Chapter 5

Various spectra and energies of
non-commuting graphs of finite

rings

It is observed that spectral aspects of non-commuting graphs of finite rings (I'g) are yet
not studied unlike non-commuting graphs of finite groups (I'). In this chapter, we com-
pute spectrum, energy, Laplacian spectrum, Laplacian energy, Signless Laplacian spec-
trum and Signless Laplacian energy of non-commuting graphs of certain classes of finite
rings. These calculations allow us to determine which of the finite rings under consider-
ation yields integral/ L-integral/ Q-integral and hyperenergetic/ L-hyperenergetic/ Q-
hyperenergetic non-commuting graphs. Throughout the chapter, % denotes an addi-
tive quotient group and p, ¢ denote distinct primes. This chapter is based on our paper

[86] submitted for publication.

5.1 Various spectra and energies

In this section, we compute various spectra and energies of non-commuting graphs of

some finite rings. We take into account n-centralizer finite rings for n = 4,5 and p + 2
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Chapter 5. Various spectra and energies of non-commuting graphs of finite rings

along with finite rings with central quotients isomorphic to Z, x Z,. In addition, non-
commutative rings of order p?, p3, p*, p°, p?q and p3q are taken into consideration, where
p and ¢ are prime numbers. With the following theorem which arrives as a consequence

of the Results 1.1.1-1.1.2 we begin the section.
Theorem 5.1.1. If H = mK,, then Spec(H) = {(—n)™1, (0)*=D™ ((m — 1)n)'},
L-spec(H) = {(0), ((m — 1)n)™=D (mn)™'} and E(H) = LE(H) = 2n(m — 1).

Proof. If H = mK,, then it is a strongly regular graph where [v(H)| =mn, k= (m—1)n =
A = (m—2)n. We have A — = —n, k —pu = 0 and so /(A — p)2 +4(k — pu) = n.

Therefore,

Amp=VO-pP+Ak—p) A= pt VA p)? Ak —p)

=0

2 2
2k + (w(H)| = 1A — )
VO = )2+ 4k - p)
Hence, Spec(H) = {(—n)™ 1, (0)*= D™ ((m — 1)n)'} (by Result 1.1.1) and so E(H) =

(m—1)] =n|+0+nlm—1| =2n(m —1).
Since L-spec(H) = {(0)™, (n)™"~ 1} we have, by Result 1.1.2,

and

=2m —mn — 1.

Lespec(H) = {(0)', ((m — )™=, (mn)™}.

We have ﬁLe(%)“ =2 (mn(";n_l) - mn(§_1)> = (m — 1)n. If follows that

0 —n(m —1)] =n(m—1),|n(m—1) —n(m —1)| = 0 and |mn — (m — 1)n| = n.
Hence, LE(H) =n(m —1) +0+4n(m —1) = 2n(m — 1). O
Theorem 5.1.2. If % >~ 7, x Zp and |Z(R)| = n then

Spec(T'r) = {(—n(p — 1)7, (0)"7* D771 (p(p — 1))},
Q-spec(Tr) = {((P* = p))® 771 (0= 1)*n)", ((20° — 2p)0)'},
L-spec(I'r) = {(0)", (np(p — 1))"® V771 (n(p* — 1))}

and E('g) = LE*(U'g) = LE(T'r) = 2p(p — 1)n.
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Proof. By Result 1.4.30, we have I'r = (p + 1)K(,_1),. This implies [v(Tg)| = (p* — 1)n
and I'p = Kpii (p—1)5- Therefore, Theorem leads to the expression of Spec(I'g),
L-spec(I'r), E(I'g) and LE(I'r). Using Result 1.1.4(b), we have

Qry(z) =(x — (p° = D+ (p— D) @E=D1=D (g — (5% — 1)y +2(p — 1)y)P*!

B (P* = )n
- <1 fv—(pQ—l)n+2(p—1)n>

=(z — p(p— Dy P~z — (p — 1)2p)P(x — 2p(p — 1)n).

Thus, Q-spec(T'z) = {((p* — p)n) "= D77P=1, ((p — 1)%n)P, ((2p* — 2p)m)'}.
Number of edges of T'g is (p_l)(p2_1)2772_(p2_1)77. Therefore, |e(T'r)| = %((p2 —1)%9?
—(r® = )0 = (p = D(* = n? + (0 — 1)) = L2DEIE Now,

pp—1)n— 2’,‘;((1?3,’ = |p(p — 1) — (p*> — p)n| =0,
2le(Tr)|| _
(p—1)°n— o) | = [(1=p)nl = (p—1)n,
2p(p — 1)n — Q‘Le((g;i‘ ‘ = > —pn| = > —p)n.
Thus, LET(Tg) = (P2 = 1)p—p—1) x 0+p x (p — 1)y + (p*> — p)n = 2p(p — 1)n. O

The following results give various spectra and energies of I'r for some n-centralizer

rings.
Theorem 5.1.3. Let R be a finite n-centralizer ring and |Z(R)| = n.

(a) If n =4 then Spec(T'r) = {(-n)?, (0)*"~%, (2n)'},
Q-spec(T'r) ={(20)*"7%, ()2, (4n)'}, L-spec(T'r) ={(0)", (20)*"~, (3n)*}
and E(Tg) = LE*(T'g) = LE(T'g) = 4n.

(b) If n =5 then Spec(T'r) = {(—2n)%, (0)*"~*, (6n)'},
Q-spec(T'r) = {(6n)*"7%, (4n)®, (12n)' }, L-spec(I'r) ={(0)*, (61)*"~*, (8n)*}
and E(I'g) = LET(T'g) = LE(T'g)=121.

(c) If n=p+2 and |R| = p* for k € N then
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Spec(Tr) = {(—(p — L)n)P, (0)®* V==L ((p? — p)y)'},
Q-spec(T'g) = {((pQ—p)n)(pQ‘l)”‘p‘l ((p—1)*n)?, ((2p* — 2p)n)*},
L-spec(T'r) = {(0)1, (n(p? — p))"™ V77" (n(p? — 1))}

and E(Tr) = LET(T'r) = LE(Tr) = 2p(p — ).

Proof. If n = 4 then Z( y = Loy X 2o (conf. Result 1.3.2) and if n = 5 then Z( y = L3 X L
(conf. Result 1.3.3). Further, if |R| = p* and n = p + 2 then ( y = Ly X Ly (conf. Result
1.3.4). Therefore, Theorem leads to the conclusion. O

Theorem 5.1.4. Let Pr(R) be the commuting probability of R and |Z(R)| =n.

(a) If Pr(R) = g then Spec(T'r) = {(—n)?, (0)*"73, (2n)'},
Q-spec(I'g) {( )33, ()2, (4n)'}, Lespec(Tr) ={(0)*, (20)*"~°, (3n)°}
and E(T'r) = LE*(Tr) = LE(Tr) = 4.

(b) If Pr(R) = 7?2;75—1 where p is the smallest prime divisor of |R|, then
Spec(Tr) = {(=n(p — 1)), (0)"®*~D=7=1 (3p(p — 1))},
Q-spec(T'r) = {((p? — p)m) @ =D~ ((p — 1)2n)?, ((2p* — 2p)) '},
L-spec(T'r) = {(0)", (np(p — 1))""" D771 (n(p? — 1))}
and E(T'r) = LE*(T'r) = LE(T'r) = 2p(p — 1)n.
Proof. We have Z( y = Lo X Ly and Zy X L if Pr(R) = 2 and 7’2;75_1 (see Results 1.3.7 and

1.3.8, in the second case p is assumed to be the smallest prime divisor of |R|). Therefore,

Theorem [5.1.2] leads to the conclusion. O

Theorem 5.1.5. Let R be a non-commutative ring.

(a) If|R| = p? then Spec(Tr) = {(—(p—1))7, (0P 72, (p(p—1))'}. Q-spec(Tx) = {(p*~
PP P2 ((p — 1)2), (2p2 — 2p)'}, Lespec(T'r) = {(0), (p(p — 1)) P72, (p* — 1)}
and E(Tg) = LET(T'g) = LE(Tg) = 2p(p — 1).

(b) If |R| = p® with unity then Spec(T'r) = {(p—p?)?, (0)”°~27~1, (p*—p?)'}, Q‘SPSC(FR) =
{0 = )27, (p(p = D)7, (2p° — 20%)'}, Lespec(Tr) = {(0), (0 —p?)" "7,
(p* —p)’} and E(Tg) = LE*(Tr) = LE(Tr) = 2p*(p — 1).
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Proof. Note that |Z(R)| = 1if |R| = p? and |Z(R)| = p if | R| = p? with unity respectively.
In both the cases % = Zp X Zyp. Therefore, Theorem leads to the conclusion. [

Now we compute various spectra and energies of I'g for higher order finite non-
commutative ring.

Theorem 5.1.6. Let |R| = p* with unity.

(a) Suppose that Z(R) has p elements. Then
Spec(T'r) = {(=p(p — 1)""+7, (0" 7271 (p* —p*)'},
Q-spec(Tr) = {(p* —p*)P" 77271, (p* —2p + p)P" 7, (2p* — 2p°)'},
L-spec(T'r) = {(0)", (p* — p?)P"P*=2=1, (p* — p)P**7} and
E(Tr) = LE*(Ur) = LE(Tr) = 2p°(p*> — 1) or
Spec(I'r) = {(0)”4_p_ll_l2, (p—pH" Y (0 —p*)P (21)! (1‘2)1}, where 1,22 are

the roots of the polynomial 2% — x(p* —p3 —p> +p) — (P° —p* —p> +p*)(l1 +12 - 1),

2 3_ _
Q-spec(T'r) = {(p* — p?)1"=P=1) (p* — p3)l2"=p=1) (p* — 2p% 4 p)l=1 (p* — 2p® +
p)27t,
2p? +p) +p® — 2p” — 2p8 + 6p° — 2p* — 2p® +p? + L (P? — p)(P* — 2% + p) + L2 (p® —
p)(p* —2p* +p),

(w1)Y, (z2)'}, where x1, w2 are the roots of the polynomial % — x(3p* — 2p3 —

L-spec(T'r) = {(0)*, (p*—p?)2®*—2=1) (pt—p2)a(’—»=1) (pt—_p)+t=1} and LE(T) =
(0t = p7) (4 pla) + (09 = p° = p* +p*)lala], where Ly +1a(p+1) = p* +p+ 1.

(b) Suppose that Z(R) has p? elements. Then

Spec(Tg) = {(—p>+p?)P, (0)"' ~7°=P=1, (p*—p*)1}, Q-spec(T'r) = {(p*—p®)?' " —P~1, (p*~
2p% + p?)P, (2p* — 2p°)'}, Lespec(T'g) = {(0)', (p* — p*)*' 771, (p* — p?)P} and
E(TR) = LE*(T'g) = LE(Tr) = 2p(p* — p?).

Proof. (a) Result 1.4.31(a)(i) gives Tr = (1 +p + p?)K2_p) or 1K 2_p UKy,
when I +l2(p+1) =p*> +p+ 1.

If Tr = (p* +p+ 1)K(2_p) then by Theorem we have Spec(T'r) = {(—p* +
PP (0P P2t (pt — p?)1, Lespec(Tr) = {(0)1, (p* — p?)P' 7" =271, (pt — p)P* 7}
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and E('g) = LE(T'g) = 2p*(p?—1). Here, [v(T'r)| =p*—pand 'r = K211 ,2,- Using
Result 1.1.4(b), we have

Qrp () =(z — (p* = p) + p* — p) TPV == (1 _ (p* — p) 4 2(p? — )"+t

X <1 Ri—e _p;)_+p2(p2 — p))

= (& — (p* = p?))P" T @ — (p - 2P+ )PP (x — (29" - 2p7)).

Therefore, Q-spec(T'r) = {(p* 2)p —p*=2p—1 , (p* — 2p? +p)p2+p’ (2p* — 2p*)1}.

_ 2
Number of edges of I'j, is i P tp’ 4 Therefore,

TSRO bt it el bl Y bl it e et O b V|V il

2 2 - 2
Now,
2le(T'r)| ‘
4 2 4 2
P =D pt—p* —p'+p*| =0,
[o(TR)| v |
2€FR
pt =20 +p— |(P )‘ |—p* +p| =p* —p,
lv(T'r)]
2‘€(FR)’ 4 2 4 2
2pt —2p® — “ 2 = pt - p? =pt - P
[v(CR)| | |

Thus, LE*(Tg) = (p* —p* = 2p = 1) x 0+ (p* +p) x (p* — p) +p* —p* =20 (p* — 1).
IfTh = WK p2_pyUlaKps_p) then IT'p = Kj 421, p3_p,. This implies lv(Tg)| = p* —p.
Using Result 1.1.4(a), we have

2 2
Pr,(z) :x(p4_p)_(l1+l2)H<m+pi)ai—l H z + i) Za]pj H (z + pi)

i=1 i=1 j=1 i=1,i#]
:$P4*P*11*l2 (.’L‘ _|_p2 _p)llfl(x +p3 _p)l2*1
2 3 2 3 3 2
X((x+p°—p)x+p’—p) — L —p)(xr+p°—p) — @’ —p)(r+p° —p)
—a? P (g — (p— ")) @ — (p—p*)
x (22 —z(p* —p* —p*+p) — (p° —p* —p* +pH)(l1 + 12 — 1)).

ThUS, SpeC(FR) = {(O)p4—p—l1—lg’ (p - p2)l1—1, (p - p3)12_1a (ml)la ($2)1}7 where xy1, X2 are
the roots of the polynomial 2% — z(p* —p® — p? +p) — (P* —p* —p> +p*)(l1 + 12 — 1).
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Using Result 1.1.4(b), we have

2
(@ — (p* —p) +p) P V] J(z - " - p) + 2pi)™
i=1 i=1

2
a;P;
x| 1—
( Z;x—p —p +2pz>

2 p)h =5 — (pt — p) + p? — p)* P

:w

Qry(x

=(z— (' —p) +p

x (x— (p* = p) +2p° — 2p)" (x — (p* — p) + 2p° — 2p)"
y (1 B L(p* —p) B lr(p® — p) >
r—(pt=p)+2p2=2p x—(p'—p)+2p—2p
=(z— (p* = p?))1T P Dz — (p* — p*))2" P D (g — (p — 2p? 4 p))l
Lp*—p)  b@E*-p) )

(p*—2p%+p) x—(p*—2p3+p)
= (z — (p* = p?)) PP D (z — (pt — p)@’ PV (g — (p* — 2p® 4+ p))h!

x (z — (p* = 2p° +p))2 71 (2? — x(3p* — 2p> — 2p> +p) +p° — 20" — 2p° + 6p°

x (z — (p" —2p° +p))" (1— o

—2p* =203+ + 11 (P* — p)(P* — 20° + p) + 1(P® — ) (P* — 20 +p)).

Thus, Q-spec(I'r) = {( = p?)n D), (pt — )P (- 2p? g p)h T
(p* —2p® + p)'271, (21)!, (w2)'}, where z1, 25 are the roots of the polynomial z? — z(3p* —
2p° = 2p? +p) +p° — 207 = 2p° + 6p° — 2p" — 2p° +p? + L (p? — p) (! — 20° +p) + 2(p” -
p)(p* = 2p° + p).

Using Result 1.4.31(a)(i), we have L-spec(Tg) = {(0)at2, (p2 — p)a@*=p=1) (p3 —
p)2(®° =1} Therefore, Result 1.1.2 yields L-spec(T'r) = {(0)!, (p* — p?)2’—2=1) (p* —
pz)ll(ptpq) (p4 p)ll+lgfl}

1)(p?—1)(11+pl 2le(T 412 (11 +pl
Here |v(Tg)| = p —p, le(Tg)| = 3 (p— )(PQ ) (L1 +pl2) and so |L6((F1§))I| _ pgl;:lrpz).
Therefore

p4— 3 2le 11R| P —P

lv(I'R)| 2+p+1
p4— 2 2le(T'r)| p —p

lv(I'Rr)| 2+p+1
o p _ 2le(Tg)| (P* —p)(lh + (p+1)%)

lv(T'R)| pP+p+1
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and so
LETy) < =Pt pb) 07— p) @ —p = 1)y
pP’+p+1 pPP+p+1
(p* —p*)(P* —p— Dy N P =p)li+(p+1)%)(h +1p—1)
P Hp+l pP+p+l '

Consequently, we obtain the necessary expression.
(b) The expressions for Spec(I'r), L-spec(I'r), E(I'r) and LE(I'g) follow from Result
1.4.31(a)(ii) and Theorem By Result 1.4.31(a)(ii), we have g = (p + 1)K (5_p2).

This implies [v(Tr)| = p* — p? and T = K

p1p3—p2- Using Result 1.1.4(b), we have

Qrp (@) =(z — (p* = p?) +p° — p)PHIE =PV (p1 — p?) 1 2(p° — p?))PH!

p4 _p2
. (1 oz — (pt—p?) +2(p3 —p2)>
= (z— (p*' = PP @ — (0" - 207+ 7)) (x — (20" - 20°)).

Therefore, Q-spec(I'g) = {(p* — p*)?" 77771, (p* — 2p° + )P, (2p* — 2p°)'}.
(3 —p2) (3 —p2—1 4_02)(pd_p2_1
(p+1)(p pz)(p p°—1) Thus, |e(Tg)| = (pi—p )(127 p—1)

Number of edges of T'g is
_ (p+1)(p3—p;)(z>3—p2—1) _ p5(p2—21)(p—1)

. Now,

2le(Tg)|
4 3 4 3 4 3
PP ——=~|=p—p —p +p|=0,
lv(TR)| | |
2le(I'r
pt—2p® +p* - M‘ = |-p® +p*| =p* - p*
[v(TR)|
ZIB(FRN 4 3 4 3
opt —2p® — T L = pt - p¥| =pt - PP
o) |~ P
Thus, LEY(Tg) = (p* —p* —p—1) x 0+ p x (p* — p?) + p* — p* = 2(p* — p?). O

Theorem 5.1.7. Let |R| = p° with unity and Z(R) is not a field.
(a) Suppose that Z(R) has p* elements. Then
Spec(T'r) = {(=p* +p2)P" 1P, (0" ~2°-P=1 (p° —pP)1},
Q-spec(T'r) = {(p° — p*)" =2 =271 (p° — 2p* 4 p2)™ 47, (2p° — 2p%)1},

L-spec(T'g) = {(0)*, (p° — p*)P" 2" ~P=1, (p° — p?)P"+7} and
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E(Cr) = LET(Tg) = LE(TR) = 2(p° — p*) or
Spec(T'r) = {(0)p5‘p2‘ll‘l2, (p? —p*)a=t (* — pH~L, (z1)1, (arz)l}, where 1,72

are the roots of the polynomial 2> —x(p® —p* —p* +p?) — (p” —p® —p°> +p*) (L +12 - 1),
Q-spec(I'g) = {(p5 = ) (b — pt) =P (pB — 9pB 4 )it (p? — 2pt
+p?)l2=1 (2)1, (xg)l}, where x1, x5 are the roots of the polynomial x* —x(3p° —2p* —
2p3 +p2) _|_p10 _ 2p9 _ 2p8 4 6p7 _ 2p6 _ 2p5 +p4 4 ll (p3 _pQ)(pE) _ 2p4 +p2) 4 l2(p4 _
p?)(0° - 2p° +p?),
L—spec(FR) _ {(0)17 (p5 _ p4)l2(p4fp271)’ (ps _ ps)ll(phptl)7 (p5 _ p2)l1+l271}
and LE(TR) = 25 [(0° — p*) (L +pla) + (0° —p7 = 9% +p° = p* + p*)ula],
where I; +la(p+1) =p?> +p + 1.
(b) I 1Z(R)| = p? then

Spec(T'r) = {(=p* +p*)P, (0)" 7721, (5" — p*)'},
Q-spec(T'r) = {(p° — p*)P" "1, (p° — 2p* + )P, (2p° — 2p")'},
L-spec(T'r) = {(0)!, (p° — p")P" " »~1, (p° — p*)?} and
E(Tr) = LET(Tg) = LE(T'r) = 2(p° — p*).

Proof. (a) By Result 1.4.31(b)(i), Tr = (p* + p + 1) Kp2(p—1) or 1 K201y U la K221y,

when I +l2(p+ 1) =p*> +p+ 1, if |Z(R)| = p>.

If Tr = (p? + p+ 1)K (p3_p2) then Theorem yields Spec(T'g) = {(—p® + p2)P**?,
()" =251 (p° — )}, Lespec(Tr) = {(0)%, (p° — p*)P°~2" 21 (p° — p?)P**+7} and
E(T'r) = LE('g) = 2(p° — p®). Here, [v(T'g)| =p° — p* and Tp = K24, 1,3 _p2. Using
Result 1.1.4(b), we have

Qrp(2) =(z — (p° — p) + p* — p?) PP =2=1 (1 _ ()5 — p?) 4 2(p? — p?))P P!

p° —p?
) (1_ T — (p5—p2)+2(p3—p2)>

=(x— (p° =P @ — (0 — 27 4 pP))PHP (e — (20° - 2°)).

Therefore, Q-spec(I'g) = {(p® — p3)p572p27p71, (p° — 2p* + pZ)pQery (2p° — 2p)1}.
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— 8 T o, 54,4,2 10 0,7 5. 4,2
Number of edges of 'y is E=2=22"FP+P"  Therefore, |e(Tg)| = E—22 =P 4P +p
g R 2 Y R 2

P8 —pT—2p5+pi4p? _ PP -1 (p*-1)
2 = p)

. Now,

2le(Tr)|
5 3 5 3 5 3
p’=p"— 5| =P —p —p+p’| =0,
lv(TR)| | |
26FR

p5—2p3+p2—‘|( )| :‘_19:J,4_]92‘:]):>>_pz7

26FR|
2p° — 2p® — |’U ‘ p° —p?*| =p° —p’.

Thus, LE*(Tg) = (p° = 2p> —p — 1) x 0+ (p* +p) x (p° — p?) +p° = p* = 2(p° - p°).
If T = llK(ps_pz) U Z2K(p4—p2) then I'p = K, ;3
p® — p?. Using Result 1.1.4(a), we have

—p2lppip2- This implies |[v(I'g)| =

2

2 2
PFR(gj) :x(p5—p2)—(l1+l2)H(x+pi)ai—1 H :E-i-pz Za]p] H ($_'_pz)
=1 7j=1

=1 i=1,i#7]
:xp5_p2—ll—lz (.7,‘ _|_p3 _p2)11—1($ +p4 _ p2)l2—1
X ((x+p* = p*) (@ +p* —p*) —L(® - p*) (@ +p* —p*) — " —p*) (= +p° — )
A G e ) A O S D)

x (22 =z —p* —p*+p*) — (" —p° =" + ")l +12 - 1)).

ThU.S, SpeC(FR) = {(0)p5_p2_l1_l23 (p2 - pg)ll_la (p2 - p4)l2_17 (1:1)17 (1:2)1}) where Z1, T2
are the roots of the polynomial 2% — z(p® — p* — p> +p?) — (p” — p® — p°> +p*)(l4 + 12 — 1).
Using Result 1.1.4(b), we have

[\

2

Qg (@) =[x — @ = p*) +p)“ P V][ (= — @° - p*) + 2p)"

=1 =1

2
a;P;
x|{1-
( ;ﬂf — (> —p*) + 2pi>
3_,2_ 4_p2_
=(z— (0" = p*) +p° = )" T T (@ = (p° — ) +pt - p?)R Y

x (z — (" —p?) +2p° — 2p*)" (z — (p° — p?) + 2p" — 2p*)"

B L(p® —p°) B L(p* - p?)
<(1-5 )

— =) +20* =20 x—(pP—p*)+2p" - 2p°
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= (z— (p° — PP D (g — (p° — ph)2" P D (g — (p° — 2p® + p?))

Lp*-p*) b -p?) >
x—(P°=2p°+p%)  x—(p°—2p"+p?)

= (z — (p° — PP D (g — (p° — ph)2" P D (g — (p° — 2p® 4 p?))l!

% (IL’ _ (p5 _ 2p4 +p2))l2 <1 _

x (z— (p° — 2p* +p?))2 7 (2% — 2(3p° — 2p* — 2p° + p?) + p'0— 2p”— 2p°+ 6p”

—2p5 —2p° + pt + 1L (P — PP (P° — 2p* + p?) + La(p* — PP (P — 2p° + p?)).

Thus, Q-spec(T'g) = {(p5 AP (Y@ ) () B g 2y
(p° = 2p* 4+ p*)271, (21)!, (x2)' }, where 21, x5 are the roots of the polynomial 22 — z(3p® —
2p* = 2p% +p?) +p'0 = 2p” — 2p® + 6p” — 2p° — 2p° + p* + L (p® — p?) (V° — 20" +p?) + 2 (" —
p)(p° — 20" + p?).

Using Result 1.4.31(b)(i), we have L-spec(Tg) = {(0)a+2 (p? — p2)a®’—p*=1) (pt _
p?)@"=P*~1} " Thus, Result 1.1.2 yields L-spec(T'z) = {(0)}, (p° — ph)2®"—P*=1) (p5 —
PP =rP =) (p5 — p2ylatla—1y

Here |v(T'g)| = p° — p?, |e(T'r)| = =P )P? =D (tpl2) 19 oo 2eCr _ (°=p*)(L+pl2)

2 WTr) —  pPiptl
Therefore
ot 2le(Tr)l| _ (p* — p?)ly
w(Tr) | pPP+p+1’
o @RI (@ =)l
w(Tr)| | p*+p+1’
p5 _p2 . 2|6(FR)| _ (p3 - p2)(l1 + (p + 1)2l2)
lv(T'r)| |
and so
LE(TR) = P° =)l +pl2) (@' PP —p* = Dl
pP’+p+1 2 4p+1
(p° — p*)(p® — p? — Dlily N B — )l + (0 + D)2) (I + Is — 1)
p2+p+1 2 ip+l .

Consequently, we obtain the necessary expression.
(b) The expressions for Spec(I'r), L-spec(I'r), E(I'r) and LE(I'g) follow from Result
1.4.31(b)(ii) and Theorem [5.1.1]
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By Result 1.4.31(b)(ii) we have T'r = (p + 1)K

and FR = Kp+1.p4fp

pi—pty- This implies [v(Tg)| = p° — p?

5. Using Result 1.1.4(b), we have
QFR(x) :(ZL' o (p5 _ pS) +pt— pS)(p+1)(p4_p3_1)($ . (p5 o p3) + 2(]94 _ pS))p—I—l
. (1 - P — PP >
z—(p° —p*) +20p* —p%)
=(z— @ —p" )PP @ — (0 — 2"+ p?)P (2 — (2p° — 2Y)).

Therefore, Q-spec(T'g) = {(p® — p)P" =" =P=1 (p® — 2p* + p3)P, (2p° — 2p)1}.
p97p87p7;p67p5+p3. Therefore, |e(T'r)| = p1072p8+2pﬁip5+p3

4

Number of edges of I'r is

9 .8 ,T..6_.5,,3 702 —1)(p—1
_p’-p p;rp p°+p° _ p'(p 2)(10 ).Now,

2le(Tr)|
5 4 5 4 5 4
pP—p ——=|=p—p —p +p|=0,
o) || |
2le(T'r
P —2pt 4 pP — |(F )] :‘—p4+p3‘:p4—p3,
[v(TR)|
2le(T'R)|
95 _ 9t _ T T S
T |=p"—p
Thus, LEY(Tg) = (p° —p* —p—1) x 0+ p x (p* — p?) + p° — p* = 2(p° — p*). O

Theorem 5.1.8. Let |R| = p?’q and Z(R) = {0}.

(a) Suppose that “t € {p,q,p*,pq} and (t — 1) divides (p>q — 1)”. Then

(t=2)(p%q—1)

Spec<FR>={<—t+1>”3311‘1,<0> v<p2q‘“1}’

Q-spec(T'r) = {(p%q — 1) 71 2, (p2q — 20 + 1)"FT (2p%q — 20)1},
L-spec(T'r) = {(0)1, (r*q - t)% (g - 1) 1‘1} and

E(Cg) = LE*(Tg) = LE(Tr) = 2(p*q — 1).

(b) If (p— 1)li + (¢ — )la + (p* — 1)ls + (pg — 1)ls = p®q — 1 then

Spec(lg) = { (0 a-1-1=ta-ta (1 — p)i=1, (1= g)f2=1, (1 = p)s~L, (1 = pg)le~?,
(z1)', (z2)!, (z3), (z4)}, where x1, 20,23, 4 are the roots of the polynomial (x +
e)(z+f)z+g)(w+h)—he(r+ f)(z+g)(z+h)—lf(z+e)(z+g)(x+h) —lz9(z+
e)(z+ f)(x+h) —Lh(z+e)(z+ f)x+g), wheree=p—1, f=q—1,g=p>*—1
and h =pq—1,
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Q-spec(T'r) = { (% — p)" =2, (pq — q)'2072), (p2q — p?)/20" D), (p?q — pg)la(ra-2),
(p*q—2p+ 1171 (PP —2¢ + 1)1 (pPg — 29> + 1)B71, (PPq — 2pg + 1)1, (1),
(w2)Y, (z3)*, (:(:4)1}, where x1,x9,x3, x4 are the roots of the polynomial (x — a)(x —
b)(x —c)(x —d) —li(p — D)(z = b)(z — c)(z — d) — l2(q — )(z — a)(z — ¢)(z — d) —
l3(p* = 1)(z —a)(z = b)(z —d) —la(pg— 1) (z — a)(x — ) (x —¢), where a = p*q—2p+1,
b=p3q—2¢+1,c=p?q—2p> +1 and d = p*q — 2pq + 1 and

L-spec(I'r) = {(0)%, (p?q—pq)1®1=2), (p2q—p?)s "2, (pPq—q)"2(1=2), (p?q—p) =2,
(p2q _ 1)l1+l2+13+l4*1}'

Proof. (a) The expressions for Spec(I'gr), L-spec(I'r), E(I'r) and LE(T'g) follow from

Result 1.4.30(b)(i) and Theorem [5.1.1} By Result 1.4.30(b)(i), we have I'g = p = 1Kt 1.
This implies I'p = K 2 . Using Result 1.1.4(b), we have

”qltl

2

Qralz) =(z — (PPq — 1) + £ — D FT 1D (@ - (2 — 1) 4 2t — 1)

g (1 s 1>> )

<a:—<pq—t>>~“ D(x — (g —2t+1)) 77 (& — (2p°q — 20)).

2,
Therefore, Q-spec(T'r) = {(p%q — £) 702 (p2q — 2t + 1) 7" (2p%q — 20)'}.
Number of edges of Ty is %. Thus, |e(Tgr)| = (qu—1)2(qu—2) — (qu_é)(t_z)

_ (pzqfl)z(qu*t)_ Now,
2le(Tr
prq ¢~ Aednl = |pPq—t—p’qg+t| =0,
[v(TR)|
2le(Tr)|
2
prg—2t+1— DR =,
[v(TR)|
2le(I'r
2p2q—2t—M = [pPq—t| =p’q—t.
[v(TR)

2,_
Thus, LE*(Tg) = (%(t . )) X 0+ (P a- t) X (t—1) +p2q —t = 2(p?q — t).
(b) Result 1.4.30(b)(ii) gives g = 1 Kp—1 U2 K,—1 U I3K,2_1 Ul4Kpg—1. This implies
Ir =K p-11y.q9-115.p2—114pg—1- Using Result 1.1.4(a), we have

4

4 4
Py () =e@ o=t st O T (g 4y H T +p;) Z H T +p;)
=1 : :]_

i=1
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=gptatmhlblig gy g g - e (@ 4 p? — 1)@ 4 pg — 1)B
X ((@+p—1)(x+q—1)(z+p" = 1)(z+pg—1)
—lLi(p—1)(z+q-D(x+p* = 1)(z+pg—1)
—l(g = D(@+p—1)(z+p* = 1)(z+pg—1)
— (" — (e +p—1)(x+q-1)(z+pg—1)
—l(pg—)(z+p-1)(x+q-D(@+p* 1))
Thus, Spec(Iz) = { (0)*1 10—l (1= p)1=, (1 — g)f2 =1, (1 = p2)o2, (1 — pg)la~,
(21)!, (22)L, (w3)", (w4)'}, Where 1, 9, 73, 24 are the roots of the polynomial (z + €)(z +
HE+g)(@+h)—lhelz+f)@+g)(@+h)—laof(z+e)(z+g)(z+h) —lsg(z+e)(z+ f)(z+

h) — lyh(z +e)(z + f)(x + g), wheree =p—1, f =q—1, g=p* — 1 and h = pq — 1.
Using Result 1.1.4(b), we have

4 4
Qry(x) = [J(z - P*¢— 1) +p)“P V][ (= - (P*q — 1) + 2p))™
=1 , . =1
: (1 - ;w —(r*q—1) +2pi>

=z — (P*q—1) +p—1)"P (@ — (p*g—1) +q— 1)@ — (pPqg— 1) +p* —1)BE"D

x (x— (pPq — 1) +pg — 1)4PD(z — (pPqg — 1) +2p — 2) (z — (p*q — 1) +2¢ — 2)"2

f Lip—1)

2 2 l 2 l 1
—(pPg—1)+2p* —2)B3(x— (pPqg—1)+2pg—2)" (1 —
x(x—(Pq—1)+2p° —2)%(x— (p°¢ — 1) + 2pq — 2) < = (Rg—T +2p—2
B la(g—1) B l3(p* — 1) _ la(pg — 1) )
r—(pq—1)+2¢-2 - (pq—1)+2p* -2 x—(p*q¢—1)+2pq—2

=(z — (pPq — )" D (z — (p%q — 0))24 D (z — (p%q — p?))"" D (@ — (p*q — pg))ls PP

x (z —p’q+2p — 1) (z — p’q + 2¢ — 1) (z — p?q + 2p* — 1) (x — p’q + 2pg — 1)

(1o hl=1) b1 BE-1  llpg—1)
x—p2q+2p—1 z—p>q+2¢—1) z—p>q+2p>—1) z—p>q+2pg—1

=(z — (pPq — p)" P D (z — (p%q — 0))2@ D (@ — (p%q — p?))2" D (@ — (p*q — pg))l1 PP

x (z — pPq+ 2p— 1)z — pPq+ 29— 1) (2 — pPq+ 20— 1) (z — pPq+ 2pg— 1M
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x (&= (pPq = 2p + 1)z — (pPq — 2¢ + 1)) (& — (p®q — 2p* + 1)) (z — (p°q — 2pg + 1))
—l(p =)z - (0*q - 2¢ +1))(z — (P’ — 20° + 1)) (z — (p°q — 2pg + 1))
— (g —1)(z — (P*q = 2p +1))(z — (p*q — 2p* + 1)) (z — (p°q — 2pg + 1))
— L3 = Dz — (pPq = 2p+ 1) (x — (p°q — 20+ 1)) (z — (p°q — 2pg + 1))

—lu(pg— Dz — (p°q —2p+ 1)) (x — (p°q — 2¢ + 1)) (z — (p°q — 2p* + 1))).

Thus, Q-spec(T'g) = {(qu —p)aP=2) (p2q —q)2(0=2) (p2q —p?)8@*=2) (p2q —pq)lalri=2),
(PPq—2p+1)" 71, (p%q — 2¢ +1)27L (p2q — 2p® + 1)1 (pPq — 2pq + 1)1, (1)1, (22),
(z3)', (4)' }, where 1,9, 23, T4 are the roots of the polynomial (z—a)(z—b)(z—c)(z— d)
—lh(p-1)(z—b)(z—c)(z—d)—l2(¢—1)(z —a)(z —c)(z —d)—l3(p* —1)(z — a)(z = b) (x — d)
—1l4(pg—1)(x —a)(x —b)(z —c), where a = p?q—2p+1, b= p?q—2¢+1, c = p>q—2p* +1
and d = p%q — 2pq + 1.

Using Result 1.4.30(b)(ii), we have L-spec(Tg) = {(0)1tlttl (p — 1)=2h (4 —
1)@k (p2 — 1)P*-2s (pg — 1)P1-2la} Thus, Result 1.1.2 yields L-spec(T'g) = {(0)?,
(p?q — pg)+ #7172, (p2q — p?)a =2, (pPq — @)1= (p2q — p)n =2, (p2g — 1) Hlatlatlamly,

O

Theorem 5.1.9. Let |R| = p3q with unity.

(a) If Z(R) has pq elements then Spec(T'r) = {(—p3q + pq)?, (0) P+ (F*a—pa=1) (pPq —
P*9)'}, Qspec(T'r) = {(pPq — p*q) PO P11 (g —2p2q + pq)P, (2p°q — 2p%q) '},
L-spec(Tr) = {(0)', (p*q — p*q) PV 21— ((p + 1)(p*q — pg))'} and E(Tr) =
LE*(Tg) = LE(TRr) = 2(p*q — p°q).

(b) Suppose that Z(R) has p* elements.
(i) If 4p—1) divides (pqg —1)” then
Spec(T'r) = {( P p2) 17(0)%?271),@3(1—193)1 ;
Q-spec(Tr) = { (g —p*) 7 0771,
L-spec(T'gr) = {(0)1, (pPq — p%%ﬁfﬁil), (p3q — pQ)I;q_lll} and

E(Tg) = LE*(T'p) = LE(TR) = 2%(q — 1),
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(ii) If (¢ —1) | (pq — 1) then
pa—l_q (pg—1)(p%q—p>—1) p
Spec(Ts) = {(—p2q+p2> S 02 g —p2>1},

pg—1 Prq

PAI=1(n20_p2_1 pr9a—gq
Q-spec(T'g) = {(P3q —p2q) st TP (g 4 p? — 2p2q) T | (2p3q — 2p2q)1},
(pa=1)(p%g—p?-1) —1
L-spec(I'r) = {(0)17 (PPg—p2q) et (pPg—p?) _1} and
E(Tr) = LE*(Tg) = LE(TR) = 2p*(pq — q).
(iii) Ifpg—1=(p— 1)l1 + (q — 1)y then Tr= lle3_p2 U ngpzq_p2 and
Spec(Tr) = {()'" =t (2 — p?)i=L, (7 = )12, (1)1, (w2)' }, where
x1, T2 are the roots of the polynomial 2% —x(p>q—p>® —p>q+p?) — (p°q—p° —prq+
3 .2 2, 2

p)(li+la—1), Q-spec(Tr) = {(pPq—p®)2 @ ="~V (p3q—p*q)2="=1) (p3q—
2p3 4+ p2)a=1 (p3q — 2p%q + p?)27 L, (x1)!, (22)'}, where a1, 9 are the roots of
the polynomial x? — x(3p3q — 2p2q — 2p3 + p2) + qu2 — 2p6q — 2105q2 + 6p5q —
2pq — 2p° + p* + 1L (p® — p?)(PPq — 20%q + p?) + l2(p?q — P?) (PPq — 2p° + p?),

> o2 3.2 _
L-spec(I'r) = {(0)", (p’q—p?q)2W 77"~V (p3q—p?)n 0" —P"=1) (p3g—p?)htiz=1}

and
3_,2 _ 20_p2_ — .
) 2(p3—p?)[(q 1)(pl1+q1i2):rl(P —p*-1)(q p)zllﬂ’zfp< q
LE(FR) - 9 9 3.2
2(p%q—p )[(p—1)(pll+];1;z_);r(p —p°=1)(p—q)l1l2] Jifp > q.

Proof. (a) The expressions for Spec(I'r), L-spec(I'r), E(I'r) and LE(I'g) follow from
Result 1.4.31(c) and Theorem By Result 1.4.31(c), we have T = (p + 1) K2 pq-
This implies |v(Tr)| = pq — pq and T = K11 2, pe- Using Result 1.1.4(b), we have

Qrp () =(z — (P°q — pqg) + p*q — pg) PV TPV (1 — (¢ — pq) + 2(p?q — pq))P+!

y <1 B P’q — g )
x — (pPq — pq) + 2(p?q — pq)
= (z — (pPq — pPq)) PV TPV (i — (p3q — 292 + pg))P(x — (2p°q — 2p%q)).

Therefore, Q-spec(T'r) = {(pPq — pq) PP 2= (p3q — 2p%q + pg)?, (2p°q — 2p°q)'}.
(p+1)(p2q—pg)(p2q—pq—1)' Therefore, |e(I'r)| = (p3q—pq)(;2a3q—pq—1)

Number of edges of I'r is

_ (p+1)(p2qut21)(p2quq71) _ qz(p71)2(p5fp3)_ Now
2le FR
pq—pPq— |(F)‘ = |p*q — p*q — pPq+p*q| = 0,
[v(TR)|
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2le(Tp
p’q — 2p%q +pg — T [e(Cr)] ‘ |—p*q + pa| = p*q — py,
[o(Tr)|
2le PR
‘219361 —2p%q — HF)’ = |p*q—p%q| = P’¢—p’q.
[v(TR)|

Thus, LE+(T'r) = (p+ 1)(p?q — pg — 1) x 0+ p x (p%q — pq) + pq — p>q = 2(p>q — p*q).
(b) (i) The expressions for Spec(I'r), L-spec(I'r), E(I'r) and LE(T'g) follow from
Result 1.4.31(d)(i) and Theorem By Result 1.4.31(d)(i), we have T'g = T%lles,pz.
This implies I'g = Kpg—1 Pp? Using Result 1.1.4(b), we have
p—1"

pa— 1 pq—1

— (PP —p°) +200° - p*)) v

Qrp(x) =(z — (P°q—p?) +p* — p?) 3t @7V

y (1 B p’q—p° )
z — (p*q — p?) + 2(p* — p?)

pql

= (= g =)= " @ = (g 24 )

(PPq— 20" + %)) » 1 (z — (2p°q — 2p%)).

pPg—p
Therefore, Q-spec(T'r) = {(pq — p) 7 777V, (5% — 2p° + )5 (2% — 20%)1).
Number of edges of T is Z24=2 )(2p —2"~1)  Therefore, le(TR)| = (p3qu2)(1203q7p2*1)

_ (p3q—p2)(2p3—p2—1) _ (p3q—p2)2(p3q—p3). Now,

2le(T'r)
pla—p’ = T =[Pl =0t = pla+p?| =0,
[v(TR)|
2le(I'r
p3q—2p3+p2—‘|()‘ = |-p’ +p°| =p* - p%,
QBFR
2p3q — 2p° — |L|’ lp*q — p*| = p’q — p*.

Thus, LE*(Tg) = (pq, P (p® —p? - 1)) x 0+ (pq p) x (* = p?) +pPq —p® = 2(0%q — p).
(b) (ii) The expressions for Spec(I'r), L-spec(I'r), E(I'r) and LE(I'gr) follow from Result
1.4.31(d)(ii) and Theorem By Result 1.4.31(d)(ii), we have T’ = pf_;llKPQq_Z)Q. This

implies I'p = Kpg-1 D2qp? Using Result 1.1.4(b), we have
g—1"

pg—1 pq—1

— (P’a—p*) + 2% —p?))

T (p*q—p? 1)(1’

Qrp(z) =(z — (pPq — p*) + ¢ — p*) &=

y <1 B plq—p° )
r — (p*q — p?) + 2(p*q — p?)
ra—q

pg—=1,2 2
—(z— (g —p%q) i1 TV D (p — (pPq — 2p%q+ %) 1 (w — (2p°q — 2p°0)).
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Therefore, Q-spec(T's) = {(p*q — p2q) ¥ P17~ (g —2p%4 +p2) 7", (2% — 2%0)').
Number of edges of I'g is £ *(*a—p 22_1)(p 9=1)  Therefore,

_ =)W —p*-1) P@¢—p’-Dpa—1)  @0’¢—p*)0’¢—r9)
le(TR)| = .

2 2 N 2
Now,
2le(T'R)|
plq—p*q— | = lp’q — p*q — p*q + p*q| = 0,
[v(T'R)|
2le FR
plq—2p*q+p* — 2el)]| |—p*q +p*| = p?q — p*,
[v(I'R)|
2le FR
2p°q — 2p%q — ’(1“)‘ = |p*q — p°d| = P’ - P’q.
[v(L'R)

Thus, LE*(I'g) = (”q L(pPq—p* — 1)) x 0+ (”q q) x (p*q—p*)+p*q—p*q = 2(p>¢—p?q).

(b) (ili) Result 1.4.31(d)(iii) gives Tgr = L Kp3_2 UlgK,2, 2. This implies T =

K, p3_p2 1, p2q—p2- Using Result 1.1.4(a), we have

2 2 2
Ppy(w) =@ 7)) T (2 4 py)oi! H z + pi) Z H z + pi)
=1 : :1

=1
3.2 7. _ _
— pPPa—p —h l2(x +p3 _p2)ll 1($+p2q _p2)l2 1(($ _|_p3 —p2)(3:+p2q _p2)
— L (p® = p*)(x +p’q— p°) — l(p*q — p*)(x +p* — p%))
3 2 7, _ _
=l P (g — (2 — ) @ - (0 - pP))
x (22 — z(p’q — p* — p*q+p*) — (P°q — p° —plq+p") (L + 12 — 1)).
Thus? SpeC(FR) = {(0)p3q7p27l17l2, (p2 - pg)llilv (p2 - p2q>12711 (xl)la (.leg)l}, where T1,T2

are the roots of the polynomial 2% —z(p*q —p® — p*q+p?) — (P°q—p° —pq+p)(l1 +12 - 1).
Using Result 1.1.4(b), we have

2

2
Qg (@) =[[(z — W®q —1*) + )" P V] [ (@ — W*q — p*) + 2p1)"

i=1 =1

2
a;P;
x|(1-
( ;w - (PPq—p?) + 2p¢>

)
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= (@~ (') +9° =)D — WP —p?) +pPg )T
x (z = (pPq—p*) +2p° — 20°)" (& — (p°q — p°) + 2p°q — 2p*)"
3.9 2 .9
X(l L(p® —p?) la(pq —p°) )
z — (

p3q—p?) +2p3 - 2p% = — (pPq— p?)+ 2p3q — 2p?
3,2 2,2 _
=(z — (p?’q _ p3))l1(p P 1)($ _ (p3q _ p2q))12(p q—p 1)(95 _ (p3q _ 2p3 + p2))ll
l ( 3 2) l ( 2 2) )
3 2 2\\ 12 1P p 2\p"q —Dp
x(x—(p°¢—2p°q¢+p (1— -
(= ) r— (p3q—2p +p?) x— (p3q—2p%q+p?)

= (z—(p’q — p*))1 PP D (2 — (pPq — p?q)) 2P P D) (g — (g — 2p + p?)) !

x (= (p°q = 2p°q + p*)* 7 («® — 2(3p°q — 2p°q — 20° + p?) + P°® — 2°q
—2p°¢% + 6p°q — 2p*q — 2p° + p* + L (P — p?)Pq — 2p°q + p°)
+1(p*q — p*)PPq — 2° + p?)).

Thus, Q-spec(T'r) = { (p*g —p*)1 0771, (pq — p2q)2("s-*=D), (pPg — 2p? 4+ p2)01 L,
(p3q — 2p%q + p2)2=1, (21)}, (582)1}, where z1, 25 are the roots of the polynomial 22 —
x(3p>q — 2p%q — 2p® + p?) + pO¢? — 2p%q — 2p°¢* + 6p°q — 2p*q — 2p° + p* + L (p® — p?) (PPq —
2p%q + p?) + l2(p?q — p*) (PPq — 2p° + p?).

Using Result 1.4.31(d)(iii), we have L-spec(T'g) = {(0)112, (p3 — p2)a®*—»*~1) (p2q —
p2)12(7’2‘1_p2_1)}. Thus, Result 1.1.2 yields L-spec(I'g) = {(0)!, (p3q—p2q)l2(p2q_p2_1), (pPq—
p3)l1(p3fp271)7 (p3q _ p2)11“2*1}.

Here [u(T'g)| = pq — p?, [e(Tp)| = 2@ DDt g
2le(Cr)| _ p*(p=1)(¢=1)(pl1+ql2) Therefore
[v(T'R)I pg—1 :

(p"’pr)(qu)ll, ifp<gq

P2(p —1)(p—q)h pg—1

pq—1

2le(T'r)|
3 2
P'q—pq—

[0(Tr)|

3_ .2 —q)l .
U—p)G-abifp > g,

(pzquz)(qu)b’ if p < g

5 3 2e(Tr)| _|p*e—1D(g—p) pm)

p°q—p° —
v(T -1 2 2V .
’ ( R)‘ pq (p=q Ig))q)_({) q)lz’ 1fp> q,
2le(T 2((p —1)21 — 1%
and |prg 2 2l R>|‘_p<<p Pl + (g = 1))
[v(T'R)| pg—1
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If p < q, then we have

p*(p—1)(q — 1)(pl + qlo) N (r* —p*)(q — p)(P*q — p* — DU

LE(T) =

pq—1 pqg—1
(p%’q — p*)(q —p)(®* — p* — D1l N P*((p— 1%+ (¢ — 1)%) (L +1p — 1)
pq—1 pqg—1

Consequently, we obtain the necessary expression.

If p > q, then we have

p*(p —1)(q — 1)(ply + gl2) N (p® — p*)(p — q)(p*q — p* — Dhlz

LE(T'g) =
(T'») pg—1 pg—1
(P’q—p)p -9’ —p* ~ Dhls P (p=1)’h+(a= D)L+ - 1)
pq—1 pq—1
Consequently, we obtain the necessary expression. O

With the following theorem we come to an end of this section.

Theorem 5.1.10. If S1,955,...,S, are the non-identical centralizers of s € R\ Z(R),
where R is a finite CC-ring and |Z(R)| = n, then L-spec(I'r) = {(0)*, (|R| — |S,|)!%=!=7—1,
(BRI = 18187 (R =)™} and LE(TR) = 2= (IR — (S [S512)+ (n— 1)
In particular, if |S| = |S1| = |Se| = -+ = |Sy]| then

Spec(Tr) = {(=18] + 1), (005170, (5 — 1)(1S| — m))'},

L-spec(Tr) = {(0)", (n — 1)(15] — m)" 017, (n(|S] - m))"'} and

E(Tgr) = LE(I'r) = 2(n — 1)(|S| —n).

Proof. Result 1.4.32 gives T = iQ1K|Si\*’7 and L-spec(Tr) = {(0)", (|S1] — n)!S1l=1-1
oy (|Sn| = m)Il=1=11 . So, Result 1.1.2 yields L-spec(I'g) = {(0)%, (|R| — |S,|)!Sel=7—1,
coos (R = |Sa)IS=nt (R — )"t}

. n |RI? = (327 1S513)+(n—=1)n?
Again, [v(Tg)| = [R|=n, |[R| = ¥7_, |S)| - (n—1)n and TEml = L T
Therefore, for i = 1,2,...,n, we have

2[e(Tr)|
|| —|Si] —
[v(l'R)]
> i1 18412 +n(1Sil = n(n = 1)) = (ISi| + n)|R|

|R| —n
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and . ) )
’|R| - 2’€(FR)\ ‘ _ Zj:l ‘Sj‘ - (n - 2)77 - 2‘R’77
[v(I'R)] Rl —n
Thus
1R = (5= 18 + (n = 1)y
LE(TR) = I=
() Rl =7
S 21 1851 +0(18i] = (n = 1)n) — [Rl(n +]Si])
+ Sil =n—1 =
> (il =n-1) ( o
"SR = (n—2)n* - 2R
s 1) (Sh S~ 02— 2R
Rl —n
Consequently, we obtain the necessary expression.
If |S] = |S1| = [S2| = -+ = |Sy| then Tg = nK|g|_,. Hence, Theorem yields the
result. O

5.2 Some consequences

Our findings, in the previous section, imply that I'r of the rings we analyze are L-integral.

Now, we determine whether I'; of the rings considered in this chapter are L-hyperenergetic.
Theorem 5.2.1. If ;{55 = Z, x Z, then LE(Tr) < LE(Kjy(ry))-
Proof. Since [v(T'gr)| = (p* — 1)n, where n = |Z(R)|, we have
LE(Kjurp)) = 2((0" = 1)n = 1) > 2p(p — 1)n.
Hence, Theorem yields the result. O

Thus I'r is not L-hyperenergetic. As a consequence, I'r of all the rings taken into
consideration in Theorem 5.1.3 are not L-hyperenergetic.

Theorem 5.2.2. Let |R| = p* with unity.

(a) Suppose that |Z(R)| has p elements. Then LE(T'r) < LE(K|yryy); and hence I'g is
not L-hyperenergetic and if Iy +lo(p+1) = p> + p+ 1 then LE(Tg) > LE(Kyrp));
and hence U'g is L-hyperenergetic.
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(b) If |Z(R)| = p?, then LE(T'g) < LE(K|y(ry)); and hence T'r is not L-hyperenergetic.

Proof. (a) Since |[v(T'r)| = p*—p, LE(Kyrp)) = 2(p* —p—1). Therefore, Theorem (a)
yields

LE(Kyry)) — LETR) =2(p> —p—1)>0
and if [1 4+ la(p+ 1) = p?> + p + 1, we have

LE(TR) — LE(Kyry)|)

2 +p+1) +2{(p° — p° — p* + pH)ls — (p* — p?)}12 -
PP4+p+1

0

as we observe that the term, {(p® — p® — p* + p?)l; — (p* — p?)}2 > 0, for all p and hence

the result follows.

(b) We have |v(T'r)| = p*—p*. Therefore LE(K,rp)) = 2(p* —p*—1). From Theorem
b), LE(Tg) = 2(p* — p?) < 2(p* — p? — 1), as p> — p?> — 1 > 0. Consequently, we get
the required result. O

Theorem 5.2.3. Let R has unity, |R| = p° and Z(R) is not a field.

(a) Suppose that |Z(R)| has p* elements. Then LE(T'g) < LE(K,rp)); and hence g
is not L-hyperenergetic and if ly +1lo(p+1) = p?>+p+1 then LE(Tg) > LE(Kyrp));

and hence I'r is L-hyperenergetic.

(b) If|Z(R)| = p?, then LE(L'r) < LE(K|g|—|z(r)); and hence T g is not L-hyperenergetic.
Proof. Since Z(R) is not a field, |Z(R)| = p? or |Z(R)| = p>.
Case 1: |Z(R)| = p?
We have |[v(T'r)| = p® — p®. Therefore LE(K,rp)) = 2(p° — p* — 1). Theorem (a),
yields
LE(K|yry)) — LE(TR) = 2(p° —p* = 1) > 0

and if I1 + lo(p+ 1) = p> + p + 1, we have

2(—p° +2p* +p+1)
pP’+p+1

LE(TR) — LE(Kyry)) =
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2{(p® — p" — pb — pHlh + (P11 — p°) + (P*11 + p3) }Ho
pPP+p+1

P P P - p—1) 4207 + 27 4 pt ]

- p*+p+1

(since ly,1l3 > 1)
>0 ( since p* —p® —p? —p—1>0 for all p).

Hence the result follows.
Case 2: |Z(R)| = p?
We have [v(Tr)| = p® — p®. Therefore LE(K,r,)) = 2(p° — p* — 1). From Theorem

b), LE(Tg) = 2(p° — p*) < 2(p® — p® — 1), as p* — p> — 1 > 0. Consequently, we get
the required result. O

Theorem 5.2.4. If /R| = p?’q and Z(R) = {0} and t € {p,q,p?, pq} and (t—1) | (p?q—1)"

then I'r is not L-hyperenergetic.

Proof. Since [v(T'r)| = p*q—1, LE(Kyry)) = 2(p?q —2). We know that p?q —t < p?q—2
always, where t € {p, q,p?, pq}. Therefore, by Theorem [5.1.8(a) the result follows. O

Theorem 5.2.5. Let |R| = p3q with unity.
(a) Then LE(T'r) < LE(Kyry)) whenever |Z(R)| = pg; and hence I'g is not L-
hyperenergetic.
(b) I |Z(R)| = p* and

(i) (p—1) divides (pg—1) or (¢—1) divides (pg—1), then T'g is not L-hyperenergetic.
(il) pg—1= (p—1)li+(¢—1)la, where p # 2 and q # 3, then T'g is L-hyperenergetic.

Proof. Since |Z(R)| is not a prime, |Z(R)| = pq or |Z(R)| = p>.
Case 1: |Z(R)| = pq
Since |[v(Tr)| = p*q — pq, LE(Kyrp)) = 2(pq — pqg — 1). From Theorem (a),

LE(Tg) =2(p*q — p*q) <2(p*q —pqg — 1), as p’q —pg — 1 > 0.
Hence the result follows.
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Case 2: |Z(R)| = p?
We have [v(T'g)| = p3q — p?. Therefore LE(K yr,)) = 2(p*q —p* — 1).
Subcase 2.1: If (p—1) | (pg— 1) then from Theorem M(b)(l), LE(Tg) = 2(p*q—p?) <
2(pq —p? — 1), as p® —p? — 1> 0.
Subcase 2.2: If (¢—1) | (pg—1) then from Theorem [5.1.9(b)(ii), LE(T'r) = 2(p*q—p?q) <
2(p*q —p*> — 1), as pPqg —p* —1>0.
Subcase 2.3: If pg — 1 = (p— 1)l1 + (¢ — 1)l2 and p < ¢ then from Theorem [5.1.9|b)(iii),
we have

2(pq — (1 +p° —p°q)

LE(TR) — LE(K|yrp)l) = p— +
2p%(p — 1)(q — p)i{(p®q — p* — D)l + 1}
pg—1
o (pa =D +p*—p*q) +p°(p — 1)(a —p)P*q — p?)
- pg—1

(since ly,l3 > 1)
P = D[P*(p—D(g—p) - (pg—1)]

= pq—1

o PPla=Dlplp—1)(g—p) - g
- pq—1

. p*(¢ —Dlp(g —p) — g

pg—1
> 0 ( since pg — p? —q >0, for all p and ¢ such that
p # 2 and q # 3).
Ifpg—1=(p—1)l1 + (¢ —1)ly and p > g then from Theorem (b)(iii), we have
2(pg — 1)(1 +p* — p%)

LE(Tr) — LE(Kjyryl) = 1 +
2p%(q = 1)(p — Ql{(®* —p* - Dh + 1}
pg—1
o (g =1)(A+p* =p°) +p*(g = Dp — 9P’ — p?)
- pqg—1

(since l1,ls > 1)

Pe—-DP*p—-9@—1) - (pg—1)]
pq—1

>
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P =Dplp —9)(¢—1) — g
pqg—1
p’(p—Dlplp —q) — g
pg—1

>

>

> 0 ( since p? —pg—q >0, for all p and q).
This concludes the proof. O

The following theorem gives us some finite non-commutative rings R for which I'y is

integral, Q-integral but not hyperenergetic as well as Q-hyperenergetic.
Theorem 5.2.6. I'r is integral, Q-integral but not hyperenergetic and Q-hyperenergetic if
(a) i is isomorphic to Z,, x Z.
(b) |R| = p* with unity and
(i) [Z(R)| =p such that Tp = K241 2.
(ii) [Z(R)| = p.
(c) |R| = p°® with unity and
(i) |Z(R)| = p* such that Tp = K2 415 p2-
(ii) [Z(R)| = p’.
(d) |R| = p?q and Z(R) = {0} such that t € {p,q,p?, pq} and (t — 1) | (p*q —1).
(e) |R| = p®q with unity and
(i) [Z(R)] = pq-
(ii) |Z(R)| = p* such that (p—1) | (pg —1) or (¢ — 1) | (pg —1).

Proof. For the aforementioned rings R, Spec(I'r) and Q-spec(I'r) contain only integers so
['r is integral as well as Q-integral. Also, LET(I'g) = LE(T'gr) = E(T'g). Therefore, in
view of Theorems I'r is not hyperenergetic and Q-hyperenergetic. O

Finally we wrap up this chapter noting that as a consequence of Theorem I'r of
all the rings taken into consideration in Theorem [5.1.3 are integral, Q-integral but

not hyperenergetic as well as Q-hyperenergetic.
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5.3 Conclusion

In this chapter, we have computed spectrum, energy, Laplacian spectrum, Laplacian en-
ergy, Signless Laplacian spectrum and Signless Laplacian energy of non-commuting graphs
of finite non-commutative rings of order p?, p?, p?, p°, p?q and p*q, where both p and ¢ are
primes, along with certain other families of finite rings. We have observed that the non-
commuting graphs of these rings are L-integral. Further, we have identified certain finite

rings that yield integral, Q-integral and L-hyperenergetic non-commuting graphs.
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