Chapter 7

Relative r-noncommuting graphs

of finite rings

In this chapter, we generalize the notion of 7-noncommuting graph of a finite ring R. More
precisely, we consider relative r-noncommuting graph of R relative to a subring S, which
is denoted by I'g , and defined as a simple undirected graph with vertex set R and two
vertices = and y are adjacent if x € Sory € S and [z,y] # r,—r. Clearly I';  is the
r-noncommuting graph of R. Further, if r = 0 then the induced subgraph of I'g , with
vertex set R \ Cr(S) is nothing but the relative non-commuting graph of R which has
been studied in [20]. In Section we derive formula for degree of any vertex in I'y
and characterize all finite rings such that I'g 5, is a star, lollipop or a regular graph. In
Section we show that I'g, p is isomorphic to Fgé
the pairs of finite rings (51, R1), (S2, R2) and | Z(S1, R1)| = |Z(S2, R2)|. In Section|7.4, we

obtain certain relations between the number of edges in I'§ ; and Pr, (S, K). Finally, we

73%2 if (¢,1) is an isoclinism between

conclude the chapter by deriving certain results on the induced subgraph of I'y , with

vertex set R \ Z(S, R). This chapter is based on our paper [87] submitted for publication.

169



Chapter 7. Relative r-noncommuting graphs of finite rings

7.1 Preliminary observations

We have the following observations regarding I'y ; analogous to the observations in Sec-

tion 3.1.

Observation 7.1.1. Let S be a subring of a finite ring R and r € R. Then we have the

following.

(a) If r ¢ K(S,R) then I'y p = K|5 + K|g|_|5| and so

|IR|—1 ifzesS
deg(z) =
El ifzeR\S.

(b) If K(S,R) = {0} and 7 = 0 then T , = K.
It follows that if r ¢ K (S, R) then
(i) I's g is a tree if and only if S = {0} or [S| = |R| = 2.
(ii) T's g is a star graph if and only if S = {0}.
(iif) I'g f is a complete graph if and only if S = R.

Note that if R is commutative or S = Z(S, R) then K (S, R) = {0}. Therefore, in view
of Observation we consider R to be non-commutative, S to be a subring of R such
that S # Z(S, R) and r € K(S, R) throughout this chapter.

7.2 Vertex degree and consequences

For any two given elements z,r € R we write Cg(z) to denote the set {s € S : [z, s] = r}.
Note that Cg(x) is the centralizer of z in R if S = R and r = 0. The following theorem

gives degree of any vertex in I'§ 5, in terms of C(x).

Theorem 7.2.1. Let x be any vertex in I'y p.

R|—|C : S
(a) If r =0 then deg(z) = |R| —|Cr(2)], ifze€

S| = 1Cs(z)|, ifzeR\S.
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Chapter 7. Relative r-noncommuting graphs of finite rings

R~ [Ch@)| ~ 1, ifaes
(b) If r # 0 and 2r = 0 then deg(z) =

S|~ |C5@), e eR\S.

|R| —2|CR(x)| -1, ifzesS
(¢) If r # 0 and 2r # 0 then deg(z) =

|S| —2|C%(x)], ifre R\ S.
Proof. (a) Let r = 0. If x € S then deg(x) is the number of s € R such that sz # sz.
Hence, deg(x) = |R| — |Cr(x)|. If x € R\ S then deg(x) is the number of s € S such that
sz # sx. Hence, deg(z) = |S| — |Cs(x)|.

(b) Let r # 0 and 2r = 0. In this case, r = —r. If z € S then s € R is not adjacent to
x if and only if s = x or s € Cp(x). Hence, deg(z) = |R| — |Cx(x)| — 1. If x € R\ S then
s € S is not adjacent to x if and only if s € Cg(z). Hence, deg(x) = |S| — |Cg(x)|.

(c) Let r # 0 and 27 # 0. In this case, r # —r. Also, Cg(z)NCg"(x) = 0 and s € Cg(x)
if and only if —s € Cg"(x). Therefore, Cg(x) and Cg"(x) have same cardinality. Further,
if z € S then s € R is not adjacent to x if and only if s = z, s € Cx(x) or s € C;"(x).
Hence, deg(z) = |R| — |CR(z)| = |CR"(z)] — 1. If z € R\ S then s € S is not adjacent to x
if and only if s € Cg(z) or s € Cg"(x). Hence, deg(x) = [S| — |Cq(x)| — |Cg" (x)|. Hence,
the result follows. O

The next lemma shows that for all =, € R the cardinality of Cg(x) is either zero or
Cs ()]

Lemma 7.2.2. If Cg(x) is non-empty then |Cg(x)| = |Cs(z)| for all z,r € R.
Proof. Let t € Cg(x) and p € t + Cg(x). Then p =t + m for some m € Cg(x). We have
[,p] = [z, t+m]=x(t+m)— (t+m)x =[x, t] =7

and so p € Cg(x). Therefore, t + Cs(x) C Cy(x). Again, if y € Cg(z) then [z,t] = [z,y]
which implies (y — t)x = x(y — t). Therefore (y —t) € Cs(z) and so y € t + Cs(x). Thus
Cg(x) Ct+ Cs(x). Hence, Cg(x) =t + Cs(x) and the result follows. O

By Lemma and Theorem we have the following two corollaries.
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Chapter 7. Relative r-noncommuting graphs of finite rings

Corollary 7.2.3. Let x € S be a vertex in FE,R-

R|—|C —17 f Or
(a) If r #0 and 2r = 0 then deg(x) = |B] = |Cr(z)] if Chx) #0

|R| — 1, otherwise.

R| = 2|Cgr(x)| — 1, if Ch(x
(b) If r # 0 and 2r # 0 then deg(z) = B = 2|Cr(@)] f Cr(z) # 0

|R| — 1, otherwise.

Corollary 7.2.4. Let x € R\ S be a vertex in I's g-

Sl —|C . if Cr
(a) If r #0 and 2r = 0 then deg(x) = |S| —|Cs(x)|, if Ce(z)#D

|S], otherwise.

S| —2|Cs(x)|, if Ch(z) #0
(b) v £0 and 2r 0 then dog(a) = o 2105 ()
1S, otherwise.
In the next few results we discuss some properties of Fg’ r- The following lemma

shows that I 1, is a disconnected graph if 7 = 0.

0, ifr=20
Lemma 7.2.5. If x € Z(S, R) then deg(z) =
|R| —1, ifr#0.

Proof. The result follows from Theorem noting that = € S and

. Cr(z)=R, ifr=0
Cr(z) =
0, if r #0.
O

Lemma 7.2.6. Let S be a subring of a non-commutative ring R with unity 1 and r # 0.
If 1 € S then deg(z) > 2 for all x € R.

Proof. The result follows from the fact that [z,0] = [z,1] # r and —r for all z € R. O
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Chapter 7. Relative r-noncommuting graphs of finite rings

Theorem 7.2.7. Let S be a subring of a non-commutative ring R and r € R.
(a) If r =0 then FE,R s not a tree, star graph, lollipop graph and complete graph.
(b) If r # 0 and R has unity 1 € S then I's g is not a tree and a star graph.
Proof. The results follow from Lemma and Lemma [7.2.6] O

Theorem 7.2.8. Let S be a subring of a non-commutative ring R and r # 0. Then Igpis
a star if and only if 2r = 0, S # {0} and R is isomorphic to E(4) = (a,b : 2a = 2b = 0,0 =
a,b’> =b,ab=a,ba =b) or F(4) = (z,y: 2z =2y = 0,22 = x,1°> = y, 2y = y,yx = ).

Proof. If R is isomorphic to E(4) or F(4) then it is easy to see that I'y 5 is a star graph
for any subring S.

Suppose that I'g p is a star graph. Clearly, deg(0) = |R| — 1. Also, deg(z) = 1 for all
0#xz € R. Since r # 0 and r € K(S, R) we have S # {0}. Let 0 # y € R. Then consider
the following cases.

Case 1: y € S.
Note that deg(y) # |R| — 1. Therefore, if 2r = 0 then, by Corollary [7.2.3|(a), we have

1 = deg(y) =|R| — |Cr(y)| — 1.

Therefore, |R| —|Cr(y)| = 2. We have 0,y € Cr(y). Since Cr(y) is a subring of R, |Cr(y)|
divides |R| — |Cgr(y)|. Therefore, |Cr(y)| = 2 and hence |R| = 4.
If 2r # 0 then, by Corollary [7.2.3(b), we have

1 = deg(y) =|R| — 2|Cr(y)| — 1.

Therefore, |Cr(y)| = 2 and hence |R| = 6, a contradiction since R is non-commutative.
Hence, 2r =0 and |R| = 4.

Case 2: y€ R\ S.
Note that deg(y) # |S|, otherwise |S| = 1; a contradiction. Therefore, if 2r = 0 then,

by Corollary [7.2.4{a), we have

1 =deg(y) =[S — |Cs(y)l-
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We have 0 € Cs(y). Since Cs(y) is a subring of S, |Cs(y)| divides |S| —|Cs(y)|. Therefore,
|Cs(y)| = 1 and hence |S| = 2. Thus, S has a non-zero element and so, by Case 1, we have
|R| = 4.

If 2r # 0 then, by Corollary [7.2.4b), we have

1 =deg(y) =|S| —2|Cs(y)|-

Therefore, |Cs(y)| = 1 and hence |S| = 3. Therefore, S has a non-zero element and so, by
Case 1, we have 2r = 0 and |R| = 4, a contradiction.

Hence, 2r = 0 and R is isomorphic to E(4) or F'(4). Hence, the result follows. O

Theorem 7.2.9. Let S be a non-commutative subring of R. Then Iy i is not a lollipop
graph.

Proof. If r = 0 then the result follows from Theorem (a). Let v # 0 and I'y  be a
lollipop graph. Then there exits an element x € R such that deg(x) = 1.
Case 1: z € S

By Corollary [7.2.3] we have deg(z) = |R| — 1 =1 or deg(z) = |R| — |Cr(z)| —1=1or
deg(z) = |R| — 2|CRr(z)| — 1 = 1. Therefore |R| — |Cr(x)| =2 or |R| — 2|Cr(z)| = 2 since
|R| # 2. Thus |Cr(x)| = 2 and so |R| = 4 since |R| # 6. Hence, by Theorem I's g is
a star graph; a contradiction.
Case 2: x € R\ S

By Corollary [7.2.4] we have deg(z) = |S| — |Cs(z)| = 1 or deg(z) = |S| — 2|Cs(z)| =1
since |S| # 1. Therefore |[Cs(z)] = 1 and so |S| = 2 or 3. Hence, S is commutative, a

contradiction. O

Note that Theorem is a generalization of Theorem 6.1.4. We conclude this section

with the following result.

Theorem 7.2.10. Let S be a subring of a non-commutative ring R. Then I'§  is regular
if and only if K(S,R) = {0}.

Proof. If K(S,R) = {0} then r = 0. Therefore, by Observation [7.1.1(b), it follows that
I's g is regular. Suppose that I'y p is regular. If r = 0 then, by Lemma we have
deg(0) = 0. Therefore I'g p = K| and so K(S, R) = {0}. If r # 0 then, by Lemma [7.2.5
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we have deg(0) = |R| — 1. Therefore, I'g 5 is a complete graph and so S = R. That is,

Iz g is regular; which is a contradiction by Theorem 6.1.5. O

7.3 T’y of isoclinic pairs
In this section, we mainly prove the following result.

Theorem 7.3.1. Let Ry and Ry be two finite rings. Let S1 and So be two subrings of Ry

and Ry respectively such that |Z(S1, R1)| = |Z(S2, R2)|. If r € [S1, R1] and (¢,) is an

isoclinism between the pairs (S1, R1) and (S2, Ra) then I'y 5 & F&( 1)%2

Proof. We have ¢ : is an isomorphism such that ¢ (42 (S§1R1)> =

Ry Ry
Z(Sl,Rl) ™ Z(5:,Ra)

% Therefore, |Z 5'17R1 | - |Z(£72R2 | and |Z (S1, Rl | = |Z(S§?R2)| Let |Z (S1 Rl)’ m
and ]m\ =n. Let {31,32, ey Sms rm+1,.. ;rn} and {s),sh, ... s, T, e, T
be two transversals of W and m respectlvely such that {s1,s2,...,sm} and
{s},85,...,8,} are transversals of (5 R ) and Z(S R ) respectively.

Let ¢ be defined as ¢(s;+Z(S1, R1)) = si+2Z(S2, Ra), ¢(r;+2(S1, R1)) = 1+ Z(Ss, Ry)
for1 <i<mand m+1<j <n. Let6: Z(S,R) — Z(S2,R2) be a one-to-one
correspondence. Let us define a map « : Ry — Ry such that a(s; + z) = s, + 0(z),
a(rj +2) =71 +0(2) for z € Z(S1,R1), 1 <i<mand m+1<j<n Then aisa
bijection. Suppose u,v are adjacent in I's, r,- Then u € Siorv e Sy and [u,v] # r,—r.

Without any loss of generality, let us assume that v € S;. Thenu=s;+zfor 1 <i<m

and v = t + 21 where z,21 € Z(S1,R1), t € {s1,82,--.,SmsTm+1,---,7n}. Therefore, for
some t' € {S],...,8,, 7, 1,7}, We have

[si + 2,t + 21] # 1, —7
= U([si + 2,0+ 21]) # P(r), —(r)
=[5} +0(2), 1" + 0(z1)] # ¥(r), —(r)
= [a(si + 2),a(t + 21)] # P(r), —(r)
= [a(u), a(v)] # ¥(r), —(r).
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This shows that a(u) and a(v) are adjacent in Fgérl)b noting that a(u) € Sy. Hence, « is

an isomorphism between the graphs I gh g, and I‘gg}b. This completes the proof. ]

7.4 Connecting I'y , with Pr.(S5, R)

In this section, we derive some connections between I'y , and Pr, (5, R). Let |e(I'§ )
denotes the number of edges in I'y . If 7 ¢ K(S, R) then it follows from Observation

[Z1.1lthat | |2 S
., SI?+18
le(Ts,p)l = ISR = ———

The following theorem gives the number of edges in I'§ ;, in terms of Pr,.(S, R) and Pr,(5).
Theorem 7.4.1. Let S be a subring of a finite ring R.
(a) If r =0 then

2le(T's )| = 2|S||R|(1 — Pr(S, R)) — |S|*(1 — Pr(S)).
(b) If r #0 and 2r =0 then

2|S||R|(1 = Prr(S, R)) — [S]*(1 = Pry(8)) — [S], if r € S
2le(Ts p)| =
2|S|IRI(1 = Pr. (S, R)) — [S]> = |S], ifre R\S.

(¢) If r #0 and 2r # 0 then

2[S||R[(1 = 32 Pru(S, R))-

u=r,—r

2le(Ts p)l = [SPP(1— > Pru(S)) -S|, ifres

u=r,—r

21SIIRI(1 = 32 Pry(S,R))— IS =S|, ifreR\S.

u=r,—r

Proof. Let 1 = {(z,y) € S x R : z # y,[z,y] # r and [z,y] # —r} and J = {(z,y) €
RxS:x#y, e,y #rand [z,y] # —r}. Then INJ = {(z,y) € S x S :x #y,[z,y] #
r and [x,y] # —r}.
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It is easy to see that (z,y) — (y,z) defines a bijective map from I to J and so |I| = |J|.
Also, 2|e(I's )| = [TU J|. Therefore,

2le(Ts,p)| = 2[I] = [N J]. (7.4.1)
(a) If » = 0 then, by equation (1.3.2), we have
I} ={(z,y) € S x R: [z, y] # 0}

=|SI[R| - {(z,y) € Sx R : [x,y] = O}
—|S||RI(1 - Px(S, R))
and
INJ| ={(z,y) € S x S [z,y] # 0}

=151* — {(z,y) € S x S [z,y] = 0}]

=|S]*(1 - Px(S)).

Hence, the result follows from equation ([7.4.1)).
(b) If » # 0 and 2r = 0 then » = —r. Therefore, by equation (1.3.2), we have

I =K(z,y) € Sx R:x #y,[z,y] # r}
=ISIIR[ = [{(z,y) € S x R: [, y] = r}| = {(z,y) € S x §: 2z =y}

=[S[|R|(1 — Pr,(S, R)) — |S|.
If r € S then, by equation (1.3.2), we have

INIl={(z,y) € S xS #y, [z, y] #r}
=151* = [{(z,y) € S x S [z,y] = r}[ = {(z,y) € S x Sz =y}

=|SP*(1 — Pr,(8)) — IS].

If r € R\ S then we have
LNl = 151> - |9]
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noting that {(x,y) € S x S : [x,y] = r} is empty. Therefore,

|S|2(1 — Pr.(S)) — |S|, ifresS
Nl =
1S|? — 19/, ifre R\S.

Hence, the result follows from equation ([7.4.1]).

(c) If r # 0 and 2r # 0 then, by equation (1.3.2), we have

‘]I’ :‘{($,y) €5 x R:x7éy7 [.Z',y] #T and [l’,y] 7é _T}‘
=|S[IR[ = [{(z,y) € S x R: [w,y] = r}| = {(z,y) € S X R: [2,y] = —r}|
—{(z,y) € S xSz =y}

=|S|IR|(1 = ) Pru(S,R))—|S|.

u=r,—r

If r € S then, by equation (1.3.2), we have
TNJ| ={(z,y) € Sx S:x#y,[z,y] #r and [z,y] # —r}|
:’S|2 - H:(xvy) €ESxS: [l’,y] :T}| - |{(l’,y) €S xS [l‘,y} = —’l“}’
—{(z,y) € S xSz =y}

=[SP(1 = Y Pru(S)) —[S].

u=r,—r

If r € R\ S then we have
NIl =18” —I5I.

noting that {(xz,y) € S x S : [x,y] = r} and {(z,y) € S x S : [z,y] = —r} are empty.
Therefore,
IS|12(1 — > Pry(S))—|S|, ifresS
’]Imq]” — u=r,—r
152 — ||, ifreR\S.
Hence, the result follows from equation ([7.4.1]). 0

As an application of Theorem in the following two theorems, we compute the

number of edges in I'y p, if [S, R] has prime order.
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Theorem 7.4.2. Let S be a commutative subring of a finite ring R such that |[S, R]| = p,
a prime.

(a) Ifr =0 then ’e(FE,R)‘ _ (p71)|R|(‘5;*|Z(S,R)|).

(b) If r #0 and 2r =0 then

_ 2|R|((p — DIS| +12(S, R)|) — S| —p\Sl.
2p

le(Ts,r)]

(¢) If r #0 and 2r # 0 then

sy 2[RI = 2)|S] + 2|Z(S, R)|) — p|S|* — p|S|
le( S,R)| = % .

Proof. 1f |[S, R|| = p then, by Result 1.3.12, we have

(1+ sty ) - =0
(1- ztsmy) > ifr #0.

Since S is commutative, we have [S,S] = {0}. Therefore, by equation (1.3.2), we have

Pr.(S,R) =

"I QI

1, ifr=0
Pr,.(S) =
0, ifr#0.
Hence, the results follows from Theorem O

Theorem 7.4.3. Let S be a non-commutative subring of a finite ring R such that |[S, R]| =

P, a prime.

(a) If r =0 then

(= DEIRI(S] — |2(S. R)|) — |5[(S| —[2(S)D]
2p

le(Ts,r)| =

(b) If r #0 and 2r = 0 then

2[R|((p=D)|S|+|Z(S,R)

. )_QLJS|((P—1)|S|+‘Z(S)|)—p|5'|’ ifres
le(Tsp)| = . e
2|R[((p—1)|S|+| ép’ ) —p|S|2—p| \7 ifreR\S.
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(¢) If r # 0 and 2r # 0 then

) RIS ZE RSl (p=2ISHAZENDIS] iy, ¢ 5
le(Ts p)| = g S
RIS +22(S R =piSPpls] ifreR\S.

Proof. 1f |[S, R]| = p then, by Result 1.3.12, we have

L1+ g2gm), ifr=0
PI‘T(S, R) — p ( |S:2 S»R)‘)
1
P

(1~ ztsmy) - ifr#0.

If S is non-commutative then |[S, S]| = |[S, R]| = p. Therefore, by Result 1.3.11, we have

<1+%>, ifr=0
<1_m>7 if 7 # 0.

Hence, the results follows from Theorem [7.4.1

1
Pr.(S)=¢"
1

P

O

Corollary 7.4.4. Let R = E(p*) = (a,b: pa = pb = 0,a® = a,b* = b,ab = a,ba = b) for

any prime p and S be a subring of R.
(a) If|S| =p then
pp—1)?%  ifr=0

le(s,r)| = w, ifr#0and2r =0

w’ if 7 # 0 and 2r # 0.

(b) If S = R then

p(Pfl); (p+1)7 Zf r=20
le(Ts,r)| = %Q@H), ifr#0and2r=20

pp=1)(p—2)(p+1) if r #0 and 2r # 0.
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Proof. We have [S,R] = {ma+ (p —m)b: 1 < m < p} and Z(S,R) = {0}. Therefore,
I[S,R]| = p and |Z(S, R)| = 1. Hence, the result follows from Theorems [7.4.2 and [7.4.3|
noting that |Z(S)| =11if S = R. O

The following corollaries of Theorem give certain lower bounds and upper bounds

respectively for the number of edges in I'§ p, if r # 0.

Corollary 7.4.5. Let p be the smallest prime dividing |R| and r # 0. Then for a non-

commutative subring S of R we have the following lower bounds for |e(I'y p)].
(a) If 2r =0 then

2(p—1)|R[|S|+2|R[|Z(S.R)|—p|S[*+6p| Z(S)[*—p| S]) ifres

‘6( g’R”Z 2(p—1)|R||S 2RZSR2p S|2—p|S |
(p=DIR||S|+2] ||2p(, )|=plS|?—pl| |7 z’freR\S.

(b) If 2r # 0 then

_ Q2 2_ .
202 RISHAIRIZ(S B —plSPH2PIZS)E-pIS) — ¢p ¢ g

2
le(Tsr)| = v
SR 2 2)|R||S|+4|R||Z(S,R S|2—pl|S
(r=2|RIS 41|25 RISl ifreR\S.

Proof. By Result 1.3.13 we have
(p = DISI+12(S, R)|

1 - Pr.(S,R) > oE (7.4.2)
and
1— Y Pru(S,R) > (p=2)I5| + 2/2(5, B)| (7.4.3)
pIs
By Result 1.3.10 we have
pr(5) > SIZ8)F (7.4.4)

TSP
(a) We have 2r = 0. Therefore, if r € S then, using Theorem|7.4.1(b) and equations ([7.4.2)
and (7.4.4), we get

_ 2
20e(Tl )| + 1S + 15| > 2IS|IR ((” IS+ 1Z(5, R”) 18P (G'Z“)') |

plS| |52

Hence the result follows.
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If r € R\ S then, using Theorem [7.4.1{(b) and equation (7.4.2)), we get

(p—1)|5|+IZ(S,R)\)
plS]| '

eIt )| + S + 15| = 2IS|IR (

Hence the result follows.
(b) We have 2r # 0. Therefore, if r € S then, using Theorem [7.4.1{(c) and equations ([7.4.3)
and (7.4.4), we get

. p—2)|S|+2|Z(S,R 12|Z(S)?
2T ) + 17+ 181 2 21| (L= 2UELEREETNY e (LAZEEY,

Hence the result follows.

If r € R\ S then, using Theorem [7.4.1j(c) and equation (7.4.3]), we get

(p—2)|S| +2’Z(87R)|>
plS| '

Hence the result follows. O

2le(Ts p)| +[S° + S| = 2|S||R| <

Corollary 7.4.6. Let p be the smallest prime dividing |R| and Z(R,S) = {t € R : ts =
st for all s € S} for any non-commutative subring S of R. If r # 0, then we have the
following upper bounds for [e(I'g )|.

(a) If 2r =0 then

2p|R||S|—4p|Z(S,R)||Z(R,S)|—(p—1)|S|2=|S||Z(S)|—p|S] ifres

le(T )| < 2 ’
' 2\RI|S|—4IZ(S7R)2HZ(R75)\—|S|2—\S\

p b

ifre R\ S.

(b) If 2r # 0 then

2p|R||S|—8p|Z(S,R)||Z(R,S)|—(p—2)|S|2—2]S||Z(S)|—p|S| ifres

le(T )| < > ’
' 2\R||S|—8|Z(S,R)£|Z(R,S)\—|S|2—\S\

p b

ifre R\ S.
Proof. By Result 1.3.9 we have

(7.4.5)
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By Result 1.3.14(b) we have

[SIIR| = 2|2(S, R)||Z(R, 5)]

1 - Pr,(S,R) < 7.4.6)
( SIIR) (
and
LS P < 191 _4'f§ﬁ}§)”m’ 91 .

(a) We have 2r = 0. Therefore, if r € S then, using Theorem|[7.4.1(b) and equations ([7.4.5)
and (7.4.6), we get

2le(Ts p)|+|SI* + 9]

Hence the result follows.

If r € R\ S then, using Theorem |7.4.1{(b) and equation (|7.4.6), we get

[SIIR| = 2[2(S, R)[|Z(R, S)|>
|S1|R| '

2e(Ts p)| +[S° + S| < 2|S||R| (

Hence the result follows.
(b) We have 2r # 0. Therefore, if r € S then, using Theorem [7.4.1{(c) and equations ([7.4.5)

and ([T4.7), we get

2le(Ts g)|+|SI* + 1]

<2|S/|R]| (’S’R| —4|fgﬁ}%f‘3>HZ(R, S)!) ISP <‘S’;\’SZ\(S)> |

Hence the result follows.

If r € R\ S then, using Theorem [7.4.1|(c) and equation (7.4.7]), we get

[S1IR] - 4]2(S, R)[|Z(R, S)I)
|S1IR| '

2e(T% )| + 1P + 15| < 2|5/ (
Hence the result follows. |

We conclude the section noting that if » = 0 then using Theorem a) and various

bounds for Pr(S, R) and Pr(S), obtained in [22], we may derive various bounds for [e(I'g p)|-
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7.5 An induced subgraph of I'y ,

In this section we consider the induced subgraph Ay p of I'y  with vertex set R\Z(S, R) .

Theorem 7.5.1. Let x be any vertex in AT&R.

R|—|C ifz e S\ Z(S,R
(a) If r =0 then deg(z) = [R| = |Cr(2)], if x €S\ Z(S R)

S| = 1Cs(z)|, ifzeR\S.

(b) If r # 0 and 2r = 0 then

dog(x) = [R| = |Z(S, R)| = |CR(2)| = 1, ifz € S\ Z(5,R)
S| = 12(5; R)| — [Cs(x)], ifreR\S.

(¢) If r # 0 and 2r # 0 then

|R| —|Z(S,R)| = 2|Cg(z)| =1, ifxeS\Z(S,R)
deg(z) =
S| —1Z(S, R)| — 2|Cg(z)], ifzx€R\S.

Proof. Let  be a vertex in Agp. If x € S\ Z(S,R) then deg(z) is the number of
y € R\Z(S, R) such that xy # yz. Hence, deg(x) = |R|—|Z(S, R)|—(|Cr(z)|—|Z(S, R)|) =
|R| — |CRr(z)|. If x € R\ S then deg(z) is the number of s € S\ Z(S, R) such that sx # xs.
Hence, deg(z) = [S] - [Z(S, R)| — (|Cs(z)| — |2(S, R)|) = [S| — [Cs(z)|. Hence, part (a)
follows.

The proofs of parts (b) and (c¢) follow from Theorem (parts (b), (c)) noting that
the vertex set of A pis R\ Z(5, R). O

By Lemma and Theorem we have the following two corollaries.
Corollary 7.5.2. Let x € S be a vertex in A&R.

(a) If r #0 and 2r = 0 then

|R| = [Z(S, R)| = |Cr(2)[ =1, if CR(x) #0
deg(z) =
|R| —|Z(S,R)| — 1, otherwise.
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(b) If r # 0 and 2r # 0 then

|R| = |Z(S, R)| = 2|CRr(z)| = 1, if Cx(z) # 0
deg(z) =
|R| —|Z(S,R)| -1, otherwise.

Corollary 7.5.3. Let x € R\ S be a vertex in I's g-

(a) If r #0 and 2r = 0 then

S| = Z(S, R)| — |Cs(x)|, if Cy(x) #0
deg(z) =
S| —|Z(S, R)|, otherwise.

(b) If r # 0 and 2r # 0 then

IS| —1Z(S, R)| — 2|Cs(x)|, if Cg(x) # 0D
deg(z) =
‘S‘ - ’Z<Sv R)’? otherwise.

Theorem 7.5.4. Let S be a subring of a non-commutative ring R with unity 1 such that
|R| #8 and 1 € S. Then Aj p is not a tree.

Proof. Suppose that Agp is a tree. Therefore, there exists € R\Z(S, R) such that
deg(z) = 1.
Case 1: =0

If € S\ Z(S,R) then, by Theorem [7.5.1)a), we have deg(z) = |R| — |Cg(z)| = 1.
Therefore, |Cr(z)| = 1, contradiction. If z € R\ S then, by Theorem [7.5.1f(a), we also
have deg(z) = |S| — |Cs(x)| = 1. Therefore, |Cg(z)| = 1, contradiction.
Case 2: r # 0 and 2r =0

Subcase 2.1: Let z € S\ Z(S,R). Then, by Corollary [7.5.2(a), we have deg(z) =
|R| —|Z(S,R)| —1=1or deg(x) = |R| — |Z(S,R)| — |Cr(z)| — 1 = 1. That is,

IR| — |Z(S,R)| = 2 or (7.5.1)

|R| —|Z(S,R)| — |Cr(x)| = 2. (7.5.2)
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Note that Z (S, R) is a subring of R as well as Cr(z) containing 0 and 1. Therefore, |Z(S, R)|
divides the left hand sides of the equations ([7.5.1]) and (7.5.2). It follows that |Z(S, R)| =
2. Thus equation gives |R| = 4, which is a contradiction since there is no non-
commutative ring with unity having order 4. Again equation gives |R|—|Cr(x)| = 4
and so |Cr(z)| = 4. Therefore, |R| = 8, which contradicts our assumption.

Subcase 2.2: Let z € R\ S. Then, by Corollary [7.5.3|a), we have deg(z) = |S| —
|Z(S,R)| = 1 or deg(z) = |S| —|Z(S,R)| — |Cs(x)| = 1. Note that Z(S,R) is a subring
of S as well as Cs(x) containing 0 and 1. Therefore, |Z(S, R)| divides |S| — |Z(S, R)| and
|S| = |Z(S,R)| — |Cs(x)|. It follows that |Z(S, R)| = 1, a contradiction.

Case 3: 7 #0 and 2r #0

Subcase 3.1: Let z € S\ Z(S,R). Then, by Corollary [7.5.2b), we have deg(z) =

|R| —|Z(S,R)| — 1 =1 or deg(z) = |R| — |Z(S, R)| — 2|Cgr(z)| — 1 = 1. That is,

IR| - |Z(S,R)| =2 or (7.5.3)

IR| — |Z(S, R)| — 2|Cr(z)| = 2. (7.5.4)

Therefore, |Z(S, R)| = 2. Thus equation leads to the same contradiction that we
get in the first part of Subcase 2.1. By equation we have |R| — 2|Cg(z)| = 4 and
so |Cr(x)| = 4. Therefore, |R| = 12 and so ﬁ is cyclic. Hence, by Result 1.3.5, R is
commutative; a contradiction.

Subcase 3.2: Let z € R\ S. Then, by Corollary [7.5.3(b), we have deg(z) = |S| —
|Z(S,R)| = 1 or deg(x) = |S| —|Z(S,R)| — 2|Cs(z)| = 1. Therefore, |Z(S,R)| = 1, a

contradiction. ]

The proof of Theorem also tells that there is no vertex in the graph Aj ;, having
degree 1 if R is a non-commutative ring with unity 1 such that |R| # 8 and S is any
subring of R with the same unity. We conclude this chapter by obtaining conditions such

that A§ , has no vertex having degree 2.

Theorem 7.5.5. Let S be a non-commutative subring of a ring R with unity 1 such that

1€ 5. Then Ag p has no vertex having degree 2 if |R| # 12 and |S| # 8.

Proof. Suppose that A§ p has a vertex x such that deg(z) = 2.
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Case 1: r =0

If z € S\ Z(S,R) then, by Theorem [7.5.1a), we have deg(z) = |R| — |Cr(z)| = 2.
Therefore, |Cr(z)| = 2, contradiction. If z € R\ S then, by Theorem [7.5.1f(a), we also
have deg(x) = |S| — |Cs(x)| = 2. Therefore, |Cs(z)| = 2 and so |S| = 4, a contradiction
since there is no non-commutative ring with unity having order 4.
Case 2: r #0and 2r =0

Subcase 2.1: Let z € S\ Z(S,R). Then, by Corollary [7.5.2(a), we have deg(z) =
|R| —|Z(S,R)| — 1 =2 or deg(x) = |R| — |Z(S,R)| — |Cr(z)| — 1 = 2. That is,

IR| - |Z(S,R)| = 3 or (7.5.5)

|R| = 1Z(S, R)| = |Cr(2)] = 3. (7.5.6)

Therefore, | Z(S, R)| = 3. Thus equation gives |R| = 6, which is a contradiction since
R is non-commutative. Again equation gives |R| — |Cr(z)| = 6 and so |Cr(x)| =6
since |Cr(x)| # 3. Therefore |R| = 12, which contradicts our assumption.

Subcase 2.2: Let z € R\ S. Then, by Corollary [7.5.3|a), we have deg(z) = |S| —
|Z(S,R)| = 2 or deg(z) = |S| — |Z(S,R)| — |Cs(x)| = 2. Therefore, |Z(S,R)| = 2 and so
|S| — |Cs(z)| = 4 since |S| # 4. We have |Cg(z)| = 4 since |Cg(z)| # 2. Therefore |S| = 8
which contradicts our assumption.

Case 3: 7 #0 and 2r #0

Subcase 3.1: Let z € S\ Z(S,R). Then, by Corollary [7.5.2b), we have deg(z) =

|R| —|Z(S,R)| — 1 =2 or deg(z) = |R| — |Z(S, R)| — 2|CRr(z)| — 1 = 2. That is,

IR| —|Z(S,R)| =3 or (7.5.7)

IR| — |Z(S, R)| — 2|Cr(z)| = 3. (7.5.8)

Therefore, |Z(S, R)| = 3. Thus equation ([7.5.7)) leads to the same contradiction that we
get in the first part of Subcase 2.1. By equation (7.5.8) we have |R| — 2|Cg(x)| = 6 and

so |Cr(x)| = 6 since |Cr(x)| # 3. Therefore |R| = 18 and so (gR) is cyclic. Hence, by

Result 1.3.5, R is commutative; a contradiction.
Subcase 3.2: Let x € R\ S. Then, by Corollary [7.5.3(b), we have deg(x) = |S| —
|Z(S,R)| =2 or deg(z) = |S| — |Z(S, R)| — 2|Cs(z)| = 2. Therefore, |Z(S, R)| = 2 and so
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|S| — 2|Cs(x)| = 4 since |S| # 4. Therefore, |Cs(z)| = 4. Therefore |S| = 12 and so %

is cyclic. Hence, by Result 1.3.5, S is commutative; a contradiction. O

7.6 Conclusion

In this chapter, we have introduced relative r-noncommuting graph of a finite ring R rela-
tive to a subring S of R and obtained results analogous to the results obtained in Chapter
3. We have determined degree of any vertex in I'y , and studied certain graph theoretical
properties of I'g . We have shown that Iy, 5 is isomorphic to F&(%Z if (¢, ) is an iso-
clinism between the pairs of finite rings (51, R1), (S2, R2) and |Z(S1, R1)| = |Z(S2, R2)|-
Furthermore, we have established connections between the number of edges in I'§ ; and
various generalized commuting probabilities of R. Finally, we have studied a subgraph
of I' p induced on R\ Z(S, R).
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