCC(G) is super integral. In Section we shall compute various spectra and
energies of CCC-graph of the above mentioned groups and observed that CCC(G) is super
integral if G = D2y, Qam, Ugnm); Van, SDsn and G(p, m,n). In Section we shall deter-
mine whether the inequalities in Conjecture 1.1.7 and Question 1.1.8 satisfy for CCC(G).
In Section we shall determine whether CCC(G) is hyperenergetic, borderenergetic, L-
hyperenergetic, L-borderenergetic, Q-hyperenergetic or Q-borderenergetic. This chapter is
based on our papers [18] published in Algebraic Structures and Their Applicationsand [21]

communicated for publication.
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5.1 Various spectra and energies

In this section we compute various spectra and energies of commuting conjugacy class

graphs of the groups mentioned in the introduction.
Theorem 5.1.1. If G = Do, then

{(—1)”7_3,01, (’%3)1}, if n is odd
(a) Spec(CCC(G)) = {(—1)%_2,02, (% - )1}, if n and § are even

[\)

{(—1)%_1, 11 (% - 2)1}, if n is even and % is odd

n—3, ifn is odd
and E(CCC(G)) = q4n—4, ifn and 2 are even
n—2, ifnis even and % is odd.
{02, (%)%}, if n is odd
(b) L-spec(CCC(G)) = {03, (2 - 1)%_2} , if n and % are even

2

{02,21, (% — 1)%72}, if n is even and  is odd

¢

%1173_({1_3), if n is odd
3(71_71273_(2”_4), if n and % are even
and LE(CCC(Q)) =
%7 if n is even, n > 10 and % is odd.
\
{01,(71—3)1,("7‘5)”7_3}, if n is odd
(c) Q-spec(CCC(G)) = {02’ (n—4)!, (2 - 3)%— } : ifn and ® are even

{21,01,(71—4)1, (% —3)%_2}, if n is even and g is odd
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%W; if n is odd
(n0t6) iy = 4,8
2(71_71274)}271_4)7 if n, 5 are even and n > 12
and LET(CCC(Q)) =
z, ifn =10
2(71_737.1(271_6)7 if n is even, n > 14 and % 15 odd.

Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.

By Result 1.3.18 we have CCC(G) = Ky U K% Therefore, by Result 1.1.6, it follows
that

Spec(CCC(G)) = {(—1)%3,01, (n ; 3>1} ,  L-spec(CCC(G)) = {02, <n ; 1)";3}

and Q-spec(CCC(Q)) = {01, (n—3)!, (n ; 5> 2} .

Hence, by (1.1.d), we get

n—3 n—3
_|_

B(CCe(@) = " >

We have [V(CCC(G))| = 24 and [e(CCC(G))| = "= Therefore, 4SSO —

n—1)(n—3
%. Also,

2le(CCC(@))|
[v(cee(a))l
n—1_ 2[6(CCC(G))]' _
2 v(eee(@))l
Now, by (1.1.e), we have

and

'0— ‘:‘O_w—wn—s)‘:<n—1><n—s>

2(n+1) 2(n + 1)

n—l_(n—l)(n—3)‘:2(n—1)
2 2(n+ 1) ntl

n-(m=3 n-3 2n-1 _2n-1)(n-3)

LE(CCC(G)) = 2 x ¢

2(n+1) 2 n+1 n+1
Again,
ne3— 2|e(CCC(G))|‘ I (n—l)(n—?))‘ _ (n—3)(n+3) and
|[V(cce(aq))| 2(n+1) 2(n +1)
n—>5 Q‘G(CCC(G))“ _|n=5_ (n—l)(n—3)‘ _ | 4 ‘: 4
2 |[V(cee(a))| 2 2(n+1) n+1| n+1
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By (1.1.f), we have

n—1)(n-3) (n—-3)(n+3) n—3>< 4 :(n—3)(n+3)
2(n+1) 2(n+1) 2 n+1 n+1 ’

LE*(cee(@)) = ¢

Case 2. n is even.

Consider the following subcases.
Subcase 2.1 3 is even.

By Result 1.3.18 we have CCC(G) = 2K; U K%_l. Therefore, by Result 1.1.6, it follows
that

n

Spec(CCC(G)) = {( 52,07 (5 -2) 1} L-spec(CCC(G)) = {03 (2- 1)32}

and Q-spec(CCC(G)) = {02( 4)1,(3 3)% 2}.

Hence, by (1.1.d), we get

E(CCC(G)):g—2+g—2:n—4.

We have |V (CCC(G))| = & + 1 and |e(CCC(G))| = =2 g,

20e(CCC(G))| _ (n—2)(n - 4)
IV (Cee(@)) 2(n + 2)

Also,

-2 _etleca)_omn

2(n + 2)
n 2]eCCCG))]':_1_(n—2)(n—4)‘:3(n—2)
2 [V(cce(@))l

2 2(n + 2) n+2
Now, by (1.1.e), we have

2

B (n—2)(n—4) n 3(n—2) 3(n—2)(n—4)
LE(CCC(G))_3XW+( 2) e

Again,

n—4—

2le(CCC(G))] ‘
[v{cee(@))l
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By (1.1.f), we have

—2)(n—4) (n—4)(n+6) /n —n+10  (n—4)(n+6)
2(n + 2) 2(n + 2) (5_2)X n+2 n+2
ifn=4,8. If n > 12 then

(n—2)(n—4) (n—4)(n+6)+<ﬁ_ ) n—lO:2(n—2)(n—4)
2(n+2) 2(n+2) n+2 n+2 ’

LE*(Cce(@)) = 2™

)

LET(CCC(@Q)) = 2x 5

Subcase 2.2 7 is odd.
By Result 1.3.18 we have CCC(G) = Ko LU Kn_y. Therefore, by Result 1.1.6, it follows
that
n n

Spec(CCC(G)) = {(—1)3‘1, (5 - 2)1} . Lespec(CCC(G)) = {02,21, (%- )22}

29
and Q-spec(CCC(G)) = {21,01, (n—4), (g — 3) ’ } .
Hence, by (1.1.d), we get

E(CCC(G)):g—1+1+g—2:n—2.
We have |V (CCC(G))| = 2 +1 and |e(CCC(GR))| = P=2=UEE  Therefore, 2ACCCO]

(2t} 18 vcee(a) —
W. AISO,

‘0_ 2|€(CCC(G))|‘ B ‘0_ (n—2)(n—4)+8‘ _(n—=2)(n—4)+38
vceea))|| 2(n+2) B 2(n+2) ’
’2 B 2[6(CCC(G))]' _ ‘2 _(n=2)(n—14) —1—8’
|[V(cce(@)) 2(n+2)
:‘—nz—l—lOn—S‘: L, ifn =26
2(n+2) WS i > 10
and
n_1_2|e(CCC(G))|': no (n2)(n4)+8’: 3n — 10
2 |V (CCC(@))] 2 2(n+2) n+2

Now, by (1.1.e), we have

(n—2)(n—4)+8
2(n+2)

-1
n_2>x3n O_

+1+ (2 — 4,
n 4+ 2

LE(CCC(G)) =2 x >

if n =6. If n > 10 then

(n—2)(n—4)+8+n2—10n+8 (n )X 3n — 10
2(n+2) 2(n+2) 2 n+2

~3n?—22n—40  (n—4)(3n —10)

N n+ 2 N n+2 '

LE(CCC(G)) =2 x
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Again,
2|e(CCC(G))] (n—2)(n—4)+8| n%+2n—32
" wvceean |~ " 2(n + 2) o(nt2)
2_3_2’6(CCC(G))’ g (n—2)(n—4)+38
2 |V (cce(@)) 2 2(n+2)
n—14‘ 7751'214, if n =6,10
n+2 71;_124, ifn>14

By (1.1.f), we have

n—2)(n—-4)+8 n?+2n—32 (ni )X—n+14_

o
LET(CCC(G)) =1+ 512 + 3+ 2)

if n=26. If n =10 then

2 2
" n —=1m+8 (n—2)(n—4)+8 n°+2n—32 n —n+ 14
LETCCCO) = =0 Y 2mry T 2m19) (5-2)~ n+2
_2
-3

If n > 14 then

n?2—10n+8 (n—2)(n—4)+8 n?+2n-32 /n n — 14
LE* = ——2
CCCO) ==ms Y 2mry T 2m19) (2 ) X 2
2(n — 2)(n — 6)
N n+2 '
This completes the proof. ]

Theorem 5.1.2. If G = Qum then

)™t (m=2)ty, if mois odd
(a) Spec(CCC(@)) = =y ( )i
{(=D)™2,0%,(m =2)'},  if m is even

2m — 2, if m is odd
and E(CCC(G)) =

2m —4, if m is even.
02,2, (m —1)™2Y,  ifm is odd
(b) L-spec(CCC(Q)) = { ( "
{03, (m — 1)7”*2} , if m is even

65



Chapter 5. Various spectra and energies of commuting conjugacy class graph of groups

4, ifm=3
and LE(CCC(Q)) = %W, if m is odd and m > 5
W%W, if m is even.

2808 (2m —4)Y, (m = 3)™"2},  if m is odd
(c) Q-spec(CCC(G)) = { ( )5 ( ) } if

{02, (2m — 4)', (m — 3)™2}, if m is even
4, ifm=3
23—2, ifm=25

and LET(CCC(G)) = M:ﬂliw, if m is odd and m > 7

Am=2mtd) - ifm = 2,4

4(m—1)(m—2)

T , if m is even and m > 6.

Proof. We shall prove the result by considering the following cases.
Case 1. m is odd.

By Result 1.3.19 we have CCC(G) = Ky U K,—1. Therefore, by Result 1.1.6, it follows
that

Spec(CCC(G)) = {(—1)" 1,1, (m —2)'}, L-spec(CCC(G)) = {0%,2", (m — 1) 2}
and Q-spec(CCC(G)) = {2%,0", (2m — 4)!, (m — 3)™ 2} .
Hence, by (1.1.d), we get
B(CCC(G))=m—1+1+m—2=2m—2.

We have [V(CCC(G))| = m + 1 and |e(CCC(G))| = m=D=242 " Therefore,
2le(CCC(@))]  (m —1)(m —2) +2

[V(cee(a))l m+1
Also,
‘0—2kwaxGNW—WO—On_”“”_m+a‘:(m—lﬂm—2%+2
IV (cee(@)), —— e ,
’2_2MWQXGNW ’2_On—1ﬂm—2)+2
[v(cee(@))l m+1
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and

2le(CCC(@))] (m—-1)(m—-2)+2| 3m-—5

S el oo /2721 PN S R _ '
" |v<ccc<c;))y‘ ’m m+ 1 m+ 1
Now, by (1.1.e), we have
—1 —2)4+2 —
LECCC(G)) =2 x MV =22 gy M5y
m+1 m+1
if m=3. If m > 5 then
LE(CCC(G))_2X(m—1)(m—2)+2 m2—5m+2+(m_2)x3m—5
a m+ 1 m+ 1 m+ 1
2(m — 2)(3m — 5)
B m+1 '
Again,
2le(CCC(@))] (m—1)(m—-2)+2] m?>+m-—8
om — 4 — AT oy — 4 — _
‘m vieee@ |~ |7 m 1 mr 1
and
2le(CCC(@))| (m—1)(m—2)+2
_q_ 2\ _3_
-3 Sicazien| = " e
m_7‘ —mil o ifm =35
m+1 %’ iftm>"1.
By (1.1.f), we have
n B (m—-1)(m-2)+2 m?+m-—38 _9 —m—|—7:4
LET(CCC(G) =1+ m+1 m+1 + )% m+1 ’
if m=3. If m =5 then
2 2
n - m*=5m+2 (m—-1)(m—-2)+2 m*+m-—38 .y —-m+7
LE™(CCC(@) = m+1 m+1 m+1 +(m ) m+1
_2
=5
If m > 7 then
2 2
i - m*=5m+2 (m—-1)(m—-2)+2 m*+m—38 L m—"T
LE™(CCe(@) = m+1 + m+1 * m+1 +(m )Xm—i—l
4(m —1)(m — 3)

m—+1
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Case 2. m is even.
By Result 1.3.19 we have CCC(G) = 2K U K,,,—1. Therefore, by Result 1.1.6, it follows
that

Spec(CCC(G)) = {(=1)""2,0%, (m —2)'}, L-spec(CCC(G)) = {0, (m — 1) 2}
and Q-spec(CCC(G)) = {0%, (2m — 4)', (m — 3)" 2} .
Hence, by (1.1.d), we get
E(CCC(G) =m —2+m—2=2m —4.

We have |V(CCC(G))| = m+ 1 and |e(CCC(G))| = w Therefore, % =

%' Also,

’0_ '_‘O_(m—l)(m—Q)’:(m—l)(m—2)
vV (cce(@)) m+1 m+1
and
‘m 1 2’6(CCC(G))" _ ‘m 1 (m—1)(m — 2)‘ _ 3(m —1)
lv(cee(a)) m+ 1 m+ 1
Now, by (1.1.e), we have
LECCC(G)) =3 x ™ _n?f’; =2 4 (m—2) % 3(;:11) _ B(m _mlif’f —2)
Again,
2le(CCC(G))| (m—1)(m—2) (m —2)(m+ 3)
’27"_4_ V(CCC(@))] ' = ‘2”‘_4_ m 1 ’ =l
and
‘m_3_ 2e<CCC<G>>\‘ _ ‘m_3_ <m—1>(m—2>‘ _ m—5‘ _ e ifm=24
vicee(@)l m+1 mH e rmse
By (1.1.f), we have
LEF(Cec(@) =2 x ™ _Wll)f’ll =2, (m _n?i”; +3) 4 (m—2) x _7727”‘:15
_ 2(m—2)(m+3)

9

m+ 1
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if m=2,4. If m > 6 then

_ A4A(m—1)(m — 2)‘

m+1

This completes the proof.
Theorem 5.1.3. If G = U, ) then

(a) Spec(CCC(Q)) =
{ n(7n+1) 4 ( ) n _ 1)1} , me is Odd and n Z 2

{ n(m+2>6(n(m2 ) n—1)2}7 if m is even, m > 4 and n > 2

and

n(m+1)—4, ifmis odd and n > 2
E(CCC(G)) =

n(m+2)—6, if m is even, m >4 and n > 2.

(b)

n(m—1)—2
02, <”(”;*1)> ? ,nnl} . ifmis odd and n > 2
L-spec(CCC(Q)) =

03, (n(mQ—Q))f 7n2n—2} , ifmiseven, m>4 andn > 2

and

An—1), ifm=3andn>2
w7 ifm=5andn > 2
m2n—4mn’+m n:@iﬁ272mn 2m+4-5n— 2’ if m is odd, m > 7

E(CCC(G)) = andn > 2
6(n — 1), ifm=4andn > 2
2m2n2—12mn2+m n;rlfznkllmn 2mA12n=4 " if i 4s even, m > 6

and n > 2.
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(c) Q-spec(CCC(@)
n(m—1)—2

{(n(m_ 1) _2)17 (n(m—21)—4> ’ 7(2n_2)17(n_2)n_1}7

if m is odd and n > 2

n(m—2)—2

{(n(m - 2) - 2)17 (n(m—22)—4> ’ ’ (2n - 2)27 (n - 2)2n—2} ’

if m is even, m >4 andn > 2

4(n—1), ifm=3andn>2
232, ifm=5andn =2
w, ifm=5andn>3

and LE™(CCC(G)) = %W, if mis odd, m > 7 and n > 2
6(n—1), ifm=4 andn > 2

2(n+2)(n—1), ifm=6andn >2

2(1m—2)(m— . .
%ﬂ(m@, if m is even, m > 8 and n > 2.

\
Proof. We shall prove the result by considering the following cases.

Case 1. m is odd.

By Result 1.3.20 we have CCC(G) = K nim-1) U K,,. Therefore, by Result 1.1.6, it follows
2
that

Spec(CCC(Q)) = {(—1)”‘"’2”4, (”(m_”_Q> 1 (n— 1)1} ,

2
n(m—1)—2
2

L-spec(CCC(G)) = 4 02, <"<m2_1)> e

and
Q-spec(CCC(G)) = (n(m —1) — 2)1, <n(m—1)—4) ’ ,(2n — 2)1, (n— 2)"’1

Hence, by (1.1.d), we get

B(cce(c)) = M +21) —4, nm _21) T 1 =n(m41) -4,
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We have |V(CCC(G))| = M) and [e(CCC(G))| = mlm=li=2ntn=2nt]) = pperefore,

8
2le(CcCC(@))| _ n(m—1)2—2(m—2n+1)
Vccec(@)] — 2(m+1) - Also,

n(m—1)2—2(m—2n+1)‘ ~n(m—1)2-2(m—2n+1)
2(m+1) B 2(m+1) ’

since n(m —1)2 —=2(m —2n+1) = m?n —2m(n + 1) +5n — 2 > 0;

n(m—1) 2[e(CCC(G))| ’ _

n(m —1) n(m—1)2—2(m—2n+1)‘

2 |v(cee(@)) 2 2(m + 1)
~n(m—=3)+m+1
N m+1
and
‘ 2le(CCC(G \‘ ‘ m —1)2 2(m—2n+1)‘ :|—fl(m,n)
|V(cce(G 2(m+1) 2(m+1)

where fi(m,n) = n(m?+3) — (4mn+2m+2). For m = 3 and n > 2 we have f1(3,n) = —8.
For m = 5 and n > 2 we have fi1(5,n) = 81 — 12 > 0. For m > 7 and n > 2 we have
m? +3 > m? > 4m + 2m + 2. Therefore, n(m? + 3) > 4mn + (2m + 2)n > 4mn + 2m + 2
and so fi1(m,n) > 0. Hence,

1, ifm=3and n > 2
_fl(mvn) _

Ll S A [ 2n—3 : _
’2(m+1) , ifm=5andn>2

n(m2+3)2—($j_”1’;+2m+2), if m>7andn>2

Now, by (1.1.e), we have

m—-12-2m—-2n+1) nm-1)-2 nm-3)+m+1

Blece(@) =2 x ™ 2(m + 1) 2 8 m+1

+(n—-1)x1

= 4(” - 1)a

ifm=3andn>2 If m=>5and n> 2 then

nim—-12-2m—-2n+1) nim-—1)—2 Xn(m—?))—i—m—i—l
2(m + 1) 2 m+1
2n —3
3

E(CCC(G)) =2 x

+(n—1)x

2(2n — 1)(n + 3)
; .
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If m > 7 and n > 2 then

B(CCC(@)) = 2 x nim—172%-2m—2n+1) n(m-—1)—2 y n(m—3)+m+1

2(m + 1) 2 m+1
n(m? +3) — (4mn + 2m + 2)
+(n—-1)x S+ 1)
B m?n? — 4mn? + m?n + 3n% — 2mn — 2m + 5n — 2
B m+1 '
Again,
2le(CCC(G))|| n(m—1)2 —=2(m —2n + 1)
=) 2~ ey | = om0 =2~ 2m+ 1) |
| nim —1)(m +3) - (m+2n—|—1)'
B 2(m+1)
~n(m—1)(m+3) —2(m+2n+1)
B 2(m+1) ’

since n(m — 1)(m +3) —2(m+2n+ 1) = n(m? —4) — 2+ n(m — 3) + m(n — 2) > 0;

2 [V(cee(a))|

2 2(m+1)
o f2(m7n)
[2m+1)|’

n(m—1)—4  2[e(CCC(Q))| ’

nim—1)—4 n(m—l)Q—Q(m—Qn—{—l)‘

where fo(m,n) = n(m — 6) — 2+ m(n — 2). Clearly, for m > 7 and n > 2 we have
fa(m,n) > 0. For m = 3 and n > 2 we have f3(3,n) = —8. Also for m =5 and n > 2 we
have f2(5,n) = 4n — 12. Therefore, f2(5,2) = —4 and fa2(5,n) > 0 for n > 3. Hence,

(

1, ifm=3and n>2

) ifm=>5and n=2

Wl

fa(m,n)
2(m+1)

"ng, ifm=5andn >3

n(m—3)—m—1
m+1

, ifm>7andn>2.

\

I P

‘271 s 2]e(CCC(@R))] ’ m—1)2—2(m —2n+1) ‘ _ ’_ f3(m,n)

|V (CCC(G))| 2(m+1) 2(m+1)|’
where f3(m,n) = mn(m — 6) + 2m + n + 2. Clearly, fs(m,n) > 0if m > 7 and n > 2.
For m = 3 and n > 2 we have f3(3,n) = —8n+8 < 0. For m = 5 and n > 2 we have
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f3(5,n) = —4n 4 12. Therefore, f3(5,2) =4 and f3(5,n) <0 if n > 3. Hence,

n—1, ifm=3and n > 2
‘ f3(m,n) %, ifm=>5andn=2
2(m +1) %‘3, ifm=5andn>3
mn(m;(i)ni2f?+n+2, ifm>7andn > 2.
2le(CCC(@))] nim—1)2 —=2(m —2n + 1) ' ‘ fa(m,n)
n—2—-——-——|=n—2— =|-—" ],
V(cce(q))| 2(m+1) 2(m+1)

where fi(m,n) = mn(m —2) 4+ 2 — (m(n — 2) +n(m — 3)). For m =3 and n > 2 we have
fa(3,n) = 8. Also, for m > 5 and n > 2 we have

mn(m —2) —2mn+2=mn(m —4) + 2 > —2m — 3n.
Therefore,
mn(m —2) 4+ 2> 2mn —2m — 3n=m(n — 2) + n(m — 3)
and so fa(m,n) > 0 for m > 5 and n > 2. Hence,

’_ fa(m,n)
2(m+1)

_ fa(m,n)  mn(m —2)+2—m(n—2) —n(m — 3)
2(m + 1) 2(m +1) '

By (1.1.f), we have

nim—1)(m+3)-2m+2n+1) n(m—-1)—2
2(m+1) + 2
mn(m —2)+2—m(n —2) —n(m —3)
2(m+1)

LET(CCC(@)) =

x1+(n—-1)

+(n—1) x

=4(n—1),

ifm=3andn>2. If m=>5and n =2 then

_nm—-1)(m+3)-2(m+2n+1) nm-1)-2 1 1
LE*(Cee(G)) - A prm-p-2, 1.1
mn(m —2) 4+ 2 —m(n —2) —n(m — 3)
+n—1)x 2(m + 1)
2
3
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If m =5 and n > 3 then

_nm—-1)(m+3)-2(m+2n+1) nm-1)-2 n—-3 n-3
LET(CCC(@Q)) = CES) + 5 X ——+—3
mn(m —2) 4+ 2 —m(n —2) —n(m — 3)

2(m+1)

+(n—1) %

~2@2n*+n—-3)  2(2n+3)(n—1)
= 3 = 3 .
If m > 7 and n > 2 then

m—1)(m+3)—2(m+2n+1) n(m—l)—2xn(m—3)—m—1

_n
LE*(CCC(@)) = 2(m+1) T 2 m+1
+mn(m—6)—|—2m—l—n—|—2
2(m+1)
mn(m —2)+2—m(n —2) —n(m —3)
+n—1)x 5(m + 1)

n?(m —1)(m — 3).
m+1

Case 2. m is even.
By Result 1.3.20 we have CCC(G) = K nm-2 LU2K,,. Therefore, by Result 1.1.6, it follows
2
that

2-6 (n(m—2)— !
Spec(CCC(G)) = {(—1)”““2), <(22)2> (n — 1)2} ,

n(m=2)-2
L-spec(CCC(@G)) = {037 (n(mz—Q)> : ’n2n2}

and

n(m—2)—2
n(m —2) — 4) 2

Q-spec(CCC(G)) = {(n(m —2)-2)4, < 5

,(2n —2)2 (n — 2)2"2} :

We have ‘n(m_QQ)_Q‘ = n(m_22)_2 if m > 4. Therefore, by (1.1.d), we have

m+2)—6+n(m—2)—2
2 2

Ecce(c)) = ™ +2(n—1) = n(m+2) — 6.

if m > 4.

We have [V(CCC(G))| = ™2 and |e(CCC(G))| = "m=2=2nm=in+2)  Therefore,
2le(CCC(@))| _ n(m72)272(m74n+2)' Also,

vcee@)l — 2(m+2)
0_ 2le(CCC(@))| ‘ _ ‘O ~n(m— 2)2 — 2(m — 4n + 2) ‘ _ ‘ —fs(m,n)
[V (CCC(@))] 2(m + 2) 2(m+2) |’
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where f5(m,n) = m(n(m —4) — 2) + 12n — 4. Note that for m > 6 we have f5(m,n) > 0
since n(m —4) > 2 and 12n —4 > 0. For m = 4 and n > 2 we have f5(4,n) = 12n—12 > 0.

Therefore, for all m > 4 and n > 2, we have

‘—fs(m,n) | fs(mun) | m(n(m —4) —2) +12n — 4

20m+2) | |2(m+2) 2(m +2) ‘

n(m—2) 2le(CCC(G |’ _n(m—2)2—2(m—4n+2)‘_ fe(m,n)
2 v(cee(a 2(m + 2) S m+2 |

where fg(m,n) = 2n(m —4) +m + 2. Clearly, fs(m,n) > 0if m > 4 and n > 2. Therefore

fﬁn(ﬁ;) 2n(mm?;m+2 ifm>4and n > 2.
N 2le(CCC(Q))| ‘ e n(m —2)? — 2(m — 4n + 2) ‘ B ‘ — fz(m,n)
vcee@)l| 2(m+2) 1 2(m+2)

where fr(m,n) =mn(m —6) —2m +8n — 4. For m = 4 and n > 2 we have f7(4,n) = —12.
For m = 6 and n > 2 we have f7(6,n) = 81 — 16 > 0. Also, for m > 8 and n > 2 we
have m? > 8m which gives m(m — 6) > 2m and so mn(m — 6) > 2mn > 2m. Therefore,
mn(m — 6) —2m > 0 and so f7(m,n) > 0 since 8n — 4 > 0. Hence,

—fr(m,n)| 1, itm=4andn>2

)|

mlm= OS> 6 and 0 > 2.

Now, by (1.1.e), we have

mnim—4)—-2)+12n—4 n(m—2)—2 " 2n(m —4) +m + 2

E(CCC(G)) = 3 x 2(m +2) * 2 o

+(2n—2) x1

Ifm=4andn>2 If m>6andn > 2 then

Xm(n(m—4)—2)—|—12n—4 n(m —2) —2 " 2n(m —4)+m+2

E(CCC(G)) =3

2(m + 2) 2 m+ 2
mn(m —6) —2m + 8n — 4
+(2n —2) x 5m 1 2)
B 2m?n? — 12mn? + m?n + 16n% — 4mn — 2m + 12n — 4
- m+ 2 '
Again,
2le(CCC(@))] n(m —2)? —2(m — 4n + 2)
—2)—-2 = —2)—2_
n(m —2) vicee@ay | =M =2 2(m + 2)




Chapter 5. Various spectra and energies of commuting conjugacy class graph of groups

B fs(m,n)
C12m+2)|’

where fs(m,n) = n(m? —20) + 2m(n — 1) + 2mn — 4. For m = 4 and n > 2 we have
fs(4,n) =12n — 12 > 0. For m > 6 and n > 2 we have fg(m,n) > 0. Therefore,

n—1, ifm=4andn>2

fs(m,n)
2(m+2)

n(m?—20)+2m(n—1)+2mn— 4
2(m+2)

ifm>6andn > 2.

n(m—-2)—4 n(m-—2)%2—-2(m—4n+2)

2 2(m + 2)

| fo(m,n)
|l m+2

2 [V(cee(@))l

n(m—2)—4  2/e(CCC(Q))] ’ _

)

where fo(m,n) = n(m —8) 4+ m(n —1) —2. For m = 4 and n > 2 we have f9(4,n) = —6.
For m = 6 and n > 2 we have fo(6,n) = 4n — 8 > 0. Further, if For m > 8 and n > 2 then
fo(m,n) > 0 since n(m — 8) > 0 and m(n — 1) — 2 > 0. Hence,

fo(m,n) 1, ifm=4andn>2
m +2 n(m_g):ﬂgn_l)_Q, if m>6andn > 2.
e(CCC(G ’ n(m —2)* —2(m —4n +2) —fio(m,n)
2n — 2 — — :
vceeqg 2(m+2) 2(m + 2)
where fi9(m, n) = n(m —8m +4) 4+ 2m + 4. Clearly, fip(m,n) > 0 for m > 8 and n > 2.
For m = 4 and n > 2 we have fi9(4,n) = —12n + 12 < 0. For m = 6 and n > 2 we have
f10(6,n) = —8n + 16 < 0. Hence,
n—1, if m=4and n>2
fio(m,n
m(—i—Z): ”7_2, ifm=6and n > 2
(mQ_S&—fg;_Qm—%, if m>8and n > 2.
2le(CCC(G))| ] n(m —2)? —2(m — 4n + 2) —f11(m,n)
n—2— n—2— = ,
vcee(@))| 2(m +2) 2(m +2)
where fi1(m,n) = n(m — 2)(m — 4) + 2m + 4. Note that for m > 4 and n > 2 we have
fi1(m,n) > 0. Therefore,
—fit(m,n)|  fui(m,n)  n(m—2)(m —4)+2m+4
2(m+2) | 2(m+2) 2(m + 2) ‘
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By (1.1.f), we have

LET(CCC(@) =n—1+ ”(m_;)_Z

+(2n —2) x

Xx1+2x(n—1)

n(m—2)(m—4)+2m+4
2(m+2)

ifm=4andn>2. If m=06and n > 2 then

n(m? —20) +2m(n — 1) + 2mn — 4

+ _
LET(CCC(@)) = 5m+2)
nim—2)—2 " nim—8)+m(n—1)—2
2 m+ 2
49 x 1@—2_’_(271_2)>< n(m—2)(m—4)+2m+4

2(m+2)
=2(n+2)(n—1).

If m > 8 and n > 2 then

n(m? — 20) + 2m(n — 1) + 2mn — 4

LET(CCC(@Q)) = 2m +2)
n(m —2) —2 " n(m—8)+m(n—1)—2
2 m+ 2
n(m? —8m +4) +2m +4
T2 2(m + 2)
nim—2)(m—4)+2m+4
+(2n —2) x 2m 1 2)

2n2(m — 2)(m — 4)
m+2 '

This completes the proof.

Theorem 5.1.4. If G = Vg, then

(a) Spec(CCC(G)) = {02202 2n -2}, ifnis odd

{(—1)2"*1, 12, (2n — 3)1} , if n is even
dn — 4, if n is odd
and E(CCC(Q)) =
dn — 2, if n is even.
03, (2n — 1) 2L, if n is odd
(b) L-spec(CCC(G)) = { ) }
{03, 22, (2n — 2)2”_3} , ifn is even
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§@n-1)@n=2) if n is odd

2n+1
and LE(CCC(G)) = 4 6, ifn=2
2(2%%5“—7), if n is even and n > 4.
{02 (4n =)t 20 3" 2, ifnis odd

(c) Q-spec(CCC(G)) =
{22, 02, (4n — 6)L, (2n — 4)2”_3} , if n is even
74(271;7%?”72), if n is odd
and LE*(CCC(G)) = 1 6, ifn=2

16(n—1)(n—2)

o , if n is even and n > 4.

Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.

By Result 1.3.21 we have CCC(G) = 2K U Ko,—1. Therefore, by Result 1.1.6, it follows
that

Spec(CCC(G)) = {(—1)2"*2, 02, (2n — 2)1} . Lespec(CCC(G)) = {03, (2n — 1)2"—2}
and Q-spec(CCC(G)) = {02, (4n — 4)1, (2n — 3)2“*2} .
Hence, by (1.1.d), we get
E(CCC(G))=2n—2+2n—2=4n—4.
We have [V(CCC(G))| = 2n + 1 and |e(CCC(@))| = E=UE=2) " Therefore,

20e(CCC(G))| _ (2n—1)(2n —2)

|V (CCC(G))| 2n+1
Also,
’0  2le(CCC(G))| ‘ _ ‘O ~ (2n-1)(2n-2) ’ _(@2n-1)(2n-2)
[V (CCC(@))] 2n +1 2n +1
and
2le(CcCC(G))|| (2n—1)(2n—2)| 3(2n—1)

‘2”_1_ V(cee(@) ‘ - ‘2“_1_ 20 +1 '_ 1

Now, by (1.1.e), we have
LE(CCC(G)) = 3 x (2n —1)(2n —2) +(@2n—2) x 3(2n —1) _ 6(271—1)(211—2)'

2n+1 2n+1 2n +1
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Again,
dleccc@)I| |, . (@n-1)@n-2)|  (2n—2)2n+3)
n—d- |V(CCC(G))|‘_ n—d o+ 1 ‘_ 41
and
2le(cce(@)|| (2n—1)2n—2)| 2m-5
2n =3 = W eee (@) ' B A A i ' RETEE
By (1.1.f), we have
LEH(CCe()) =2 x 20 ;?f? =2, (@n _zi)f’f +3) 4 (2n—2) ;Z - ?
~ 4(2n—1)(2n —2)
N 2n 41

Case 2. n is even.
By Result 1.3.21 we have CCC(G) = 2K U Kgy,_9. Therefore, by Result 1.1.6, it follows
that

Spec(CCC(G)) = {(71)2"—1, 12, (2n — 3)1} . Lespec(CCC(G)) = {03, 22 (2n — 2)2"*3}
and Q-spec(CCC(Q)) = {22, 02, (4n — 6)%, (2n — 4)2"—3} .
Hence, by (1.1.d), we get
E(CCC(G)) =2n—1+2+2n—3=4n—2.

We have |V(CCC(G))| = 2n+ 2 and |e(CCC(R))| = w. Therefore,

2le(CCC(G))| _ (n=1)2n—3)+2

|V (CCC(G))] n+1
Also,
'0 _ 2le(CCC(@))| ‘ _ ‘O _ (n—1)(2n—3) + 2‘ _ (n—1)(2n—3)+2
|[V(CCC(G))] n+1 n+1 ’
'2 _ 2le(CCC(@))| ’ _ ‘2 _ (n—1)(2n—3)+ 2’
[V (CCC(G))] n+1
_ ‘(2711)(713)‘
n+1
B 1, ifn=2
- (2n—1)(n—3) ifn >4

n+1 )
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and

2le(CCC(@))] (n—=1)2n—-3)+2| 5n—7

on—2— S o 2 — = .
" |V(CCC(G))|' ' " n+1 n+ 1
Now, by (1.1.e), we have
LECCC(G)) =3 x NN =D T2 oy oy gy T g,
n+1 n+1
if n=2. If n >4 then
(n—1)(2n—3)+2 (2n —1)(n —3) 5n —7
= 2 2n —
LE(CCC(G)) =3 x 1 +2 x o1 + (2n —3) x ——
~2(10n? —29n+21)  2(2n—3)(5n —7)
N n+1 N n+1 '
Again,
2le(CCC(@R))] (n—1)(2n—3)+2| 2n%+3n—11
dn — 6 — S gy — 6 — =
=0 Weee@@y | T 0 ] |
and

2n —4 — 2n —4 —

[V (CCC(@))] n+1

20e(CCC(@))] ) _

(n—l)(2n—3)—|—2‘

n+1

3n—9‘

1 ifn=2

Y

3:;19, if n > 4.

By (1.1.f), we have

(n—1)(2n—-3)+2 2n%?+3n-—11

+ =2%x1+2
LE*(CCC(@)) x14+2x ) )

+ (2n — 3) x 1 =6,

if n=2. If n >4 then

LE*(CCC(@))
— — — — 2 —
:2X(2n 1)(n 3)+2X(n 1)(2n—-3)4+2 2n*+3n-—11
n+1 n+1 n+1
3n—9
+(2n—3)><n+1
_16(n—1)(n—2)
B n+1 '

This completes the proof.

Theorem 5.1.5. If G = SDsg,, then
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_1271731’ 2n_31 : i s odd
(a) Spec(CCC(Q)) = {( ) ( ) } f

{(—1)2"*2, 02, (2n — 2)1} , ifn is even
4n, if n is odd
and E(CCC(Q)) =
dn — 4, if n is even.

(b) L-spec(CCC(Q)) = {02’43’ (2n — 2)271—3}7 if n is odd

{03, (2n — 1)2n_2} , if n 1s even
12, ifn=3
and LE(CCC(Q)) = %ﬁ”_n), if nis odd and n > 5
6@%)&"72), if n is even.

(c) Q-spec(CCC(G)) = {61’ 2%, (4n - 6)', (2n — 4)2"73} . ifnis odd

{02, (4n —4)t, (2n — 3)2"_2} , if n is even
12, ifn=3
22, ifn=>5
and LE*(CCC(R)) = 16(%3?_3), if nis odd and n >7
B, ifn=2
M%W, if n is even and n > 4.

Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.

By Result 1.3.22 we have CCC(G) = K4 U Ko,,—2. Therefore, by Result 1.1.6, it follows
that

Spec(CCC(G)) = {(—1)2", 3L (2n — 3)1} . Lespec(CCC(G)) = {02,43, (2n — 2)2”—3}
and Q-spec(CCC(Q)) = {61, 23 (4n —6)!, (2n — 4)2"73} .
Hence, by (1.1.d), we get
E(CCC(G)) =2n+3+2n — 3 = 4n.

We have [V(CCC(G))| = 2n + 2 and |e(CCC(Q))| = Cr=2Cn=8)412 Ty erefore,
2le(CCC(G))|  (n—1)(2n—3) +6

|V (CCC(@))] n+1
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Also,
0_ 2le(CCC(@))| 0_ (n—-1)2n-3)+6| (n—1)(2n—3)+6
vcee(@) | n+1 N n+1 ’
4 2e(ccC@l| _|, (n-1@n-3)+6
vcee( @) | n+1
‘—2112—1—971—5‘ 1, ifn=3
nd 2wP9nth  fp > 5
e e(cee(@)) (n—1)(2n—3)
2le(CCC(G n—1)2n—-3)+6 5n — 11
on —2— =|2n—2— = :
’ " \V(CCC(G))]‘ ‘ " n+1 ’ n+1
Now, by (1.1.e), we have
— - —11
LECCC()) =2 x MmN =D HE g oy I gy
n+1 n+1
ifn=3. If n > 5 then
_ (n—1)(2n—3)+6 2n% —9n +5 B 5n — 11
LE(CCC(G)) =2 x ] +3><7n+1 + (2n —3) x ]
_ 2(10n* —37n+33) _ 2(2n—3)(5n — 11)
N n+1 N n+1 '
Again,
o 2leCcc@| _ |, (n-1)@2n-3)+6
vceea)| |~ n+1
|-2n?+11n -3
B n+1
=2idIn=d - if = 3,5
2n2;—1i_11n+37 if n > 77
5 _ 2le(CCC(@))] o _ (n—1)2n—-3)+6| 2n*—Tn+7
v(ceea)|| — n+1 T a1
2le(cCC(@))| (n—1)2n—3)+6| 2n%2+3n—15
dn —6— S = l4p — 6 — =
R N e nt 1 nt1
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and
om — 4 2eCCCONN| |, (n=1)(2n—3)+6
[V (cCC(G))| I
_|3n—13
RS
Sn13 0 if > 5.
By (1.1.f), we have
—2n2 4+ 11n — 3 9n? — Tnt T  m2 4 3n— 15
LE*(CCC(G)) = TN T2 g A MEL I EIN T L 9 3)x 1
7’L—|—1 n+1 TL—|—1
=12,
ifn=3. If n=>5 then
20 +11n - 3 Mm% —Tn+7  2m%+3n—15
LEF(CCC(G)) = —2H n =3 g 7o Tnd T 2n7 4 3n
3n—13
2n — 3
—l-(n )>< )
= 22.
If n > 7 then
LE*(CCC(G)):&ng,X n?—Tn47 20’430 g K
n+1 n+1 n+1 T
_ 16(n —1)(n —3)
a n+1 :

Case 2. n is even.
By Result 1.3.22 we have CCC(G) = 2K, U Kay,_1. Therefore, by Result 1.1.6, it follows
that

Spec(CCC(G)) = { (~1)*"72,0% (20— 2)'}, Lespec(CCC(G)) = {07, (2n — 1)" "}
and Q-spec(CCC(G)) = {02, (4n — 4)1, (2n — 3)2"*2} .
Hence, by (1.1.d), we get
E(CCC(GR)) =2n —2+2n —2=4n — 4.
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We have V(CCC(G)) = 2n + 1 and e(CCC(G)) = En=liEn=2) = g, 2elcCe(c))]

2n+1 2n+1

vcee@e)l —

(2n—1)(2n—2)

2n+1 .
Also,

0_ 2le(CCC(@))|] 0_ (2n—-1)2n—-2)| (2n—-1)(2n—2)
veeea)l| 2n +1 N 2n +1
and
‘Qn 1 2|e(CCC(G))] } _ ‘Zn 1 (2n —1)(2n — 2) ' _ 3(2n — 1)'

~[v(cee(@))
Now, by (1.1.e), we have

(2n—1)(2n —2) 32n—1) 6(2n—1)(2n—2)

+(2n —2) x =

LE(CCC(Q)) = 3 x

2n+1 2n+1 2n+1
Again,
2|e(CCC(@))] (2n —1)(2n — 2) (2n —2)(2n + 3)
dn —4— Z L0 = A — 4 — = d
" V(CCC(@))) " on + 1 on + 1 an
2le(CCC(@))] (2n —1)(2n — 2)
m—3————— 2 =2n—-3—
A e I+ 1
I — 5' %, ifn=2
et 25 ifn > 4.
By (1.1.f), we have
" B (2n—1)(2n—2) (2n —2)(2n + 3) B 128
LE™(CCC(G)) =2 x o4 1 4 1 (2 2)><5— =
ifn=2. If n >4 then
n B 2n—1)2n—-2) (2n—2)(2n+3) B 2n —5
LET(CCC(G)) =2 x o+ 1 o+ 1 + (2n 2)X2n+1
_ 4(2n—1)(2n —2)
B 2n+1
This completes the proof. ]

Theorem 5.1.6. If G = G(p,m,n) then
(8) Spec(CCC(G)) = {(—1)p" =P " 2o 2 (et ),
(prtn—l a2 _ 1)2} and

E(CCC(G)) = 2(p™+m — pmH+n=2 _ pn 4 pn=1 _9).
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(b) L-spec(CCC(G)) = {07 =" 7142, (pm=i(p — 1" =" op ),
(pm+n—2(p o 1))2((p—1)pm+"*2—1)} and

2(pn+1_pn+2p)(2pm+n+l_2pm+n+pm+3_2pm+2+pm+1_p3_p2)
p?(p+1) ’

ifn=1Lp>2m>1; orn=2p=2m=1

2m~+2n+3 2(m+n+1) + 3p2m+2n+1 2(m+n)

P —3p -p
E(CCC(G)) _ pi(p+1) (

_p2m+n+4 + 3p2m+n+3 _ 3p2m+n+2 + p2m+n+1

+2pm+n+3 o 2pm+n+2 + pm+5 o 2pm+4 4 pm+3

—p° — p4) , otherwise.

(c) Q-spec(CCC(G)) = {(2pm —2pm )" (D) (=l )" E e P ),
(2pmn—1_gpmtn=2_92, (pm+n—17pm+n—272)2(pm+"71—pm+"72—1)}

and
20pmtt —pml —p 1), difn=1p>2m>1
5(1.2m —6), ifn=2p=2m<2
LET(CCC(G)) = { Z(4™ + 2™ —6), ifn=2,p=2m>3
B 13Gn ), ifn=2,p>3m > L
orn>3,p>2,m2>1.

Proof. By Result 1.3.23 we have

CCC(G) = (pn —pn_l)Kpm—n(pn,pn—l) [ Kpn—l(pm,pm—” U Kpm—l(pn,pn—g.

mme =1, mg =1, ng = pm (" — p" ), ng = p"H(p™ — p™ 1) and

m=1(p® —p"~1). Then, by Result 1.1.6, it follows that

Let mi = pn —p
n3=p
SpeC(CCC(G)) — {(_1)Pm+n—pm+n72_pn+pn71_2’ (pm . pm_l . 1)pn71(p_1)’

(pernfl o pm+n72 o 1)2}’

L-spec(CCC(G)) ={ 07" "2, (pn 1 (p — 1) w0 e n),
(pm-‘rn—Q(p - 1))2((—1+p)pm+"*2—1)}
and

Qspec(CCC(G)) = { (2™ — 2~ — 2" 17D, — it g G ),

(2pm+n—1 _ 2pm+n—2 _ 2)27 (pm+n—1 _ pm+n—2 _ 2)2(pm+n71_pm+n—2_1)}‘
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Hence, by (1.1.d), we get
E(CCC(G)) =p™ ™ —p™ 2 —pt 4 p" T =24 (0" (- D) (" — P = 1)
+2(pmtn T = T )

—_ 2(pm+n _ pm+n—2 _pn +pn—1 _ 2)'

We have |V (CCC(Q))| = miny + mang + mang = p"+"2(p? — 1) and

mini(ng —1)  maong(ng —1)  mang(nz — 1)

e(cee(@))| = " . .
m+n—4 _
_ p 2(]) 1) (zpm-‘rn-i-l _ 2pm+n +pm+3 _ 2pm+2 +pm+1 _ p3 _ p2)'
Therefore,
2le(CCC(G))] _ 2p™ ™t — 2p™ ™ 4 pHS — 9p™ 2 4 prH — pP — p?
[V(cee(a))l p*(p+1)
_ "M =2 +p" =2 + (M =) + (M )
p*(1+p) -
Also,
‘O B 2|e(CCC(G))|‘ _ 2le(CCC(@))|
[viceeq)l|  [vieee(a))l
_ 2pm+n+1 _ 2pm+n +pm+3 _ 2pm+2 + pm+1 _ p3 _ p2
p(p+1) ’
pm—l(p B 1) B 2|€(CCC(G))| _ _2pm+n+1 + 2pm+n 4 me+2 _ 2pm+1 +p3 +p2
[V(cce(@))l p?+p
| - - 1)
p+1
1-— 2pm*1(p7;;11—1)(p—1)’ ifn=1,p>2,m>1;
= orn=2,p=2m=1
2pm71(p;:171)(p71) — 1, otherwise
and
_ 2| (CCC(G))]
m+n—2/_
v P=1) = Jeee@)) ‘
_ ’pm+n+2 m+n+1 + pern _ pm+3 4 2pm+2 _ pm+1 + p3 + p2
P*(p+1)
_ Pt =12 = — 1)2 +p°+p°
p*(p+1)
_ pm+n( _ 1) m+1(p 1)2 +p3 +p2
p*(p+1)
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Now, by (1.1.e), we have

2pm+n+1 _ 2pm+n + pm+3 _ 2pm+2 +pm+1 _ p3 _ p2

LE(CCC(G)) = ("~ p"" +2) x ey
m—1/ n—1 _ _

(" D " p) ¢ (1 i 1>>

Fa((p— it -y LB s e b

2(pn+1 _ pn 4 2p)(2pm+n+1 _ 2pm+n +pm+3 o 2pm+2 4 pm+1 _ p3 _ p2)

= ?

a pip+1)
ifn=1,p>2,m>1;orn=2,p=2m=1. Otherwise

2pm+n+1 _ 2pm+n + pm+3 _ 2pm+2 _|_pm+1 _ p3 _ p2

LE(CCC(G)) = (p™ —p" 1 +2) x oD
+ " - D™ —p" —p)) X <2pm_1(pn;r_11)(p - _ 1>
e — pm+np_12_pm+1p_1)2+p3+p2
) Q(ip e e p*(p +(1)
_ ) (p2m+2n+3 _ 3p2(m+n+1) 4 gpPm2nl _ p2(m+n) _ pmend

4 3p2m+n+3 _ 3p2m+n+2 4 p2m+n+1 4 2pm+n+3 _ 2pm+n+2

_|_pm+5 _ 2pm+4 + pm+3 _ p5 _ p4).

Again,
2
gt g _ 2elCCC(@)] '
[V(cCe(@))]
B 2pm+n+1 _ 2pm+n _ pm+3 _ 2pm+2 4 3pm+1 + p3 + p2
- p3 +p2
_ fl (p7 m, n)
pPP+p* |

where f1(p,m,n) = —(2p™ L —2pmitn —_ pmtS _gpmt2 4 gpmAl 434 p?). Forn = 1,p >
2,m > 1, we have fi(p,m,1) =p(p+1)(p"*t —p™ —p) >0. Forn=2,p>2,m > 1, we

have
filp,m,2) = —(p" 3 —4p™t2 4 3™ 4 p? 4 p?) = —(p" T (p - 1)(p - 3) +p° +p?).

So, f1(2,m,2) = 2(2™ —6) > 0 for m > 3 and f1(2,m,2) < 0 for m = 1,2. Also,
filp,m,2) <0 for p >3 and m > 1. For n > 3,p > 2, m > 1, we have

filp,m,n) = —((p— D)@ (" > = 1)+ p" ("' = 3)) +p* +p%) <0.
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Therefore

2le(CCC(G))]
[v(cee(a))l

m+n+1_o m+n_ . m+3_o9, m+2 m—+1 3 2 .
— 2 AT I i =1,p>2,m > 1;
p°+p

= orn=2p=2,m2>3

|(2p™— 2p™ 7~ 2) -

2pm+n+1 2pm+n_pm+3 2pm+2+3pm+1+p3+p

otherwise.
p3+p?

We have
(pm o pm—l o 2) o 2’6(CCC(G))’ ' _ ‘_me+n+1 — 2pm+n — 2pm+2 + 2pm+1 +p3 —+ p2
[v(cee(a))l P+ p?
2™ =) =2 (p = 1) 9%+ p?
- P*+p?
_ 2™ 1) =2 (p - 1) +p° +p?
P+ p? ’
e(CCC(G |
2 m+n—1 ) m+n—2 9 _
P P v(cee(G
| _2pm+n+1 + 2pm+n + pm+2 _ 2pm+1 + pm + p2 4 p’
p+p?
_ (p _ 1)(2pm+n—1 _ pm—i-l +pm) B 1'
p(p+1)
_ (p B 1) (pm+n—1 _ pm) + (pm—i—n—l +pm—1) B 1’
p+1
_ (p B 1) (pm+n—1 _ pm) + (pm—l—n—l +pm—1) L
p+1
and
2le(cce(Q))|
m+n—1 _  _m+n—2 9
P P V(CCe(G '
_ ‘_ _pm+n+2 4 2pm+n+1 o m+n 4 pm+3 o 2pm+2 _|_pm+1 +p3 +p2
p?(p+1)
I O et 0 (e Vi
p+1
m—1 nfl_l _1)2 .
- 0Dl i =1 p > 2,m > 1

= n=2,p=2,m<?2

1 P -1 (p—1)?

pEs) , otherwise.
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By (1.1.f), we have

LE*(CCC(G))
=" P 1)) x _2pmnl — gpmn — S - gp™ R 4 gy 4 +P2>
p3 + p?

2 m-+n —1)=2 m41 1 3 9
+p" e -1 (™ = p" —p) x ( p" M (p— 1) p§+p2(p )+p +p>
+2><<(p_1)<19 ")+ (p +p )_1>

p+1

_ _ P = D(p 1)
492 m+n—1 __ m+n—2 Nx (1=
(p p ) P

=20 —p" T —p 1),
ifn=1p>2m>1. If n=2,p=2,m <2 then
LET(CCC(@Q))

— (" (p—1)) x <2p

m+n+1 _ 2pm+n _ pm+3 _ 2pm+2 + 3pm+1 +p3 +p2
3+ p? >
2p™ " (p —1) — 2p™H (p — 1) 4 p* + p?

p3 + p? )

+pn72(p . 1)(pm+1 o pm o p) % <

+ax (p B 1) (pernfl _pm) + (pm+n71 +pm71) .
p+1
+ 2( m+n—1 m-+n—2 1) % <1 pm—l(pn—l - 1)(p - 1)2>
p -P - -
p+1
2

Ifn=2,p=2,m > 3 then

LE*(CCC(@))
P ) 2pm+n+1 _ 2pm+n o pm+3 o 2pm+2 + 3pm+1 + p3 + p2
- (p (p - )) o U pg +p2

3 2pm+np_1 _2pm+1p_1 +p3+p2
+p" 2(p—l)(zom“—pm—p)><( ) (p—1)

P+ p?
(pm—i-n—l _pm) 4 (pm+n—1 +pm—1)
2 -1 -1
+2x <(p ) |
m—1/(, n—1 _ 1)(]9 _ 1)2
9(pmtn—l _ pmtn—2 1 p (p 1
+2(p p ) X P

2
= (4" +2™ —06).
~(4" 427 —6)
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Ifn>3,p>2,m2>1 then

LE*(CCC(@))
_ 2pm+n+1 _ 2pm+n _ pm+3 _ 2pm+2 + 3pm+1 +p3 +p2
= (p (p - 1)) X 3 2
p°+p
_ 2p™ " (p—1) = 2" (p — 1) + p° + p?
n—2(  _ m+1 _  m
+p"(p = D(p p™ —p) X ( Bt 2

(pm—i-n—l _pm) 4 (pm+n—1 +pm—1)

2 —1 —1

+2x <(p ) P
m—1/, n—1 _ _1)\2
+ 2(pm+n—1 _ pm+n—2 . 1) % (p (p - 11)(13 1) o 1)
p
4p2m+n—4
= pT(p - 1)3(13" —p).
This completes the proof. O

We conclude this section with the following corollary.

Corollary 5.1.7. If G is isomorphic to Day, Qam; U m), Van, SDspn or G(p,m,n) then
CCC(Q) is super integral.

5.2 Comparing various energies

In this section we compare various energies of CCC(G) that are computed in Section

and derive the following relations.
Theorem 5.2.1. Let G = Doy,.

(a) If n = 3,4,6 then E(CCC(G)) = LET(CCC(G)) = LE(CCC(@)).
(b) If n = 5 then E(CCC(G)) < LE*(CCC(G)) = LE(CCC(Q)).
(¢) If n =10 then LET(CCC(G)) < E(CCC(R)) < LE(CCC(@Q)).
(d) If n > 7 but n # 10 then E(CCC(G)) < LET(CCC(G)) < LE(CCC(@)).

Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.
If n = 3 then, by Theorem we have
E(CCC(G)) = LET(CCC(G)) = LE(CCC(G)) = 0.
If n = 5 then, by Theorem we have
n—3)(n+3) 4

E(CCC(G)) — LEH(CCC(G)) = n— 3 — & S = 2 <0

90



Chapter 5. Various spectra and energies of commuting conjugacy class graph of groups

and LET(CCC(G)) = LE(CCC(G)) =
LE(CCC(@G)).
If n > 7 then, by Theorem we have

wloco

Therefore, E(CCC(G)) < LET(CCC(G)) =

E(CCC(G)) — LET(CCC(G)) =n—3 — " _s)anle op _2(:4:13) <0

and

LE*(cce(@)) - LEcce(@) = ™ _s’l(”ﬁ 3) _ 20 ‘nli(? -3 _ _W “0.

Therefore, E(CCC(G)) < LE*(CCC(G)) < LE(CCC(G)).

Case 2. n is even.

Consider the following subcases.

Subcase 2.1 % is even.

If n = 4 then, by Theorem [5.1.1] we have
E(CCC(G)) = LET(CCC(G)) = LE(CCC(G)) = 0.

If n = 8 then, by Theorem [5.1.1] we have
(n—4)(n+6) 8

E(CCC(G)) ~ LEH(CCC(G) = n -4~ 12 0ER 2 <
and
LE*(cce(@)) — LEcce(@) = ™ jlfg* 6) 30 n?(; -4 _ _g <0.

Therefore, E(CCC(G)) < LE*(CCC(G)) < LE(CCC(@)).
If n > 12 then, by Theorem we have

B(CCe(@)) — LB eee(@)) =n —4 - 20 D020 228

and

2n—2)(n—4) 3(n-2)(n—4)
n+2 n+2
(n—2)(n—4)

=—— <0
n+2

Therefore, E(CCC(Q)) < LET(CCC(G)) < LE(CCC(G)).

Subcase 2.2 % is odd.

If n = 6 then, by Theorem [5.1.1] we have

LEY(CCC(G)) — LE(CCC(G)) =
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E(CCC(G)) = LE*(CCC(Q)) = LE(CCC(G)) = 4.

If n = 10 then, by Theorem [5.1.1] we have

LE*(CCC(G)) — B(CCC(G)) = % S (n—2) = —g <0

and

(n—4)(3n — 10)

E(CCC(R)) — LE(CCC(G)) =n—2— —— =-2<0.
Therefore, LET(CCC(GQ)) < E(CCC(G)) < LE(CCC(@)).
If n > 14 then, by Theorem [5.1.1] we have
2(n—2)(n —
B(CCC(G)) — LE(CCC(G)) = n—2 — 2 - 1(721 6)
_ ~ (n=2)(n—10) <0
n+2

and

LET(CCC(G)) — LE(CCC(G)) = 2(n—2)(n—6) (n—4)(3n — 10)

n+2 n+2
_ n?—6n+16
B n+2
:_n(n—14)+8n+10 <o
n+2

Therefore, E(CCC(GR)) < LET(CCC(G)) < LE(CCC(G)). Hence, the result follows.
Theorem 5.2.2. Let G = Q4.

(a) If m = 2,3 then E(CCC(G)) = LE+(CCC(Q)) = LE(CCC(Q)).
(b) If m =5 then LET(CCC(GR)) < E(CCC(GR)) < LE(CCC(Q)).
(c) If m =17 then LET(CCC(G)) = E(CCC(GR)) < LE(CCC(G)).
(d) If m = 4,6 or m > 8 then E(CCC(G)) < LET(CCC(R)) < LE(CCC(Q)).

Proof. We shall prove the result by considering the following cases.
Case 1. m is odd.

If m = 3 then, by Theorem we have
E(CCC(G)) = LET(CCC(G)) = LE(CCC(G)) = 4.
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If m = 5 then, by Theorem [5.1.2] we have
n 22 2
LET(CCC(G)) — E(CCC(G)) = e (2m —2) = -3 <0

and
2(m —2)(3m —5)

E(CCC(G)) — LE(CCC(G)) = 2m — 2 — =-2<0.

Therefore, LET(CCC(GQ)) < E(CCC(G)) < LE(CCC(@)).
If m = 7 then, by Theorem [5.1.2] we have LE*(CCC(G)) = E(CCC(G)) = 12 and

LE*(CCC(G)) — LE(CCC(G)) 4(m —m 11(1? —-3)  2(m-— Tj)j(fin —5)
_ 2(m+4)(m—1) <0
m+1

Therefore, LET(CCC(G)) = E(CCC(G)) < LE(CCC(Q)).
If m > 9 then, by Theorem [5.1.2] we have

and

LE*(CCC(G)) — LE(CCC(G)) 4(m —m 11(1? —-3)  2(m-— Ts)isin —5)

__2m+)(m-1)
m—+1

Therefore, F(CCC(G)) < LET(CCC(G)) < LE(CCC(@)).
Case 2. m is even.

If m = 2 then, by Theorem [5.1.2] we have

E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)) = 0.

If m = 4 then, by Theorem [5.1.2] we have

E(CCC(G)) — LEH(CCC(G)) = 2m — 4 — 2 _m2)+(7? +3) _ _g <0

and

LE*(CCC(@)) — LE(CCC(G)) = 2™ ;fir(ql +3)  6(m _mlzr(T ) _g <0,

Therefore, E(CCC(G)) < LET(CCC(GR)) < LE(CCC(Q)).
If m > 6 then, by Theorem [5.1.2] we have
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and

LE*(CCC(G)) — LE(CCC(G)) = 4(m —mlzr(rln —2) 6(m —m1zr(rln —2)
_2(m—1)(m—2)

m+1
Therefore, E(CCC(GR)) < LET(CCC(G)) < LE(CCC(G)). Hence, the result follows.

Theorem 5.2.3. Let G = Uy, -

(a) If m = 3,4 and n > 2 then LET(CCC(G)) = E(CCC(GR)) = LE(CCC(G)).
(b) If m =5 and n =2,3; orm =6 and n =2 then

LE*(CCC(G)) < E(CCC(G)) < LE(CCC(Q)).

(¢) Ifm=5andn>4; m>6 andn > 3; orm >8 and n > 2 then
E(CCC(@)) < LE*(CCC(G)) < LE(CCC(G)).

(d) If m =7 and n = 2 then E(CCC(Q)) = LE*(CCC(G)) < LE(CCC(G)).

Proof. We shall prove the result by considering the following cases.
Case 1. If m is odd and n > 2.
If m =3 and n > 2 then, by Theorem [5.1.3] we have

LE*(CCC(G)) = B(CCC(G)) = LE(CCC(G)) = 4(n — 1).

If m =5 and n = 2 then, by Theorem [5.1.3] we have

20 +10n—6

LET(CCC(G)) — E(CCC(Q)) 3

—(n(m+1)—4)=—§<0

and
2(2n —1)(n+3)

E(CCC(Q)) — LE(CCC(G)) = n(m +1) — 4 — 5 — 2<0.
Therefore, LET(CCC(G)) < E(CCC(G)) < LE(CCC(G)).
If m = 5 and n = 3 then, by Theorem we have
LE*(CCC(G)) — B(cee(@)) = 22t ?(” D am41)—4) = —2<0
and
E(CCC(G)) — LE(CCC(G)) = n(m+1) —4— 22n=DW+3) )

3
Therefore, LET(CCC(G)) < E(CCC(G)) < LE(CCC(G)).
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If m =5 and n > 4 then, by Theorem [5.1.3, we have

2(2n +3)(n — 1)
3

E(CCC(G)) — LET(CCC(G)) = n(m + 1) — 4 —

—2(2n% — 8n + 3)
3
—2(2n(n —4) + 3)

= <0
3

and

LE*(CCC(G)) — LE(CCC(G)) = 2(2n + f;)(n -1)  2(2n- 13)(n +3) _ —;sn o

Therefore, E(CCC(G)) < LET(CCC(G)) < LE(CCC(Q)).
If m > 7 and n > 2 then, by Theorem [5.1.3] we have

n*(m—1)(m—-3) _ fi(m,n)
E(CCC(G)) — LET(CCC(G)) = n(m + 1) — 4 — — = ;n -

)

where fi(m,n) =mn(m —4)(n —3)+2mn(m —7) +3n(n—1)+4(m+1). For m > 7 and
n = 2 we have fi(m,n) = 2(m —1)(m —7) > 0. Hence, f1(7,2) = 0 and f1(m,2) > 0 if
m > 9. Thus, E(CCC(G)) = LET(CCC(G)) and E(CCC(R)) < LET(CCC(G)) according as
ifm=7n=2andm>9, n=2 Form>7andn >3 we have fi(m,n) > 0 and so
E(CCC(R)) < LET(CCC(@)).

If m > 7 and n > 2 then, by Theorem we also have

LET(CCC(GR)) — LE(CCC(@))
n?(m — 1)(m — 3) B m?n? — 4mn? + m?n + 3n? — 2mn — 2m + 5n — 2
B m+ 1 m+1

m2n — 2mn — 2m + 5n — 2

m+1
__(mn—Q)(m—2)+5(n—2)+4<0
B m+1 '

Therefore, LET(CCC(G)) < LE(CCC(@R)). Thus, if m = 7 and n = 2 then

E(CCC(G)) = LE*(CCC(G)) < LE(CCC(G))

andif m>7and n>3or m>9 and n = 2 then

E(CCC(G)) < LE*(CCC(G)) < LE(CCC(Q)).
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Case 2. m is even and n > 2.

If m = 4 and n > 2 then, by Theorem [5.1.3, we have
LE*(CCC(G)) = E(CCC(G)) = LE(CCC(G)) = 6(n — 1).
If m = 6 and n = 2 then, by Theorem [5.1.3] we have
LEY(CCC(G)) — E(CCC(G)) =2(n+2)(n—1) — (n(m+2) —6) = -4 <0
and

E(CCC(Q)) — LE(CCC(G))

2m2n? — 12mn2 + m2n + 16n2 — 4mn — 2m + 12n — 4

- 2) — 6 —
n(m+2) —6 ——

=-2<0.

Therefore, LET(CCC(G)) < E(CCC(G)) < LE(CCC(Q)).
If m =6 and n > 3 then, by Theorem [5.1.3] we have

E(CCC(@G)) — LET(CCC(G) =n(m+2)—6—-2(n+2)(n—1)=2n(3-n)—2<0
and

LE*(CCC(G)) — LE(CCC(G))

2m2n? — 12mn2 + m2n + 16n2 —4mn —2m + 12n — 4

=2(n+2)(n—1)— o

=—(n+2)<0.

Therefore E(CCC(G)) < LET(CCC(G)) < LE(CCC(Q)).
If m > 8 and n > 2 then, by Theorem we have

2n2(m — 2)(m — 4)

E(CCC(G)) — LET(CCC(G)) = n(m +2) — 6 —

m 4+ 2
_ 2m2n? — 12mn? — m?n + 16n° — 4mn + 6m — 4n + 12
- m + 2
fQ(mvn)
C m+2

where fa(m,n) = mn(2n — 1)(m — 8) + 2m(2n(n — 3) + 3) + 4n(4n — 1) + 12. For n = 2
and m > 8 we have fa(m,n) = (6m — 2)(m — 8) + 52 > 0. For n > 3 and m > 8 we have
fo(m,n) > 0. Therefore, if m > 8 and n > 2 then F(CCC(G)) < LET(CCC(Q)).
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If m > 8 and n > 2 then, by Theorem we also have

LET(CCC(GR)) — LE(CCC(G))
_ 2n2(m — 2)(m — 4)

m —+ 2
2m?n? — 12mn? + m?n + 16n® — 4mn — 2m + 12n — 4
B m+ 2
- m?n —4dmn —2m + 12n — 4
- m+ 2
mn(m —8) +2m(2n — 1) +4(3n — 1)

= _ < 0.
m + 2

Therefore, LET(CCC(G)) < LE(CCC(QG)). Thus, if m > 8 and n > 2 then

E(CCC(G)) < LET(CCC(R)) < LE(CCC(@)).
Hence, the result follows. O

Theorem 5.2.4. If G = Vg, then E(CCC(G)) < LET(CCC(G)) < LE(CCC(G)). The
equality holds if and only if n = 2.

Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.

By Theorem we have
4(2n —1)(2n —2) 4(n—1)(2n —3)

E(CCC(G)) — LET(CCC(@)) = 4n — 4 — o+ 1 - 2n + 1

and

LE*(CCC(G)) — LE(CCC(G)) = 4(2n ;73)4521” —2) 6(2n ;nl)fln —-2)
_2@2n-1)(2n—2)
- _ o1 < 0.

Therefore, E(CCC(GR)) < LE1(CCC(G)) < LE(CCC(G)).
Case 2. n is even.
If n = 2 then, by Theorem we have

E(CCC(G)) = LE*(CCC(G)) = LE(CCC(G)) = 6.

If n > 4 then, by Theorem we have

16(n —1)(n — 2)
n+1
~ 2(6n? +25n — 17) 2(6n(n —4) +49n — 7)

= — = — <0
n-+1 n+1

E(CCC(R)) — LET(CCC(R)) = 4n — 2 —
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and

LE*(Cce(G)) — LE(cce(q)) = =D =2)  2@2n=3)(6n=T)

n+1 n+1
_ 220 =5n+5)  2(2n(n—4) +3n+5) -0
N n+1 N n+1 ’
Therefore, B(CCC(G)) < LET(CCC(G)) < LE(CCC(G)). Hence, the result follows. O

Theorem 5.2.5. If G = SDg, then E(CCC(G)) < LET(CCC(G)) < LE(CCC(G)). The
equality holds if and only if n = 3.

Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.
If n = 3 then, by Theorem [5.1.5] we have

E(CCC(G)) = LET(CCC(G)) = LE(CCC(G)) = 12.
If n = 5 then, by Theorem we have
E(CCC(G)) — LET(CCC(G)) =4n —22=-2<0

and
LE™(CCC(G)) — LE(CCC(G)) = 22 — 2en _§)+(51n —) ‘% <0

Therefore, E(CCC(G)) < LET(CCC(G)) < LE(CCC(@)).
If n > 7 then, by Theorem we have

E(CCC(G)) — LE*(CCC(G)) = dn — 2= D(n =3)

n+1
_ 4Bn* =1Tn+12)  4(3n(n—T7) +4n +12) “0
B n+1 B n+1
and
16(n —1)(n—3) 2(2n—3)(5n —11)
LE* ~ LE = -
(cce(@)) (ccc(@)) o ]

220 =5n+49)  2@2n(n—T7)+9n+9) -0
N n+1 N n+1 '

Therefore, E(CCC(G)) < LET(CCC(G)) < LE(CCC(@)).
Case 2. n is even.

If n = 2 then, by Theorem we have

B(CCC(G)) — LE(CCC(G)) = 4n — 4 — % - —g <0
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and

28 6(2n—1)(2n —2
28 62n-1En-2) _ 8 _
5 2n+1 5

Therefore, E(CCC(G)) < LET(CCC(G)) < LE(CCC(Q)).
If n > 4 then, by Theorem [5.1.5] we have

LE*(CCC(G)) — LE(CCC(Q))

B(CCC(E)) — LEHCCO(G)) = dn — 4 — 4(2n ;;)JEQITL —-2) _ 4 —2;)(+2T =3 ¢

and

LE*(CCC(G)) — LE(CCC(Q)) = 42 ;nl)_iin = N e ;nl)inn =
_2(2n—1)(2n —2)
- 2n+1 <0

Therefore, E(CCC(G)) < LE+(CCC(G)) < LE(CCC(Q)). Hence, the result follows.
Theorem 5.2.6. Let G = G(p,m,n).
(a) Ifn=1,p>2 andm > 1 then E(CCC(G)) = LE+(CCC(G)) = LE(CCC(Q)).
(b) Ifn=2,p=2 andm =1 then E(CCC(G)) < LE*(CCC(G)) = LE(CCC(G)).
(¢) If n =2, p=2 and m = 2 then LE*(CCC(G)) < E(CCC(R)) < LE(CCC(Q)).
A [fn=2p=2,m>3;n=2p>3, m>1;0rn>3p>2 m>1 then
E(CCC(Q)) < LET(CCC(G)) < LE(CCC(@)).

Proof. We shall proof the result by considering the following cases.
Case 1. n=1,p>2and m > 1.

By Theorem we have
E(CCC(G)) = LE(CCC(G)) = LET(CCC(G)) = 2(p™ ! —p™ ! —p —1).

Case 2. n=2,p=2and m > 1.

If n=2,p=2and m =1 then, by Theorem [5.1.6] we have

LE*+(CCC(G)) — B(CCC(G)) = g(mm ) e gt g

16 4
=——4=->0
3 3

and

LE(CCC(G)) = LEY(CCC(G)) = ?
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Therefore, F(CCC(G)) < LET(CCC(G)) = LE(CCC(Q)).
If n=2,p=2 and m = 2 then, by Theorem [5.1.6] we have

LE(CCC(G)) — E(CCC(G))

! .
=0 (p2m+2n+3 — 3p2(m+n+l) 1 gp2mtantl p2(m+n) _ pEmntd | g 2metnd3
prp+1)
_ 3p2m+n+2 + p2m+n+1 =+ 2pm+n+3 — 2pm+n+2 + pm+5 o 2pm+4 + pm+3 . p5 . p4)

_ 2(pm+n _ pm+n—2 _ pn + pn—l o 2)

=20—-16=4>0
and

LE*(CCO(G)) ~ B(CCC(G)) = 2(727 =) 2™ — y7n=2 _ 4 = )

_u 16 = 4<0
3 3 ’

Therefore, LET(CCC(G)) < E(CCC(G)) < LE(CCC(G)).
If n=2,p=2 and m > 3 then, by Theorem [5.1.6] we have

LE*(CCC(G)) — BE(CCC(Q))

2
— 7(4m Lom _ 6) o 2(pm+n . pm+n72 o pn _i_pnfl o 2)

3
2
= 3" 27— 6) - 232" —4)
2
2
= —S(2"(2" = 8)+6) <0

and

LE(CCC(G)) — LE*(CCC(G))

4
_ p4(p - 1) (p2m+2n+3 _ 3p2(m+n+1) + 3p2m+2n+1 _ p2(m+n) _ p2m+n+4 + 3p2m+n+3
_ 3p2m+n+2 + p2m+n+1 + 2pm+n+3 _ 2pm+n+2 + pm+5 _ 2pm+4 + pm+3 _ p5 _ p4)
2
-5+ 27—
2 m m 2 m m
= ™ 527 —6) — (4™ + 2" —6)
2m+3
=3 > 0.
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Therefore, F(CCC(G)) < LET(CCC(G)) < LE(CCC(Q)).
Case 3. n=2p>3, m>1l;orn>3,p>2, m2>1.

By Theorem we have
LE*(CCC(@)) — E(CCC(G))
4p2m+n—4 3 5 1
= o DN ) 2T T T 2)
2
_ p4 (p — 1) (2p2m+2n+3 _ 6p2(m+n+l) + 6p2m+2n+1 _ 2p2(m+n) _ 2p2m+n+4
+ 6p2m+n+3 _ 6p2m+n+2 + 2p2m+n+1 _ pm+n+5 _ pm+n+4 + pm+n+3

+ pm+n+2 _|_pn+5 _ pn+3 + 2p5 + 2]94)
= f(p,m,n).

Therefore, for n = 2, we have

2
p(p+1)
o pm+3 +pm+2 +pm+1 _|_p4 +p2 + 2]?)

and so f(3,m,2) = 38(9™ — 3™ +3) > 0 for m > 1. Also,

2
f(p,m,2) = ; (P*" 3 (2p — 9) + (PP — p ) + (PP — P ) 4 p? T (11p — 8)

(p+1)
+ 2p*™ 4 p"™ 2 ™t 4 pt 4 p? 4 2p) > 0,
if m>1 and p > 5. For p = 2, we have
1
f(2,m,n) = ﬁ(zmﬂ (21 —1)2m*t —18) + 3.2 + 48) > 0,

ifn>4,p=2m>1. Forn=3p=2,m>1we have f(2,m,3) = 48(4™ — 3.2™ + 3) =
48((2m —2)2 4 2m —1) > 0.
For p > 3,n>3,m > 1, we have

2
f(p,m,n) = m(2p2m+2n+2(}? — 3) 4 (pPmrIntl _ pmAndsy y gp2mantl | g2mdnds
+ (p2m+2n+1 _ 2p2m+2n> + (p2m+2n+1 _ 2p2m+n+4) + 2p2m+2n+1

+ 2p2m+n+2(p _ 3) + (p2m+2n+1 _ pm+n+4) + pm+n+3

+pm+n+2 +pn+3(p2 o 1) + 2p5 + 2p4) > 0.
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Therefore, LET(CCC(G)) > E(CCC(Q)) ifn=2,p>3, m>1;orn>3,p>2 m>1.
Again,

LE(CCC(G)) — LE*(CCC(G))

4

= - (p2m+2n+3 _ 3p2(m+n+1) + 3p2m+2n+1 _ p2(m+n) _ p2m+n+4 + 3p2m+n+3

pi(p+1)

4p2m+n—4
5 4 3/..n
— S R o | _
P> —p") ST eVt -p)
_ 4(2pm+n+l _ 2pm+n 4 pm+3 _ 2pm+2 _|_pm+1 _ p3 _ p2)
p*(p+1)
_ AT =2+ M - p) + =2+ - pY)
P?(1+p) ’

if p>2,n>2m>1. Therefore, LE(CCC(G)) > LE*(CCC(Q)),if n=2,p>3, m>1;or
n>3,p>2, m>1. Hence,

E(CCC(G)) < LET(CCC(GR)) < LE(CCC(G)),
ifn=2,p>3, m>1;orn >3,p>2 m>1. This completes the proof. O
Note that Theorems|[5.2.1 can be summarized in the following way.

Theorem 5.2.7. Let G be a finite non-abelian group. Then we have the following.

(a) If G is isomorphic to Dg, Ds, D12, Qs, Q12, U(n2), U3y, Una)(n > 2), Vi, SDag or
G(p,m,1)(p >2,m > 1) then

E(CCC(G)) = LEH(CCC(Q)) = LE(CCC(Q)).

(b) If G is isomorphic to Dag, Qa0, Upss), Uy, Uty 07 G(2,2,2) then
LET(CCC(@)) < E(CCC(G)) < LE(CCC(@)).

Q16, Q24, Qam(m > 8), Ugy 5y, (n >

1)7 n,
8andn > 2), Vgp(n > 3), SDig,
>3,m >1) or G(p,m,n)(n > 3,p >

(¢) If G is isomorphic to D14, D16, D1g, Dap(n > 1
4), Upmy(m > 6 andn > 3), Uy my(m >
SDan(n > 4), G(2,m,2)(m > 3), G(p,m, 2)(p
2,m > 1) then

E(CCC(R)) < LET(CCC(R)) < LE(CCC(@)).

(d) If G is isomorphic to Qag or Uiazy then E(CCC(G)) = LE*(CCC(G)) < LE(CCC(@)).
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(e) If G is isomorphic to D1g and G(2,1,2) then E(CCC(G)) < LE*(CCC(GR)) = LE(CCC(G)).

We conclude this section with the following remark regarding Conjecture 1.1.7 and

Question 1.1.8.

Remark 5.2.8. By Theorem it follows that
E(CCC(G)) < LE(CCC(G)) and LET(CCC(G)) < LE(CCC(G))

for commuting conjugacy class graph of the groups Dan, Qam, Ugpm)s Van, SDsn and
G(p,m,n). Therefore, Conjecture 1.1.7 holds for commuting conjugacy class graph of
these groups whereas the inequality in Question 1.1.8 does not. However, LE(CCC(G)) =
LE*(CCC(G)) if G = Ds, Dg, D10, D12, Qs,Q12, Vie, SDas, Uy ) Where m = 3,4;n > 2
and G(p,m,n) where n =1,2;p > 2;m > 1.

5.3 Hyperenergetic and borderenergetic graph

In this section we consider CCC-graph for the groups considered in Section [5.1] and de-
termine whether they are hyperenergetic, L-hyperenergetic or Q-hyperenergetic. We shall

also determine whether they are borderenergetic, L-borderenergetic or Q-borderenergetic.
Theorem 5.3.1. Let G = Doy,

(a) If n is odd or n = 4,6 then CCC(G) is neither hyperenergetic, borderenergetic, L-

hyperenergetic, L-borderenergetic, Q-hyperenergetic nor @Q-borderenergetic.

(b) If n = 8,10,12,14 then CCC(G) is L-hyperenergetic but neither hyperenergetic, bor-

derenergetic, L-borderenergetic, Q-hyperenergetic nor @-borderenergetic.

(¢) If n is even and n > 16 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but

neither hyperenergetic, borderenergetic, L-borderenergetic nor @Q-borderenergetic.

Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.
We have |V (CCC(G))| = L. Using (1.1.9), we get

E(K\vcceay)) = LET (K ceeay)) = LE(Kjvceeay) =n — 1 (5.3.a)
If n = 3 then, by Theorem and Theorem we get
B(CCC(G)) = LE*(CCC(G)) = LE(CCC(G)) = 0 < 2 = B(Kyccey)-  (5.3.0)
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If n = 5 then, by Theorem and Theorem [5.1.1} we get
8
E(CCC(G)) < LE+(CCC(G)) = LE(CCC(G)) = g <4 = E(K|V(CCC(G))|)‘ (530)

Therefore CCC(G) is neither hyperenergetic nor L-hyperenergetic nor Q-hyperenergetic for
n = 5.

If n > 7 then, by Theorem and Theorem we get

E(CCC(G)) < LET(CCC(G)) < LE(CCC(G)) = W
Again,
W_(”_l):_ni1 <0
Therefore,
E(CCC(@)) < LE*(CCC(G)) < LE(CCC(R)) < n—1 = E(Kyceey)-  (5:3.d)

Hence, in view of (5.3.d)—(5.3.d), it follows that CCC(G) is neither hyperenergetic, borderen-
ergetic, L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
Case 2. n is even.

We have |V(CCC(G))| = 5 + 1. Using (1.1.g), we get

E(K\vcceay)) = LET (Kjvceeay) = LE(K\v(ceeay)) = n- (5.3.¢)

Subcase 2.1. % is even.

If n = 4 then, by Theorem and Theorem [5.1.1} we get
E(CCC(G)) = LET(CCC(G)) = LE(CCC(G)) =0 < 4 = E(Kycce(a))))- (5.3.f)

Therefore, by (5.3.¢) and by (5.3./), it follows that CCC(G) is neither hyperenergetic, bor-
derenergetic, L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.

If n = 8 then, by Theorem [5.2.1] and Theorem [5.1.1], we get
E(CCC(G)) < LE+(CCC(G)) =6<8= E(K\V(CC’C(G))\)'

Also,
LE(CCC(G)) = 9 > 8 = LE(K|ycce(ay))-

So, CCC(@) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic,

Q-hyperenergetic nor Q-borderenergetic.
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If n > 12 then, by Theorem [5.1.1] we get

LECCce(G)) = 2 _nzl(g =4
We have
3(n—=2)(n—4) _ 2(n(n—12) +2n+12) <0
" n+2 N n+2 )

Therefore, LE(K|y(ccc(a))) < LE(CCC(G)) and so CCC(G) is L-hyperenergetic but not
L-borderenergetic.

By Theorem and Theorem [5.1.1], we also get

B(Cce(@)) < LE*(cce(@)) = 2 _HQJ)F (Z =4
We have
2(n —n2J)r(;L —4) . n? —nlili_n2+ 16 n(n— 1S)++22n +16 _ () (5.3.0)
Therefore, for n = 12, we have fi(n) < 0 and so
2(n — 2)(n — 4)

E(CCC(G)) < LET(CCC(G)) =

D) <n=LE"(Kyccc(ay))-

Thus, if n = 12 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderener-
getic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.

If n > 16 then, by (5.3.4), we have fi(n) > 0 and so LE*(CCC(G)) > n = LET (Kycce(a))))-
Therefore, CCC(G) is Q-hyperenergetic but not Q-borderenergetic. Also,

E(CCC(G)) =n — 4 < n = BE(Kjycee@)))

and so CCC(@) is neither hyperenergetic nor borderenergetic. Thus, if n > 16 then CCC(G)
is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic nor Q-borderenergetic.
Subcase 2.2. 7 is odd.

If n = 6 then, by Theorem [5.2.1] and Theorem we get

E(CCC(G)) = LE*(CCC(G)) = LE(CCC(G)) = 4 < 6 = E(K )y (cce(ay))-

Therefore, CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If n = 10 then, by Theorem and Theorem [5.1.1], we get

LE+(CCC(G)) < E(CCC(G)) < LE(CCC(G)) =10= LE(K|V(CCC(G))\)‘

105



Chapter 5. Various spectra and energies of commuting conjugacy class graph of groups

So, CCC(G) is L-bordererenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If n > 14 then, by Theorem [5.1.1] we get

(n —4)(3n — 10)

LE(CCC(G)) = .

We have
(n—4)(3n —10)  2n(n —14) +4n + 40 <0
n+2 B n+2 '

So, LE(Ky(cce(a)y)) < LE(CCC(G)) and so CCC(G) is L-hyperenergetic but not

L-borderenergetic.

By Theorem [5.2.1] and Theorem [5.1.1] we also get

B(CCe(@)) < LE*(cce(@)) = 2 _n%)r (Z —6),
We have
2(n _n2—)|—(g —6) - n? —nlin;— 24 _ n(n ; f); 24 _ f(n). (5.3.1)
Therefore, for n = 14, we have fo(n) < 0 and so
2(n — 2)(n — 4)

n+ 2

Thus, if n = 14 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderen-
ergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic. If n > 18 then, by
(6.3.7), we have fa(n) > 0 and so LET(CCC(G)) > n = LET(Ky(cccy)). Therefore,
CCC(@) is Q-hyperenergetic but not Q-borderenergetic. Also, E(CCC(G)) =n—2 < n =
E(Kv(cceay)) and so CCC(G) is neither hyperenergetic nor borderenergetic. Thus, if
n > 18 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperen-

ergetic, borderenergetic, L-borderenergetic nor Q-borderenergetic. O
Theorem 5.3.2. Let G = Q4.

(a) Ifm = 2,3,4 then CCC(QG) is neither hyperenergetic, borderenergetic, L-hyperenergetic,

L-borderenergetic, Q-hyperenergetic nor @-borderenergetic.

(b) If m =5 then CCC(G) is L-borderenergetic but neither hyperenergetic, borderenergetic,

L-hyperenergetic, Q-hyperenergetic nor @Q-borderenergetic.

(¢) If m = 6,7 then CCC(QG) is L-hyperenergetic but neither hyperenergetic, borderener-

getic, L-borderenergetic, Q-hyperenergetic nor (Q-borderenergetic.
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(d) If m > 8 then CCC(QG) is L-hyperenergetic and Q-hyperenergetic but neither hyperen-

ergetic, borderenergetic, L-borderenergetic nor @Q-borderenergetic.

Proof. We shall prove the result by considering the following cases.
Case 1. m is odd.
We have |V (CCC(G))| = m+ 1. Using (1.1.9), we get

E(Kvcce@y)) = LET (K (ceey)) = LE(Kv(cee(cy)) = 2m. (5.3.4)
If m = 3 then, by Theorem and Theorem we get

So, by (5.3.4) and ([5.3.7), CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic,

L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.

If m = 5 then, by Theorem [5.2.2] and Theorem [5.1.2] we get
LE+(CCC(G)) < E(CCC(G)) < LE(CCC(G)) =10 = LE(KW(CCC(G))\)‘

So, CCC(@) is L-borderenergetic but neither hyperenergetic, borderenergetic, L-hyperenergetic,
Q-hyperenergetic nor Q-borderenergetic.
If m = 7 then, by Theorem and Theorem [5.1.2] we get

LE*(CCC(G)) = E(CCC(G)) =12 < 14 = E(Ky cceay)|)-
Also,

So, CCC(@) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic,
Q-hyperenergetic nor Q-borderenergetic.

If m > 9 then, by Theorem [5.2.2] and Theorem [5.1.2] we get
4(m —1)(m — 3)

= LE*(CCC(G)) < LE(CCC(G)).

m+1
We have
o Hm=1)(m =3) _ 2(m(m—-9)+6) _,
m+ 1 m+ 1
and so LE*(Kjy(cce(ay)) = 2m < D=3 — ppt(cce(G)) < LE(CCC(G)). Hence,

CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither L-borderenergetic nor Q-

borderenergetic. Also,
E(CCC(G)) =2m—-2<2m= E(K|V(CCC(G))|)~
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Therefore, CCC(G) is neither hyperenergetic nor borderenergetic. Thus, if m > 9 then
CCC(@G) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderener-
getic, L-borderenergetic nor Q-borderenergetic.
Case 2. m is even.

We have |V(CCC(G))| = m + 1. Using (1.1.9), we get

E(Kvcceay)) = LET (K ceeay)) = LE(Kjvcee(ay)) = 2m. (5.3.k)
If m = 2 then, by Theorem and Theorem [5.1.2) we get

E(CCC(G)) = LEH(CCC(G)) = LE(CCC(G)) = 0 < 4 = E(K |y (cce(ay))- (5.3.1)

So, by (5.3.K) and (5.3.1), CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic,

L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If m = 4 then, by Theorem and Theorem [5.1.2] we get

B(CCC(G)) < LEH(CCC(G)) < LE(CCC(G)) = % <8=B(Kyecey).  (5:3.m)

So, by (5.3.4) and (5.3.m)), CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic,

L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If m > 6 then, by Theorem [5.1.2] we get

6(m — 1)(m—2).
m+1

LE(CCC(G)) =

We have

2m_6(m—1)(m—2) 7_4(m2—5m—|—3) __4(m(m—6)+m+3) <0
m+1 B m+1 B m+1

and so
6(m—1)(m—2)

m+1
Hence, CCC(G) is L-hyperenergetic but not L-borderenergetic.

By Theorem and Theorem [5.1.2, we also get

4(m—1)(m—2)'
m+1

LE(K|V(CCC(G))|) =2m < = LE(CCC(G))

BE(CCC(G)) < LET(CCC(G)) =

We have
4(m—1)(m —2) _2m?—Tm+4)  2(m(m—8)+m+4)
e —2m = e = 1 = f(m). (5.3.n)

Therefore, for m = 6, we have f(m) < 0 and so

4(m —1)(m —2)

E(CCC(G)) < LET(CCC(G)) = ——

< 2m = LE"(Ky(cce(ay))-
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Thus, if m = 6 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic,

L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If n > 8 then, by (5.3.7)), we have f(m) > 0 and so

LET(CCC(G)) > 2m = LE™(K}y ccc(ay))-

Therefore, CCC(G) is Q-hyperenergetic but not Q-borderenergetic. Also, E(CCC(G)) =

2m —

4 < 2m = E(Ky(cce(ay)) and so CCC(G) is neither hyperenergetic nor borderener-

getic. Thus, if n > 8 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither

hyperenergetic, borderenergetic, L-borderenergetic nor Q-borderenergetic. O

Theorem 5.3.3. Let G = Uy, -

(a)

If m = 3,4 andn > 2 orm = 6 and n = 2 then CCC(QG) is neither hyperener-
getic, borderenergetic, L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-

borderenergetic.

If m =5 and n = 2 then CCC(G) is L-borderenergetic but neither hyperenergetic,

borderenergetic, L-hyperenergetic, Q-hyperenergetic nor Q-borderenergetic.

Ifm=5andn =3, m=6andn =3 orm =7 and n = 2 then CCC(QG) is
L-hyper-energetic but neither hyperenergetic, borderenergetic, L-borderenergetic, Q-

hyperenergetic nor QQ-borderenergetic.

Ifm =56 andn >4, m =7 andn > 3 orm > 8 and n > 2 then CCC(G)
is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderenergetic,

L-border-energetic nor @Q-borderenergetic.

Proof. We shall prove the result by considering the following cases.
Case 1. m is odd and n > 2.
We have [V(CCC(G))| = " Using (1.1.g), we get

E(K\vcceay)) = LET (K cceay)) = LE(K v cee(ay) = mn+n — 2. (5.3.0)

By Theorem [5.1.3 we get

E{CCC(G))=mn+n—4<mn+n-—2.

Therefore, CCC(G) is neither hyperenergetic nor borderenergetic.
If m = 3 and n > 2 then, by Theorem [5.1.3] we get

LE+(CCC(G)) = LE(CCC(G)) =4n -4 <4n -2 = LE(K|V(CCC(G))|)-
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Therefore, CCC(G) is neither L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor
Q-borderenergetic. Thus, if m = 3 and n > 2 then CCC(G) is neither hyperenergetic, bor-
derenergetic, L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.

If m =5 and n = 2 then, by Theorem and Theorem [5.1.3] we get
LET(CCC(G)) < LE(CCC(@)) =10 = LE(K|y(ccea)))-

Therefore, CCC(G) is L-borderenergetic but neither L-hyperenergetic, Q-hyperenergetic nor
Q-borderenergetic. Thus, if m = 5 and n = 2 then CCC(G) is L-borderenergetic but neither
hyperenergetic, borderenergetic, L-hyperenergetic, Q-hyperenergetic nor Q-borderenergetic.

If m =5 and n = 3 then, by Theorem [5.1.3] we get
LE(CCC(G)) =20 > 16 = LE(K |y (ccc(a))|)-
Therefore, CCC(G) is L-hyperenergetic but not L-borderenergetic. Also,
LE*(CCC(G)) =12 < 16 = LE™ (K|y(cce(cy))-

Therefore, CCC(G) is neither Q-hyperenergetic nor Q-borderenergetic. Thus, if m = 5 and
n =3 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If m =5 and n > 4 then, by Theorem and Theorem we get
22n+3)(n—1)
3

= LE*(CCC(G)) < LE(CCC(G)).

We have
2
- —n— — -1
6n_2_2(2n+3)(n 1) :_4(n n—1) :_4(n(n 4)4+3n—1) <0
3 3 3
and so LE*(K|y(cceay) = 6n—2 < 22301 — [ g+ (cce(@)) < LE(CCC(G)). There-
fore, CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither L-borderenergetic nor

Q-border-energetic. Thus, if m = 5 and n > 4 then CCC(G) is L-hyperenergetic and

Q-hyperenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic nor Q-
borderenergetic.

If m > 7 and n > 2 then, by Theorem we get
m?n? — 4mn® + m?n + 3n® — 2mn — 2m + 5n — 2

LE(CCC(G)) = "

We have
m?*n? — 4mn? — 4mn + 3n? + 4n
m+1
mn?(m — 7) + 2mn(n — 2) +mn? + 3n? + 4n

= — <0
m+1

mn+n—2— LE(CCC(Q)) = —
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and so LE(K|yccc(ay)|) = mn+n—2 < LE(CCC(G)). Therefore, CCC(G) is L-hyperenergetic
but not L-borderenergetic. By Theorem and Theorem [5.1.3] we also get

n%(m —1)(m — 3)

= LE*(CCC(G)) < LE(CCC(G)).

m+1
Let fi(m,n) = %W — (mn 4+ n —2). Then
2+ 2m — 2mn — m?n — n + 3n? — 4mn? + m2n?
fl(m)n) =
m+1

_ mn*(m — 11) + mn® + m*n(n — 2) + 2mn(n — 2) + 2n(3n — 1) + 2(m + 1)

B 2(m+1) ‘
For m =7 and n = 2 we have fi(m,n) = —2 < 0 and so

2(m—1)(m —3
LE+(CCC(G)> = n (m )(m ) <mn-4+n— 2= LE+(K|V(CCC(G))|)'

m—+1
Therefore, CCC(G) is neither Q-hyperenergetic nor Q-borderenergetic. Thus, if m = 7 and
n =2 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.

If m =7 and n > 3 then fi(m,n) = w > (. Therefore,

n?(m —1)(m — 3)
m+1

LE+(K|V(CCC(G))|) =mn+n—2< = LE+(CCC(G))

and so CCC(G) is Q-hyperenergetic but not Q-borderenergetic. Thus, if m =7 and n > 3
then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, bor-
derenergetic, L-borderenergetic nor Q-borderenergetic.

Now, for m = 9 and n = 2 we have fi(m,n) = g > 0. For m =9 and n > 3 we have
film,n) = w > 0. For m > 11 and n > 2 we have fi(m,n) > 0. Therefore, for
m > 9 and n > 2 we have
n?(m —1)(m — 3)

— = LE*(CCC(G))

LE+(K|V(CCC(G))|) =mn+n-—2<

and so CCC(@) is Q-hyperenergetic but not Q-borderenergetic. Thus, if m > 9 and n > 2
then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, bor-
derenergetic, L-borderenergetic nor Q-borderenergetic.
Case 2. m is even and n > 2.

We have [V(CCC(G))| = ™42 Using (1.1.g), we get

E(K\v(cceay)) = LET(Kjvceey)) = LE(Kjvceeay|) = mn +2n — 2. (5.3.p)
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By Theorem [5.1.3| we get
E(CCC(G)) =mn+2n—6<mn+2n—-2= E(K|V(CCC(G))|)7

if m > 4. Therefore, CCC(G) is neither hyperenergetic nor borderenergetic.
If m =4 and n > 2 then, by Theorem we get

LE*(CCC(G)) = LE(CCC(G)) = 6n — 6 < 6n — 2.

Therefore, CCC(G) is neither L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor
Q-borderenergetic. Thus, if m = 4 and n > 2 then CCC(G) is neither hyperenergetic, bor-
derenergetic, L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.

If m = 6 and n = 2 then, Theorem [5.2.3] and Theorem [5.1.3] we get
LE"(CCC(G)) < LE(CCC(G)) =12 < 14 = LE(Ky(ccc(c))))-

Therefore, CCC(G) is neither L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor
Q-borderenergetic. Thus, if m = 6 and n = 2 then CCC(QG) is neither hyperenergetic, bor-
derenergetic, L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.

If m =6 and n > 3 then, by Theorem [5.1.3] we get
LE(CCC(G)) = 2n® + 3n — 2.
We have
8n—2— (2n* +3n —2) = —n(2n —5) < 0.

Therefore,
LE(Kycce(cy)) =8n—2 < 2n*+3n— 2 < LE(CCC(G))

and so CCC(@) is L-hyperenergetic but not L-borderenergetic. By Theorem we also
get
LET(CCC(@)) = 2(n +2)(n — 1).

Let g(n) =2(n+2)(n—1) — (8n —2). Then g(n) = 2(n(n —4) +n —1). Therefore, if n = 3
then g(n) = —2 < 0 and so

LE+(CCC(G)) = 2(71 + 2)(77, — 1) <8n—2= LE+(K|V(CCC(G))|)-

Therefore, CCC(G) 1is neither Q-hyperenergetic nor Q-borderenergetic. Thus, if m = 6
and n = 3then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic,

L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
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If n > 4 then g(n) > 0 and so
LE+(K\V(CCC(G))\) =8n—-2< 2(Tl + 2)(n — 1) = LE+(CCC(G))

Therefore, CCC(G) is Q-hyperenergetic but not Q-borderenergetic. Thus, if m = 6 and
n > 4 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic,

borderenergetic, L-borderenergetic nor Q-borderenergetic.
If m > 8 and n > 2 then, by Theorem and Theorem we get

2n2(m — 2)(m — 4)

— LE*(CCC(G)) < LE(CCC(G)).

m+ 2
We have
mn—+2n —92 — 2n%(m — 2)(m — 4) _ _4 +2m — m?n — 4n — dmn + 16n2 — 12mn? + 2m?2n?
m 4+ 2 m+ 2
= —f2(m,n),
where fo(m,n) = mn2(m_12)+m2”(”_2)+m:1(:’_12—6)+2n(m—2)+16n2+2m+4.

Form:8andn:2wehavef2(m,n):g>0. For m = 8 and n > 3 we have
fa(m,n) = 2(12n% — 25n + 5) = 2(12n(n — 3) + 11n +5) > 0. For m = 10 and n > 2 we
have fo(m,n) = 2(4n? —6n + 1) = 2(4n(n —2) +2n+1) > 0. For m > 12 and n > 2 we

n

have fa(m,n) > 0. Therefore,

2n2(m — 2)(m — 4)
m+ 2

LE*(K\y(cee(ay)) = mn+2n—2 < = LET(CCC(G)) < LE(CCC(@))

and so CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither L-borderenergetic nor
Q-borderenergetic. Thus, if m > 8 and n > 2 then CCC(G) is L-hyperenergetic and
Q-hyperenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic nor

Q-borderenergetic. O
Theorem 5.3.4. Let G = Vg,.

(a) If n = 2 then CCC(Q) is neither hyperenergetic, borderenergetic, L-hyperenergetic,

L-border-energetic, Q-hyperenergetic nor Q-borderenergetic.

(b) Ifn = 3,4 then CCC(Q) is L-hyperenergetic but neither hyperenergetic, borderenergetic,

L-borderenergetic, Q-hyperenergetic nor @Q-borderenergetic.

(¢) If n > 5 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperen-

ergetic, borderenergetic, L-borderenergetic nor ()-borderenergetic.
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Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.
We have |V(CCC(G))| =2n + 1. Using (1.1.g), we get

E(Kycceay)) = LET (K (ceeay)) = LE(Kyv(cee(ay)) = 4n. (5.3.9)

By Theorem [5.1.4] we get

6(2n — 1)(2n — 2)

LE(CCC(G)) = o1

We have

6(2n — 1)(2n — 2) 4(4n? — 10n + 3) 4(4n(n —3) +2n + 3)
2n+1 2n+1 2n+1

and so  LE(Kjy(cce(ay)) = 4n < 25082 — ppcce(@)).  Hence, CCC(G) s

L-hyperenergetic but not L-borderenergetic.

By Theorem and Theorem we also get

B(CCe(@)) < LE*(cce(q)) = 22n—D@n=2)

2n +1
We have
4(2n —1)(2n — 2) 4(2n% —Tn+2)  4(2n(n —5) +3n +2)
—_ 4 — frd = . 5-3.
o+ 1 " o+ 1 o+ 1 an). (G.3.7)

Therefore, for n = 3, we have g1(n) < 0 and so

4(2n —1)(2n —2)

E(CCC(G)) < LET(CCC(G)) = o+ 1

<dn = LE*(Ky(ccc@)))-

Thus, if n = 3 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderen-
ergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic. If n > 5 then, by
(6.3.1), we have gi(n) > 0 and so LET(CCC(G)) > 4n = LE(Kyccc(c)))- Therefore,
CCC(G) is Q-hyperenergetic but not Q-borderenergetic. Also, E(CCC(G)) =4n —4 < 4n =
E(Kv(cce(ay)) and so CCC(G) is neither hyperenergetic nor borderenergetic. Thus, if n > 5
then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic,
borderenergetic, L-borderenergetic nor Q-borderenergetic.
Case 2. n is even.

We have |V(CCC(G))| = 2n + 2. Using (1.1.g), we get

E(Kycceay)) = LET (K ccey)) = LE(Kvcceay)) = 4n + 2. (5.3.5)
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If n = 2 then, by Theorem and Theorem we get
E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)) =6<10= E(K|V(CCC(G))|)' (53t)

Therefore, by (5.3.s) and (5.3.1), we have CCC(G) is neither hyperenergetic, borderen-

ergetic, L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.

If n > 4 then, Theorem [5.1.4] we get
E(CCC(G)) =4n -2 <4n+2 = E(K\V(CCC(G))\)-

Therefore, CCC(G) is neither hyperenergetic nor borderenergetic.
By Theorem and Theorem we also get

16(n —1)(n — 2)

| — LET(CCC(G)) < LE(CCC(G)).

We have

16(n —1)(n — 2)
n+1

n2_ mn n\n — n
~(4n+2) = 32 n+91 +5) _ 60n n?f’ +5) _ an). (5.3.u)

Therefore, for n = 4 we have ga2(n) < 0 and so

16(n —1)(n — 2)
n+1

LET(CCC(@Q)) = <4n+2 = LE"(Kjy(cce(a)))-

Therefore, CCC(G) is neither Q-hyperenergetic nor Q-borderenergetic. Also,

130
Therefore, CCC(G) is L-hyperenergetic but not L-borderenergetic. Thus, if n = 4 then
CCC(@) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic,

Q-hyperenergetic nor Q-borderenergetic.
If n > 6 then, by (5.3.4), we have ga(n) > 0 and so

16(n — 1)(n — 2)

1 — LE*(CCC(@)) < LE(CCC(G)).

LE+(K|V(CCC(G))|) =4dn+2<

Therefore, CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither L-borderenergetic
nor Q-borderenergetic. Thus, if n > 6 then CCC(G) is L-hyperenergetic and Q-hyperenergetic

but neither hyperenergetic, borderenergetic, L-borderenergetic nor Q-borderenergetic. [

Theorem 5.3.5. Let G = SDsg,.
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(a) If n = 2,3 then CCC(QG) is neither hyperenergetic, borderenergetic, L-hyperenergetic,

L-borderenergetic, Q-hyperenergetic nor @-borderenergetic.

(b) If n =5 then CCC(QG) is L-hyperenergetic and Q-borderenergetic but neither hyperen-

ergetic, borderenergetic, L-borderenergetic nor @Q-hyperenergetic.

(¢) If n =4 orn > 6 then CCC(Q) is L-hyperenergetic and Q-hyperenergetic but neither

hyperenergetic, borderenergetic, L-borderenergetic nor @Q)-borderenergetic.

Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.
We have |V(CCC(G))| = 2n + 2. Using (1.1.g), we get

E(K\v(cceay)) = LET (K ceeay)) = LE(Kjvcee(ay)) = 4n + 2. (5.3.v)

By Theorem [5.1.5| we get
E(CCC(G)) =4n < 4n + 2.

Therefore, CCC(G) is neither hyperenergetic nor borderenergetic.
If n = 3 then, by Theorem [5.1.5 we get

Therefore, CCC(G) is neither L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor
Q-borderenergetic. Thus, if n = 3 then CCC(G) is neither hyperenergetic, borderenergetic,
L-hyperenergetic, L-border-energetic, Q-hyperenergetic nor Q-borderenergetic.

If n = 5 then, by Theorem and Theorem [5.1.5] we get

Therefore, CCC(G) is L-hyperenergetic and Q-borderenergetic but neither L-borderenergetic
nor Q-hyperenergetic. Thus, if n = 5 then CCC(G) is L-hyperenergetic and Q-borderenergetic
but neither hyperenergetic, borderenergetic, L-borderenergetic nor Q-hyperenergetic.

If n > 7 then, by Theorem and Theorem [5.1.5] we get

16(n —1)(n — 3)

| = LE*(CCC(G)) < LE(CCC(Q)).

We have

16(n —1)(n — 2(6n2 — 2 2 — 2
42— 6(n—1)(n—3) _ (6n° — 35n + 23) _ (6n(n —17) 4+ Tn+ 23) <o
n—+1 n—+1 n+1
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So, LE*(Ky(cecay)) = 4n +2 < X20-D0=3) — [ p+cce(G)) < LE(CCC(G)) and so
CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither L-borderenergetic nor Q-
borderenergetic. Thus, if n > 7 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but
neither hyperenergetic, borderenergetic, L-borderenergetic nor Q-borderenergetic.

Case 2. n is even.

We have |V(CCC(G))| = 2n+ 1. Using (1.1.g), we get

E(K\vcceay)) = LET(Kjvceeay) = LE(Kjv(ceecy)) = 4n- (5.3.w)

By Theorem [5.1.5( we get
E(CCC(G)) =4n —4 < 4n.

Therefore, CCC(G) is neither hyperenergetic nor borderenergetic.
If n = 2 then, by Theorem [5.2.5| and Theorem [5.1.5] we get

36
LE+(CCC(G)) < LE(CCC(G)) = E < 8= LE(K|V(CCC(G))|)~

Therefore, CCC(G) is neither L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-
borderenergetic. Thus, if n = 2 then CCC(G) is neither hyperenergetic, borderenergetic,
L-hyperenergetic, L-border-energetic, Q-hyperenergetic nor Q-bordere-nergetic.

If n > 4 then, by Theorem and Theorem we get

4(2n —1)(2n —2)
2n+1

= LE*(CCC(G)) < LE(CCC(G)).

We have

4(2n —1)(2n — 2) 4(2n? — Tn + 2) 4(2n(n —4) +n+2)
2n+1 2n+1 2n+1

Therefore, LE" (K (cce(ay)) = 4n < 22%5HE=2) — [p+(cce(@)) < LE(CCC(G)) and
so CCC(Q) is L-hyperenergetic and Q-hyperenergetic but neither L-borderenergetic nor Q-
borderenergetic. Thus, if n > 4 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but

neither hyperenergetic, borderenergetic, L-borderenergetic nor Q-borderenergetic. O
Theorem 5.3.6. Let G = G(p,m,n).

(a) Ifn=1,p>2, m>1;n=2 p=2 m= 1,2 then CCC(G) is neither hyper-
energetic, borderenergetic, L-hyperenergetic, L-borderenergetic, Q-hyperenergetic, nor

Q-borderenergetic.
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(b) If n=2,p=2, m=3; orn=3,p=2, m=1 then CCC(G) is L-hyperenergetic
but neither hyperenergetic, borderenergetic, L-borderenergetic, @Q-hyperenergetic nor

Q-borderenergetic.

c) Ifn=2,p=2m>4;n=2p>3m>1;n=3,p=2,m>2;orn>4,p>2,m?>
(c) p p p p
1 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic,

borderenergetic, L-borderenergetic nor @Q-borderenergetic.

Proof. We have |V (CCC(Q))| = p™™"2(p? — 1) and so

E(Kjv(ccey)) = LET (Kjv(ceey)) = LEEyvcecy)) = 2™ —p™ 72 = 1),

noting that F(K,) = LE(K,) = LET(K,) =2(n —1).

We shall prove the result by considering the following cases.
Casel.n=1,p>2and m > 1.

If n=1,p>2and m > 1 then, by Theorem [5.2.6] we get

LE'(CCC(G)) = E(CCC(G)) = LE(CCC(R)).
By Theorem [5.2.6] we also have

LE(CCC(G)) — 2(p™™™ — p™t=2 — 1)
_2(p" — p" 4 2p) (2p T — 2 4 S — 2pM 2 4 p — p — p?)
p*(1+p)

o 2(pm+n o pm+n72 o 1)

=—-2p < 0.

Therefore, LE(CCC(G)) < LE(Ky(cce(a)y) and so CCC(G) is neither hyperenergetic, bor-
derenergetic, L-hyperenergetic, L-borderenergetic, Q-hyperenergetic, nor Q-borderenergetic.
Thus, if n = 1, p > 2 and m > 1 then CCC(G) is neither hyperenergetic, borderenergetic,
L-hyperenergetic, L-borderenergetic, Q-hyperenergetic, nor Q-borderenergetic.
Case 2. n=2,p=2and m > 1.

If n =2, p=2and m = 1 then, by Theorem and Theorem we get

B(CCC(G)) < LEH(CCC(G)) = LE(CCC(G)) = ? <10 = LE(Kpycceqa))-

Therefore, CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic, L-borderen-

ergetic, Q-hyperenergetic, nor Q-borderenergetic.
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If n =2, p=2 and m = 2 then, by Theorem and Theorem [5.1.6] we get
LET(CCC(@)) < E(CCC(G)) < LE(CCC(G)) =20 < 22 = LE(K |y (cce(ay))-

Therefore, CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic, L-border-
energetic, Q-hyperenergetic, nor Q-borderenergetic.

If n =2, p=2and m > 3 then, by Theorem[5.1.6 we get E(CCC(G)) = 2(3.2™ —4) and
E(Kycce(ay)) = 2(3.2™—1) and so E(CCC(G))—E(K |y cce(ay)) = 2(3.2"—4)—6.2"+2 =
—6 < 0. Therefore, CCC(G) is neither hyperenergetic nor borderenergetic.

By Theorem we also get LE(CCC(G)) = 2(4™ +5.2™ — 6) for n = 2, p =2 and
m > 3. Therefore, LE(CCC(G))—(3.2™—1) = 2(4™ —2™2—3) > 0 and so LE(CCC(G)) >
LE(Kv(ccc(a)))- Hence, CCC(G) is L-hyperenergetic but not L-borderenergetic for n = 2,
p=2and m > 3.

If n =2, p=2and m > 3 then, by Theorem we get LET(CCC(Q)) = %(2m -
2)(2™+3). Therefore, LET(CCC(G))—(3.2m—1) = 2(2™(2™—8)—3) and so LET(CCC(G)) <
LE*(Kycce(ay)) or LET(CCC(G)) > LE*(K|ycce(cy)) according as m = 3 or m > 4.
Hence, CCC(G) is neither Q-hyperenergetic nor Q-borderenergetic if m = 3; and if m > 4
then CCC(G) is Q-hyperenergetic but not Q-borderenergetic. Thus, if n = 2, p = 2 and
m = 3 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-
borderenergetic, Q-hyperenergetic nor Q-borderenergetic; and if n = 2, p =2 and m > 4
then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, bor-
derenergetic, L-borderenergetic nor Q-borderenergetic.

Case 3. n=2,p>3, m>l;orn>3,p>2 m>1.

By Theorem we get

E(CCC(G)) = 2(pm+n _ pm—l—n—Q _pn +pn_1 _ 2)’

LEHcee@) = T o yper
(cce(@)) = | (p—1)°(" —p)
and
4
LE(CCC(@)) = 2m+2n+3 3 2(m+n+1) +3 2m+2n+1 _  2(m+n) _ , 2m+n+4
(cee(@)) T (p P p p p
+ 3p2m+n+3 o 3p2m+n+2 + p2m+n+1 + 2pm+n+3 o 2pm+n+2

+pm+5 _ 2pm+4 + pm+3 _ p5 _ p4)‘
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We have
E(CCC(G)) — 2(p™ ™ — p+n=2 _ 1) — apmtn _ pymtn=2 _ o 4 ol _ gy
_ 2(pm+n _ pm+n—2 _ 1)
=-2p" + 2" -2 <0.
Therefore, CCC(G) is neither hyperenergetic nor borderenergetic. Also,

LET (CCC(G)) _ 2(pm+n _ pm—l—n—Q _ 1)

4p2m+n—4 5 )
= pT(p —1)°(p" —p) — 2" —p"T" T - 1)
2
_ p4(p - 1) (2p2m+2n+3 _ 6p2m+2n+2 + 6p2m+2n+1 _ 2p2m+2n _ 2p2m+n+4 + 6p2m+n+3
_ 6p2m+n+2 + 2p2m+n+1 _ pm+n+5 _ pm+n+4 + pm+n+3 + pm+n+2 + p5 + p4)

= fl(p7m7n)'
Now, for p =2, n > 3 and m > 2, we have
1 m-+n omon
f1(2,m,n) = 5 (2mHr(2m(2" —2) — 18) 4 24) > 0.
For p=2,n=3,m =1 we have f3(2,1,3) = —6 < 0. For n = 2,p = 3 we have
f1(3,m,2) =4mtt —32m+2 L 95,

if m>2. Forn=2,p=3and m =1 we have f1(3,1,2) =2 > 0. For n = 2 we have

2m+4 ]

p2m+3 + 12p2m+2 _ 8

p2m+1 + 2p2m _ m+4 m+3

f1<p,m,2>—p(2 (2 P

p+1

+pm+2 +pm+1 +p2 _|_p)
2
— p(p — 1) (2p2m+3(p . 5) + (p2m+3 o pm+4) + (p2m+3 o pm+3)
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if p>5,m>1. Forn>3,p>3,m > 1 we have

fl (p m n) —_ 2 (2p2m+2n+3 o 6p2m+2n+2 + 6p2m+2n+1 _ 2p2m+2n _ 2p2m+n+4
s 110y
ptp+1)
+ 6p2m+n+3 _ 6p2m+n+2 + 2p2m+n+1 _ pm+n+5 _ pm+n+4 + pm+n+3

+ pm+n+2 + p5 + p4)

2
- 47((2p2m+2n+3 — p2mintl)y o (gp2mA2ndl _ gp2matnddy o (gp2mint3
pip+1)
_ 6p2m+n+2) + 2p2m+n+1 + (p2m+2n+1 _ pm+n+5> + (2p2m+2n+1 o pm+n+4)

+ (p2m+2n+1 _ 2p2(m+n)) +pm+n+3 + pm+n+2 +p5 + p4) > 0.

Therefore, CCC(G) is neither Q-hyperenergetic nor Q-borderenergetic for n = 3,p =2, m =
1. Forn =2,p>3m>1n=3p=2m2>2,n>4p>2m>1; CCC(G) is
Q-hyperenergetic but not Q-borderenergetic.

We have

LE(CCC(G)) = 2(p™ " —p™ ™72 = 1)

— 4 (
pip+1)

_ 3p2m+n+2 + p2m+n+1 + 2pm+n+3 _9

2m+2n+3 3p2(m+n+1) + 3p2m+2n+1 _ . 2(m+n) 2m+n—+4 + 3p2m+n+3

p -p

m+n+2 + pm+5 —9 m+4

p p

+ pm+3 _ p5 _ p4) . Q(pern _ pm+n72 o 1)
2
— p4(p + 1) (2p2m+2n+3 _ 6p2(m+n+1) + 6p2m+2n+1 _ 2p

2m—+n—+2 + 2p2m+n+1 _

2(m+n) 2

p2m+n+4 + 6p2m+n+3

m+n+5 _ _m+n+4 + 5pm+n+3 -3

pm+n+2 + 2pm+5

—06p P P

— dp™ 4 2p™ S — S — pt) = fo(p,m,n).
Forn=2,p >3 and m > 1, we have

P
fé@%7n,n)==iﬁ;j;33(2p%”+4-—8p%”+3-%12p””+2-—8p”"+1—F2p2m/—zfn+4-—p”“ﬁ

+ 7pm+2 _ 7pm+1 + 2pm _ p2 . p).

Therefore, for n = 2, p > 3 and m = 1 we have fo(p,m,n) = —2=(2p° — 9p* + 11p® — p? —

p+1
bp+1) = %(p?’(p—3)2+p4(p—3)+3p2(p—1)+2p(p—3)+1) >0. Forn=2,p>3and
m > 2 we have

2
p(p+1)
+(2p"™ = p?) + Tp"(p — 1) + (2p™ — p)) > 0.

fa(p,m,n) = ((2p*™2(p — 2)% — p"3) + p*™ 1 (3p — 8) + p" P2 (p™ — p?)
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Therefore, if n =2, p > 3 and m > 1 then LE(CCC(G)) > LE(K)yccc(ay)) and so CCC(G)
is L-hyperenergetic but not L-borderenergetic.

Forn >3, p=2and m > 1 we have
1

fg(p,m,n) = E( 2(m+n) 22m+n+1 _ 5'2m+n—|—1 + 2m+3 _ 24)
> i(422m+”+1 _g2mAntl g ogmintl | omt3 o)
- 12
1
- e 5 2 £ >0

Also, for n > 3, p > 3 and m > 1 we have

4
pt(p+ 1)( b

+ 2p2m+2n(p _ 1) + 6p2m+n+2(p _ 1) + 2p2m+n+1 (pn _ p3) +pm+n+1(2pm

2m+2n+2(p _ 3) + pm+n+1( m-+n p4) + pm+n+1(pm+n _ p3)

f2(paman) = p

—3p) + 20" (p — 2) + p(2p™ ! — 1) + pP(5p™T — p?)) > 0.

Therefore, if n > 3, p > 2 and m > 1 then LE(CCC(G)) > LE(K)ycce(ay)) and so
CCC(@G) is L-hyperenergetic but not L-borderenergetic. Thus, if n =2, p > 3 and m > 1
orn >3, p>2and m > 1 then CCC(G) is L-hyperenergetic but neither hyperenergetic,

borderenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic. O

We conclude this chapter with the following characterization of commuting conjugacy

class graph.
Theorem 5.3.7. Let G be a finite non-abelian group. Then

(a) CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic, L-borderenergetic,
Q-hyperenergetic nor Q-borderenergetic if G is isomorphic to Dg, D12, Doy, (n is odd),
Qs, Q12, Qi6; Ue)s Ungzy, Umay(n = 2), Vie, SDis, SDay, G(p,m,1) (p > 2
and m > 1), G(2,1,2) or G(2,2,2).

(b) CCC(Q) is L-borderenergetic but neither hyperenergetic, borderenergetic, L-borderener-

getic, Q-hyperenergetic nor QQ-borderenergetic if G is isomorphic to Qa0 or Uy s).

(¢) CCC(Q) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-borderenerg-
etic, Q-hyperenergetic nor Q-borderenergetic if G is isomorphic to Dig, Doy, Doy,
Das, Q24, Qas, Uz sy, Usg), Uary, Vaa, Va2, G(2,3,2) or G(2,1,3).

(d) CCC(Q) is L-hyperenergetic and Q-borderenergetic but neither hyperenergetic, bordere-

nergetic, L-borderenergetic nor Q-hyperenergetic if G is isomorphic to SDyg.
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(e) CCC(Q) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderen-
ergetic, L-borderenergetic nor Q-borderenergetic if G is isomorphic to Da, (n is even,
n>16), Qum (m > 8), U5 (n>4), Upg (n>4), Upyy (n>3), Upmy (n2>2
and m > 8), Vg, (n >5), SDsa, SDsg, (n > 6), G(2,m,2) (m > 4), G(p,m,?2)
(p>3andm>1), G(2,m,3) (m>2) or G(p,m,n) (n>4,p>2 and m > 1).

Theorem 5.3.8. Let G be a finite non-abelian group. Then

a) If G is isomorphic to Doy, Qum, Upm.mys Van, SDgn or G(p,m,n) then CCC(G) is
(n,m)

neither hyperenergetic nor borderenergetic.

(b) If G is isomorphic to Day, (n is even, n > 8), Qum (m >6), Uysy (n>3), Upng
(n2>3), Upm) (n>2andm >7), Vg, (n>3), SDg, (n >4), G(2,m,2) (m >
3), G(p,m,2) (p >3 and m > 1), G(2,m,3) (m > 1) or G(p,m,n) (n>4,p>2 and
m > 1) then CCC(G) is L-hyperenergetic

(c) If G is isomorphic to Qa0 or Ug sy then CCC(G) is L-borderenergetic.

(d) If G is isomorphic to Day, (n is even,n > 16), Qum (m > 8), U5 (n > 4), Uge)
(n>4), Upnz (n2>3), Upgm) (n>2 andm >8), Vs, (n >5), SD32,SDsy (n >
6), G(2,m,2) (m>4), G(p,m,2) (p >3 and m > 1), G(2,m,3) (m > 2) or G(p,m,n)
(n>4,p>2and m > 1) then CCC(G) is Q-hyperenergetic.

(e) If G is isomorphic to SDag then CCC(G) is Q)-borderenergetic.
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