Chapter 4

Some restricted overpartition
functions

4.1 Introduction

In this chapter, we prove arithmetic properties of some restricted overpartition func-
tions in which the parts are from certain residue classes of 8. We consider the

following restricted overpartition functions:

P35(n) = number of overpartitions of n into parts congruent to £ 3 modulo 8,
P3.45(n) = number of overpartitions of n into parts congruent to 4 3 or 4 modulo 8,
P1.7(n) = number of overpartitions of n into parts congruent to £ 1 modulo 8,
P1.4,7(n) = number of overpartitions of n into parts congruent to £ 1 or 4 modulo 8.
By convention, we also set P 5(0) = P35 45(0) = Py 7(0) = Py 47(0) = 1.
Example 4.1.1. n=9
Then p35(9) = 2, D345(9) = 6, D17(9) = 8, P147(9) = 16, and the relevant

partitions are given by

3+3+3=3+3+3,

54+4=5+4=5+4=5+4=34+3+3=3+3+3,

35
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9=9=T7T+14+1=T4+141=7+1+1=7T+1+1
=14+14+14+14+14+14+14+14+1=14+14+14+14+1+1+1+1+1,
9=9=74+1+1=74+14+1=T+1+1=7+1+1=4+4+1

=44+44+1=444+1=4+44+1=4+1+14+1+1+1
=44+1414+1414+1=44+14+14+14+14+1=44+1T+1+1+1+1

=14+14+14+14+14+14+14+14+1=1T4+14+1+14+14+14+1+1+1.

Now, let pod(n) denote the number of partitions of n into non-repeating odd
parts, that is, odd parts must be distinct (and even parts are unrestricted). This
function has appeared in several earlier works. For example, see the papers by
Andrews [4, 5, 6], Berkovich and Garvan [18], Alladi [2, 3]. The function has also
been studied by several authors from the arithmetical point of view. For example,
see the papers by Hirschhorn and Sellers [42], Radu and Sellers [54], Lovejoy and
Osburn [48], Cui, Gu and Ma [30], Wang [63], Fang, Xue and Yao [31], and some
other papers cited thereon.

The functions ps 4 5(n) and P, 47(n) are connected to pod(n) by the following

relations.

Theorem 4.1.2. For any positive integer n, we have

o0

Psas(n) = Z (_1>k(k+1)/2pod (n (2K — k)) 7 (4.1.1)
k=—o00

Prags(n) = f: (—1)**=D2pod (n — (2k* — k)) . (4.1.2)
k=—o00

Example 4.1.3. n =9
We have

P3.45(9) = pod(9) — pod(8) + pod(6) — pod(3)
=13—-104+5—2=6,

P147(9) = pod(9) + pod(8) — pod(6) — pod(3)
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=134+10—-10—-5—2 = 16.

which are in agreement with Example 4.1.1.
In Section 4.2, we present a proof of Theorem 4.1.2.

Clearly, the generating functions of ps 4, Py 7, D345, and Dy 4 ;(n) are given by

iﬁ () = CO D0 ) i]_? () = CE D)0 )
A (6% ) (3 ¥)oe =T (4 6%)oo (075 0% 00
e A (6% %o (4% %) oo (0% ¥)oe
- (=45 ¢%)oo(=0% 6%) oo (=473 ¢*) o
Praqz(n)q" = : 4.14
nz_o e () (65 6%)oo (0" 4% oo (473 4o (4.14)
Since (—¢%; ¢®)oo = (¢ ¢%)oe (mod 2), it is clear that for all n > 0,
1_93,5(71) = ﬁ3,4,5(”) = 2_91,7(”) = ]_9174,7(71) =0 (mod 2).
We present the following congruences.
Theorem 4.1.4. For any non-negative integer n, we have
P3s(8n+7)=0 (mod 2°), (4.1.5)
Pss(16n+14) =0 (mod 2%), (4.1.6)
P35(32n+28) =0 (mod 2°), (4.1.7)
Ps5(16n+1) =0 (mod 2%), (4.1.8)
P35(32n+14) =0  (mod 2%), (4.1.9)
D35(16n+7) =0 (mod 2%, (4.1.10)
P35(32n+2) =0 (mod 2%, (4.1.11)
P3as5(8n+7)=0 (mod 2?), (4.1.12)

P345(16n+15) =0 (mod 2°), (4.1.13)
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P3as(16n+1) =0 (mod 2*), (4.1.14)
Psas(32n+7) =0 (mod 2'), where r € {2,14}, (4.1.15)
P78 +7)=0 (mod 2?), (4.1.16)
Pr7(16n+14) =0 (mod 2°), (4.1.17)
P17(32n+28) =0 (mod 2%), (4.1.18)
Pr7(16n+9) =0 (mod 2%), (4.1.19)
P17(32n+30) =0 (mod 2°), (4.1.20)
P17(16n+15) =0 (mod 2%), (4.1.21)
P17(32n+18) =0 (mod 2%), (4.1.22)
Praz(8n+7)=0 (mod 2%), (4.1.23)
Pra7(16n+7)=0 (mod 2°), (4.1.24)
Pra7(16n+9)=0 (mod 2*), (4.1.25)
Pra7(32n4+7)=0 (mod2'), where r € {18,30}. (4.1.26)

The power of 2 in the modulus of each of the above congruences is sharp. Fur-
thermore, we have checked numerically that there is no congruence modulo 2° for
arguments of the form An+ B where A =4,8,16,32, or 64 and B=0,1,...,A—1.

We state some internal congruences modulo 22 and 23 in the following theorem.

Theorem 4.1.5. For all nonnegative integers n and j,

Ps5(2/n) = Ds5(n)  (mod 2%), (4.1.27)

P17(2'n) =Py -(n)  (mod 2°). (4.1.28)

Forn being an integer not of the form (4k+2)%, where k is any nonnegative integer,

we have

Ps5(2n) = Dsz(n)  (mod 2°), (4.1.29)
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]_9177(271) = ﬁlj(n) (mod 2%). (4.1.30)

For n not being the square of an odd integer and j being any nonnegative integer,

we have
P35(2'n) =Dy5(n)  (mod 2°), (4.1.31)
D17(2'n) =Py 7(n)  (mod 2°). (4.1.32)

We prove Theorem 4.1.5 in Section 4.3. We derive some infinite families of

congruences modulo 22 and 23 from the previous two theorems.

Corollary 4.1.6. For all nonnegative integers n and j,

Pss (27(8n+7)) =0 (mod 2?), (4.1.33)
Pss (2/(32n+14)) =0 (mod 2°), (4.1.34)
Pz (2(8n+7)) =0 (mod 2%), (4.1.35)
Prr (27(32n+30)) =0 (mod 2%). (4.1.36)

For 2n not being a triangular number and j being any nonnegative integer,
D35 (2(16n+1)) =0 (mod 2°). (4.1.37)
For 2n 4+ 1 not being a triangular number and j being any nonnegative integer,
Prr (2(16n+9)) =0 (mod 2°). (4.1.38)

Remark 4.1.7. The congruences of (4.1.6) and (4.1.7) are special cases of (4.1.33).

Similarly (4.1.17) and (4.1.18) are special cases of (4.1.35).

Proof. The congruences of (4.1.5) and (4.1.27) immediately imply (4.1.33).
Similarly, (4.1.16) and (4.1.28) imply (4.1.35).
Since 32n+ 14 is not the square of an odd number for any n, (4.1.9) and (4.1.29)

imply (4.1.34).
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Similarly, 32n + 30 is not the square of an odd number for any n. Hence (4.1.20)
and (4.1.30) imply (4.1.36).

Now, for k being any nonnegative integer,

16n + 1 # (2k +1)?

= 2n # k(k;_ 1).

Hence, (4.1.8) and (4.1.29) imply (4.1.37).

Similarly, for k£ being any nonnegative integer,

16n + 9 # (2k + 1)°

k(k+1)
5

= 2n+1#

Hence, (4.1.19) and (4.1.30) imply (4.1.38). O

In the following theorem, we present the explicit generating functions implying

congruences in (4.1.5)—(4.1.26).

Theorem 4.1.8. We have

—_ w V(=AW= (= —q")
;pgﬁ(sn +7)¢" = 4q g : (4.1.39)
;1‘93,5(167% +14)g" =4 Soi(pg)ﬁ(q_z;f) (Qf(—q, ) () (=)
+af(—¢% 4" @)(=q"), (4.1.40)

> Pas(32n+28)¢" = 4% <2f(—q, ¢*)e(—q")0(q)

% (ela)e(—a") (26" (@) - ¢'(-0))
+o(=a)(g") (46'(0) - ¢*(~0)))
T af (¢~ (@v(~a) (¥(—a") (4*(a) - 30" (~0))

n=1

+ 16¢(q)¢(q2)¢(—q8)¢2(q2))) , (4.1.41)
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> _Pss(16n+ 1)g" =8¢

g]_?3,5(32n +14)¢" =8 ;i’((_—(i])) (f( &~ @ e(—a") (264q) — ¢*(—q))
+24f(=¢, =" )Y <q2>(w< ) (464(q) — 9*(—q))
~ 420V (@)e(~4")) (41.43)

q

- 0w e YEQUP)

§p375(16n +7)q" = 16¢ T
)

Zg—ogé(?,zn +2)¢" = 16¢

n=0

— w A=) ;
;p3’4’5(8n+7)q = P 0e) <¢<q J(=.q)
+aqp(@®) f (=4, —q14)>7 (4.1.46)
o n o VU= f(—a,—q")
;P3,4,5(16n +15)¢" =8 (=)
< (26°(0) + P (=0)ela). (4.1.47)
gﬁ3,4,5(16n +1)¢" = 16g (p(_q?ﬁg:gj)wq% (SOS(C])f(—Q; —q")
¢ (—)v(a") f(=a’, —q )) (4.1.48)
e (=)= (g
Zp345 3 +2)q" = 16¢ —— 5 —

x (f(—cft —¢)(q")p*(=q) <32906((1) + 906(—61))
+ f(—a,—0") (32¢°(a) — 240°(0)¢* (—0) — T* (@) (—0)
+20(¢) 0% (—q) + 49" (9) " (—9) 0 (¢?)

— 60%(q)¢°(—a)p(q?) — ws(—q)w(q2)> , (4.1.49)



n=1

Z@J(Sn +7)q"
n=0

> Pr(16n+ 14)g" = 4

n=1

> Pr7(32n + 28)g"

n=1

> Psus(32n+ 14)¢" = 16

=4
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V(=) (=*) (=4, =)
3 (—q)

+24¢%(q)¢* (—q) — 1607 (0)¢* (—a)p(q”)
— 220%(q) " (—q) + 200° ()" (—q)(¢?)

— 130" (@) (—q) + 79* () ° (=) e(a®) + 2¢0*(q) " (—q)

<32s01°(q) — 320 (9)¢(q?)

— 0()* (=) () — 24 (—)V*(¢"), ) : (4.1.50)
() (—=*)(—q") f(—4® —¢"°) (4.1.51)
©°(—q) ’ o
¢4(%)(1i(_2q2) <2¢2(q2)<ﬁ(—q8)f(q —¢%)
7*)
+ (@) (—q") f(—°, —q1°)> : (4.1.52)

—4 *(q) (Qf(q,—q?’)@(—f)@/f(q?)

P'7(=¢?)
% (e(=a"(a") (4¢*(@) — ¢*(—a)

+ ela)i(—a") (26'(a) - #'(-0)) )
+ F(=d", =) (165(~a" Yo (—a")v*(0)

+ (@) (=) (—q") (49" (q) — 3904(—q)))> , (4.1.53)

—_ w0 =gV (¢, —°)
nzzop1,7(16n +9)¢" =38 50 , (4.1.54)
S Bu+(32n + 30)q" = 8 w(‘qig fj;’)’ 1) <w2<q>¢<—q4> (26'(0) — &"(—0))

> Pis(16n + 15)g"

n=0

=16

V(=)W= () f(—=¢®, —q°)
¢*(—q) ’




251,4,7(871 +7)q" =

n=1

2151,4,7(16” +17)q" =

n=1

Zp1,4,7(16” +9)¢" =

n=0

D Pias(32n+18)¢" =

n=1

> Pras(32n+30)g" =

n=1
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—qf(—q, —q7)904(—Q)¢(q4)> : (4.1.57)

+o(q") f(g, =), (4.1.58)

x (26°(q) — ©*(—9)e(a%), (4.1.59)

+af(—0.~0 ) (=) (a")). (4.1.60)

1690(—612)@0;:361(412;—61, —q") (16¢10(q>

+160°(q)0(¢*) + 4% (0)¢*(—q) — 17¢%(q) " (—q)
— 140" (q)¢* (—a)p(a®) — 3¢ (0)¢°(—q)

—20% (@) (—q)e(q®) + 30*(q)*(—q)

+ 30(0)¢*(— )" (¢) - e (—a)¥?(d"), ). (4.1.61)
16% (f(—q?’, )Y (q")¢*(—q) (@(q)

+0(%)) + F(—a.—a") (320"(a) + 246" ()" (—0)
= 22¢°(q)¢" (=) — 13¢*(0)¢° () + ¢*(@)¢"(—q)

+32¢°(q)(q?) + 1697 (@) (— )¢ (¢?)

—200°(q)¢" (—=a)(q%) — 7s03(q)906(—q)90(q2))> . (4.1.62)

In Section 4.4, we prove Theorem 4.1.8. However, for brevity, we present only
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the proofs of (4.1.48) and (4.1.60). The other generating functions can be proven in
a similar fashion.

The contents of this chapter have been submitted for publication [12].

We now end this section with a lemma containing some useful identities from

[19, p. 40, p. 45, and p. 49].

Lemma 4.1.9. We have

p(a)e(—q) = ¢*(=¢%), (4.1.63)
V(@)Y (=q) = ¥(@®)e(—4), (4.1.64)
w(a) = o(q") + 249 (q%), (4.1.65)

¥*(q) = ¢*(¢°) + 449 (q"), (4.1.66)

W) = f(d° ") +af(a® ") (4.1.67)

Furthermore, if ab = cd, then

fla,b)f(e,d) + f(—a,—=b)f(—c,—d) = 2f(ac,bd) f(ad, bc), (4.1.68)
f(a,b)f(c,d) — f(—a,—=b)f(—c,—d) = 2af (g, gabcd) f (g, C—Zabcd) . (4.1.69)

4.2 Proof of Theorem 4.1.2

Proof of Theorem 4.1.2. Setting a = —q and b = ¢ in (1.2.1), we have

o

f(_q’q:S) _ Z (_1)k(k+1)/2q2k27k _ (q; _q4)oo(_q3; _q4)oo(_q4; _q4)oo' (4'2'1)

k=—o00

Now,

(4;—q")o0 = H 1=q(=¢") =] (1= ¢¥") (1+¢Y"°) = (¢:¢*)o(—¢": ¢* ).
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(—q4; _q4)oo _ H (1 H 83+4 q8j+8) _ (—q4; qs)oo(qs; qs)oo.
=0 =0
Therefore, from (4.2.1), we find that

o0

2
D (=DM = (4:6%) o (= 0% %) oo (= 0" )00 (— 075 0700 (075 0% oo (05 ¢ )

k=—o00

(607w (=0% 0o (=0"1 0V o (=05 ¢°) (475 4
(€% 4%) o0 (4% %) oo
(680 0" o (=% 6% oo (=0 0°) o (— %1 6°) oo

(2% 6%) 0 (0% )0 (0% 4®) o
(0000 (=0% ) oo (=" 6% )0 (= 0% 0)ox

(=4 ¢*) 0 (0% 4%) oo (" 4%) 00 (4% ¢*)
where we have used Euler’s identity (—¢; ¢)so = 1/(q; ¢*)oo in the last equality. With

Y

the aid of (4.1.3), the above may be recast as
—_ n qq 00 k(k+1/2 2K~k 499
ZP3,4,5(”) = Z (4.2.2)
— q q o0
Now, the generating function of pod(n), the number of partitions of n into non-
repeating odd parts, is given by
pod(n)q" = ~——=—. (4.2.3)
; (0% ¢%) o
Thus, (4.2.2) reduces to

ZP345 n)q" = (i pOd(m)qm> ( i (_l)k(k+1)/2q2k2_k> .

m=0 k=—o00

Equating the coefficients of ¢" from both sides of the above, we arrive at (4.1.1).
Again, setting a = ¢ and b = —¢® in (1.2.1), and proceeding as above, we find
that

oo

T ()0 (4% 4%)oo (=45 %) oo (= 0" ") oo (=07 ¢ )
(=4 ¢%)00(4;4%) 50 (¢4 ¢®) 50 (¢7: ¢¥) 0

k=—o00

which, by (4.1.4) and (4.2.3), can be rewritten as

ZP147 n)q" = (Z pod(m ) ( i (_1)k(k—1)/2q2k2_k) .

k=—0o0
Equating the coefficients of ¢" from both sides of the above, we arrive at (4.1.2) to
finish the proof of Theorem 4.1.2.
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4.3 Proof of Theorem 4.1.5

Proof of (4.1.27). The generating function (4.1.3) of P 4 5(n) may be rewritten as

=) (=, —) (¢, —¢P)
V() (=, —4") [, ¢)
T PR )

Now, setting a = ¢,b = ¢",c = —¢*,d = —¢° in (4.1.68) and (4.1.69), and then

iﬁw(n)qn_ (") fl=¢,=d) (¢ )
n=0

using (1.2.3), we find that
fla.a) f(=a*,=a") + f(=a. —a") [(¢’,¢°) = 20(=q¢") f(—¢", —¢"%),  (4.3.2)
fla.dV (=0 =) = f(=a, =) (@, ¢*) = 2q0(—¢") f(—¢*, —¢"").  (4.3.3)
Subtracting (4.3.3) from (4.3.2), we have
f=a.=aV (@ @) = ¥(=a") (f(=d°,=¢") — af (—¢*, —¢")) - (4.3.4)

Invoking (4.3.4) and (4.1.67) in (4.3.1), and then manipulating the g-products,

we obtain

—_ n V(@Y (=q") (f(=¢°, —4") — qf (—¢* —q""))
nz_%pg,g)(n)q — DR (4.3.5)
= (ﬁ;qg;i?; 3126))2000 (f(d®,d") +af (. ") (f(=d°, —¢") — af (=", —¢'")) .

Extracting the even terms from both sides of the above,

> Pss(2n)q" = (E]qf Z):‘();Z';Z)ﬁ,“ (&) f(=¢*,—a") — af (0,4 F(—=q,—q"))

(4.3.6)

Now, setting a = ¢*,0 = ¢°,c = —¢*,d = —¢° in (4.1.68), we have
F(@ ) (=% =) = F(=¢®, =a") [(=¢°, =¢°) = (4", =¢'*)p(=¢%).  (4.3.7)
Setting a = ¢,b = q",c = —q,d = —¢" in (4.1.68), we have

Fa.d)f(=0.—q") = f(=, =" (=, —¢®) = f(=*, —¢")p(—¢").  (4.3.8)
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Employing (1.2.2), (4.1.3), (4.3.7) and (4.3.8) in (4.3.6), and then manipulating

the ¢-products, we obtain

Zpsg, 2n)q (C(]q Z)) (éz, ;Z)E,W—cﬁ) (f(=¢® —¢") — af (4%, —¢'"))
N (q;q)(q (‘qq )q )(q (‘qu) 7'%)o0 (=’ =) = af (=", =)

(4.3.9)
(¢ S

~ (g gl q16q16 Z

=) Pys(n)d" (mod 4).

Hence, for any nonnegative integer n,

3_9375(271) = ﬁ3,5(”) (mod 22)~
The result of (4.1.27) immediately follows from the above equation.

Proof of (4.1.28). In a similar manner as that of the above, we can show that

Zz_?m(?n)qn (a ZP1 7(n

16 16
(g% q) (4" ¢")% =

=> Di7(n)g" (mod 4). (4.3.10)

Hence, for any nonnegative integer n,

P17(2n) =Py 7(n) (mod 2%).
The result of (4.1.28) immediately follows from the above equation.

Proof of (4.1.29). Subtracting (4.3.5) from (4.3.9), and employing (1.2.3) and
(4.1.67), we have

o0

Z(l_?3,5 (2n) — D3 5(n))q"

;MCI) (f(=¢" =4") — af (=¢*, —4")) ( (% (@)™ qlﬁ)oo)
(¢*q

(4% ¢ 4)3.(¢%%; ¢*%) oo (¢%¢%)%,
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_ @)f(=2.4") ( (4% %)% (q4;q4)oo(q16;q16)oo>
(0% \ (0% ¢")3(¢'% ¢"%) s (g% %)%, '
Using (1.2.2), (1.2.3) and (4.1.65), the above equation becomes
— g = (@50t (@)f (=4, 4°) N
;(pg,g(%) Ps5(n))g" = P e (0 1T (v(g*) — o(—q")
(@"% ") (a) f(—q, %) 432
= D Ol P V)
Coa (@0)s(d"% 0" (% 42,
- (45 9)oo (0% 04 oo (6% ¢*)2 (6725 ¢2) A

(4.3.11)

Since (¢;¢)% = (¢%;¢*)s (mod 2), the above equation leads to the following con-

gruence.

oo

Z(}‘?375(2n) — D35(n))q" = 4q* (q‘(j)m;él);;)oof(—q, ¢*) (mod 8). (4.3.12)

n=0

Now, (1.2.1), (1.2.3) and standard g-product manipulations imply,

o) =TT = 1P (4 (1079) (1 (1))

(
= (¢;9) (0% ¢") (mod 2). (4.3.13)

Utilizing (4.3.13) in (4.3.12) and employing Jacobi’s identity[37, Eq. (1.7.1)], we

have
> (Bs5(2n) — Pys(n))g" = 4¢*(¢*%; ¢™)%,  (mod 8)
n=0
E Z Qk +1 16k(k+1)

Z B2k + 1) 2" (mod 8).
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The above congruence immediately implies (4.1.29), which in turn implies the infinite

family of congruences in (4.1.31).

Proof of (4.1.30). In a similar manner as that of the above proof, we have

o0

2(1_91,7(2”) Pi7(n))qd" =4 Z F(2k + 1)q (4k+2)? (mod 8). (4.3.14)

n=0
Clearly, (4.1.30) follows from the above congruence, thereby implying the the infinite

family of congruences in (4.1.32).

4.4 Proof of Theorem 4.1.8

Proof of (4.1.48). With the help of (1.2.1), (1.2.2) and (1.2.3), the generating

function (4.1.3) of Py 4 5(n) may be rewritten as

o(—g") f(=¢% —¢®)  o(=¢")f(—q, —a") f(—¢* —¢)
o(—=¢®)¥(q ) ( [, )
= A P .

Invoking (4.3.4) and (4.1.67) in (4.4.1), and then manipulating the g-products,

N qS)f(q3 q5) o= (=g, =a") (¢, ¢°)
ZP3,4,5( )q = ) = )
)

q
q

we obtain

o
Zﬁ3,4,5(n>q
n=0

- Lot (q)q) (£ 4") + af (. 0™) (Fa®~0") — af (~*,~¢")

_ (f(a5 @) + af (% d") (F(—¢% —¢*°) — qf (—¢*, —q'))
- (4% 6*) 50 (0" %) - (4.4.2)

Extracting the odd terms from both sides of the above, we obtain

_ w fad)f(=¢*=¢") = f(=¢, =4V f (¢, ¢°)
Y Pyas(2n+1)g" = D e . (44.3)

which, by (1.2.3), (4.1.67) and (4.3.3) gives

0 B . w ¢ A4 f o 2’_ 14
o~ COICE
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V(=) f(=¢*, —q")
(¢% ¢%)3,

Extracting the even terms from both sides of the above, we find that

=2g (f(d® q") +af(d®q"). (44.4)

iﬁ3,4,5(4n + 1)¢" = 2q¢<_q2)f(g’?;;g(_q’ —q7). (4.4.5)

From (4.3.8) and (4.4.5), we have

o0 2 8 2 _ 14
= n —q —q —q,—q
E P3as(dn+1)¢" = 2q¢( el - )J;( >, (4.4.6)
=0 (¢:9)3%
which, with the aid of (1.2.2) and (1.2.3), may be rewritten as
0 8 2 _ 14
= n —q —q,—q q)v\q
S et £ 1) = 220 @) gy

o P (=¢*)e(—q*)
Employing (4.1.67) and (4.1.65) in (4.4.7), extracting the even terms from both sides

of the resulting identity, and then using (4.1.63), (4.3.4), (4.3.8), and (4.1.65), we
find the following 2-dissection of Py, 5(8n + 1):

Zﬁ37475(8n +1)q"

_ 9, 200 (0 —d) | e(@)e(=a)f(—g. ~)f (2. 4")
p(—q*)¥*(—q) p(—=a*)¥3(—q)

o(@®)e(=q") fla,q") f(—a, —a") ¢ (q) V(g )o(—=q") f(=q,—a") [ (@, 4°)¢*(q)

©"(—4?) ©(—q?)
(@ e(—ae(—a®) f(—a?, —a') s g\ 3 V(g (—q*)e(—q")
=2 =) (0(g") +2q0(d"))" + 4q o7 (—¢?)
% (F(=¢% —4") — af (=%, —a") (2(g?) + 2q0(¢®))’ . (4.4.8)

Extracting the even terms from both sides of the above and then using (4.1.66), we

obtain

_ 4q@(Q)¢(—q2)90(;glez(q4)f( 4, —q") (362(q?) + dqu(q))
+8qw(q2)¢(—q2)90i0—7?2_);02()q4)f(—q3,—q"’) (362(q?) + 4qu(¢"))
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B 4qw(q2)w(—qQ)SDS(Oqj()f;%qQ)f(—q, —q") (£(@) + 1200%("))
_4qso(Q)s&(—qz)so(;z:fg(f)f(—q, q") (6%(a) + 26%(c?))

+8qw(q2)w(—q2)90((p—7<(12_);l;()q4)f(—q3, —°) (6%(@) + 26%(¢?))

- 4qw(q2)¢(—q2)90;f172()10(§5q2)f( () (32) —204¢) . (4.4.9)

To simplify the above identity further, we now derive an expression for f(—¢?*, —¢°)
in terms of f(—¢q, —q"). To that end, we set a = ¢,b = ¢*,c = d = —¢* in (4.1.68)
and (4.1.69) to arrive at

V(@) e(—¢*) + (=q)e(d®) = 22 (—¢°, —¢°),

V(@)e(—¢*) — v(—a)e(d®) = 2¢f*(—q. —q").
It follows that

(=, =)+ af*(—a,—q") = v (@)e(—q),

(=, =) — af*(—q,—4") = (=) ().

Dividing both sides of each of the above identities by f(—¢®, —¢°)f(—q, —¢"), that
is, by (¢;¢%)oo(¢% ¢®)2,, and then using (1.2.2) and (1.2.3), we obtain

f=¢* =), J(ca—d) _ wlae(=¢") _ #(9)
f=a,=d") " f(=¢*,—¢")  (¢¢*)(d%¢*)s%  ¥(dh)

(4.4.10)

and

f= =) fl=¢,=d)  Y(=9e(@®)  ¢ld)
f(—a,—q") qf(_q37 —¢) - (4 62)oo (65 )2 = w((fl). (4.4.11)

Adding the above two identities, we find that

20(q") f(—=¢*, —¢°) = (¢(q) + &(¢*)) f(—a,—q"). (4.4.12)

Employing (4.4.12) in (4.4.9), we have

Z P3a5(16n + 1)¢"
n=0
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v’(—q
1 4g HOCDVCNED 0] () 4 o) (200) +26°(07)
_4qw(q2)¢(—q2 s&(q:)@(—f)f(—q —q') (362(q) — 26%(?))

With the aid of (4.1.64) and (4.1.66), the above further reduces to

21_93,4,5<16n +1)q"

=g )le) f (g, —q)
0" (—q)

— 8¢ (2¢%(0) + ©*(—q) (¢(q) + ¢(¢?))) . (4.4.13)

Employing the expression of ¢(q) + ¢(¢?) from (4.4.12) in (4.4.13), we have

Zﬁ:& 45(16n + 1)¢"

:_16q (—=a*)e(—q")¥(q")
¥7(=q)

which is (4.1.48).
Proof of (4.1.60). Applying (1.2.1), (1.2.2) and (1.2.3) in (4.1.4), we find that
o w o(=fad) e(=d*)fla.d")f(=¢% —a°)
2 Pard = S T T o PR
¢*)¥(

_ o=@ fa. 4N f (=% —4°)
p(=q*)(* ) (0% %)%

Using (4.3.4), with ¢ replaced by —¢, and (4.1.67) in (4.4.14), we have

)
S

(4.4.14)

= _ n 90(_(18>¢(_q4) 6 10 2 14
§p1,4,7(n)q = B P (F(@®d") +af (@, "))
X (f(=¢°,=4") + af(=¢*, —¢"")) .

Extracting the odd terms and then using (4.3.2) and (4.1.67), we find that

Zﬁm,?(z” +1)q"
n=0

_ o(=d)e(=¢*)
0(—¢*)(4; oo q*)2

(fla.d) (= =) + f(—¢, =) [ (. 4°))
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V(=" (=g )o(—q") f(—¢°, —q"°)
(0% ¢®)2% (g% qY) 2 0(—4¢?)

Extracting the even terms, we find that

V(=) (=*) (=) f(¢*, ) f(=¢°, —q°)
(4 9)%(¢% )% p(—q) '

=2

(f(d® ¢") +af(d* q"). (4.4.15)

D Prasdn+1)g" =2

n=0

(4.4.16)

Employing (1.2.2), (1.2.3), (4.1.63) and (4.3.7) in (4.4.16), we obtain

(V) V(=¢*)e(=¢°) f(—=q°, —¢")
02 (=) (4% ¢*)2, ’

from which, with the aid of (4.1.65) and (4.1.67), we have the following 2-dissection

Zﬁl,u(‘m +1)¢" =2

n=0

of the generating function of p, 4 ;(4n + 1):

o0
251,4,7(4” +1)¢"
n=0

V(=q*)o(=¢°) f(=4°, —¢")

-9
©*(—=a?)(¢% ¢*)3,

(e(q") +2q0(®) (F(°. ") + af (@ q™)) .

(4.4.17)

Extracting the even terms and then using (4.3.7), (4.3.4), and (4.1.63), we find that

—_ n V(=)= [(=¢*, —¢°)
,;plm(gn T =2 ©2(—q) (@ 9)%

—;q) (so(qz)so(—qg)f(—qﬁ, —q')

(&, )e(@®) +2af(q.4")¢(q"))

+2q0 (") (—q") (F(=¢® =" + af (—4*, —¢'")) ) :

Employing (4.1.65) in the above, we arrive at the following 2-dissection of the gen-

erating function of p; 4 ,(8n + 1):

D Prar(8n+1)¢" = 2;07((__?) (¢(g") + 2q(q%))” (w(qz)w(—qg)f (—d®,—¢")

+ 2079 (q) (=) f (=% =) + 2q0 (¢ ) (—¢*) f (=", —qlo))

= 22T () + 20306 () +20D() . (4415)
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where

Alg) = ¢ (%) +1200(*)¥*(¢"),

B(q) = ¢(q") (39*(¢*) + 4qv*(¢")) ,

Clq) = p(Q)e(=a") f(=¢*, =¢°) + 2qv(¢) ¥ (=4*) f (=g, —q"),
D(q) = Y(¢*) (=) f(=a*, —°).

Extracting the odd terms from both sides of (4.4.18), we find that

> Pras(16n+9)g" = 4 (A(9)D(q) + B(9)C(q)) - (4.4.19)

n=0

Now, we simplify B(q)C(q). Subtracting (4.4.11) from (4.4.10), we have

2q0(q") f(—q,—q") = (e(q) — o(¢*)) f(—=¢*, —°). (4.4.20)

Using (4.1.64) in the expression for C'(¢) and then using (4.4.20), we have

B(q)C(q) = (v(q*) (30%(¢%) + 4q¥*(¢")))
x (e(@)e(—=a") f(=a*, =) + 2q¥(q")e(—q*) f(—q. —q"))
= () e(=a") f(=¢*, =) (3% (¢*) + 440 (q")) (20(q) — ©(¢?)) ,

which, by an application of (4.1.64) again, gives

B(q)C(q) = p(¢)0(=®) F(—=¢*, —¢°) (3%(¢*) + 4q¢*(q")) (20(q) — w(q?)) -
(4.4.21)

On the other hand,

Alq)D(q) = V(@) (=) F(=¢*, —a°) (&*(¢*) + 12q0(¢*)0?(¢")) . (4.4.22)

Using (4.4.21) and (4.4.22) in (4.4.19), we find that

22_91,4,7(16” +9)¢" =8

n=0

90(—q2)w(q2)g7(<—_q;)f(—q3, —q°) <¢2(q2) (o(0) — (@)

+ 20(q)”(¢%) + 4qp(q)y*(¢*) + 4q90(q2)¢2(q4)) :
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Employing (4.4.20) in the above, we have

—_ w1t (=44 =) a2y oy J(=a.—=q")
;p1,4,7(16n+9)q =16 (=g (qw(q )e°(q )—f(_q?,,_q%

+ o()*(q%) + 2q0(q)0* (¢*) + qu(qz)wQ(q“)) :

Employing (4.1.66) and (4.4.20) again in the above, we arrive at (4.1.60).
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