Chapter 3
Correction of low-density periodic
random errors with weight distri-

bution and error decoding proba-
bility

The contents of this chapter are based on the paper:

e Haokip, L. and Das, P. K. Correction of low-density periodic random errors

with weight distribution and error decoding probability. Communicated.
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Chapter 3

Correction of low-density periodic random
errors with weight distribution and error

decoding probability

In this chapter, we extend the work done in the previous chapter and present
a similar study for low-density periodic random errors defined in Definition 1.7.
The (Hamming) weight distribution of low-density periodic random errors, their
correction by a linear code, and probability of decoding error of such linear codes
are studied here. We first, in Section 3.1, give the weight distribution of s-periodic
random errors of length b with weight w (< ) in a g-ary n-tuple. Then we provide
Plotkin’s type of bound for the set of the error pattern. In Section 3.2, based on the
weight distribution, necessary and sufficient conditions for a linear code correcting
such errors are derived. Comparisons on the necessary and sufficient numbers of
check digits of these codes with the P p) n qRC — codes are provided. The section

concludes with the probability of decoding error for such a code.

Throughout the thesis, we use the following notations for the specific error pat-
tern and the corresponding error-correcting codes as follows:
& (s,b|w),n.,q : set of all s-periodic random errors of length b with weight w in an n-tuple
over GF(q).
LD Py pjw)nqRC — code : length-n linear code correcting s-periodic random er-

rors of length b with weight w over GF(q).
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~ : a function from {1,2,...,s+b—1} to {1,2,...,b} defined by

roif 0<r<b
v(r) =
b if b<r<b+s.

3.1 Hamming weight distribution of § ),

In this section, we give the Hamming weight distribution of vectors of (s pjw)n,q and
average Hamming weight of a vector from the set of vectors of &, pjw)n,q- For this,

we use the following two lemmas.

Lemma 3.1. Consider any non-negative integers n, b and s (n > b+ s) and a
vector of §(splw)n,q that starts from the it position (i = 1,2,...,n). Let \; denote
the number of sets of nonzero positions and m; the maximum number of nonzero

positions in the error pattern. Then
n—i+1

B [n—i—i-l
v s+b

s+b W andmi:{

|p+r((n=i+1) mod (b+s).

Proof. For any vector of &(spjw)n,g Where error starts from the it" position (i =
1,2,...,s+b), the nonzero components are confined to the last n — i+ 1 positions:
i—1 n—i+1
/_J\\r % ™~
(00...0000---000...0000---000...0000---0 )
——— — e —— N — —

s b s

where e represents any field elements.

By Euclidean division algorithm, for integers n —i+ 1 and s+ b, there exist integers

A, and r; such that
n—i+1=X\(s+b)+r;, where 0 <r; <s+b. (3.1)

Then the number of sets, in which the nonzero components of the error pattern are

confined to, is

e i e R

From Equation (3.1]), we know that there are A} sets of s+ b consecutive components

&=M+{

and one set of consecutive r; components in the vector of length n — ¢ + 1 in which

the error components are confined. In each of the A, sets, the first b positions can be
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filled by any nonzero component and in the last set of r; consecutive components,
there are y(r;) = v((n —i+1) mod (b+ s)) positions which can be filled by any
nonzero component. Therefore, the number of nonzero positions in the periodic

error pattern that starts from the i** position is

m; =XNb+~v((n—i+1) mod (b+ s))
n—i+1

=|—b+y((n—274+1) mod (b+s)).
el LRI ) mod (b+s))

]

Lemma 3.2. Let p; be the number of common nonzero positions of elements of
&(s,plw)myqg that start from the it" (i=s4+2,...,5+0b) position with any error vector

of &(s,pjw)m,q that starts from the 15¢ position. Then p; is given by
(1) whenl=0andb—1<1<s+b: p=((—-s—1)5_1 and

i—s—1)5;_ if i1=s4+2
(2) when1 <l<b—1: p; = ( )i

(i—s—1)Bi1+1 if i=s+3,...,5s+D,

n—1i1—b+1

h = | —.
uhere fi = | = |
Proof. Case 1: Whenl=0and b—1<[1<s+b:

The common nonzero positions of the error pattern of § pjw)n,q that starts from the

(s 4+ 2)™ position with the error pattern that starts from the first position are

s+b+1,2(s+0b)+1,...,041(s+b) + 1,

n—(s+1)—b+1w
s+b '

This number of common nonzero position is given by Sy1.

where (5,11 = [

The common nonzero positions of the error pattern of § pjw)n,q that starts from

the (s + 3)% position with the error pattern that starts from the first position are

S+b+178+b+272(8+b)+172(S+b>+27"-a65+2(8+b)+1aﬁs+2(s+b)+27

n—(s+2)—b—|—1]

where (g0 = [ S0

The number of these common nonzero positions is given by 23.5.

Continuing this, the common nonzero positions of the error pattern of £ pjw)n,q
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that starts from the (s + b)™" position with the error pattern that starts from the

first position are
s+b+1,s+b+2,...,s+b+(b—1), 2(s+b)+1,2(s+b)+2,...,2(s+b)+ (b—1),

...... Bsiv-1(s+b) + 1, Bssp1(s+b) +2,..., Bssp1(s+b) + (b—1),

n—(s+b—1)—b+1w
s+b '

The number of these common nonzero positions is given by (b — 1)5s4p-1.

where Bsip-1 = {

Thus
pi=(—s—1)p fori=s+2,5+3,...,5+0b,
n—t—b+1
where 3 >

Case 2: When 1 <[l<b—-1:

The common nonzero positions of the error pattern of § pjw)n,q that starts from the

(s 4+ 2)™ position with the error pattern that starts from the first position are

s+b+1,2(s+0b)+1,...,81(s+b) + 1,

n—(s+1)—b+1]

where Bs41 = [ s

The number of common nonzero positions is given by [si1.

If the error pattern starts from the (s + 3) position, the common nonzero
positions with the error pattern that starts from the (s+2)% position with the error

patterns that start from the first position, excluding the last set, are

S+b+173+b+272(5+b)+172<8+b>+27"'765+2(8+b)+17Bs+2(5+b)+27

n—(s+2)—b+1w
s+b '
The common positions with the last set are Mg p(s+b)+1, Asip(s+0)+2, ..., Asap(s+

where (10 = [

b) + | whose number is [. Therefore, the total number of common nonzero positions

is given by 28,0 + (.

Continuing this, if the error pattern starts from the (s+b)™ position, the common

nonzero positions with the error patterns that start from the first position, excluding
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the last set, are
s+b+1,s+b+2,....,s+b+(b—1), 2(s+b)+1,2(s+b)+2,...,2(s+b)+ (b—1),

------ Bsrp—1(s +0) + 1, Berp1(s +0) +2,..., Bepp_1(s + D) + (b — 1),

n—(s+b—1)—b+1“
s+b '
The last set has common positions Asp(s+b)+1, Asyp(5+0)+2, ..., Asyp(s+b)+1

where o1 = {

whose number is /.
The number of these common nonzero positions is given by (b — 1)8s15_1 + [. Thus

(1—8—1)61_1 lf Z:S—I—Z
pi =
(Z-S-l)ﬁlflﬁ-l if Z:$+3,,S—|—b

]

Note that for n = A(b+ s) 4+ 1, where 0 < [ < s+ b, the maximum weight Wy,

of the set {(s pjuw),n,q 15 given by
(

wA when [ =0
Wmaz = § wA +min{l,w} when 1<[<b

w(A+1) when b<Il<s+b.

\

Theorem 3.3. Let R(spjuw)nq(j) be the total number of vectors of & pjw)n,g whose
weight is j. Then

For j=1:

et =2 () () () () (o

For2<j 3;<w:

R puw)ng(d) = i Kn;) - (kj_l)} (¢—1)

S50+ (o

For w+1<j < Wpes—1:

R =31 [(7) - (45) - (7Y (2 v
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5[ R O B G [y
) (e

-(s + 1)+ — s — 1} (g — 1)wmas when [ =0

For j = Wy -

R(s,b|w),n,q(wma;v> = b)‘(q — ].)wm‘”” when 1 < [ <b

—(l—b+1)b*+1+bA—l+b—1](q—1)wmw when b<1<s+b,

\
where pey1 = 1, ko =0, ki = mi1—04, Bi = {
fy((n—i—i-l) mod (8+b)>.

n—i—b+1

n—i+1
noitl)
s+b

-‘ andmi:b{ P

Proof. Case I: For j = 1.

The number of error patterns of weight 1 that start from the i** position (where

i=2,...,s+1)is given by ("")(¢ — 1). But in the calculation ("')(¢g — 1), the

number of already counted nonzero components in (”Il) (q—1)1is k;y = my1 — Bi

—i—b+1
for i = 1,2,3,...,s+ 1, where 3 = (u
s+b

of complete sets of b consecutive positions that contain the nonzero positions in

W represents the total number

the error pattern. Therefore, the total number of the errors having weight 1 is the
quantity S [(™) = (%1)] (g — 1)? with ko = 0.
i=1

For error patterns whose starting position are i = s+2,..., s+b, all the vectors of
weight 1 are already counted in the error patterns that start from the first position.
The number of these nonzero components is given by [;_;. So, there are (5 0 1)
number of vectors of weight 1 which need to be substracted. Therefore, the number
of vectors of weight 1 in these positions is given by the quantity ("ll) — (kil‘l) — (ﬁ 1'1‘1).

Thus we have

R(s bjuw)ng(1) Zil K?) - (kl_ 1)] (g—1)

i=1

2 10)-(5)- ()

Case II: For 2 < 5 < w.
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As above, we can find the total number of the errors having weight j that start from
the i"" position, where i = 1,2,..., s+ 1, is the quantity Sil [(7;“) — (kljl)} (q—1)
with kg = 0. But, for error patterns that start from ilz:l s+2,...,8+ b, there
are some more common vectors with the already counted error vectors that start
from the first position. By Lemma p; denotes the number of common nonzero
components that start from the i** (i = s +2,..., s+ b) position which are already

Di

present in the errors that start from the first position. So, )(q —1)7 gives the
number of error vectors of weight j that start from the " (i = s +2,...,5+ b)
position, which are already present that start from the first position. This includes

ki ,
some vectors which are already deleted by using the term ( } 1) (¢ — 1), thus the
J

term <pi,_1> (g — 1) is added to include such already deleted error vectors. So, the
J

exact number of common vectors that need to be excluded is [(7;) — (" ;1)](q — 1)

Therefore, we have

R pjuw) m.q(9) ij;i Kn;’) - (kzl)} (q—1)

LG k. . .
2 ()= (5)-0)+ (5))a-v
R AN j j j
Case III: For w+1 < j < Wyee — 1.

In this case also, we can similarly calculate the total number of all error vectors
having weight j starting from the i** position, wherei = 1,2, ..., s+1, after deleting

the common vectors as the quantity

S 1(3) - (5 - () (ot o -

Again, for error vectors having weight j starting from (s+2)™ to (s+ b)"" positions,

there are some more common vectors which we have calculated as the previous case

to be (%) — (71). Thercfore
Bs bjuw).na(7) =§ K”;) - (kjl) - ((b - Ulj)ﬁ “) (j Tiw__b 1)] (q—1)

=1

S0 -0 (6
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() (3o

Case IV: For j = wpz-

In this case, the number of the error vectors having weight j is calculated and found

to have different formulas for [ =0, 1 <l < band b <[ < s+ b as follows:

/

[(s+1)0* + 01— s — 1] (g — 1)wmes when [ =0

R(s,b\w),n,q(wmax) = b)\(q — 1)wmam when 1 < [ <b

[((=b+1)M + 0 —1+b—1](¢g— 1) when b<I1<s+b.

\

O
Remark 3.4. The values of m; and p; in Lemma 2.7 are given by
(
b for1<i<s+1
m; = if 1=0,
bA+s—i4+1 fors+2<i<s+b
\
(
bA+1l—1+1 for 1 <i<lI
m; = § b\ forl+1<i<s+1+1 o 1<1<),
bA+s+1l—i+1 fors+l+2<i<s+0b
\
(
b(A+1) for 1<i<l—b+1
mi=9bA+1)+{1-b—i+1) forl—-b+l<i<l 1 b<I<s+b,
b for 1+1<i<s+b
\
Pi = 10i1s if [=0o0rb<l<s+b,
1Bits for 1 <i <l
=4 if 1<1<b.
ipr—1)+1 forl+1<i<b-—1
These values of m; and p; are simplified in Lemma [3.1] and Lemma [3.2]
Further for b = w, we have
bA when [ =0
b—w)p;— m; —b
Winaz = § b\ + 1 when 1<I<b and (( 1)5 1)( ):O
j—w-—1
b(A+1) when b<I<s+b

\

This gives us that Theorem [3.3] coincides with Lemma 2.7.
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Example 3.5. Consider the error set {sa1),11,3 i the ternary space of 11-tuples
with weight w = 1, then A =2; [ =11 mod b5 =1; my =5, mg = --- = ms = 4;
Psi1 = Lipsio = 2; Bo = 1 = -+ = Py = 2. Substituting these values in the above
Theorem (3.3, we get

st = [~ [()- -
- Olo-r -l
60O

wett[)-()- (1o
(-0 (e
00O (I e
Q-0 e
0000262 e

Rz om13(3) = 2°(3 — 1)° = 32.

Here the maximum weight is Wy = 3. This example can be verified by using

Ezample of the next section.

Example 3.6. Consider the set {a1)122 in the binary space of 12-tuples with
weight w =1, then A=2;1=12 mod b5=2; m; =6, my =5,mg=---=mz =4,
Psi1 = Lipsio = 2; Bop =3, B = B = -+ = By = 2. Substituting the values in

Theorem (3.3, we get

st =[() - (0] [() - ()] [() - ()] [() - ()]
()-0)-0)

+
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1
R39n)12,2(2) = {

R(372|1),1272(3) =(2-2+1)x22+22—-24+2—-1=11.

Note that the maximum weight is Wy = 3. This example can be verified by Example

3. L3

Example 3.7. For the set {32),142 @0 the binary space of 14-tuples with weight

w=2, we haove \=2; =14 mod 7=0; my =mg=---=m5 =6,mg =5, m; =
4: psi1 = 1, psuo =1,psa3=2; fo=01=---= Py =2, f5s = P = 1. From Theorem
[3.3, we get

Rasmanst = (1) - ()] +
“1(0)-
1)

10-0-010-0-)

s = ()= (O] [©) - ()



1)) @G- G) - ()G

=154+9x4+4+2

A6 ()6 6) - (T ) ea)
66 6) - )

—(20—-2)+(20—4—2) x4+ (10—4—1)+(4—1—1)

=184+56+5+2
= 81.
R(4,3\2),14,2(4) =(4+1)x 3213271 41 =45 -2 =43,

Here the mazimum weight is Wyee = 4. This example can be verified by Fxample
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Now we give a bound on the minimum weight of a vector of the set (s pjw)n,q, a0

equivalent result to Plotkin’s bound (Result 1.12).

Theorem 3.8. The minimum weight of a vector of the set &(spjw)n,q 15 at most

Wmax

Zl TR (s pw)nq(J)
J:

Y

R(s,b\w),n,q (])
j=1

where R(S7b|w),n7q(j) 15 given by Theorem .

Wmax

Proof. By Theorem , the number of vectors of {(s pjuw)n,q having Hamming weight j

is R(s pjw)n,q(j) and the total weight of vectors of &(s pjw),n,q i given by Z JR(s.bjw)n,q(J)-
j=1
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As the minimum weight of a vector can be at most the average weight, the minimum

weight of a vector of §(s pjw)n,q 15 at most

Wmazx

> i Resafwyngld)
j=1

Wmax

> Rispwyng(d)
j=1

This proves the result. [

3.2 LDPpu)nq,RC-codes, comparison and error de-

coding probability

In this section, we derive necessary and sufficient conditions for the existence of
LD P pjw)n,qF2C-codes just like in the previous chapter, followed by comparisons on
the necessary and sufficient numbers of check digits of LD P, pjw)n,q[2C-codes with
Ps p)n,qRC-codes along with the probability of decoding error of LD P, pjw)n,q2C-

codes.

3.2.1 Conditions for existence of LD PF ) RC-codes

Out of the necessary and sufficient conditions for the existence of a LD P, pjw),n,q 2C-
code, we first prove the necessary condition by considering the weight distribution

of the error pattern derived in Section 3.1.

Theorem 3.9. Every (n, k) LD P pjuw)n,qRC-code satisfies

n—=k> logq |:1 —+ R(57b|w),n,q(j):|7
=1

where R(S7b|w),n7q(j) 1s given by Theorem .

Proof. By Theorem , the number of error vectors in the set &( pjuw)n g, including

Wmazx

the zero vector, is 1+ | pjw)ngl = 1+ D R(sbjw)ng(d)- As the maximum available
j=1
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coset is ¢"* and LD P pjw)n,qgl1C-code corrects all such errors, we have

qn—k Z 1+ Z R(s,b|w),n,q(j>
j=1

— n —k > log, [1 - Z Rspjw)ng(J) |-
j=1
O

Remark 3.10. The maximum number of codewords of an (n, k) LD P pjw)n,qg2C-

code 1s

n

M S Wmazx q :
1+ Zl R(s,b|w),n,q (])
j:

The following is the sufficient condition for the existence of a LD P pju)n,q2C-

code.

Theorem 3.11. For the existence of an (n, k) LD P pjuw)nqRC-code, the following

condition s sufficient:

w—1 w A—1
_ b—1 A b—1 A
q"’“>2( . )(q—l)] Z( . )(q—l)J
=\ =\
min{w,g} g ] Wmax
> () (q—1) (1 + > R(s,bw),n—b,q(j)> : (3.2)
j=0 J J=1
where g = 7(l) and R(s pjwyn—bq(J) 5 given by Theorem .
min{w,g} g
Here (,)(q—l)jzl for g=0
(rere 32§ )

Proof. The proof is shown by constructing an appropriate (n — k) x n parity-check
matrix H of the code. Suppose that hq, hs, hs, ..., h,_1 columns are added suitably
to H. Any (nonzero) column h, is added to H as n'" column provided that it is
not a linear combination of w — 1 or less columns within the set of the immediately
preceding b — 1 columns, together with linear combinations of columns of previous
sets of b consecutive columns with at most w columns from each set, along with a
linear combination of w or less columns taken from the last set of b or less consecutive

columns confined to the first n — b columns with the condition that the sets are also
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at a gap of s columns. This can be written as

b-1 b—1 b—1 g—1
hy, # <Z aghy—; + Z birhy—(s+b)—i + Z biohp—o(s4b)—i + -+ + Z biAhn—/\(s-',-b)—z‘)
i=0 =0 ;

=1

b—1 b—1 b—1
+ <Z Qinhj—i+ Y Biahy—(espy—i + Y Bizhyaespy—i + -+ Z Bix - (s+6)— )
i=0 i=0 i=0
(3.3)
where a;j, b, a;j, Bij € GF(q) such that the number of nonzero a;;’s is at most w—1,
and that of b;;’s, a;;’s, B;;’s are at most w; j' <n—b; g =~(n mod (s+b)) = (1),

¢ =7((n=b-j+41) mod (s+b)) and X' = LZ;SJ

b—1 ,
The number of coefficients a;;’s is Z < , )(q — 1.
J

7=0

A—
w b1 | min{uw.g) |
The number of coefficients b;;’s is | > < , ) (g —1) X > <g) (g—1).
J J

j=0 j=0
So, the number of all possible linear combinations in the first bracket on R.H.S. of

B3) is

S e (B Yaw) R Qe

7=0
The second bracket of (3.3)) gives the number of low-density periodic random errors

in a vector of length n — b. This is given by Theorem as

Wmax

1+ Z Rs plw)n—b,q(J)-
j=1

Therefore, the total number of all the possible linear combinations of the R.H.S of

B.3) is
A=1 min{w,g}

> (e (S5 )e-) X ey
x <1 + wz Ris bfwynbal j)) . (3.4)

Since we can have at most ¢"* columns, taking ¢"* greater than or equal to the
term computed in (3.4]) gives the sufficient condition for the existence of the required

code. That is
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min{w,g} Wmaax
g
x Z (J) (g —1) <1+ ZR(SM 1t (] )). (3.5)

This proves the theorem.

In the following examples, X', p. and S! represent the values of A\, p; and f3; respec-

tively when n is replaced by n — b. [

Example 3.12. Considern =11, s=3,b=2, w =1 and g = 3 in Theorem|(5.11
then A = 2; 1 =11 mod b =1; and N =1; p, ., = 1,p,., = 1; By = B = 05 =
2,85 = ), = 1. Putting these values in the above inequality , we get

£ (£ o)

) mm{zivgl} (1) 31y (1 + ZR(?, a).03(J ))

=0 J
=1x3x3x [1466]
=9 x67
= 603.

This implies n — k > 6. Thus, we can construct a parity check matrix H of order

6 x 11, which gives rise to a (11,5) ternary LD P31 11,3RC-code:

1 021010O01O00
21 0000O0O01O00O0
00 0O0O0OO0OZ2O01O01
H—
01 012001100
001 10O0O0O0T1TT1TO0
1 001 0O0O0O0T1QO0 2
L 4 6x11

It can be verified from the Error Pattern-Syndrome Table|3.1|that the syndromes
of all vectors of {3 9/1),11,3 are nonzero and distinct and the ternary (11,5) code (the

null space of H) is a LDP32)1),11,3RC-code.
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Table 3.1: Error Pattern-Syndrome

Error Patterns Syndromes | Error Patterns Syndromes
00 000 00 000 1 001002 00 000 01 000 2 001001
00 000 00 000 2 002001 00 000 02 000 1 002002
00 000 01 000 0 002000 00 000 02 000 2 000001
00 000 02 000 0 001000 00 000 10 000 1 101002
00 000 10 000 O 100000 00 000 10 000 2 102001
00 000 20 000 0 200000 00 000 20 000 1 201002
00 000 01 000 1 000002 00 000 20 000 2 202001
10 000 00 000 0 120001 01 000 02 000 1 012102
10 000 00 000 1 121000 01 000 02 000 2 010101
10 000 00 000 2 122002 20 000 00 000 0 210002
10 000 10 000 0O 220001 20 000 00 000 1 211001
10 000 20 000 0 020001 20 000 00 000 2 212000
10 000 01 000 0 122001 20 000 10 000 0 010002
10 000 02 000 0 121001 20 000 20 000 0 110002
10 000 10 000 1 221000 20 000 01 000 0 212002
10 000 10 000 2 222002 20 000 02 000 0 211002
10 000 20 000 1 021000 20 000 10 000 1 011001
10 000 20 000 2 022002 20 000 10 000 2 012000
10 000 01 000 1 120000 20 000 01 000 1 210001
10 000 01 000 2 121002 20 000 01 000 2 211000
10 000 02 000 1 122000 20 000 20 000 1 111001
10 000 02 000 2 120002 20 000 20 000 2 112000
01 000 00 000 0 010100 20 000 02 000 1 212001
01 000 00 000 1 011102 20 000 02 000 2 210000
01 000 00 000 2 012101 02 000 00 000 0 020200
01 000 10 000 0 110100 02 000 00 000 1 021202
01 000 20 000 0 210100 02 000 00 000 2 022201

Contd...
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Table 3.1 — Error Pattern-Syndrome

Error Patterns

Syndroms

Error Patterns

Syndromes

01 000 01 000 O
01 000 02 000 O
01 000 10 000 1
01 000 10 000 2
01 000 01 000 1
01 000 01 000 2
01 000 20 000 1
01 000 20 000 2
02 000 20 000 1
02 000 20 000 2
02 000 02 000 1
02 000 02 000 2
0 00 000 01 00O
0 00 000 02 000
0 10 000 01 000
0 10 000 02 000
0 01 000 00 000
0 01 000 10 000
0 01 000 20 000
0 01 000 01 000
0 01 000 02 000
0 20 000 01 000
0 20 000 02 000
0 02 000 00 000
0 02 000 01 000
0 02 000 02 000
0 02 000 10 000
0 02 000 20 000

012100
011100
111102
112101
010102
011101
211102
212101
221202
222201
022202
020201
000100
000200
010200
010000
200010
202010
201010
200110
200210
020000
020100
100020
100120
100220
102020
101020

02 000 10 000 O
02 000 20 000 O
02 000 01 000 O
02 000 02 000 0
02 000 10 000 1
02 000 10 000 2
02 000 01 000 1
02 000 01 000 2
00 01 000 02 00
00 20 000 01 00
00 20 000 02 00
00 02 000 00 00
00 02 000 01 00
00 02 000 02 00
00 02 000 10 00
00 02 000 20 00
000 00 000 01 O
000 00 000 02 0
000 10 000 01 O
000 10 000 02 0
000 01 000 00 0O
000 01 000 10 O
000 01 000 20 0
000 01 000 01 O
000 01 000 02 0
000 20 000 01 O
000 20 000 02 0
000 02 000 00 0

120200
220200
022200
021200
121202
122201
020202
021201
022000
211101
022212
200222
011000
122111
200022
200122
000010
000020
100121
100101
000200
111011
222122
000210
000220
200202
200212
000100

o4
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Table 3.1 — Error Pattern-Syndrome

Error Patterns ~ Syndroms Error Patterns  Syndromes
00 00 000 01 00 111111 000 02 000 10 0 111211
00 00 000 02 00 222222 000 02 000 20 0 222022
00 10 000 01 00 011121 000 02 000 01 0 000110
00 10 000 02 00 122202 000 02 000 02 0 000120
00 01 000 00 00 100111 0000 10 000 01 001202
00 01 000 10 00 100211 0000 10 000 02 002201
00 01 000 20 00 100011 0000 01 000 10 100010
00 01 000 01 00 211222 0000 01 000 20 100020
0000 20 000 01 001102 0000 02 000 10 200010
0000 20 000 02 002101 0000 02 000 20 200020

Example 3.13. Consider n =12, s=3,b=2, w =1 and ¢ = 2 in Theorem
then X\ = 2; 1 =12 mod 5 =2; and N = 2; pl,,, = 1L,p, ., =1, By =B = =
B4 = 2,8y = 1. Putting these values in inequality (3.9), we get

w2 (e (505 )e-w)

J=0 Jj=0
3

min{w=1,g=2} 9 '
X Z (]) (2—-1) <1 + Z R(3,2|1),10,2(j)>
j=1

j=0
=1x2"x3x [1+24]

=6 x 25 = 150.

This implies n — k > 8. Thus, we can construct a parity check matriz H of order
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8 x 12, which gives rise to a (12,4) binary LD P op)122RC-code:

—_ = = =

o O O = o o o o©
o O = O O o o o
o =R, O O O o o o
_ o O O O O O O

O O O O O o O =
o O o o o o = O
SO O O o o = O O
o O o o = o o o
o O = O = = O O
[
e T e Y == =S o B =
= = O O = O =

1

8x12
It can be verified from the Error Pattern-Syndrome Table[3.3 that the syndromes
of all vectors of §2)1),12,2 are nonzero and distinct, showing that the (12,4) code is

a binary LD P(32)1),122RC-code.

Table 3.2: Error Pattern-Syndrome

26

Error Patterns Syndromes | Error Patterns Syndromes
00 000 00 000 01 11010011 10 000 10 000 01 01010111
00 000 00 000 10 10101010 10 000 10 000 10 00101110
00 000 01 000 00 00000010 0 00 000 01 000 0 00000001
00 000 10 000 00 00000100 0 00 000 01 000 1 11010010
00 000 01 000 01 11010001 0 01 000 00 000 0 00100000
00 000 01 000 10 10101000 0 01 000000001 11110011
00 000 10 000 01 11010111 0 01 000 01 000 0 00100001
00 000 10 000 10 10101110 0 01 000 10 000 0 00100010
01 000 00 000 00 01000000 001000010001 11110010
01 000 00 000 01 10010011 0 01 000 100001 11110001
01 000 00 000 10 11101010 0 10 000 01 000 0 01000001
01 000 01 000 00 01000010 0 10 000 01 000 1 10010010
01 000 10 000 00 01000100 00 00 000 01 000 00110100
01 000 01 000 01 10010001 00 01 000 00 000 00010000
01 000 01 000 10 11101000 00 01 000 01 000 00100100

Contd...




Table 3.2 — Error Pattern-Syndrome

Error Patterns ~ Syndroms Error Patterns  Syndromes
01 000 10 000 01 10010111 00 01 000 10 000 00010001
01 000 10 000 10 11101110 00 10 000 01 000 00010100
10 000 00 000 00 10000000 000 00 000 01 00 11111111
10 000 00 000 01 01010011 000 01 000 00 00 00001000
10 000 00 000 10 00101010 000 01 000 01 00 11110111
10 000 01 000 00 10000010 000 01 000 10 00 00111100
10 000 10 000 00 10000100 000 10 000 01 00 11101111
10 000 01 000 01 01010001 0000 01 000 10 0 11111011
10 000 01 000 10 00101000 0000 10 000 01 0 10100010

Example 3.14. Consider n = 14, s = 4, b = 3, w = 2 and q = 2 in Theorem

then A = 2; 1 =14 mod 7 = 0; and N = 1; p,,, = L,pl.o = L,p. s = 2;
By = By = 2,6, = B = Py = Bt = B = 1. Putting these values in the above

inequality , we get
2-1 2 1
3—1 3—1 ,
2”—’€>Z( , )2—1 (Z( )2—1)])
J=0 J J
min{w=2,9g=0}

X Z (j)Q—l (1+§;R43|2112)

J=0

=3x4' x1x [1+135]

=12 x 136

= 1632.

This implies n — k > 11. Thus, we can construct a parity check matriz H of
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order 11 x 14, which gives rise to a (14, 3) binary LD P4 3j2)142RC-code:

(100000000001 11|
010000000000 T11
001000000000T10
000100000000T10
000010000000 T11
H=1000001000001T10
00000010000T1T10
000000010000 T11
00000000100T1T10
000000000100 T11
(0000000000101 1]

Error Pattern-Syndrome Table shows that the syndromes of all vectors of
§(4,3]2),14,2 are nonzero and distinct, showing that the (14, 3) binary code is a LD Py 32)142RC-

code.

Table 3.3: Error Pattern-Syndrome

Error Patterns Syndromes Error Patterns Syndromes
000 0000 001 0000 00000000010 | 011 0000 000 0000 01100000000
000 0000 010 0000 00000000100 | 011 0000 001 0000 01100000010
000 0000 100 0000 00000001000 | 011 0000 010 0000 01100000100
000 0000 011 0000 00000000110 | 011 0000 100 0000 01100001000
000 0000 110 0000 00000001100 | 011 0000 011 0000 01100000110
000 0000 101 0000 00000001010 | 011 0000 110 0000 01100001100
100 0000 000 0000 10000000000 | 011 0000 101 0000 01100001010
100 0000 001 0000 10000000010 | 110 0000 000 0000 11000000000
100 0000 010 0000 10000000100 | 110 0000 001 0000 11000000010
100 0000 100 0000 10000001000 | 110 0000 010 0000 11000000100
100 0000 011 0000 10000000110 | 110 0000 100 0000 11000001000
100 0000 110 0000 10000001100 | 110 0000 011 0000 11000000110

Contd...
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Table 3.3 — Error Pattern-Syndrome

Error Patterns

Syndroms

Error Patterns

Syndromes

100 0000 101 0000
010 0000 000 0000
010 0000 001 0000
010 0000 010 0000
010 0000 100 0000
010 0000 011 0000
010 0000 110 0000
010 0000 101 0000
001 0000 000 0000
001 0000 001 0000
001 0000 010 0000
001 0000 100 0000
001 0000 011 0000
001 0000 110 0000
001 0000 101 0000
0 010 0000 001 000
0 010 0000 011 000
0 010 0000 101 000
0 001 0000 000 000
0 001 0000 001 000
0 001 0000 010 000
0 001 0000 100 000
0 001 0000 011 000
0 001 0000 110 000
0 001 0000 101 000
0 110 0000 001 000
0 110 0000 011 000
0 110 0000 101 000

10000001010
01000000000
01000000010
01000000100
01000001000
01000000110
01000001100
01000001010
00100000000
00100000010
00100000100
00100001000
00100000110
00100001100
00100001010
00100000001
00100000011
00100000101
00010000000
00010000001
00010000010
00010000100
00010000011
00010000110
00010000101
01100000001
01100000011
01100000101

110 0000 110 0000
110 0000 101 0000
101 0000 000 0000
101 0000 001 0000
101 0000 010 0000
101 0000 100 0000
101 0000 011 0000
101 0000 110 0000
101 0000 101 0000
0 000 0000 001 000
0 000 0000 011 000
0 000 0000 101 000
0 100 0000 001 000
0 100 0000 011 000
0 100 0000 101 000
00 000 0000 011 00
00 000 0000 101 00
00 100 0000 001 00
00 100 0000 011 00
00 100 0000 101 00
00 010 0000 001 00
00 010 0000 011 00
00 010 0000 101 00
00 001 0000 000 00
00 001 0000 001 00
00 001 0000 010 00
00 001 0000 100 00
00 001 0000 011 00

11000001100
11000001010
10100000000
10100000010
10100000100
10100001000
10100000110
10100001100
10100001010
00000000001
00000000011
00000000101
01000000001
01000000011
01000000101
10000110101
10000110110
10100110100
10100110101
10100110110
10010110100
10010110101
10010110110
00001000000
10001110100
00001000001
00001000010
10001110101
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Table 3.3 — Error Pattern-Syndrome

Error Patterns

Syndroms

Error Patterns

Syndromes

0 011 0000 000 000
0 011 0000 001 000
0 011 0000 010 000
0 011 0000 100 000
0 011 0000 011 000
0 011 0000 110 000
0 011 0000 101 000
0 101 0000 000 000
0 101 0000 001 000
0 101 0000 100 000
0 101 0000 011 000
0 101 0000 010 000
0 101 0000 110 000
0 101 0000 101 000
00 000 0000 001 00
00 101 0000 100 00
00 101 0000 011 00
00 101 0000 110 00
00 101 0000 101 00
000 000 0000 001 O
000 000 0000 011 0
000 000 0000 101 O
000 100 0000 001 O
000 100 0000 011 O
000 100 0000 101 0
000 010 0000 001 O
000 010 0000 011 O
000 010 0000 101 0

00110000000
00110000001
00110000010
00110000100
00110000011
00110000110
00110000101
01010000000
01010000001
01010000100
01010000011
01010000010
01010000110
01010000101
10000110100
00101000010
10101110101
00101000011
10101110110
11111111111
01111001011
11111111110
11101111111
01101001011
11101111110
11110111111
01110001011
11110111110

00 001 0000 110 00
00 001 0000 101 00
00 110 0000 001 00
00 110 0000 011 00
00 110 0000 101 00
00 011 0000 000 00
00 011 0000 001 00
00 011 0000 010 00
00 011 0000 100 00
00 011 0000 011 00
00 011 0000 110 00
00 011 0000 101 00
00 101 0000 000 00
00 101 0000 001 00
00 101 0000 010 00
000 011 0000 110 O
000 011 0000 101 O
000 101 0000 000 0
000 101 0000 001 O
000 101 0000 010 O
000 101 0000 100 0
000 101 0000 011 O
000 101 0000 110 O
000 101 0000 101 O
0000 000 0000 001
0000 000 0000 011
0000 000 0000 101
0000 100 0000 001

00001000011
10001110110
10110110100
10110110101
10110110110
00011000000
10011110100
00011000001
00011000010
10011110101
00011000011
10011110110
00101000000
10101110100
00101000001
10001010101
11110011110
00010100000
11101011111
10010010100
00010100001
01101101011
10010010101
11101011110
11001001011
00110110100
01001111111
11000001011
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Table 3.3 — Error Pattern-Syndrome

Error Patterns

Syndroms

Error Patterns

Syndromes

000 001 0000 000 O
000 001 0000 001 O
000 001 0000 010 O
000 001 0000 100 0
000 001 0000 011 O
000 001 0000 110 O
000 001 0000 101 0
000 110 0000 001 O
000 110 0000 011 O
000 110 0000 101 O
000 011 0000 000 0
000 011 0000 001 O
000 011 0000 010 O
000 011 0000 100 0
000 011 0000 011 O
0000 011 0000 000
0000 011 0000 001
0000 011 0000 010
0000 011 0000 100
0000 011 0000 011
0000 011 0000 110
0000 011 0000 101
0000 101 0000 000
0000 101 0000 001
0000 101 0000 010
0000 101 0000 100
0000 101 0000 011
0000 101 0000 110

00000100000
11111011111
10000010100
00000100001
01111101011
10000010101
11111011110
11100111111
01100001011
11100111110
00001100000
11110011111
10001010100
00001100001
01110101011
00000110000
11001111011
11111001111
10000000100
00110000100
01111111011
01001001111
00001010000
11000011011
11110101111
10001100100
00111100100
01110011011

0000 100 0000 011
0000 100 0000 101
0000 010 0000 001
0000 010 0000 011
0000 010 0000 101
0000 001 0000 000
0000 001 0000 001
0000 001 0000 010
0000 001 0000 100
0000 001 0000 011
0000 001 0000 110
0000 001 0000 101
0000 110 0000 001
0000 110 0000 011
0000 110 0000 101
00000 001 0000 10
00000 001 0000 11
00000 011 0000 00
00000 011 0000 01
00000 011 0000 10
00000 011 0000 11
00000 101 0000 00
00000 101 0000 01
00000 101 0000 10
00000 101 0000 11
000000 001 0000 1
000000 011 0000 1
000000 101 0000 0O

00111110100
01000111111
11001101011
00110010100
01001011111
00000010000
11001011011
11111101111
10000100100
00110100100
01111011011
01001101111
11000101011
00111010100
01000011111
11111110111
00110111100
00000011000
11001010011
11111100111
00110101100
00000101000
11001100011
11111010111
00110011100
11001001111
11001000111
00000010100
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Table 3.3 — Error Pattern-Syndrome

Error Patterns ~ Syndroms Error Patterns  Syndromes
0000 101 0000 101 01000101111 | 000000 101 0000 1 11001011111
00000 001 0000 01 11001000011

3.2.2 Comparison

In this subsection, we provide comparisons on the necessary and sufficient numbers
of check digits for LD P pju)n,qRC-codes with P nq[2C-codes. In Table 3.4-3.5,
some of these check digit numbers are listed and we see that the LD P pjuw)n,qRC-
codes take fewer number of check digits than P, ) 5, (RC-codes. This is true for other
cases also. Therefore, LD P pjw)n,qlC-codes are more efficient than Py, RC-

codes in terms of code rate.

Table 3.4: Necessary number of check digits

nis|blqg|lw n—k n—k
(PspynqRC-codes) | (LDPs pju)n,gRC-codes)
103231 5 3
103241 4 5
1n|3/2/3|1 5 A
12041221 6 1
134221 6 .
144|322 8 7
185|542 2 10 9
205|423 B 1
231514131 12 6
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Table 3.5: Sufficient number of check digits

ni|s|blqg|lw n—k n— k
(PspynqRC-codes) | (LD P pju)n,gRC-codes)
103231 8 5
10]3]2/4]1 8 .
1 l3]2]3|1 10 6
12041221 9 3
1304)2)2]1 10 g
144322 13 1
18|5(4]2) 2 17 13
205423 19 18
235|431 23 g

3.2.3 Error decoding probability

The chapter concludes with the probability of decoding error for a LD P, pju) n,q2C-

code (equivalent to Result 1.17) over a symmetric channel along with a remark.

Theorem 3.15. Suppose PDg(E) is the probability of decoding error of an (n,k)
LD P pjwyn2RC-code on a binary symmetric channel with transition probability e,

then

Wmazx

PDR(E) = 1= 3" Rigpurnz(i)-€' (1 — )",
j=1

where Rspjuw)n,2(7) is given by Theorem .
Proof. An error pattern can be corrected if and only if it is a coset leader in the
standard array for the code [72]. So, the probability of correcting an error is the

probability that the error is a coset leader. Since the binary symmetric channel

has the transition probability €, the probability of occurring of any one of the error
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vectors of weight j being coset leader is /(1 —€)" /. So, the probability of occurring

of any error vector from the set §(spjuw)n,2 is

Wmazx

> Riapuyna(i)-e (1= )",
j=1

where R(s pjw)n,2(J) is given by Theorem .

As the code corrects all such error patterns, the probability PDg(FE) of decoding

error of the code is

Wmazx

PDr(E) =1~ 3" Risjuynz(f)-(1— )",
7=1
0

Remark 3.16. For s =3,b =2, and ¢ = 0.1, we determine the probability of decod-
ing error PDg(E) of binary LD P pjw)n,2RC-codes of different lengths as follows.

Table 3.6: Values of PDg(E)

n || 1| PDg(E)
10[2]0] 019
1m2(1] o021
12(2(2] 023
1312(3] 029
14[2[4] 031
1530|033

We find that the probability of decoding error of LD P pjw)n2RRC-codes increases as
the length of the code increases. So, a shorter length code is more efficient than a

longer one.
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