Chapter 3

The n-color partition function and
some counting theorems

3.1 Introduction

The n-color partitions are defined in Section 1.9. Merca and Schmidt [52, 53] found
some decompositions for the partition function p(m) in terms of the classical elemen-
tary functions, namely, the Mobius function and Euler’s totient. In this chapter, we
find some connections between n-color partition function (equivalently, the plane
partition function) PL(m) and elementary arithmetic functions and their divisor
sums. The contents of this chapter appeared in [10].

We define an associated function 7} (n) in two separate scenarios:

1
1. Forr <k, T} (n) = EX (the number of k’s in the n-color partitions of n with

the smallest part at least 7).

2. For r > k, T} (n) = the number of the n-color partitions of n — k with the
smallest part at least r except the possibility of the part k£ < r being present

in only one color.

We consider the following three examples. First we consider T3 (5). We note that
the number of 3’s in the n-color partitions of 5 with the smallest part at least 2 is 6,
which is evident from the relevant partitions 37 4+ 21, 32 + 29,33 4+ 21,31 + 29,32 + 21
and 33 + 2. Therefore, T2(5) = % X 6 =2.
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Next, we consider T5(5). Here n — k = 5 — 2 = 3. The n-color partitions of 3
with the smallest part at least 3 except the possibility of the part 2 being present
in only one color are 3;,3, and 33. Hence, T5(5) = 3.

Finally, we consider T3(7). In this case, n —k = 7 —2 = 5 and the n-color
partitions of 5 with the smallest part at least 3 except the possibility of the part
2 being present in only one color are 51, 5o, 53, 54, 55,31 + 2,32 + 2, 33 + 2. Thus,
T3(7) = 8.

The generating function of 7} (m) is given in the following lemma.

Lemma 3.1.1. We have

o0

— g vom 1

m=k

We have the following main theorem that connects PL(m), T} (m), and elemen-

tary arithmetic functions.

Theorem 3.1.2. Let A(m) be an arithmetic function for m > 1 and B(m) be its
divisor sum, that s,
B(m) =Y _A(d).
dlm

Also, define the functions £.(m) for m >0 and r > 1 recursively as

fl(m) = 1,
and
[m/r]
l.(m) = Z (r +z 1)€r1(m —kr), forr > 2. (3.1.1)
k=0

1, ifm=0,

0, form>1.
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Then form > 1 and 1 < r < m, we have

iPL(m — k)B

k=1

m—k

AGRYTE(m = )01 ). (3.1.2)

Ms

i

1 5=0
Recently, Andrews and Deutsch [8] used a counting technique of Erdés to derive
certain theorems that involve counting parts of the integer partition. The following

theorem is one such result.

Theorem 3.1.3. Given k > 1, Let Sp(n) be the number of appearances of k in the
partitions of n. Also, in each partition of n, we count the number of times a part

divisible by k appears uniquely; then sum these numbers over all the partitions of n.

Let this number be Sj(n). Then,

S‘k(n) = SQk(n —+ ]C)

In this chapter, we generalize the above theorem to the case of counting the
number of times a part congruent to s(mod k) appears uniquely for some s satis-
fying 0 < s < k, then summing these numbers over all the integer partitions of n.
Furthermore, we apply the same techniques to give counting theorems for n-color
partitions involving the counting function T}(n), which is a special case of T} (n)
defined earlier.

The rest of the chapter is organized as follows. In Sections 3.2 and 3.3, we
prove Lemma 3.1.1 and Theorem 3.1.2, respectively. In Section 3.4, we present some
corollaries and a detailed work out example. In Section 3.5, we present an interesting
identity involving PL(n) and Euler’s totient ¢ that is analogous to a recent result of
Merca and Schmidt [52]. In the final section, we present a generalization of Theorem

3.1.3 and some counting theorems for n-color partitions involving T} (n).
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3.2 Proof of Lemma 3.1.1

If G(q) denotes the generating function of the number of n-color partitions of m
with the least part being at least r, then
1
G =11 77—
o=y

Marking the part £ > r with a counter u, let
1

Glq,u) = (T—q) (1= gFO)F1(1 — ugh)*(1 — gFti)k+i..
Note that G(g,1) = G(q). Each term of G(q,u) is of the form £ x u/ x ¢™ where j is

the number of part k present in the n-color partitions of m and ¢ is the number of
such n-color partitions where j number of part k are present. If we take derivative
with respect to u then the term becomes ¢ x j x u?~! x ¢™ and the terms without
u vanish. Next, taking v = 1 helps to sum up the ¢ terms for each m, and we get
the required generating function.

Hence, taking symbolic derivative at © = 1, we obtain the generating function

of k x T} (m) for r <k as
dG(u) B 1 1 kq* 1
du . - (1 _ qr)r (1 _ qk—l)k—l (1 _ qk)k+1 (1 _ qk+1)k+1

H

In case of r > k, we con31der h(m) to be the number of the n-color partitions of

1 qk (1 —qm
m with the least part being r except the possibility of the part k < r being present
in only one color. Then

> h(m)g™ =

m=0

o0

kH

I—gq l—q

from which, we have

ggfwﬂﬂqm+k 1__¢;II 1__qm

which can be rewritten, after adjusting the index of the sum on the left side, as

th k)q kH

Of course, the above gives the required generating function of 77 (m) for r > k.

1—q 1—q
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3.3 Proof of Theorem 3.1.2
Observe that

) (£128)- (rome) o)

m=1

Again,

- jf;f_mqﬂ) gmkémm)qm)

= jioa_l(m] n;i;iA(k)Tg(m)qm)

- ;i (mZ m AT (m — mrlm) -

- i (i ﬂ.z_:Aw)T;:(m - mlm) a (332)

Comparing (3.3.1) and (3.3.2) we arrived at the desired result.

Now we work out the definition of ¢,(m). As in the proof, for r > 1,

o, ¢] . T 1
mzo&(m)q =11 A=

m=1

from which, for » > 2, we see that

lr_1(m — kr)) q. (3.3.3)
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Furthermore,

Z:Oel(m)qm - 1—iq =S g (3.3.4)

m=0
From (3.3.3) and (3.3.4), we arrive at the definition of ¢.(m) for r > 1.
It remains to show that our definition for ¢y(m) is consistent with the result.

That is, we need to prove that
> PL(m —k)B(k) = Y A(k)T}(m). (3.3.5)
k=1

We have

= (Z A(k:)T,g(m)> q". (3.3.6)

Comparing (3.3.1) and (3.3.6), we arrive at (3.3.5).

3.4 Corollaries and an example

In this section, we substitute A(m) and B(m) in Theorem 3.1.2 with some well

known pairs of arithmetic functions to arrive at some interesting corollaries.

Corollary 3.4.1. We have
> PL(m — k) = T} (m).

Proof. Taking A(m) = |+], B(m) = >dmA(d) =1 and r =1 in (3.1.2) we easily

arrive at the corollary. O

Corollary 3.4.2. For u being the Mdobius function, and m > r > 1, we have

—k

=D > uR)TE(m — )b ().

k=1 j

3

I
o
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Proof. Take A(m) = u(m). Hence

=S = ||

dlm

Putting these in (3.1.2) we arrive at the required result. O

Corollary 3.4.3. If 7(m) is the number of positive divisors of m for m > 1, and

m>r>1, then

B

S " PL(m - =D Ti(m = i)l (h).

m
k=1 k=1 j

3

I\
=)

Proof. This follows readily by substituting

A(m)=1 and B(m ZA leT(m

dlm dlm

n (3.1.2). O

Corollary 3.4.4. For \(m) being the Liouville function, and m > r > 1, we have

Y PLm—K) = > AR (m = )l ().
Proof. Let A(m) = A(m). It is well known that

1, if m is a square;
= Ald)=) Ad)=
dlm

djm 0, otherwise.

Substituting the above in (3.1.2) we readily arrive at the corollary. O

Corollary 3.4.5. For a > 1, let 0,(m) = >_,,, d*. Then, form >r>1,

m m m—k
> PL(m — k)oa(k) = > KTy (m — j)la(j). (3.4.1)
k=1 k=1 j=0

Proof. Take A(m) = m® so that

We substitute the above in (3.1.2) to arrive at the proffered identity. O]
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Corollary 3.4.6. Form >r > 1,

m m—k
> PL(m — k)logk = > > T (m = )l (j) log p. (3.4.2)
k=1 Jj=0

1<k<m,
k=p€,p prime,c=1

Proof. Take A(m) = A(m), the Von Mangoldt function. Then
B(m) = ZA(m) = logm.
dlm

The result now follows by substituting these in (3.1.2). O

Example 3.4.7. We work out the case m = 11 and r = 3 in (3.4.2).
First of all, we generate the required values for £5(j). Using the definition (3.1.1),
we have

[m/2] [m/2]
bim) = 3 (2+Z_1)£1(m—2k:): S (k1)

k=0 k=0

=1+24+ ...+ (Im/2]+1).

Using the above, we have the values as shown in the following table.

J 0123|456 ] 7 |8]9

()| 111133661010 15|15

Setting m = 11, the left hand side of (3.4.2) becomes

11
> PL(11 - k)logk.
k=1

The corresponding coefficients of the log k& terms are given in the following table.

Table 3.1

log k log2 | log3 | logh | log7 | log11

corresponding coefficients | 497 | 190 | 49 13 1
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Setting m = 11 and r = 3, the right hand side of (3.4.2) becomes

11—k
> D T = j)(h) logp.
1<k<11, j=0
k=p®,p prime,c>1

The coefficients of the logp terms are given in the following table, which matches

with the values in Table 3.1 calculated for the left hand side of (3.4.2) for m = 11.

Table 3.2
log p corresponding coefficients
log2 | 30 TH(1L — )ea(h) + Xjy TH(11 — 5)ea(s)

+ 30 TH(11 = j)la(j) = 497

log3 | 325 o TH(11 — j)la(j) + 37 To(11 — j)La(j) = 190

log 5 Yo TE(11 = j)la(j) = 49
log 7 S0 T = j)bs(j) = 13
log 11 1

As a demonstration, we now explicitly calculate the coefficient of log 3, that is
190, from the combinatorial procedure.
To this end, for the partitions of 11 with the smallest part at least 3, the following

table helps to calculate T3 (11).

Integer partition | Number of corresponding | Total number of
n-color partitions parts 3 present
(8,3) 24 24
(5,3,3) 30 60
(4,4,3) 30 30

1
Thus, T3(11) = 5 (24 + 60 + 30) = 38,

Next, for the partitions of 10 with the smallest part at least 3, we have



Integer partition

Number of corresponding

n-color partitions

Total number of

parts 3 present

(7.3) 21 21
(4,3,3) 24 48
1
Therefore, T5(10) = = (21 + 48) = 23.

3

For the partitions of 9 with the smallest part at least 3, the following table helps

to calculate T5(9).

Integer partition

Number of corresponding

n-color partitions

Total number of

parts 3 present

(6,3)

(3,3,3)

18
10

18
30

1
Hence, T3(10) = 5(18

For the partitions of 8 with the smallest part at least 3, we have the following

+30) = 16.

table that helps to calculate T5(8).

Integer partition

Number of corresponding

n-color partitions

Total number of

parts 3 present

(5,3)

15

15

1
Thus, T5(10) = 3 % 15 =5.

In a similar way, we calculate T5(7) = 4,T5(6) = 4,T5(3) = 1 and T5(9) = 1.

Now, using the table of ¢5(j) and the above values, we arrive at

8

2

D O THL = )la(i) + D T5 (11— j)ea(j) = 187 + 3 = 190,

J=0

J=0

which coincides with the coefficient 190 of log 3 in Table 3.2.
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3.5 A special identity involving Euler’s totient ¢

We recall from Hardy and Wright [36, Theorem 309] that,

Z e = _qq> (3.5.1)

Due to the existence of such a closed form, we can pursue a different approach for

the case of ¢ function, as done in the paper by Merca and Schmidt [52].

Theorem 3.5.1. For m > 0,

1
PL(m +2) = PL(m) = 5 > o(k)T(m +5). (3.5.2)
k=3
Proof. Notice that
1—q)(1—¢*?

=(q+¢* -3¢ — ¢* +2¢°) H % + Z Z d(k)TE (m)q™. (3.5.3)

(1—¢™) m=3 k=3

Again, using the closed form (3.5.1), we have

. - 2 - = ¢(k’)qk
=00 =@ ] o > 2
m:l k=1
= 1
=g+ ¢ —¢ H—l_qm)m (3.5.4)
m:l

From (3.5.3) and (3.5.4), we find that
> (Z ¢(k)T,§’(m>> ¢"=20" ¢ (Z PL(m )
=2 (ZPL(m—3)—ZPL(m—5)> q

Equating the coefficients of ¢™*?, for m > 0, from both sides of the above, we readily

arrive at (3.5.2) to finish the proof. O

Example 3.5.2. We verify Theorem 3.5.1 for the case m = 6.
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The left side of (3.5.2) is PL(8) — PL(6) = 160 — 48 = 112.

On the other hand, the right side of (3.5.2) can be worked out as

111

EDIRIOL{ERY

= S (B@)TI1) + STH(11) + pEITHAL) + 6(OTE1) + H(T)TI)
)T + p(1)TH(11))
:%(2><38—|—2><22+4>< 1242x5+6x4+4x3+10x1)

= 112.

Thus the result is verified for n = 6.

3.6 A generalization of Theorem 3.1.3 and some

counting theorems for n-color partitions
We state a generalization of Theorem 3.1.3 as follows.

Theorem 3.6.1. Given k > 1, in each partitions of n we count the number of times
a part congruent to s(mod k) appears uniquely for some s satisfying 0 < s < k, then

sum these numbers over all the partitions of n. Let us call this Sy (n). Then
Ssky(n) = Sop(n +k — s) + Sop(n — 5) — Sop(n — 2s).

Proof. Approaching as in [8], assuming n > 1, £ > 1, the generating function of
Ss(ky(n) is given by
0 kj+s

Z Sor(n)q" = Z a

9

from which, we have

> San(n)g" = e (11_ 7 DT — g

n=1

Jj=1
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1 (A
= n (qs e 2k>
[L(L—q") \" 1—¢ 1—g¢

¢ 1 (k—s) 2
— q_ —S + qs _ q S
A L) )

:<ZS% ) =),

n=1

Comparing the coefficients of ¢" from both sides, we arrive at the desired result. [

The following theorem presents the case for m-color partitions in the spirit of
Theorem 3.1.3. This shows how functions of the form 77 (n) can be useful in such

counting theorems.

Theorem 3.6.2. In each n-color partitions of n, we count the number of times a
part divisible by k appears uniquely, then sum these numbers over all the n-color
partitions of n. Let us multiply this sum by + and call it Tiy(n). Then
Tie(n) = Y (Th(n = (2 = Dk) + Ta(n — 24k) + Ti(n = (25 + 1)k)).
j=0
Proof. The generating function of Tjx(n) is given by

ES T = kjq*
Z \k Z k] kj— IH;zékj(]'_q)

J=1

Hence,

n Z;il jqkj(l - qkj)
2 Tl = =7 )

=L (qu Z]q””)

1 k 2k
T IL( =g ((1 . R (1 . W)
B 1 q2k
O IL =g (1 — g?)? (
= (> m(m)e”) (Z(q(“k + gt ). (3.6.1)

Jj=1

qik +1 +qk>

Comparing the coefficients of ¢" from both sides of (3.6.1), we obtain the desired

result. O
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In fact, we can also generalize this theorem to any part congruent to s(mod k)

as follows.

Theorem 3.6.3. In each n-color partitions of n we count the number of times a
part congruent to s(mod k) appears uniquely for some s satisfying 0 < s < k, then

sum these numbers over all the n-color partitions of n. Let us call this Ty (n).

Then,

Ty0(n) =(k + 8)(Thy(n + k — 5) — Th(n — 25)) + sTh (n — s)

+2k Y Ty(n+k—s—kl)— kY Ty (n—2s— 2Kkl).

>1 >1

Proof. The generating function of Ty (n) is given by

Z Ts(k q _ Z A (/‘C] + S)qkj+s

"0 = (1 — ghits)kits—1 Hn#jﬂ(l — g

Therefore,

> Tuw(n)a

n=0

Z kj + S) kj+s

j>1 k]+s kj+s—1 Hn;ﬁkj+s(1 _ qn>n
-y (kj + s)g*=(1 — ¢V*)

1

= — ke* Y 3qY +sq° Y g — kg™ i —s¢* Y g
Hn>1(1 q

j=1 7=1 7=1 j=1

1 q’f qk q2k q%
— k s+ S . k 25— B 92s
[Ls (=g ( =gy i R T PR g

2k
2s
) )

q 1
— q2
- <Z Tzlk(”)q”> (kq_(k_s) (1 +2) qkl) +sq "1+ ") — kg™ (l +) q2m>>
n=0 1>1

— (kq—w—s)ﬂ +sqg~® (1 + ¢*) — kg®
1 — q2k: Hn>1<1 _ qn)n 1 — qk 1
>1

- <Z Tzlk(n)qn> (k?q_(k_s) + sq (kms)tsa" —kq™ —sq* +2kg~(h =) Z ¢ — kg Z q2kl>

n=0 >1 >1
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(k+s) Z Ty (n)q"~ Mt Z Ty, (n)q"** — (k + ) Z Ty (n)g™™*

+ 2k By (Z Ty(n — kl) ) " — k> (Z Ty.(n — 2kl)> q

n >1 n >1

:(k:—l—s)ZTQk(n—i—k‘—sq —|—sZT2kn—s)q —(k+s) ZT% (n —2s)q"

+2kZ(ZT§kn+k—s—kz>q —kZ(ZT;kn—23—2k1)>

n >1 n >1

Comparing the coefficient of ¢" from both sides, we arrive at the desired result. [

It is to be noted that Theorem 3.6.2 can be obtained from Theorem 3.6.3 by

putting s = 0, taking Tjx(n) = +Tow) (n), and then rearranging the terms.
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