Chapter 4

An induced subgraph of relative

g-noncommuting graph of a finite

group

Let H be a subgroup of a finite non-abelian group G and g € G. In this chapter, we
consider the induced subgraph of I'y; , on G\ Z(H, G), denoted by A7, , . Thus A, isa
simple undirected graph whose vertex set is G \ Z(H, G) and two distinct vertices x and
y are adjacent if z € H ory € H and [z,y] # ¢,g~'. Clearly, A%,’G = A%,_’IG. If H=Gand
g = 1 then A%, , = T, the non-commuting graph of G. If H = G then A}, , = A7, a
generalization of I'¢; called an induced g-noncommuting graph of G on G \ Z(G) which
has been studied extensively in [69, 70, 71] by Erfanian and his collaborators. In Section
we determine whether A%  is a tree while determining the degree of a vertex in
A%LG. In Section we discuss the connectivity of A%’G and conclude the chapter by
investigating the diameter and connectivity of A% , with special attention to the dihedral
groups. This chapter is based on our paper [89] published in Mathematics.

If g ¢ K(H,G) := {[z,y] : © € Handy € G} then any pair of vertices (z,y) are
adjacent in Ay, trivially if 2,y € H or one of x and y belongs to H. Therefore, we
consider g € K(H,G). In addition, if H = Z(H,G) then K(H,G) = {1} andso g = 1.
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Chapter 4. An induced subgraph of relative g-noncommuting graph of a finite group

Thus, throughout this chapter, we consider H # Z(H,G) and g € K(H,G). We like to
mention the following examples of A%, ,, where G = Ay = (a,b : a? = b = (ab)3 = 1)
and the subgroup H is given by H; = {1,a}, Hy = {1,bab*} or H3 = {1, b%ab} (see Figures

4.1-4.6).
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Chapter 4. An induced subgraph of relative g-noncommuting graph of a finite group

4.1 Vertex degree and a consequence

In this section we first determine deg(z), the degree of a vertex z in the graph A%, . After
that we determine whether AY, . is a tree. Corresponding to Theorems 3.2.1 and 3.2.2, we

have the following two results for A% .
Theorem 4.1.1. Let v € H\ Z(H,G) be any vertex in A%}G.
(a) If g =1 then deg(x) = G] — |Ca ().
(b) If g # 1 and g> # 1 then
G| = |1Z(H,G)| - |Ca(2)| =1,  if x~ g orzg™
deg(z) =
Gl — |Z(H,G)| — 2Calw)| — 1, if & ~ g and 2g~".
(c) If g # 1 and g*> = 1 then deg(x) = |G| — |Z(H,G)| — |Cq(z)| — 1, whenever x ~ xg.

Proof. (a) Let g = 1. Then deg(z) is the number of y € G\ Z(H, G) such that zy # yz.

Hence,
deg(z) = |G| - |Z(H,G)| = (|Ca(z)| = |Z(H, G)|) = |G| — |Ca(x)].

Proceeding as the proof of Theorem 3.2.1(b) and (c), parts (b) and (c) follow noting that
the vertex set of A, is G\ Z(H, Q). O

Theorem 4.1.2. Let x € G\ H be any vertex in A?LG'
(a) If g =1 then deg(x) = |H| — |Cy ().
(b) If g # 1 and g> # 1 then

\H| - |Z(H,G)| — |Cr(x)|, ifx~xg orxg™t for some element in H
deg(z) =
\H| —|Z(H,G)| - 2|Cy(x)|, if v ~ xg and xg~* for some element in H

(c) If g # 1 and g* = 1 then deg(z) = |H| — |Z(H, G)| — |Cu(z)|, whenever x ~ xg, for

some element in H.
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Proof. (a) Let g = 1. Then deg(z) is the number of y € H \ Z(H, G) such that xy # yz.

Hence,
deg(z) = [H| - |Z(H,G)| = (|Cu(z)| = |Z(H,G)|) = |H| — |Cu(z)|.

Proceeding as the proof of Theorem 3.2.2(b) and (c), parts (b) and (c) follow noting that
the vertex set of AY, , is G\ Z(H,G). O

As a consequence of the above results, we have the following:
Theorem 4.1.3. If [H| # 2,3,4,6 then AY, . is not a tree.

Proof. Suppose that A?I,G is a tree. Then there exists a vertex x € G\ Z(H, G) such that
deg(z) =1. If z € H\ Z(H, G) then we have the following cases.

Case 1: If g = 1, then by Theorem [{.1.1[a), we have deg(z) = |G| — |Ca(z)| = 1.
Therefore, |Cg(x)| = 1, contradiction.

Case 2: If g # 1 and ¢ = 1, then by Theorem(c), we have deg(x) = |G|—|Z(H,G)|—
|Ca(z)| —1=1. That is,

G| = |2(H,G)| - [Ca(x)| = 2. (4.1.1)

Therefore, |Z(H,G)| = 1 or 2. Thus equation gives |G|—|Cq(x)| = 3 or 4. Therefore,
|G| =6 or 8. Since |H| # 2,3,4,6 we must have G = Dg or Qg and H = G and hence, by
Result 1.4.24, we get a contradiction.

Case 3: If g # 1 and g2 # 1, then by TheoremM(b), we have deg(z) = |G|—|Z(H,G)|—
|Ca(x)] — 1 =1, which will lead to equation (and eventually to a contradiction) or
deg(z) = |G| — |Z(H,G)| — 2|Cg(z)| — 1 = 1. That is,

or |G| - |Z(H,G)| - 2|Ca(x)] = 2. (4.1.2)

Therefore, |Z(H,G)| = 1 or 2. Thus if |Z(H,G)| = 1 then equation (4.1.2)) gives |G| =9,

which is a contradiction since G is non-abelian. Again if |Z(H,G)| = 2 then equation
(4.1.2) gives |Cq(x)] = 2 or 4. Therefore, |G| = 8 or |G| = 12. If |G| = 8 then we
get a contradiction as shown in Case 2 above. If |G| = 12 then G = Djs or Q2, since

|Z(H,G)| = 2. In both of the cases, we must have H = G and hence, by Result 1.4.24, we

get a contradiction.
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Now we assume that z € G\ H and consider the following cases.
Case 1: If g = 1, then by Theorem [4.1.2a), we have deg(z) = |H| — |Cu(z)| = 1.
Therefore, |H| = 2, a contradiction.
Case 2: If g # 1 and g2 = 1, then by Theoremc)7 we have deg(z) = |H|—|Z(H,G)|—
|Cgr(z)| = 1. That is,
|H| — |Cu(z)| = 2. (4.1.3)

Therefore, |H| = 3 or 4, a contradiction.
Case 3: If g # 1 and ¢® # 1, then by Theorem [4.1.2(b), we have deg(z) = |H|—|Z(H,G)|—
|Cr(x)| = 1, which leads to equation or deg(x) = |H| — |Z(H,G)| —2|Cy(z)| = 1.
That is,

|H| —2|Cu(z)| = 2. (4.1.4)

Therefore, |Cg(z)| = 1 or 2. Thus if |Cy(z)| = 1 then equation (4.1.4) gives |H| = 4, a
contradiction. If |Cy(z)| = 2 then equation (4.1.4) gives |H| = 6, a contradiction. O

The following theorems also show that the conditions on | H| as mentioned in Theorem

can not be removed completely.

Theorem 4.1.4. If G is a non-abelian group of order < 12 and g =1 then A?{G s a tree
if and only if G = D¢ or Dy and |H| = 2.

Proof. If H is the trivial subgroup of G then A?{,G is an empty graph. If H = G then, by
Result 1.4.24, we have A?LG is not a tree. Thus, we examine only the proper subgroups of
G, where G = Dg, Dg, Qs, D1g, D12, Q12 or Ay. We consider the following cases:

Case 1: G = Dg = (a,b: a® = b> = 1,bab! = a™1). If |H| = 2 then H = (), where
x = b,ab and a?b. We have [x,y] # 1 for all y € G\ Z(H,G). Therefore, A% p, 18 a star
graph and hence, a tree. If |H| = 3 then H = {1,a,a?}. In this case, the vertices a, ab, a®
and b make a cycle since [ab,a] = a? = [a?, ab] and [a,b] = a = [b, a?].

Case 2: G = Dg = (a,b: a* = b2 = 1,bab™! = a™1). If |[H| = 2 then H = Z(Dg) or
(a"b), where r = 1,2,3,4. Clearly A% |, is an empty graph if H = Z(Ds). If H = (a"b)
then, in each case, a?
is disconnected. If |H| = 4 then H = {1,a,a? a3}, {1,a? b,a®b} or {1,a%, ab,a®b}. If
H = {1,a,a?,a%} then the vertices ab, a, b and a® make a cycle; if H = {1,a?,b,a?b} then

is an isolated vertex in G \ H (since [a?,a"b] = 1). Hence, A%[’ Ds
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the vertices ab, b, a® and a?b make a cycle; and if H = {1, a?, ab, a®b} then the vertices ab,
a, ab and b make a cycle (since [a,b] = [a3,b] = [a3,ab] = [a?, a?b] = [ab, a] = [a®b,ab] =
[a®b,a] = [b,ab] = [b,a%b] = a® # 1).

Case 3: G =2 Qg = {(a,b:a* = 1,02 = a®,bab™! = a~!). If |[H| = 2 then H = Z(Q3)
and so A%[,QS is an empty graph. If |[H| = 4 then H = {1,a,a?,a®}, {1,a%b,a?b} and
{1,a% ab,a®b}. Again, if H = {1,a,a? a®} then the vertices a, b, a® and ab make a
cycle; if H = {1,a?,b,a’b} then the vertices b, a’bh, a?b and a® make a cycle; and if
H = {1,a?, ab,a®b} then the vertices ab, a, a*b and a?b make a cycle (since [a, b] = [b, a®] =
[a®, ab] = [ab,a] = [b, a®b] = [a®b, a®b] = [a®b, a®] = [a, a®b] = [a®b,ab] = a® # 1).

Case 4: G = Dyg = {(a,b:a® =b*> =1,bab~! = a~1). If |[H| = 2 then H = (a"b), for every
integer r such that 1 < r < 5. For each case of H, A?‘I,Dm is a star graph since [a"b, x| # ¢
for all x € G\ H. If |H| = 5 then H = {1,a,a?, a® a*}. In this case, the vertices a, ab, a*
and @b make a cycle in A%’,Dlo since [a,ab] = a® # 1, [ab,a®] = a # 1, [a3,ab] = a* # 1
and [a®b,a] = a® # 1.

Case 5: G = Dy = (a,b: a% = b?> = 1,bab™! = a7 ). If |H| = 2 then H = Z(D12)
or {a"b), for every integer r such that 1 < r < 6. If |H| = 3 then H = {1,a? a*}. If
|H| = 4 then H = {1,a3,b,ab}, {1,a3, ab,a*b} or {1,a3,ab,a’b}. If |H| = 6 then H =
{1,a,a% a3, a* a®}, {1,a% a*, b, ab,a*b} or {1,a?,a*, ab, a®b, a®b}. Note that A%I,Dlz is an
empty graph if H = Z(D12). If H = (a"b) (for 1 <r < 6), {1,a?,a*}, {1,a?, a*, b, ab, a*b}

or {1,a%,a* ab,a®b,a®b} then in each case the vertex a®

is an isolated vertex in G \ H
(since a® € Z(D2)) and hence A%I,Dm is disconnected. We have [a,b] = [b, a’] = [a, ab] =
[a*, a%b] = [a®b,a?] = [b,a?] = [a®b,a’] = [a®b,a?] = [ab,a®] = a* # 1 and [a®,a®b] =
[ab, a] = [ab, a*] = [a*b, a] = [a?, a®b] = [a®b,a] = a® # 1. Therefore, if H = {1,a>,b,a®b}
then the vertices b, a?, a®b and a® make a cycle; if H = {1,a%, ab, a*b} then the vertices
a, ab, a* and a*b make a cycle; if H = {1,a%, a?b,a’b} then the vertices a?, a?b, a® and
a’b make a cycle; and if H = {1, a,a?, a3, a, a’} then the vertices a, b, a® and a?b make a
cycle.

Case 6: G = Ay = (a,b:a® =b® = (ab)? = 1). If |H| = 2 then H = (a), (bab?) or (b*ab).
Since the elements a, bab? and b*ab commute among themselves, in each case the remaining
two elements in G \ H remain isolated and hence A%L 4, 1s disconnected. If |[H| = 3 then

H = (x), where x = b, ab, ba, aba. In each case, the vertices =, a, z~! and bab® make a
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cycle. If |[H| = 4 then H = {1,a,bab? b%ab}. In this case, the vertices a, b, bab® and ab
make a cycle.

Case 7: G =2 Q12 = {a,b:a% = 1,0 = a®,bab™! = a~ ). If |H| = 2 then H = Z(Q12)
and so A%T,le is an empty graph. If |[H| = 3 then H = {1,a? a*}. In this case, a®
is an isolated vertex in G \ H (since a® € Z(Q12)) and so A?‘I,Qu is disconnected. If
|H| = 4 then H = {1,a®b,a®b}, {1,a3, ab,a*d} or {1,a? a®b,ab}. If |H| = 6 then
H = {1,a,a? a® a* a’}. We have [a,b] = [a,ab] = [a?, a’b] = [ab,a?] = [b,a®] = [b,a’] =
[a?b,a®] = [a3b,a?] = [a%b,a®] = a* # 1 and [a®,a®b] = [a®b,a] = [ab,a?] = [a*b,a] =
[a?,a%b] = [a®b,a] = a® # 1. Therefore, if H = {1,a>,b,a%b} then the vertices a?, b, a®
and a®b make a cycle; if H = {1, a3, ab,a*b} then the vertices a, ab, a* and a*b make a
cycle; if H = {1,a?,a?b,a’b} then the vertices a2, a?b, a® and a®b make a cycle; and if
H = {1,a,a?,a> a* a°} then the vertices a, b, a®> and a?b make a cycle. This completes

the proof. O

Theorem 4.1.5. If G is a non-abelian group of order < 12 and g # 1 then A?{G s a tree
if and only if g> =1, G = Ay and |H| = 2 such that H = (g).

Proof. If H is the trivial subgroup of G then A“IJ{’G is an empty graph. If H = G then, by
Result 1.4.24, we have A?LG is not a tree. Thus, we examine only the proper subgroups of
G, where G = Dg, Dg, Qg, D1g, D12, Q12 or A4. We consider the following two cases.
Case 1: ¢ =1

In this case G = Dg, Qg or Ay. If G = Dg = {(a,b: a* = b> = 1,bab~! = a~!) then
g=a?and |H| = 2,4. If |[H| = 2 then H = Z(Ds) or (a"b), for every integer r such that
1 <r < 4. For H = Z(Dsg), Algq,Ds is an empty graph. For H = (a"b), in each case a
is an isolated vertex in G\ H (since [a,a"b] = a?) and hence, A?i p 18 disconnected. If
|H| = 4 then H = {1,a,a? a3}, {1,a? b,a?b} or {1,a? ab,a®b}. For H = {1,a,a?,a%}, b is
an isolated vertex in G\ H (since [a,b] = a® = [a3,b]) and hence, A% p, is disconnected. If
H = {1,a?,b,a%b} or {1,a?, ab, a®b} then a is an isolated vertex in G\ H (since [a, a"b] = a®
for every integer 7 such that 1 <r < 4) and hence, A%’ Dy 18 disconnected.

If G=Qs=(a,b:a*=1,0>=a? bab~! = a~!) then g = a® and |H| = 2,4. If |H| =2
then H = Z(Qs) and hence A%LQS is an empty graph. If |H| = 4 then H = {1,a,a?, a3},
{1,a2%,b,a%b} or {1,a?,ab,a®b}. In each case, vertices of H \ Z(H,G) commute with each
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other and commutator of these vertices and those of G'\ H equals a®. Hence, the vertices
in G\ H remain isolated and so A%T,Qs is disconnected.

If G2 Ay = (a,b:a® =b® = (ab)® = 1) then g € {a,bab?, b?ab} and |H| = 2,3,4. If
|H| = 2 then H = {(a), (bab?) or (b*ab). If H = (g) then A% 4, is a star graph because
[g,2] # g for all x € G\ H and hence a tree; otherwise A%L 4, 1s not a tree as shown in
Figures 1-6. If |H| = 3 then H = (x), where © = b, ab, ba, aba or their inverses. We have
[z,271] =1, [z,9] # g and [z7}, g] # g. Therefore, x, 2! and g make a triangle for each
such subgroup in the graph A%,Ay If |[H| = 4 then H = {1,a,bab? b*ab}. Since H is
abelian, the vertices a, bab®> and b%ab make a triangle in the graph Algq, Ay
Case 2: g # 1

In this case G = Dg, D1g, D12 or Q12.

If G= Dg = (a,b:a®=0b%=1,bab~! =a~!) then g € {a,a®} and |H| = 2,3. We have
AYpe = AL}IQ,DG since a=! = a?. If |H| = 2 then H = (z), where x = b,ab and a?b. We
have [z,y] € {g,g '} for all y € G\ H and so A%Dtﬂ) is an empty graph. If |H| = 3 then
H = {1,a,a®}. In this case, the vertices of G\ H remain isolated since for y € G\ H we
have [a,y], [a? y] € {g,97'}.

If G = D= {(a,b:a®=0b>=1,bab~" = a ') then g € {a,a?,a% a*} and |H| = 2,5.
We have A}, f, = A‘};Dw and A‘};Dw = Ag,Dm since a~! = a* and (a?)~! = a3. Suppose
that |H| = 2. Then H = (a"b), for every integer r such that 1 <r < 5. If g = a then for
each subgroup H, a? is an isolated vertex in A%,’ p,, (since [a%,a"b] = a* for every integer r
such that 1 <7 < 5). If g = a? then for each subgroup H, a is an isolated vertex in A?J,Dw
(since [a,a"b] = a? for every integer r such that 1 < r < 5). Hence, A%T, Dy 18 disconnected
for each g and each subgroup H of order 2. Now suppose that |[H| = 5. Then we have

H = {1,a,a? a3, a*}. In this case, the vertices a, a®

, a® and a* make a cycle in A%’ Dy, for
each g as they commute among themselves.

If G2 Dy = {a,b : a® =% = 1,bab~! = a™') then g € {a? a*} and |H| = 2,3,4,6.
We have A‘}iDu = A%,Du since (a?)~! = a*. Suppose that |[H| = 2 then H = Z(Ds3)
or (a"b), for every integer r such that 1 < r < 6. For H = Z(D2), A%,’Du is an empty
graph. For H = (a"b), in each case a is an isolated vertex in G'\ H (since [a, a"b] = a? for
every integer r such that 1 < r < 6) and hence, A%{’ Dy, 18 disconnected. If |H| = 3 then

H = {1,a% a'}. In this case, the vertices a, a®> and a* make a triangle in A%, ,  since
» 12
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they commute among themselves. If |[H| = 4 then H = {1,a3,b,a’b}, {1,a>,ab,a*b} or
{1,a3 a?b,a®b}. For all these H, a is an isolated vertex in G\ H (since [a,a"b] = a? for
every integer r such that 1 < r < 6) and hence, A?{’ D, 18 disconnected. If |H| = 6 then
H ={1,a,a% a3, a* a°}, {1,a% a* b, ab,a*b} or {1, a?, a*, ab,a®b,a’b}. For all these H the
vertices a, a’

IfG = Q2= {a,b: a®=1,b>=a3bab~! =a~!) then g € {a? a*} and |H| = 2,3, 4,6.
We have A“};’Qm = A‘};Qm since (a?)~! = a*. If |[H| = 2 then H = Z(Q12) and so AY

a* and a® make a cycle in AY since they commute among themselves.
’ H,D12

H,Q12
is an empty graph. If |H| = 3 then H = {1,a?,a*}. In this case, the vertices a, a®> and
a* make a triangle in A, 0y, Since they commute among themselves. If |H| = 4 then

H = {1,a3,b,a®b}, {1,a3 ab,a*b} or {1,a>,a%b,ab}. For all these H, a is an isolated

vertex in G'\ H (since [a,a"b] = a? for every integer r such that 1 < r < 6) and hence,

AY, 0,, is disconnected. If |H| =6 then H = {1,a,a?,a® a* a®}. In this case, the vertices
2

a, a®, a* and a® make a cycle in AY, Q,, Since they commute among themselves. O

4.2 Connectivity and diameter

Connectivity of AgG has been studied in [69, 70, 71]. It has been conjectured that the diam-
eter of AY, is equal to 2 if AY, is connected. In this section we discuss the connectivity of
A% - In general, A, , is not connected. For any two vertices x and y, we write = > y

and z «+» y respectively to mean that they are adjacent or not.
Theorem 4.2.1. If g € H\ Z(G) and g* = 1 then diam(AY, ) = 2.

Proof. Let = # g be any vertex of A‘}{’G. Then [z,g] # g which implies [z,g] # ¢!

since g = 1. Since g € H, if follows that x « g. Therefore, d(z,g) = 2 and hence
diam(AY, ;) = 2. O

Lemma 4.2.2. Let g € H\ Z(H,G) such that g*> # 1 and o(g) # 3, where o(g) is the
order of g. If x € G\ Z(H,G) and = < g then = + g°.

Proof. Since g # 1 and = +» g it follows that [z, g] = g~!. We have

[z,9%] = [x,9][x, 9] =g > # 9,97 " (4.2.1)
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If g2 € Z(H,Q) then, by equation ([4.2.1]), we have g2 = [r,¢?] = 1; a contradiction.
Therefore, g?> € H\ Z(H,G). Hence, z <+ ¢°. O

Theorem 4.2.3. Let g€ H\ Z(H,G) and o(g) # 3. Then diam(AiLG) <3.

Proof. If g = 1 then, by Theorem we have diam(Algqu) = 2. Therefore, we assume
that g2 # 1. Let x,y be any two vertices of A?{,G such that x < y. Therefore, [z,y] = ¢
or gt If x ¢+ g and y > g then <+ g <+ y and so d(x,y) = 2. If z «» g and y +» g then,
by Lemma we have = ++ g2 <+ y and so d(z,y) = 2. Therefore, we are not going to
consider these two situations in the following cases.

Case 1: z,y € H

Suppose that one of z,y is adjacent to g and the other is not. Without any loss we
assume that z «» g and y <+ g. Then [z,g] = ¢~ ! and [y, 9] # 9,97 . By Lemma we
have = < ¢°.

Consider the element yg € H. If yg € Z(H,G) then [y,¢?] = 1 # g,g~'. Therefore,
x ¢ g% < y and so d(z,y) = 2.

If yg ¢ Z(H,G) then we have [x,yg] = [x,9][z,y]? = g [z, y]? # g,97'. In addition,
[, yg] = [y, 9] # 9,97 " Hence, z > yg > y and so d(z,y) = 2.

Case 2: One of z,y belongs to H and the other does not.

Without any loss, assume that © € H and y ¢ H. If x +» g and y <> ¢ then, by
Lemma we have z <+ g2. In addition, [g,¢%] =1 # ¢,¢~ " and so g% <+ g. Therefore,
r ¢ g% < g < y and hence d(x,y) < 3. If z +> g and y + ¢ then [z,g9] # ¢,97*
and [y,g9] = ¢g~!. By Lemma we have y <+ g2. Consider the element zg € H. If
rg € Z(H,Q) then [z,¢%] = 1 # g,g~!. Therefore, <+ ¢?> and so y < ¢g? + . Thus
d(z,y) = 2.

If zg ¢ Z(H,G) then we have [y,zg] = [y, ][y, z]¢ = g7 [y, z]? # g,97 . In addition,
[z, 2g] = [x,9] # 9,97 . Hence, y <+ xg +> x and so d(z,y) = 2.

Case 3: z,y ¢ H.

Suppose that one of x,y is adjacent to g and the other is not. Without any loss, we
assume that ¢ < g and y <> ¢g. Then, by Lemma we have z < ¢2. In addition,
[9,9%] =1 # g,¢g7 ! and so ¢g? ++ g. Therefore, x +> g% <+ g +> y and hence d(x,y) < 3.

Thus d(z,y) < 3 for all z,y € G\ Z(H,G). Hence the result follows. O
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The rest part of this chapter is devoted to the study of connectivity of A%, , , where
Dy, = (a,b: a™ = b> = 1,bab~! = a~1) is the dihedral group of order 2n. It is well-known
that Z(Da,) = {1}, the commutator subgroup D}, = (a) if nis odd and Z(Ds,) = {1,a%}
and Dj, = (a?) if n is even. By Result 1.4.26, it follows that A%, ~is disconnected if
n = 3,4, 6. Therefore, we consider n > 8 and n > 5 accordingly, as n is even or odd in the

following results.
Theorem 4.2.4. Consider the graph A%LD%, where n (> 8) is even.
(a) If H = (a) then AY, D,, 18 connected and diam(AlgLLD%) =2.

(b) Let H = (az,a"b) for0 < r < 5. Then Algq,DQn is connected with diameter 2 if g =1

and A%LD% is not connected if g # 1.
(¢c) If H={(a"b) for 1 <r <mn then A%DQ” is not connected.

Proof. Since n is even we have g = a% for 1 <i < %
(a) Case 1: g =1
Since H is abelian, the induced subgraph of AY, D, 00 H \Z(H, Dy,) is empty. Thus, we

need to see the adjacency of these vertices with those in Da, \ H. Suppose that [a"b, a’] = 1

0

and [b,a’] = 1 for every integers r, j such that 1 < r,5 < n — 1. Then a® = a° or a™ and

so j =0 or j = 5. Therefore, every vertex in H \ Z(H, Do) is adjacent to all the vertices
in Doy, \ H. Thus A% 1, is connected and diam(A; ) = 2.
Case 2: g #1

Since H is abelian, the induced subgraph of A%L Do, 00 H \ Z(H, D3y) is a complete

graph. Therefore, it is sufficient to prove that no vertex in Da, \ H is isolated. If g # g~ *

then g # a2. Suppose that [a"b,a/] = g and [b,a’] = g for every integers r,j such that
1<7rj<mn-—1 Then a¥ =a* andso j =i or j = 5+ If [a"b,a’] = ¢g~! and

n—21

[b,a’] = g~ for every integers r,j such that 1 < r,j < n — 1 then ¥ = a and so

Jj=mn—tiorj=75 —i Therefore, there exists an integer j such that 1 < j <n —1 and

Jj #1i,5+i,n—iand §—i for which a’ is adjacent to all the vertices in Do, \ H. If g = g~!

then g = a?. Suppose that [a"b,a’] = g and [b,a’] = g for every integers r,j such that
3n

1<r,j<mn-—1thena¥ = a? and so J = 7 or j = . Therefore, there exists an integer
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jsuch that 1 <j <n—1andj# % and %” for which a is adjacent to all the vertices in
Don \ H. Thus AY; p,, - is connected and diam(AY; p, ) = 2.
(b) Case 1: g =1
We have [a277b, a"b] = 1 for every integer r such that 1 < r < n. Therefore, the induced
subgraph of A%L Dy, 00 H \ Z(H, D2y) is empty. Thus, we need to see the adjacency of
these vertices with those in Dy, \ H. Suppose [a"b,a’] = 1 and [a21"b,a’] = 1 for every
n

integer i such that 1 < i < n — 1. Then ¢* = a" and so i = 5. Therefore, for every

integer i such that 1 <i <n —1and i # 7, a' is adjacent to both a’b and az17b. In

2(s=7) and [a21"b, a*b] = a*217%) for every integer s such

addition, we have [a®b,a"b] = a
that 1 < s < n. Suppose [a®h,a"b] = 1 and [a27"b,a’b] = 1. Then s = r or 5 = 5+
Therefore, for every integer s such that 1 < s <n and s # r, § + 7, a®b is adjacent to both
a’b and a2 *"bh. Thus A%L D, is connected and diam(A%} Day) = 2-
Case 2: g #1

IfH = (az,a"b) = {1,a2,a"b,az"b} for 0 < r < 5 then H\Z(H, D2,) = {a"b, azt7b}.
We have [a"b, a’] = a® = [a27"b, '] for every integer i such that 1 < i < % — 1. That is,
[a"b,a'] = g and [a%”b, a'] = g for every integer i such that 1 < i < 5 — 1. Thus a’ is an
isolated vertex in Ds, \ H. Hence, A%’ Doy, is not connected.
(c) Case 1: g =1

We have [a217b,a”b] = 1 for every integer r such that 1 < r < n. Thus a2*7b is an
isolated vertex in Do, \ H. Hence, A%{’ Doy, is not connected.
Case 2: g # 1

If H = (a"b) = {1,a"b} for 1 < r < n then H \ Z(H,D,) = {a"b}. We have
[a"b, ai] =a? = g for every integer ¢ such that 1 < ¢ < % — 1. Thus a! is an isolated vertex

in Dy, \ H. Hence, A?i D,, 18 not connected. O
Theorem 4.2.5. Consider the graph A%LD%, where n (> 8) and 5 are even.

(a) If H = (a®) then A%LD% is connected with diameter 2 if and only if g ¢ (a*).

(b) If H = (a?,b) or (a?,ab) then A%LD% is connected and diam(A%DZn) < 3.

Proof. Since n is even, we have g = a¥ for1<i< g
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(a) Case 1: g =1

We know that the vertices in H commutes with all the odd powers of a. That is, any
vertex in A%’ Ds,, Of the form a’, where i is an odd integer and 1 < i < n—1, is not adjacent
with any vertex. Hence, A%,, Ds,, 18 Dot connected.
Case 2: g #1

Since H is abelian, the induced subgraph of A%L Do, 00 H \ Z(H, Dsy) is a complete
graph. In addition, the vertices in H commutes with all the odd powers of a. That is, a
vertex of the form a’, where i is an odd integer, in A‘(}{y Ds,, s adjacent with all the vertices in
H. We have [a"b, a*] = a* and [b, a®] = a* for every integers 7, such that 1 <7 <mn —1
and 1 < i < % — 1. Thus, for g ¢ (a*), every vertex of H is adjacent to the vertices of
the form a"b, where 1 < r < n. Therefore, A%’ Ds,, 18 connected and diam(A?L Do) = 2-
Also, if g = a* for some integer i where 1 < i < 2 —1 (i.e., g € (a*)) then the vertices
a"b € Doy \ H, where 1 < r < n, will remain isolated. Hence, A%ﬂ D, 18 disconnected in
this case. This completes the proof of part (a).
(b) Case 1: g =1

Suppose that H = (a?,b). Then a® < o/ but a® <+ a"b for all 4,j,r such that
1<i<5—1,i# % 1<j<n-1isanodd number and 1 <r < n because [a% a’] =1
and [a?,a"b] = a*". We need to find a path to a’, where 1 < j < n — 1 is an odd number.
We have [a?,b] = a®* # 1 and o/ € G\ H for all j such that 1 < j < n — 1 is an odd
number. Therefore, a? <+ b <> a/. Hence, A%I, D,, 18 connected and diam(A?{, Do) <3

If H = (a?, ab) then a® < a’ but a® < a"b for all 4, j,r such that 1 <i < 5—1,1#7;
1 <j <n—1isan odd number and 1 < r < n because [a**,a’] = 1 and [a*,a"b] = a*. We
need to find a path to a’/, where 1 < j < n—1 is an odd number. We have [a’, ab] = a* # 1
and ¢’ € G\ H for all j such that 1 < j < n—1is an odd number. Therefore, a® <+ ab <> a’.
Hence, Ay, p,, is connected and diam(A p, ) < 3.
Case 2: g #1

We have (a?) € H. Therefore, if g ¢ (a*) then every vertex in (a?) is adjacent to all
other vertices in both the cases (as discussed in part (a)). Hence, A‘}{’ D,,, 18 connected and
diam(A%7D2n) = 2. Suppose that g = a* for some integer i, where 1 < i < L-1

Suppose that H = (a?,b). Then a* < o/ but a® < a"b for all j,r such that 1 <

j < n—1is an odd number and 1 < r < n because [a%,a/] = 1 and [a*,a"b] = a*.
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We need to find a path between a® and a”b for all i, such that 1 < i < 5 — 1 and
1 <r <mn. We have [a/,b] = a¥ # a* and o/ € G\ H for all j such that 1 < j <n —1
is an odd number. Therefore, a® <> a/ <> b. Consider the vertices of the form a”b where
1 <r<n-—1. We have [a"b,b] = a®". Suppose [a"b,b] = g then it gives a*" = a*" which
implies 7 = 2i or 7 = 5 + 2i. Therefore, b <+ a"b if and only if r # 2i and r # § + 2i.
Thus, we have a? <> a/ <> b < a"b, where 1 < r < n—1and r # 2i and r # 5 + 2i.
Again we know that a2 72, a%b € H and [a%”ib, a®b] = 1, so a2ty ¢ q%p. If we are
able to find a path between a/ and any one of azt?h and @b then we are done. Now
[a2'b, 7] # a* and [a21%b,a/] # a* for any odd number j such that 1 < j <n — 1 so we
have a2 2 3 o/ 5 a2b. Thus a? < o/ < a®b, a® o < a%+2ib, a'b < b+ ad < a®b
and a’b < b < a/ < a2t%h, where 1 <r <n—1and r # 2i and r # 5 + 2i. Hence,
A?LL D,, 18 connected and diam(AlgLL Dyy) <3

If H = (a?,ab) then a? « o’/ but a® < a”b for all j,r such that 1 < j < n —11is an
odd number and 1 < 7 < n because [a%,a’] = 1 and [a*,a"b] = a*. We need to find a
path between a? and a"b for all 4,7 such that 1 < i < 57— 1land 1 <r < n. We have
[a’,ab] = a¥ # a* and @/ € G\ H for all j such that 1 < j < n—1is an odd number. Thus,
we have a? < o/ > ab. Consider the vertices of the form a”b, where 2 < r < n. We have

2(r=1) = % which implies r = 2i+1

[a”b, ab] = a*>"~1). Suppose [a"b, ab] = g then it gives a
or r = §+2i+1. Therefore, ab <> a"b if and only if 7 # 2i+1 and r # § +2i+1. Thus, we
have a2t < o’ < ab<>a"b, where 2 <r <mandr=#2i+1 andr#%+2i+l. Again we
know that a2 21, a2+ € H and [a2 211, a2 +10] = 1, 50 a2 T2 1h 5 a2 1p. If we are
able to find a path between o/ and any one of azt2H1p and a2*1p then we are done. Now
[a?1b, 7] # a* and [a%+2i+1b, a’] # a* for any odd number j such that 1 < j <n —1
so we have a2 T2t 5 oJ « @2+1h. Thus o < of < a® b, a? & o ¢ a2z 2T,
a’b < ab o dd & a?Hhand a"b & ab & @ a%HiHb, where 2 <r <mandr #2i+1

and 7 # § +2i + 1. Hence, Ay, , is connected and diam(Ay 5, ) < 3. O
Theorem 4.2.6. Consider the graph AY, D,,» Where n (> 8) is even and 5 is odd.

(a) If H = (a®) then A?LD% is not connected if g = 1 and A%}DM is connected with
diam(Ang,DQn) =2ifg#1.

(b) If H = {(a®b) or (a2 ab) then A%’D% is not connected if ¢ = 1 and A%’D% 18
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connected with diam(Ay; ) ) =2 if g # 1.

Proof. Since n is even, we have g = a? for 1 < i < 5
(a) Case 1: g =1

We know that the vertices in H commute with all the odd powers of a. That is, any
vertex of the form a’ € Dy, \ H, where i is an odd integer, is not adjacent with any vertex
in A*‘}i D,,- Hence, A%’ D,, 18 not connected.
Case 2: g #1

Since H is abelian, the induced subgraph of AlgLL Dy, 00 H \ Z(H, Dsy,) is a complete
graph. In addition, the vertices in H commutes with all the odd powers of a. That is, a
vertex of the form a’, where 7 is an odd integer, in A*‘}{’ D.,, 18 adjacent with all the vertices
in H. We claim that atleast one element of H \ Z(H, D2,) is adjacent to all a”b’s such that
1 <r < n. Consider the following cases.
Subcase 1: ¢> # 1

If [g,a"b] = g, ie., [a®, a"b] =a* forall1 <i< % —1and 1 <r <n then we get
g = a* =1, a contradiction. If [g,a"b] = g7, i.e., [a*,a"b] = a" # forall 1 <i < % —1
and 1 < r < n then we get ¢ = (a*)3 = a% = 1, a contradiction. Therefore, g is adjacent
to all other vertices of the form a"b such that 1 <r < n.
Subcase 2: ¢° =1

If [g,a"b] = g7 1, ie., [a®,a"b] = a® then [ga® a"b] = g 'a* for all 1 < i < 5 —
and 1 < r < n. Now, if g7'a* = ¢~ ! then a* = 1, a contradiction since a® = 1 for
n>8 Ifgla*=gthena” 2?4 =1forall1<i< 5 — 1, which is a contradiction since
1 <i < 5 — 1. Therefore, ga? is adjacent to all other vertices of the form a”b such that
1<r<n.

Thus there exists a vertex in H \ Z(H, Da,) which is adjacent to all other vertices in
Doy, Hence, A% p, is connected and diam(Af; f, ) = 2.
(b) Case 1: g =1

We know that the vertices in H commute with the vertex az. That is, the vertex
a? € Doy \ H is not adjacent with any vertex in AE}J, D, Hence, A%L D, 18 not connected.
Case 2: g #1

As shown in Case 2 of part (a), it can be seen that either g or ga? is adjacent to all

. g . . g _
other vertices. Hence, A} 1, is connected and diam (A% p, ) = 2. O
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Theorem 4.2.7. Consider the graph A%D%, where n(> 5) is odd.
(a) If H = (a) then AY; p, is connected and diam(A7; p, ) = 2.

(b) If H = (a’b), where 1 <7 < n, then Ay 1, s connected with diam(Algq’D%) =24f

g=1 and A% Doy, is mot connected if g # 1.

Proof. Since n is odd, we have g = a’ for 1 <1i < n.
(a) Case 1: g =1

Since H is abelian, the induced subgraph of AiL Dy, O H\ Z(H, Day,) is empty. There-
fore, we need to see the adjacency of these vertices with those in Dy, \ H. Suppose that
[a"b,a’] = 1 and [b,a’] = 1 for every integers r, j such that 1 < r,j < n—1. Then a®/ = a"
and so j = 5, a contradiction. Therefore, for every integer j such that 1 <j <n —1, al is
adjacent to all the vertices in Dy, \ H. Thus A%’ D,,, is connected and diam(A?L Dy ) = 2-
Case 2: g # 1

Since H is abelian, the induced subgraph of A%L Do, o0 H \ Z(H, Ds,,) is a complete
graph. Therefore, it is sufficient to prove that no vertex in Dg, \ H is isolated. Since n
is odd we have g # ¢g~'. If [a"b,a’] = g and [b,a’] = g for every integers r,j such that

i

1<r,7<n-—1thenj=2%o0rj =

n+1
2 2

. If [a"b,a’] = g% and [b,a/] = g~ for every
integers r, j such that 1 <r,j <n —1 then j = % orj=mn-— % Therefore, there exists
i ntt n—i

1 n+ti n—t _l . J . .
5,5 5 and n — 5 for which @’ is adjacent

an integer j such that 1 < j <n—1and j #
to all other vertices in Dy, \ H. Thus A%, , is connected and diam (A ) = 2.
(b) Case 1: g =1

We have [a"b,a’] # 1 and [b,a’] # 1 for every integers 7,5 such that 1 < r,j <n — 1.
Thus, a"b is adjacent to a’ for every integer j such that 1 < j < n — 1. In addition, we
have [a®b,a"b] = a2(5=7) for every integers r,s such that 1 < r,s < n. Supposing that
[a®b,a”b] = 1 then s = r as s = § + r is not possible. Therefore, for every integers r,s
such that 1 < r,s < n and s # r, a®b is adjacent to a"b. Thus A%’, D, 18 connected and
diam(AY; p, ) = 2.
Case 2: g #1

If ¢ is even then [a%,a’”b] = a' = g and so the vertex a? remains isolated. If i is odd
i

.. n—i _ — n—i .
then n—i is even and we have [a 2 ,a"b] = a" " = g~!. Therefore, the vertex a 2 remains

isolated. Hence, A% Ds,, 18 DOt connected. ]
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We conclude this chapter with the following theorem.
Theorem 4.2.8. Consider the graph A%LD%, where n(>5) is odd.
(a) If H = {a?), where d|n and o(a?) = 3, then A%LD% is not connected.

(b) If H = (a?,b), (a?, ab) or (a?, a®b), where d|n and o(a?) = 3, then A% p,, is connected

with diameter 2 if g # 1,a%, a*?.
(c) If H = (a%,b), where d|n and o(a?) =3, then A% p,, s connected and

' 2, ifg=1
dlam(AlgLL Dzn) =

3, ifg=a? ora®.

Proof. (a) Given H = {1,a%,a?}. We have [a¢,a??] = 1, [a?,a"b] = a®? and [a®?,a"b] =
a*? = a? for all r such that 1 < r < n. Therefore, g = 1,a? or a®®. If g = a¢ or a?? then
a® e a"b and a?® «» a"b for all r such that 1 < r < n. Thus A% Doy, is disconnected. If
g = 1 then the vertex a € Dy, \ H remains isolated because [a%,a] = 1 = [a??, a]. Hence
A% p,, is not connected.

(b) If g # 1,a% a®? then a? is adjacent to all other vertices, as discussed in part (a).
Hence, Ay, p,, is connected and diam(A, p, ) = 2.

(c) Case 1: g =1

Since n is odd, we have 2¢ # n for all integers i such that 1 <1i < n — 1. Therefore, if
g = 1 then b is adjacent to all other vertices because [a’,b] = a*" and [a"b,b] = a*" for all
integers ¢, such that 1 <4, <n—1. Hence, A%DZ" is connected and diam(A‘j{I’D%) = 2.

Case 2: g = a? or a®?

d Zd]

Since [a%, a d 2d

< a®*?. In addition, all the vertices of the form a’
d

= 1 we have a

commute among themselves, where 1 < i < n — 1. Therefore, a? < a' < a?¢ for all

1 <i<n—1such that i # d,2d. Again, [a’,a"b] = a® = [a’,b] for all 1 <i,r <n—1. If

[a*,a"b] = a® or a®@ for all 1 < r < n, then i = 2d or d respectively. Therefore, a? <+ a’ <+ b,
a® < a' < a%, a < a' < a?b, a®? - o' < b, a*? & @' < a% and a®? & o' <
for all 1 <4 < n — 1 such that i # d,2d. If [a"b,b] = a? or a®? for all 1 < 7 < n — 1,
then a?" = a? or a®?; which gives r = 2d or d respectively. Therefore, a? <+ a’ <> b <> a’b,
a2d<—>ai<—>b<—>arb, a®b < a' < b <> a"b and a?¥ <> a' <> b+ a'b for all 1 <ir<n-—1

such that 7,7 # d, 2d. Hence, A p, is connected and diam(A%; ) = 3. O
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4.3 Conclusion

In this chapter, we have extended the notion of induced g-noncommuting graph of a finite
group G by considering the graph A%, ., where H is a subgroup of G. In our study we
have generalized Result 1.4.25, Result 1.4.27 and Result 1.4.28 (see Theorem Theo-
rem and Theorem ) among other results on A%’G. In Result 1.4.24, it has been
shown that A, is not a tree. Following this, we have considered the question whether
AﬁLG is a tree and we have shown that A%’G is not a tree in general. In [71], Nasiri et al.
have shown that diam(Aga) < 4if A9G is connected. Furthermore, they have conjectured
that diam(A%,) < 2if AY is connected. However, we have shown that this is not true in
case of the graph A, ,, where H is a proper subgroup of G. In particular, we have identi-
fied a subgroup H of Dy, in Theorem such that diam(A%; ,, ) = 3 while discussing

connectivity and diameter of Ay, ;, .
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