Dedicated to my parents

Shri Jagat Chandra Sharma
&

Smt. Purnima Sharma



DECLARATION BY THE CANDIDATE

I, Ms. Monalisha Sharma, hereby declare that the subject matter in this thesis entitled
“Non-commuting and generalized non-commuting graphs of finite groups and rings”, is
the record of work done by me, that the contents of this thesis did not form basis of
the award of any previous degree to me or to the best of my knowledge to anybody else,
and that the thesis has not been submitted by me for any research degree in any other
university /institute.

This thesis is being submitted to the Tezpur University for the degree of Doctor of

Philosophy in Mathematical Sciences.

Date:

Place: Tezpur Signature of the Candidate



TEZPUR UNIVERSITY

Dr. Rajat Kanti Nath Phone(Ext.): 03712-27-5518
Dept. of Mathematical Sciences +91-9508840085(M)
Napaam—784028, Assam, India E-mail: rknath@tezu.ernet.in

CERTIFICATE OF THE SUPERVISOR

This is to certify that the thesis entitled “Non-commuting and generalized non-commuting
graphs of finite groups and rings” submitted to the School of Sciences of Tezpur University
in partial fulfillment for the award of the degree of Doctor of Philosophy in Mathematical
Sciences is a record of research work carried out by Ms. Monalisha Sharma under my
supervision and guidance.

All help received by her from various sources have been duly acknowledged.

No part of this thesis have been submitted elsewhere for award of any other degree.

Date: Dr. Rajat Kanti Nath
Place: Tezpur Department of Mathematical Sciences
School of Sciences

Tezpur University, Assam



ACKNOWLEDGEMENT

Words cannot express my gratitude to my supervisor, Dr. Rajat Kanti Nath. He has
consistently encouraged me to maintain my focus on achieving my goals. His words and
wisdom have always led me on the right path. I owe him a debt of gratitude for his un-
wavering encouragement, support, and motivation during the entire period of my research
and thesis writing. Without his insightful inputs completion of this thesis would not have
been possible. I think it’s a great opportunity to work on my Ph.D. under his direction and
benefit from his expertise in research. In addition, I am abundantly thankful to his wife
Dr. Jutirekha Dutta and little daughter Krittika. I cherish the moments I spent with them
during tough times in this journey of Ph.D.

I owe my deepest gratitude to my collaborators Dr. Parama Dutta, Department of
Mathematics, Lakhimpur Girls College, Lakhimpur 787031, Assam, India and Dr. Yilun
Shang, Department of computer and Information Sciences, Northumbria University, New-
castle NE1 85T, UK, who have generously provided knowledge and expertise in my works.
I am also extremely grateful to Prof. Dipendra Prasad, IIT Bombay, India, for his in-
valuable feedback during the evaluation of my progress in research works for up-gradation
from DST-INSPIRE-JRF to DST-INSPIRE-SRF as the external member in the assessment
committee.

I would like to extend my sincere thanks to Prof. Milan Nath, the current Head of
the Department of Mathematical Sciences at Tezpur University, Assam, India, for his for-
warding with matters pertaining to my academics and fellowship. I gratefully acknowledge
the crucial comments and instructions from the members of my Doctoral Committee, Prof.
Munmun Hazarika and Dr. Bipul Kumar Sarmah, for the betterment of this work. I am
also thankful to Prof. Dhiren Kumar Basnet, Dr. Pankaj Kumar Das and Dr. Bhim
Prasad Sarmah, for their concern and suggestions towards my work, along with all other
faculty members and staff of our department, for giving me the chance to pursue a Ph.D.
and giving me access to all the research resources.

I am equally indebted to my school and college teachers for guiding me in the early

stages of my educational journey. In particular, I would take the opportunity to thank Jitu

vi



Sir, my high school maths teacher, for emboldening me.

I am immensely fortunate to have fellow researchers like Parama Da, Nilufar Baa,
Ankur Da, Parthajit Da, Walaa, Duranta Da, Bikram Da, Nabin Da, Kallol, Giri Da,
Dharmaraj Da, Firdous, Darshana, Abhishek, Shrabani, Sweta, Shilpi and many others in
the department who have always lent me a helping hand in my difficult situations. They
have given me a relaxing work environment with their amiable and upbeat personalities.
Special thanks to Parama Da for always inspiring me to put my best foot forward, even when
I don’t feel like I belong. Profound appreciation to Ankur Da for positively influencing my
ambitions and self-confidence. His unceasing assurance has guided me through challenging
times.

I owe Shrabanika, Mrinmoy and Bishal a whole lot more than just a thank you for
helping me out in every single time and reminding me to stay true to myself. I admire my
friends Sita, Nitya, Dimpi, Seema, Debolina, Prankrishna, Sujoy, Jones, Priyanka Baa,
Sanghamitra, Sritam and Nishant for their kindness and compassion which make my stay
here in the campus so enjoyable. In this regards, I offer my heartfelt gratitude to all my
mates in Pobitora Madam Curie Women’s Hostel.

At this moment of accomplishment, I acknowledge my family, the most important part
of my life, my parents, brother (Arun Jyoti Sharma) and sister-in-law (Anamika Sarma)
for showing faith in me and giving me the freedom to make my own decisions. Its so
gratifying that I have a loyal, supportive, and caring family, who are considerably delighted
than I am about the work being finished, lavished me with their unconditional love and
affection that I shall never be able to repay. I am also beholden to all my relatives and my
well-wishers for being my constant source of inspiration.

Last but not the least; I would like to thank the entire fraternity of Tezpur University for
imparting the necessary resources for the effective resolution of my thesis. Additionally, the
Department of Science and Technology, Government of India, is gratefully acknowledged
for the funding (INSPIRE CODE: IF180451) provided under the Innovation in Science
Pursuit for Inspired Research (INSPIRE) scheme, without which the successful completion
of this thesis would not have been possible.

Thank you all for your insights, guidance and infinite support!

Monalisha Sharma

vii



Ka1-p17a2-p2 ----- As.Ps

List of symbols

union of sets/graphs

intersection of sets

semidirect product

central product

set of natural numbers

set of integers

finite, simple and undirected graph
complement of G

vertex set of G

edge set of G

vertex z is adjacent to vertex y in the graph G
vertex x is not adjacent to vertex y in the graph G
degree of a vertex z in G

domination number of G

clique number of G

girth of G

distance between two vertices v and v in G
diameter of G

complete graph on n vertices

Complete T-partite graph Kpla ceesP1P2y -5 D255 Pss - -5 Ps

aq-times ag-times ag-times

on n vertices, wherer = a1 +ag + - -+ + as
adjacency matrix of G

degree matrix of §
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Laplacian matrix of G

Signless Laplacian matrix of G
characteristic polynomial of A(G)
characteristic polynomial of Q(G)
spectrum of G

Laplacian spectrum of G

Signless Laplacian spectrum of G
energy of G

Laplacian energy of G

Signless Laplacian energy of G
any finite group

any subgroup of G

center of G

centralizer of z in G

Lzy)

{[z,y] : 2,y € G} (here [z,y] = 2™y~
{reH:zy=yxVy e G}
{reG:xy=yxVyec H}

{[x,y] :x € Hand y € G} (here [z,y] = 2~ 1y~ 1ay)

grg~! for some g € G

x is conjugate to y for some z,y € G

x is not conjugate to y for some z,y € G

order of

commuting probability of G

relative commuting probability of a subgroup H of G
g-commuting probability of G for any given element g € G

relative g-commuting probability of two subgroups

H and K of G for any given element g € G

xii



L, cyclic group of order n

Sn symmetric group of degree n
A, alternating group of degree n
Doy, (a,b:a™ =0b%>=1,bab~! = a™ 1),
the dihedral group of order 2m
QDan (a,b:a? " =2 =1,babt =a2" 1),
the quasidihedral group of order 2"
Moy s (a,b:a” =b* =1,bab~! =a~1)
Qun (z,y:2® =12" =y? y lay = 271),
the dicyclic group of order 4n
Usn (my:a® =y* =1La lyz =y ")
Sz(2) (a,b:a®=0bt=1,b"1ab = a?),
the suzuki group of order 20
SDg,, (a,b:a*™ =b>=1,bab = a®* 1),
the semidihedral group of order 8n
Van (a,b:a® =b*=1,b"tab™! = bab = a™ 1)
Mg (a,b:a® =b%*=1,bab = a’)
SG(16,3) (a,b:at=bt=1,ab=b"ta "t ab"! = ba™1)
SL(2,3) special linear group of order 24
L4 X 7y (a,b:a*=0b*=1,bab~' =a~1)
Dg x 7y (a,2,y:a* =y* =22 =1,0® = y* vaz = a™ ', ay = ya, vy = yx)
T'a non-commuting graph of G
I'ma relative non-commuting graph of G
re, g-noncommuting graph of G
A, induced subgraph of I'}, on G \ Z(G)
FlgLL G relative g-noncommuting graph of ¢

A% induced subgraph of I'}; , on G\ Z(H, G)
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any finite ring

any subring of R

center of R

centralizer of x in R

{[z,y] : z,y € R} (here [z,y] = zy — yx)
{z€8:z2x=2zYreR}

{[z,y] : x € Sand y € R} (here [z, y] = zy — yx)
commuting probability of R

relative commuting probability of a subring S of R
r-commuting probability of R for any given element r € R
relative r-commuting probability of R with respect to
a subring S for any given element r € R
non-commuting graph of R

relative non-commuting graph of R
r-noncommuting graph of R

induced subgraph of I'; on R\ Z(R)

relative -noncommuting graph of R

induced subgraph of I'g , on R\ Z(S, R)
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