Chapter 1

Introduction and preliminaries

The non-commuting graph of a finite group/ring F, represented by I'r, is a simple undi-
rected graph connecting two distinct vertices  and y whenever zy # yx with F'\ Z(F)
as the vertex set, where Z(F) is the center of F. It is the complement of commuting
graph, the first graph that has been defined on finite groups and rings using commu-
tativity. The purpose of studying these graphs associated to finite groups/rings is to
characterize finite groups/rings through graph theoretic parameters and vice-versa. The
origin of commuting graph of a finite group lies in a paper of Brauer and Fowler [12].
However, the study of non-commuting graph of a finite group gets its popularity after
the works of Erdos and Neumann [76]. The study of non-commuting graph of a finite
ring has been pioneered by Erfanian, Khashyarmanesh and Nafar [38]. The following
is a list of some works that discuss the non-commuting and commuting graphs of finite
groups [1, 3, 9, 10, 14, 19, 26, 28, 29, 31, 32, 36, 45, 46, 56, 64, 66, 84]. Similar studies
for the non-commuting and commuting graphs of finite rings can be found in the arti-
cles [6, 8, 23, 38, 41, 77, 96, 97]. In these works, we observe that both theoretical as well
as computational aspects of these graphs have been considered. Some mathematicians
have taken the challenge to recognize finite groups/rings through the properties of non-
commuting/commuting graphs defined on them while some have analyzed the spectral

aspects of these graphs.
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In this thesis, we consider some untouched spectral properties of non-commuting
graphs of finite groups/rings. In particular, we compute Signless Laplacian spectrum
and Signless Laplacian energy of non-commuting graphs for various families of finite
non-abelian groups. We also compute spectrum, Laplacian spectrum, Signless Laplacian
spectrum and their corresponding energies of non-commuting graphs for certain finite
non-commutative rings. Further, we introduce and study a few fresh generalizations of
non-commuting graphs of finite groups/rings and explore the interplay of algebraic and
graph theoretic properties.

In this chapter, we recall certain definitions and results from Graph Theory, Group
Theory and Ring Theory that are useful in the subsequent chapters. We record various
probabilities defined on finite groups/rings such as commuting probability of a group
(denoted by Pr(G) and introduced by Erdés and Turdn [37]), relative commuting prob-
ability of a subgroup H of G (denoted by Pr(H,G) and introduced by Erfanian et al.
[39]), g-commuting probability for an element g € G (denoted by Pr,(G) and introduced
by Pournaki and Sobhani [79]), relative g-commuting probability (denoted by Pr,(H, K)
and introduced by Das and Nath [16]) and the corresponding probabilities for finite rings
which have been introduced in [63], [22], [35] and [34] respectively. We also review litera-
ture on non-commuting graph and its generalizations defined so far on finite groups and
rings. In particular, we review non-commuting graph of a finite group G (denoted by I';),
relative non-commuting graph for a given subgroup H of G (denoted by I'; ¢ and intro-
duced by Tolue and Erfanian [93]), g-noncommuting graph for any given element g in G
(denoted by I'Y, and introduced by Tolue et al. [94]), non-commuting graph of a finite ring
R (denoted by I'g) and relative non-commuting graph for any finite non-commutative
ring R with subring S (denoted by I's r and introduced by Dutta and Basnet [20]).

In Chapter 2, we compute Signless Laplacian spectrum and Signless Laplacian en-
ergy of non-commuting graphs for several families of finite non-abelian groups and de-
termine several groups such that I'g is Q-integral. We compare various energies of non-
commuting graphs of the groups we consider and find that E(I'¢) < LE*(I'¢) < LE(T'g),
where E(I'¢), LE(T'¢) and LE1 (') denote the energy, Laplacian energy and Signless
Laplacian energy of I'; respectively. In addition, we look into the energetic hyper- and

hypo-properties of I' . We also assess whether the same graphs are L-hyperenergetic and
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Q-hyperenergetic. In this journey, we produce a counter example for Conjecture (see
page 7) posed by Gutman [48]. The contents of Chapter 2 is based on our paper [88].

In Chapter 3, fusing the concepts of I'7 ¢ and I'Y,, we introduce relative g-noncommut
-ing graph for a given subgroup H of G which is denoted by F%LG. We obtain computing
formula for degree of any vertex in I'}; , and characterize whether I'}; , is a tree, lollipop
or a complete graph along with some other results. We also obtain relations between I‘%,’ G
and Pry(H, G). The contents of Chapter 3 is based on our paper [85].

In Chapter 4, the induced subgraph of I'}; , on G'\ Z(H, G) is considered and its prop-
erties, including connectivity and diameter with special attention to the dihedral groups,
are investigated. The contents of Chapter 4 is based on our paper [89].

In Chapter 5, we compute spectrum, energy, Laplacian spectrum, Laplacian energy,
Signless Laplacian spectrum and Signless Laplacian energy of I'r for certain classes of fi-
nite rings and check whether these graphs are integral /L-integral /Q-integral and hyper-
energetic /Q-hyperenergetic/L-hyperenergetic. We also check whether the inequalities
given in Conjecture and Question (see page 6) satisfy for I'r. The contents of
Chapter 5 is based on our paper [86].

In Chapter 6, we introduce r-noncommuting graph of a finite ring R and an element
r € R, denoted by I'j;, analogous to g-noncommuting graph of a finite group G. We
compute degree of any vertex of I'y, in terms of its centralizers and characterize R if I'};
is a tree. Among other results we show that I';; is not a regular graph (for some r <
R) or a lollipop graph for any non-commutative ring R. We also consider the induced
subgraph A% of I'l; induced by R\ Z(R) and obtain results on diameter of A}, along
with certain characterization of finite non-commutative rings such that A% is n-regular
for some positive integer n. The contents of Chapter 6 is based on our paper [74].

In Chapter 7, we generalize the graph I'; by introducing the relative r-noncommuting
graph of R for a given subring S of R, denoted by I'y 5, analogous to I'Y; ; studied in
Chapters 3 and 4. We study various properties of I'g 5, including characterizations of finite
rings through I'g . We obtain certain relations between the number of edges in I'g ; and
Pr, (S, R). We also consider an induced subgraph of I'y ; induced by R\ Z(S, R). The
contents of Chapter 7 is based on our paper [87].

In Chapter 8, we conclude the thesis by suggesting some problems for future research.
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1.1 Notations and results from Graph Theory

For all the standard notations and basic results of Graph Theory we refer to [100]. All the
graphs we consider in our study are finite, simple and undirected. Let G be a graph of
order n (n > 1) and let its vertex set be v(G) = {v1, ..., v, } and edge set be e(G). The degree
of a vertex « € v(G), denoted by deg(z), is defined to be the number of vertices adjacent
to z. A subset S of v(G) is called a dominating set if for every vertex u € v(G) \ S, there
is a vertex v € S such that u is adjacent to v in G. The domination number of G, denoted
by v(G), is the minimum cardinality of dominating sets of G. For any subset S of v(G),
the induced subgraph of G with vertex set S is the graph whose edge set consists of all of
the edges in e(G) that have both endpoints in S. A subset of v(G) is called a cligue of
G if it consists entirely of pairwise adjacent vertices. The least upper bound of the sizes
of all the cliques of G is called the cligue number of G, and it is denoted by w(G). The
girth of G is the minimum of the lengths of all cycles in G, and it is denoted by girth(G).
The distance between two vertices v and v of G is denoted by d(u,v). The diameter of a
graph G, denoted by diam(G), is the maximum distance between the pair of vertices. The
adjacency matrix A(G) = [aij]nxn of G is a n x n matrix where a;; = 1 if v;v; € e(G) (that
is, v; is adjacent to v;) and a;; = 0 otherwise. The degree matrix D(G) = [dij|nxn of Gis a
diagonal matrix where d;; = deg(v;) and d;; = 0 for i # j. The Laplacian matrix L(G) of G
is defined by L(G) = D(G) — A(G) and the Signless Laplacian matrix Q(G) of G is defined
by Q(G) = D(G)+A(G). The set {(a1)?, (a2)?, ..., (o)}, where o;’s are the eigenvalues
of A(G) with multiplicities a; for 1 < i < ¢, respectively is called the spectrum of G and is
denoted by Spec(G). The set {(51)", (B2)%, ..., (Bm)""}, where j3;’s are the eigenvalues
of L(G) with multiplicities b; for 1 < j < m, respectively is referred to as the Laplacian
spectrum of G and is denoted by L-spec(G). The set {(71)!, (72)°, ..., ()%}, where v;’s
are the eigenvalues of Q(G) with multiplicities ¢, for 1 < k < [, respectively is known
as the Signless Laplacian spectrum of G and is denoted by Q-spec(G). A graph G is called
integral, L-integral and Q-integral if eigenvalues of A(G), L(G) and Q(G) are integers.
The notion of integral graph and L-integral graph have been introduced by Harary and
Schwenk [55] and Grone and Merris [47] respectively. Integral and L-integral graphs have

been studied extensively over the years while Q-integral graphs have not studied much.
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It is worth mentioning that the notion of Q-integral graph has been introduced by Simié
and Stani¢ [90].

The following well-known result gives the spectrum of a strongly regular graph.

Result 1.1.1. Let H be a strongly regular graph with parameters (k, A, x) then

SpeC<H):{(k)1 (A—M—WA—M)QH(k—M))m (A—u+\/(k—u)2+4(k—u)>n2}

2 2

1 1 2k () D) (A—p) _1 1 2kt(v(H) ) O —p)
where 1 =5 <|U(,H)‘ 1+ \/(A—u)2+4(k—u)> and n2 =3 <]v(’H)| ! \/(A—u)2+4(k:—u)> '

Result 1.1.2. [67, Theorem 3.6] For any graph H, if L-spec(H) = {(B1)", (B2)", ...,
(Bm)’m} where B1 < B2 < -+ < B then L-spec(H) = {(0)", (l(H)| — Bm)"™, (Jo(H)] —
Brn—1)"1, ([0(H)] = Bim—2)’2, . (w(H)] = B1)" )

Let G; and G, be two graphs such that v(G1) N v(G2) = 0. Then G = G; U Gy (called
disjoint union of G; and G») is the graph with v(G) = v(G1)Uv(G2) and e(G) = e(G1)Ue(Ga).
Throughout this thesis we write mK,, = K, U ---U K,, where K, is the complete graph

m-times
and |[v(K,,)| = n. The following results will help us to compute spectrum, Laplacian

spectrum and Signless Laplacian spectrum of complete r-partite graph in the succeeding

chapters.

Result 1.1.3. [26, Corollary 2.3] Let G be a graph and G = [1 Ky, Ulo Ky, U+ - Ul Ky,
where [; K, denotes the disjoint union of I; copies of K, for 1 <14 < k and m; < ma <

-+ < myg. Then

i L (my—1) i lg—1(mp_1—-1)
L-spec(G) =< (0), (2:[1771z - mk> , (lemz — mk_1> ,
i=1 i=1

k
N Wimi-1) > i
e (Zlimi — m1> , (Zlﬂnl) =1
i=1 i=1

Result 1.1.4. ([99, Corollary 2.3] and [101, Corollary 2.2]) Let G be the complete r-

partite graph Kp,, ... p1.pa, ..., 02, Ds,- -+ Ds ‘= Kai.pr,az.pa,....as.p. ON N Vertices, where
—_— ———
ai-times ag-times ag-times

r=ai+az+---+as. Then
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(a) the characteristic polynomial of A(G) is

Pg(z) == x””“H(x +py) @t (H(m +pi) — Zajpj H (z —l—pi)) )
j=1

i=1 i=1 i=1,i#j

(b) the characteristic polynomial of Q(G) ( also known as @-polynomial) is

- - _ Nai(pi—1) - _ @i _ - @iDi

Qg () : E(m n+ pi) 21;[1(37 n+ 2p;) <1 ;x—n—FQpi) :
Depending on various spectra of a graph, there are various energies called energy,

Laplacian energy and Signless Laplacian energy denoted by E(G), LE(G) and LE*(G)

respectively. Let Spec(G) = {(a1)®, (a2)?, ..., (ay)%}, L-spec(G) = {(B1)", (B2)%, ...,

(Bm)"} and Q-spec(G) = {(11), (32), .., (m)*'}. Then

E(G) =) ailail, (1.1.1)
=1
S 2le(9)|
LEG) =S b |8 - , (1.1.2)
]
l
LE*(G) =Y ex | — ﬁLe((gg))” ‘ . (1.1.3)

k=1
Note that E(G), LE(G) and LE"(G) have been defined by Gutman [48], Gutman and
Zhou [53] and Abreua et al. [2] respectively. In 2008, Gutman et al. [51] have posed the

following conjecture.
Conjecture 1.1.5. E(G) < LE(G), for any graph G.

The above conjecture has been disproved in [62, 91], by providing some counter ex-
amples. Recently, Dutta et al. [19] have shown that Conjecture holds for commuting

graphs of several families of finite non-abelian groups and asked the following question.

Question 1.1.6. Is LE(G) < LET(G), for all graphs G?
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However, in the same paper, it has been observed that the inequality given in Question
does not hold for commuting graphs of finite non-abelian groups. Results on com-
paring various energies can be found in [11, 19, 51, 62, 91].

It is well-known that
E(K,) = LE(K,) = LE*(K,) = 2(n - 1). (1.1.4)

A graph G with n vertices is called hyperenergetic, L-hyperenergetic or Q-hyperenergetic ac-
cording as E(K,) < E(G),LE(K,) < LE(G) or LET(K,,) < LE™(G). Also, G is called
hypoenergetic, if E(G) < |v(G)|. Gutman [49] and Walikar et al. [98] have pioneered the
research of hyperenergetic graphs in 1999 while hypoenergetic graphs have been intro-
duced by Gutman and Radenkovi¢ [52] in 2007. L-hyperenergetic and Q-hyperenergetic
graphs have been considered in [41]. We conclude this section with the following con-
jecture which has been posed by Gutman [48] but later has been disproved by different

mathematicians providing counter examples (see [50]).

Conjecture 1.1.7. Any finite graph G 2 K),(g)| is non-hyperenergetic.

1.2 Notations and results from Group Theory

In this section, we fix some notations and recall certain results from Group Theory which

will be referred in the subsequent chapters. However, for all the standard notations and

basic results we refer to [80, 81]. Throughout the thesis, G is a finite non-abelian group

and Z(G) = {z € G : zx = zzVx € G} is the center of G. The centralizer of an element

x in a group G, denoted by Cg(x), is defined as the set {y € G : 2y = yx} whichis a

subgroup of G. Clearly, Z(G) = ﬂGCG<1‘). The conjugacy class of z € G is given by
z€

Ly is called

Clg(z) := {grg~': g € G}. For any two elements z and y of G, [z,y] = 271y~
the commutator of x and y and the group generated by K(G) = {[z,y] : =,y € G} is called
the commutator subgroup of G, denoted by G'. For any H < G (H is a subgroup of G), we
write Z(H,G) ={x € H : 2y =yzVy € G} and Z(G,H) = {x € G : zy = yxVy € H},
which implies Z(G, G) = Z(G). For any element « € G, we write Cy(z) ={y € H : 2y =

yx}. Clearly, Z(H,G) = () Cu(z). We write K(H,G) = {[z,y] : « € Hand y € G} and
xelG
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[H,G]| = (K(H,G)). Therefore, [G,G] = G’'. For any two subgroups H and K of G, the
K-conjugacy class of z € H is given by Clk(z) := {gzg~': g € K}.

The concept of isoclinism between two groups has been introduced by Hall [54] in
the year 1940. The isoclinism between two groups G and G is given in the following

definition.

Definition 1.2.1. Let Z(G1) and Z(Gs) be the centers and let Gi' and Go' be the com-
mutator subgroups of the groups G1 and Go respectively. If there exist an isomorphism
from the quotient group % to % and an isomorphism B from Gi' to G2’ then the
pair (¢, B) is said to be an isoclinism between G and Go provided the following diagram

commutes:
G _Gi Yy Gy o _Go
Z(G1) © Z(Gy) Z(Gz) © Z(G)
J{aGl laGQ
/ ,B /
G1 — Go

here the maps ag, : 7] % % — Gi' and ag, : % X Z(GG22) — Go' are given by

ac,(x1Z(G1),1nZ(G1)) = [x1,y1] and ag,(x2Z(G2),y2Z(G2)) = [x2,y2] respectively. If

there exists an isoclinism between GG1 and Go then we say that G1 is isoclinic to Gs.

In [75, 82, 93] relative isoclinism between two pairs of groups (H1,G1) and (Hz, G2),
where H; < G; for i = 1,2 has been introduced. This coincides with the fascinating
concept of isoclinism between two groups, if H; = G, for i = 1, 2. A pair of isomorphisms

(¢, ) is called a relative isoclinism between the pairs of groups (Hy,G1) and (Ha, G2),

where ¢ : Z(IﬁfGl) — Z(HG;GQ) and ¢ : [Hy, G1] — [Ha, G2, if

H, Hy
¢ <Z(H1, Gl)) = 2, Gy) Y0 n o =m0 (02 0)

where a(g, ¢, Z(;IZfGi) X Z(Ingi) — [H;, G;] is given by

acm, ) (hiZ(Hi, Gy), giZ(Hy, Gy))) = [hi, gi]

. Hy G1 Hy Go ‘e o
and ¢ X ¢ : Z(H\,G) * Z(H,G1) - Z(H2,Gz) * Z(Hz,Gz) 1S given by

(¢ x ¢)((h1Z(Hr,Gh), 1Z(Hy, Gh))) = (d(hZ(Hi, Gh)), (g1 Z(H1, Gr))).
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Thus for all h1 € H; and g1 € G; we must have ¥([h1,91]) = [he, g2], where g2 €
qb(g1Z(H1, Gl)) and hs € Cf)(h1Z(H1, Gl))
The pairs (Hy,G1) and (Haz, G2) are called relative isoclinic if there is a relative isoclin-

ism between them.

1.2.1 Commuting probability of finite groups

The commuting probability of a finite group G, denoted by Pr(G), is given by

x,y) € GXG:xy=yx

pr(c) = 1Z:9) o y =y}
Thus Pr(G) is the probability that a randomly chosen pair of elements of G commute. The
study of Pr(G), has been initiated by Erdés and Turén [37] in the year 1968. Pr(G) has
been widely studied in the last five decades. Many mathematicians have also worked on
generalizations of this probability over the years. A survey on the recent generalizations
of Pr(G) can be found in [17].

In [39], Erfanian et al. have considered the probability Pr(H, G) that a randomly cho-
sen element of H commute with a randomly chosen element of G’ which is given by the

following ratio:
€ HxG:xy=yz}
|HI|G]|
Clearly, if H = G then Pr(H, G) = Pr(G). Thus Pr(H, G) is a generalization of Pr(G).

This probability Pr(H, G) is called the relative commuting probability of a subgroup H of

S ()

G. In [79], Pournaki and Sobhani have generalized the notion of commuting probability
of a finite group G by considering the following ratio:

€GxG:[ryl =g}
|GI? ’

L ()

where g € G. Thus Pry(G) is the probability that the commutator of a randomly chosen
pair of elements of G is equal to a given element g of G. Note that Pr,(G) = Pr(G) if
g = 1. The probability Pr,(G) is called g-commuting probability of G. Das and Nath [16]
in 2010 have further generalized these notions and study the following ratio:

{(z,y) € H X K :[z,y] = g}
|HI K| ’

Pry(H,K) =
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where g € G and H and K two subgroups of G. Thus Pr,(H, K) is the probability that the
commutator of a randomly chosen pair of elements, one from a subgroup H and another
from a subgroup K, of G is equal to a given element g € G. Clearly, Pry(H, K) = Pry(G)
if H=K = G. If K = G then Pry(H, K) = Pry(H, G) which is the relative commuting
probability of a subgroup H of G when g = 1. We would like to mention the following

useful results in this section.

Result 1.2.2. [16, Corollary 2.4] If H is normal in G then Pr(H, K) = kll(é]?), where

kx(H) is the number of K-conjugacy classes that constitute H.

Result 1.2.3. [16, Proposition 2.1] Pry(H, K) = Pr;l(K, H). However, if g = 1, or if
g € HUK (for example, when H or K is normal in G), we have Pry(H, K) = Pry(K, H) =
Pr,'(H,K).

Result 1.2.4. [16, Proposition 3.1] If g # 1 then

(a) Pry(H,K)#0 = Pr,(H,K) > W

HNZ(G)||Ca(H
(b) Pry(H,K)#0 = Pr,(H,K) > W

(c) Pry(G) #0 = Pry(G) > m

Result 1.2.5. [16, Proposition 3.3] Let p be the smallest prime dividing |G|, and g # 1.
Then
H| - |Cy(K 1
Pr,(H,K) < [H] ~|Cr(K)] < =
plH]| p
Result 1.2.6. [16, equation (6)] Let Irr(G) be the set of all irreducible characters of G. If

H is a normal subgroup of G then we have

_ 1 ¢l9)
PrQ(H7 G) - ‘G’ ¢€§G)<¢H7 ¢H> ¢(1) )
where ¢y is the restriction of ¢ € Irr(G) on H and {(¢g, pp) = ZqﬁH(aj)qSH(afl).

x€H
Result 1.2.7. [75, Theorem B] Let H be a subgroup of a finite nilpotent group G. If

||G, H]| = p, a prime (not necessarily the smallest one), and g € [G, H]. Then

L1+ ), ifg=1
Pr,(H,G) = { ? ( \H.Z(H,G)|>

%(1_m>, if g £ 1.

10
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Result 1.2.8. [75, Lemma 3] Let H be a subgroup of a finite group G and p be the smallest
prime dividing |G|. If |[G, H]| = p, and g € |G, H]. Then

—1 .
(1 + \H:Zp(H,G)|) , ifg=1

Pry(H,G) =
(1 - \H:Z(lH,G)|) , ifg# 1

Wi= Y=

1.3 Notations and results from Ring Theory

Let R be a finite non-commutative ring and Z(R) = {# € R : zr = rz,Vr € R} be

the center of R. For any element z € R, the centralizer of x in R is a subring given by

Cr(z) :={y € R: 2y = yx}. Clearly, Z(R) = ﬂRCR(m). For any subring S of R we write
TE

£ to denote the additive quotient group.
Result 1.3.1. [63, Lemma 1] Let R be a non-commutative ring. Then % is not cyclic.

Let Cent(R) = {CRr(r) : » € R}. Then | Cent(R)| gives the number of distinct central-
izers in R. If | Cent(R)| = n then R is called n-centralizer ring. Recently, Dutta et al. (see
[24, 25, 30]) have characterized n-centralizer finite rings for some n. Some of their results

are given below.

Result 1.3.2. [25, Theorem 3.1] Let R be a finite 4-centralizer ring. Then the additive
quotient group % = 7o X Zo.

Result 1.3.3. [25, Theorem 4.1] Let R be a finite 5-centralizer ring. Then the additive

quotient group % = Zs X Zs3.

Result 1.3.4. [25, Theorem 2.6] Let R be a non-commutative ring whose order is a power

of a prime p. If | Cent(R)| = p + 2 then the additive quotient group % = Zp X Lp.

For any two elements = and y of R, [z,y] := 2y — yx is called the additive commutator
of z and y. Let K(R) = {[x,y] : =,y € R} and [R, R] and [z, R] for = € R denote the
additive subgroups of (R, +) generated by the sets K (R) and {[z,y] : y € R} respectively.
The subgroup [R, R] is called the commutator subgroup of R. Let S be a subring of a finite
ring Rand Z(S,R) = {z € S : zo = xz,Vx € R}. For any element x € R, we write Cg(x)
to denote the set {y € S : zy = yx}. Clearly, Z(S,R) = xQRCS(x). We have the following
generalizations of Result[1.3.1}

11
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Result 1.3.5. Let R be a non-commutative ring. Then ﬁ is not cyclic.

Let K(S,R) = {[z,y] : z € Sand y € R} and [S, R] be the additive subgroup of (R, +)
generated by the set K (S, R).

Following Hall [54], Buckley et al. [13] have introduced an analogous concept of iso-
clinism in Ring Theory which is called Z-isoclinism between two rings. Two rings R; and
Ry are said to be Z-isoclinic if there exist additive group isomorphisms ¢ : % — %
and ¢ : [Ri,Ri] — [Ra2,Rs] such that ¥([u,v]) = [v/,v'] whenever ¢(u + Z(R;)) =
u' + Z(Ry) and ¢(v + Z(R1)) = v' + Z(Ra).

Dutta et al. [23] have further generalized the notion of Z-isoclinism of rings as given

in the following definition.

Definition 1.3.6. [23, Definition 5.1] Let Ry and Ry be two rings with subrings S1 and So
respectively. Then the pair of rings (S1, R1) is said to be Z-isoclinic to a pair of rings
(S2, Ra) if there exist additive group isomorphisms ¢ : ﬁ — % such that
gb(ﬁ) = %; and v : [S1, R1] — [S2, Ra] such that ([u,v]) = [u/,v'] when-
ever p(u+ Z(S1, R1)) = v + Z(S2, Ra2) and ¢(v+ Z(S1, R1)) = v' + Z(S2, R2). Such a pair
of mappings (¢,1) is called a Z-isoclinism between (S1, R1) and (S2, R2).

1.3.1 Commuting probability of finite rings

In 1976, MacHale [63] has considered commuting probability of a finite ring R, denoted
by Pr(R), which is analogous to the commuting probability of finite groups. Recall that

a,b) € R X R:ab=ba}|

Pr(R) = S

For any details regarding Pr(R), one may conf. [13, 22, 33, 63]. The following results are

useful in our study.

Result 1.3.7. [63, Theorem 1] Let R be a finite ring. Then Pr(R) < 2 with equality if

and only if % = 7o X L.

Result 1.3.8. [63, Theorem 3] Let R be a finite ring and p be the smallest prime divisor

of |R|. Then Pr(R) < 2 2;@’_1. The equality holds if and only if the additive quotient group

% is isomorphic to Zy, X Zy,.

12



Chapter 1. Introduction and preliminaries

Let S be a subring of R. Dutta et al. [22] have generalized Pr(R) through the ratio:

{(s,7) € S x R:sr=rs}|
|S]|R| '

Pr(S,R) =

Note that Pr(S, R) is the relative commuting probability of a finite ring R relative to a
subring S of R and Pr(R, R) = Pr(R).
For a fixed element » € R, Dutta and Nath [35] have generalized the notion of com-

muting probability of a finite non-commutative ring R by considering the following ratio:

pr ) - 1) R Rl =)

which gives the probability that the commutator of a randomly chosen pair of elements
of R equals 7. This probability Pr,(R) is called 7-commuting probability of R. Notice that
Pr.(R) = Pr(R) if r = 0. Results on Pr,(R) that are useful in subsequent chapters are
listed below.

Result 1.3.9. [35, Theorem 2.9] Let R be a finite non-commutative ring. If p is the
smallest prime dividing |R| and r # 0 then

[Rl - |Z(R)] _1
Pr.(R) < ————— < —.
) PIR| p
Result 1.3.10. [35, Theorem 2.10] Let R be a finite non-commutative ring and r € K(R).

If r # 0 then
6

> .
~|R:Z(R)|?
Result 1.3.11. [35, Lemma 3.2] Let R be a finite non-commutative ring and |[R, R]| = p

Pr,(R)

be any prime. Then

1 -1 e
5(1+7|R?Z(R)|>’ ifr=0
1 1 :

L(1- mdmy) i £0.

Dutta and Nath [34] have further generalized the notion of r-commuting probability

Pr,(R) =

and introduced relative r-commuting probability of R with respect to a subring S which
is given by the ratio:

{(z,y) € SX R: [z, y] = r}|
SR '

Pr,(S, R) = (1.3.1)

13
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Note that Pr,.(S,R) = Pr,(R) if S = R. If r = 0 then Pr,.(S, R) = Pr(S, R). We use the

following results on Pr,.(S, R) in the subsequent chapters.

Result 1.3.12. [34, Corollary 2] Let S be a subring of a finite non-commutative ring R.
If |[S, R]| = p, a prime, then

Pr,.(S,R) =
L(1- stem) s A0
Result 1.3.13. [34, Proposition 3] Let S be a subring of a finite ring R. If p is the smallest
prime dividing |R| and r # 0 then
S| —1Z(S,R 1
pro(s. ) < P <
One more generalization of commuting probability of a finite ring, which has been
introduced by Dutta and Nath [34], is the generalized r-commuting probability of R with

respect to the additive subgroups S and K of R which is defined as follows:

_ Ny e Sx K :[z,y] =r}
Pr,.(S,K) := SIIK]| )

where r € R. Thus Pr, (S5, K) is the probability that the commutator of a randomly chosen

pair of elements (z,y) € S x K equals a given element » € R. We have

Pr(S,R), ifr=0andK =R

Pr,(S,R), ifK=R

Pr, (S, K) = (1.3.2)
Pr,(S), ifS=K

Pr(R), ifr=0and S = K = R.

We conclude this section with the following result on Pr,. (S, K).

Result 1.3.14. [33, Proposition 3.1] Let S and K be two additive subgroups of R. If
r # 0, then

|Z(S,K)||Z(K,S)]
(a) Pr,(S,K) > Bk .

(b) T S C K then Pr,(8, K) > 2252,

14
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1.4 Non-commuting graph and its generalizations

In this section, we list certain results on non-commuting graphs of finite groups and rings

and their generalizations.

1.4.1 Non-commuting graph of a finite group

The non-commuting graph of a finite non-abelian group G, denoted by I'g, is a simple
undirected graph with G \ Z(G) as the vertex set and two distinct vertices = and y are ad-
jacent whenever zy # yx. After the works of Erdés and Neumann [76], non-commuting
graph and its generalizations have been studied extensively by many mathematicians (see
[1,4,9,15,43,66,69,70,71,92,93, 94]). For instance, characterization of finite non-abelian
groups with isomorphic non-commuting graphs has been discussed in [1, 14, 58, 66], Spec-
trum, Laplacian spectrum and their corresponding energies of I' have been computed in
[26, 32, 40, 44, 45, 46], expressions for various topological indices of I'¢ have been ob-
tained in [59, 61] and a characterization of finite groups through domination number of
I'c can be found in [95]. Graph theoretic invariants such as clique number, vertex chro-
matic number, independent number etc. for non-commuting graphs of dihedral groups
have been investigated in [92]. People have computed various spectrum and energies of

I'¢ in order to answer the following questions.

Question 1.4.1. Which finite non-abelian groups give integral, L-integral and Q-integral

non-commuting graphs?

Question 1.4.2. Are there any finite non-abelian group G such that I'¢ is hypoenergetic,
hyperenergetic, L-hyperenergetic and Q-hyperenergetic?

Question 1.4.3. Which finite non-abelian groups satisfy the following inequalities?
(a) E(Tg) < LE(Tg).
(b) LE(T¢) < LET(Tg).

The following results on I'g are useful in our study.

15
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Result 1.4.4. [40, Corollary 4.1.7 and equation (4.3.e)] Consider the dihedral group
Doy, i=(a,b:a™ =b> = 1,bab~! = a~1).

(a) If m is odd then

E(T'p,,) = (m—1)++/(m—1)(5m — 1) and

2m(m — 1)(m — 2) + 2m(2m — 1)‘

(b) If m is even then

E(Tp,, )= (m—2)++/(m—2)(5m —2) and

LE(Tp, ) = m(m — 2)(mﬂ; f)1+ 2m(m — 1)‘

Result 1.4.5. ([40, Result 1.2.16(d)] and [32, Proposition 3.2]) Consider the quasidihedral
=2 =1,bab~' =a®" °~1). Then

27171

group QDon = (a,b: a

E(Tgp,.) = (2" 1 —2)+2¢/(5 x 272 — 1)(2"=2 — 1) and
23%—3 _ 22n L3 x2n
on—1_ 1 '
Result 1.4.6. [40, Corollary 4.1.6 and equation (4.3.d)] Consider the group Ma,s := (a,b:

a” =b* =1,bab~! = a71).

LE(Tgpy.) =

(a) If m is odd then

E(Ta,,,) =s(r—1)+sy/(r—1)(5r — 1) and

LE(T ,,.,) (2r%s — 6r%s + 4rs + 4r® — 2r) .

T

(b) If m is even then

E(T,,.) =s(r—2) 4+ sy/(r—2)(5r — 2) and

LE(Typ,.) = (r’s — 6r°s + 8rs + 2r* — 2r)..

r—1

16
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Result 1.4.7. [40, Corollary 4.1.8 and equation (4.3.f)] Consider the dicyclic group Qu, :=

1

(x,y:2?" =1,2" =y? y loy = 71). Then

E(To,,) =2 <(n — 1)+ (- 1)n— 1)) and

LE(o,) = 8n(n — 1)(n2n2_) j4n(2n - 1)'

Result 1.4.8. [40, Corollary 4.1.9 and equation (4.3.c)] Consider the group Us, := (z,y :
22 =y3 = 1,27 lyr = y~1). Then E(Ty,,)) = 2n(1 +v7) and LE(Ty,,)) = 12”2%.

Result 1.4.9. [40, Theorem 4.1.5] Let G be a finite group such that % is isomorphic to
the dihedral group Da,, (m > 3) and |Z(G)| = n. Then

ETg)=n ((m — 1) ++/(m—1)(5m — 1)) and

LE() =

ST— ((2m? — 6m? + 4m)n + 4m? — 2m) .

Result 1.4.10. ([32, Theorem 2.2] and [40, Theorem 4.1.1(c)]) Let G be a finite group
such that % is isomorphic to Z, x Z,, where p is a prime. Then E(I'¢) = LE(I'g) =
2p(p — 1)|Z(G)|. In particular, if G is a non-abelian group of order p? then E(I'g) =
LE(Tg) = 2p*(p — 1).

Result 1.4.11. [32, Theorem 2.1] Let G be a finite group such that % is isomorphic to
the Suzuki group Sz(2) := (a,b: a® = b* = 1,b7tab = a?). Then LE(T'g) = (%)On + 30) n,
where |Z(G)| = n.

Result 1.4.12. ([32, Proposition 3.5] and [40, Theorem 4.1.3]) If G denotes the Hanaki
group A(n,V) (see page 59) then

E(g) = LE(Tg) = 22"+ — on+2,

Result 1.4.13. ([32, Proposition 3.6] and [40, Theorem 4.1.4]) If G denotes the Hanaki
group A(n,p) (see page 59) then

E(Tg) = LE(Tg) = 2(p™" — p™").

17
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Result 1.4.14. [40, Theorem 4.1.1(b) and Theorem 4.3.2] Consider the group SDsg, =

{a,b:a*™ =b2=1,bab~t = a?"1).

(a) If n is odd then

8n(4n? — 10n +7)

E(Tspg,) =4(n—1)+4y/(n —1)(5n — 1) and LE(Tsp,,) = T

(b) If n is even then

8n(8n2 — 8n + 3)
dn —1 '

E(Tsp,,) =2(2n —1)+2y/(2n —1)(10n — 1) and LE(Tsp,,) =

Result 1.4.15. [40, Theorem 4.1.1(a) and Theorem 4.3.1] Consider the group Vg, := (a, b :

a® =b*=1,b"1ab~! = bab = a~ '), where n is odd. Then

8n(8n? — 8n + 3)

E(Ty,)=22n—1)+2y/(2n —1)(10n — 1) and LE(I'y,) = P

Result 1.4.16. [40, equation (4.1.e) and equation (4.3.b)] Consider the Frobenious group
Fpo=(a,b:aP =09 =1, b=tab = a*) of order pq, where p and ¢ are two primes such that

q/(p — 1) and u is an integer such that @ € Z,, \ {0} having order g. Then

2P+ 2p(q — 1)

E(Tg)=a+ vVa?+4pa and LE(Tq) .
pg —

where o = (p—1)(¢ — 1).

Result 1.4.17. [40, pages 75-81 | Let G be a finite group.
(a) If G~ Ag then 'y, = K413, E(T'a,) =6 +2v33 and LE(T'4,) = 22
(b) If G = A then E(I'4,) ~ 111.89 and LE(I 4,) = 5380,
(c) If G = Sz(2) then LE(Tg,9)) = 5.

(d) If G = SL(2,3) then Tgy23) = K344, E(Tsp2,3) = 16 +8V/7 and
LE(Tsr23)) = 32.

(e) If G = Sy then E(T's,) ~ 35.866 + 4/5 and LE(T'g,) = 1922 + 44/13.

(f) If G = Dg x Zs then I'¢ = K331.6, E(I'g) = 6+ 617 and LE(I'¢) = 3.

18
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(g) It G = Ay x Zy then Tg = Kq416, E(Tg) = 12+ 4¢/33 and LE(T¢) = 34,

Result 1.4.18. [1, Proposition 2.3] The non-commuting graph of a finite group G is planar
if and only if G = Dg, Dg, Qs.

Note that the complement of I'g, known as the commuting graph of G, has also been
well-studied (see [7, 10, 56, 57, 68, 78]). It is worth mentioning that Afkhami et al. [4] and
Das et al. [28] have classified all finite non-abelian groups whose commuting graphs are
planar or toroidal in the years 2015 and 2016 respectively. We conclude this section by

recalling those results.

Result 1.4.19. [4, Theorem 2.2] The commuting graph of a finite group G is planar if
and only if G = Dg, Dg, D19, D12, Qs, Q12,722 X Dg,Zo X Qsg, Ay, As, Sy, SL(2,3),52(2),
Mg = {a,b : a® = b*> = 1,bab = a°), Zy x Zy := (a,b : a* = b* = 1,bab™! = a7 1),
=yt =22 =1,a> = y? zax = o', ay = ya, vy = yz), SG(16,3) :=

(a,b:a*=b*=1,ab=0b"1a"t, ab~! = ba™!).

Dgx 74 := (a,z,y: a

Result 1.4.20. [28, Theorem 3.3] The commuting graph of a finite group G is toroidal
if and only if G = Dyy, D16, Qi6, QD16, Z7 % Z3 = (a,b : a” = b3 = 1,bab™! = a?),
DG X Z3,A4 X ZQ.

1.4.2 Relative non-commuting graph and g-noncommuting graph of a

finite group

In 2013, Tolue and Erfanian [93] have generalized the non-commuting graph of G by
considering relative non-commuting graph for a given subgroup H of G. In particular,
they have considered a simple undirected graph, denoted by I'y ¢, whose vertex set is
G\ Z(H,G) and two distinct vertices a and b are adjacent if « € H or b € H and ab # ba.

The following result is useful in our study.

Result 1.4.21. [93, Theorem 4.5] Suppose that H; < G for i = 1,2 and the pairs (H;, G1)
and (Ha,G2) are relative isoclinic. If |Z(Hy,Gh)| = |Z(Ha,G2)| and |Z(G1)| = |Z(Ge)|

then FH1,G1 = FHQ,GQ'

19



Chapter 1. Introduction and preliminaries

In 2014, Tolue et al. [94] have introduced another generalization of non-commuting
graph called the g-noncommuting graph, denoted by I'f,, for any given element g € G.
Recall that for any non-abelian group G and a given element g in G, the g-noncommuting
graph of G is a simple undirected graph with vertex set G and two distinct vertices = and
y are adjacent if [z,y] # g and g~ . For the last five years, I'/, of a finite group G for any
given element g € G has been studied (see [69, 70, 71, 94]). Some results on I‘“[C’; that we

use in subsequent chapters are listed below.

Result 1.4.22. [94, Theorem 2.16] Let G and H be two finite isoclinic groups with
|Z(G)| =|Z(H)|. If (¢,9) is an isoclinism between G and H then I'f, = Fz(g) .

Result 1.4.23. [94, Proposition 2.14] Let G be a finite non-abelian group. Then

(a) for a non-identity element g € G’ such that g? # 1 we have

g\ _ G =G| — 2G> Pry(G)
(T = : .

b) for a non-identity element g € G’ such that ¢> = 1 we have
Yy g g

g\ _ G =G = 1GI* Pry(G)
(1) = 5 .

(c) for g ¢ G’ we have |e(T})] = IGI2IG|

The induced subgraph of T'Y, with vertex set G \ Z(G) is denoted by A?, . Note that AZ,
coincides with the non-commuting graph of G if ¢ = 1. Also, if g ¢ K(G) then AZ, is
a complete graph. Therefore while studying AY, it is considered that 1 # g € K(G). In
the last five years, A% has also been studied. Some results on A% that are useful in the

subsequent chapters are listed below.
Result 1.4.24. [94, Theorem 2.5] If G is a finite non-abelian group then A, is not a tree.
Result 1.4.25. [70, Lemma 2.4] Consider the graph Af,. Let z € G\ Z(G).

(a) If g? # 1, then deg(z) = |G| — |Z(G)| — €|Cq(x)| — 1, where € = 1 if z is conjugate to

xg or £g~', but not to both, and € = 2 if x is conjugate to ¢ and zg~ .
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(b) If g = 1 and g # 1 then deg(x) = |G|—|Z(G)|—|Cq(z)| -1, whenever zg is conjugate

to x.

1

(¢) If zg and xg~" are not conjugate to = then deg(x) = |G| — |Z(G)| — 1.

Result 1.4.26. [69, Theorem 4] A7, is connected if and only if n # 3, 4 and 6.
Result 1.4.27. [70, Lemma 3.1] Let g be a non-central element of G.

(a) If g = 1 then diam(AY) = 2.

(b) If g> # 1 and g3 # 1 then diam(AY) < 3.

Result 1.4.28. [71, Theorem 2.1] Let g be a non-central element of a finite non-abelian
group G such that o(g) # 3. Then diam(Af,) = 2.

1.4.3 Non-commuting graph of a finite ring

The non-commuting graph I of a finite non-commutative ring R is defined as a graph
with vertex set R \ Z(R) and two distinct vertices = and y are adjacent whenever zy #
yx. Erfanian, Khashyarmanesh and Nafar [38] have begun the study of non-commuting

graphs of finite rings. Properties of this graph have been studied in [21, 38].

Result 1.4.29. [38, Theorem 2.1] Let R be a non-commutative ring. Then diam(I'r) < 2
and girth(I'r) = 3.

The relative non-commuting graph of a ring R relative to a subring S, denoted by I's g,
is a simple undirected graph whose vertex set is R \ Z (S, R) and two distinct vertices a
and b are adjacent if « € S or b € S and ab # ba. This graph has been introduced by Dutta
et al. and studied in [20, 23].

The complement of non-commuting graph, known as commuting graph, of a finite
non-commutative ring has been considered in [18, 27, 41, 77]. Results on ' which will be

used in subsequent chapters are listed below.
Result 1.4.30. [40, Result 1.3.8] Let R be a finite ring and let p, ¢ be primes.

(a) If % > Zp X Ly then T'r = (p + 1)K(,_1y,, where n = |Z(R)|.
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(b) Let |R| = p*q and Z(R) = {0}.

(i) If “t € {p,q,p* pq} and (t — 1) divides (p?q — 1)” then 'y = pizlet—l and
= plg—1 @a-1)(t-2)
L-spec(I'g) = ¢ (0) =17 ,(t—1) 1 .
(i) If (p— Dl + (g — Do + (p? = )ls + (pg — 1)lg = p>q — 1 then T'g = 14K pq—1 U
13K,2 1 UlbKy 1 Ul K, 1 and L-spec(Tg) = {(0)1Fl2Flatla (p — 1)(p=2h
(g — 1)@l (p2 — 1)F*-2ls_(pg — 1)(pq—2)l4}

Result 1.4.31. ([96, Theorem 2.5], [40, Result 1.3.7] and [97, Theorem 2.12]) Suppose
that R is a ring with unity.

(a) Let |R| = p*.
(i) If Z(R) has p elements then Tg= (1+p +p2)Kp(p—1) or lle(p—l) U ZQKp(zﬂ,l)
and L-spec(T'g) = {(0)P2+P+1’ (p? — p)P4—p2—2p—1} or

{(O)ll"‘l?, (p% — p)@* =Dl (p3 — p)(PB—P—l)b} respectively, where p? +p+1 =
ll + (p + 1)l2.

(ii) If Z(R) has p? elements then Tg = (p + 1) K(y3_,2).

(b) Let |R| = p°® and Z(R) is not a field.

(i) If Z(R) has p? elements then T = (1+p—|—p2)Kp2(p_1) or [1 Kp2 1) Ula K o 2 1)
and L_Spec(ﬁ) = {(0)P2+p+1’ (p3 _ p2)p5_2p2—p—1} or
{(0)ll+l27 (p® — p?)@* PP Db (pt - p2)(p47p271)l2} respectively, where p?+p+
1=10+ (p—|— 1)l2

(ii) If Z(R) has p* elements then T'r = (p 4+ 1) K(pa_3).

(c) If |R| = p3q and Z(R) has pq elements then I'g = (p + 1)K

p2g—pg and L-spec(Tg) =
{(O)JDH7 (p2q — pq)(p+1)(p2q—pq—l) }
(d) Let |R| = p3q and Z(R) has p? elements. Then

. _ -1, (pg=1)(@3-p%-1)
() T = 21Ky e and Lspec(Tr) = { (0057, (08 —p2) 1 }Whe“'

ever (p — 1) divides (pg — 1).
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— — -1 (pa=1)(p%q—p”~1)
(i) I'p = %Kp?q—ﬁ and L-spec(I'g) = {(O)pqql, (P*q — %) e } when-
ever (¢ — 1) divides (pg — 1).

(iii) Tr=01Kps_p2 UlbK2, 2 and L-spec(T'g) = {(0)ll+l2, (p® — p2)n@*—p*~1)

(P%q _p2)lz(p2q*p271)} whenever pg — 1= (p — 1)l1 + (¢ — 1)la.

A class of non-commutative rings, which has been introduced by Erfanian et al. in [38],
is referred to as CC-ring if the centralizers C'r(y) are commutative whenever y € R\ Z(R).

We conclude this section with the following result.

Result 1.4.32. [27, page 3] If S1,S5,,...,S5, are the non-identical centralizers of s €
R\ Z(R), where R is a finite CC-ring and |Z(R)| = 7, then Tg = .QIKISH#] and L-spec(T'g)
= {(0)", (|S1] = )= (18] = )l
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