Chapter 2

DG Method for the Navier-Stokes

Equations

This chapter studies a DG finite element method for solving the transient and in-
compressible NSEs. We derive here optimal semi-discrete velocity and pressure error
estimates in L>®(L?) and L>(L?)-norms, respectively. Standard approximation results
being insufficient, we establish new results for L?-projection and modified Stokes op-
erator, all within the context of suitable broken Sobolev spaces, and along with the
standard duality arguments, we achieve our desired results. For sufficiently small data,
uniform in time estimates are proved. Based on the backward Euler method, time dis-
cretization is carried out and fully discrete error estimates are derived. Finally, we
conclude the chapter by conducting numerical experiments to verify our theoretical

findings. This work has been published in [18].

2.1 Introduction

At the very outset, we recall the following momentum and continuity equations rep-

resenting the fluid flow of incompressible NSEs

g—?—yAu+u-Vu+Vp—f in €, (2.1)

V-u=0 in €, (2.2)
along with the initial condition

u = uyg fort=0, (2.3)
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and the boundary condition for 0 <t < T
u = 0 on Q. (2.4)

The usual normalization condition on the pressure is imposed, that is, / p=0.

Furthermore, we recall DG variational formulation on the discontinuous SQpaceS X and
M, as well as on the discrete discontinuous spaces X;, and M, (or in V) of (2.1)-(2.4).
For the spaces X and M, the weak formulation for (2.1)-(2.4) is as follows : Find the

pair (u(t),p(t)) € X x M, t > 0 such that

(w,(t),v) + va(u(t), v) + O (u(t), ut), v) + b(v, p(t)) = (£t), v) VveX, (2.5)
b(u(t),q) =0 Vq € M, (2.6)
(u(0), v) = (ug, v) Vve X. (2.7)

Again, the semi-discrete DG formulation for (2.1)-(2.4) on X, and M, is: To find
(up(t), pu(t)) € Xp x My, t > 0 such that

(uht<t>’ d)h) +v a(uh<t>’ d)h) + CUh(t)(uh<t)7 uh(t)u ¢h) + b<¢h7ph(t)) = (f(t)v ¢h)7
(2.8)

b<uh(t)vqh) =0, and (llh(()), ¢h) = (u07¢h)a (29)

for (¢hth) € (thMh)'
And an equivalent DG formulation corresponding to the scheme (2.8)—(2.9) on the
space V), is the following: Seek uy(t) € Vy,, t > 0, such that

(une(t), 1) +v alun(t), @) + O (un(t), un(t), @p) = (£(t), d1), V by, € Vi (2.10)

Our attempt to study a DG method for the unsteady NSEs in fact has been pre-
ceded on numerous occasions, as has been discussed in the Introduction chapter. Rig-
orous analysis of DG methods for Stokes and NSEs can be attributed to Girault et al.,
see [71, 72, 98, 147]. In [71, 147], a DG method has been formulated with nonoverlap-
ping domain decomposition, with non-matching meshes at the interfaces in the latter
work, for the steady state incompressible Stokes and NSEs. The extension to time-
dependent NSEs can be found in [98], where an error analysis of a subgrid-scale linear
eddy viscosity model combined with DG approximations has been worked out. And

in [72], an operator-splitting scheme is used to decouple the pressure and convection
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terms, and DG method is applied for space discretization for the time-dependent in-
compressible NSEs. In all these work, error analysis involves working out energy norm
estimates only for the velocity, although numerically, optimal L?-error estimates have
been presented.

In a recent work [92], several DG methods have been analyzed to solve a varia-
tional inequality from the stationary NSEs with a nonlinear slip boundary condition
of friction type. Well-posedness of the discrete solutions has been shown, and energy
error estimates have been derived. For several other works of similar nature, we refer
to [38, 41, 116, 140, 153] and references therein. Numerical results for the discrete ve-
locity in the majority of these works indicate optimal L? convergence rates. However,
no analytical work can be found showcasing L?-error estimates.

This chapter carries out a prior: error analysis for a DG method applied to the
unsteady incompressible NSEs. The main results presented in this chapter are the
derivation of optimal L°°(L?)-norm error estimate for velocity and L*(L?)-norm error
estimate for pressure. We would like to emphasize here that to the best of the authors
knowledge, the optimal L>(L?) error analysis of the discrete velocity for the unsteady
incompressible NSEs is not available in the DG literature, although numerically it is
present. Therefore, this work can be considered as a first attempt in that direction.

We would also like to point out that we treat here the SIPG case in details, keeping
the other two cases in remarks. In the case of the NIPG or IIPG method, it has been
shown numerically that the L?norm velocity error convergence rate will be optimal
only for an odd degree of polynomial approximation; for even degree, the result is sub-
optimal, see [72, 146, 147]. However, for SIPG, the error estimate will not depend on
the polynomial degree but only on the penalty parameter o, (see Section 1.4), which
must be sufficiently large [146]. We, therefore, have analysed the SIPG method only,
putting remarks wherever appropriate for the NIPG and ITPG methods, which lead to
sub-optimal estimates as expected.

In the DG literature, the error analysis revolves around the operator II, (see
Lemma 1.9), which is used to obtain optimal error estimates of the velocity in the
energy norm and the pressure in L?-norm. Using the duality argument, the optimal
error estimate for the velocity of the steady NSEs can be obtained (see [71]). However

this procedure fails in the case of unsteady NSEs, and we feel this is due to the lack of
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appropriate approximation operators and projection in the DG finite element set-up.
We have made an attempt here to fill this gap by defining an L2-projection P}, onto
a suitable DG finite element space using the approximation operator II, and then
by proving the requisite approximation properties. Next, we have introduced an ap-
proximation operator Sj, a modified Stokes projection (modified compared to [86, eq.
(4.52)] and see Section 2.2 for more details), again in the DG set-up. We have derived
optimal approximation estimates with the help of the projection Pj. The derivation
of these estimates is technical due to the involvement of the broken Sobolev spaces.
Armed with these approximation operators, we have achieved here, for ¢ > 0 optimal
L?-norm error estimates for the velocity and the pressure. We would like to mention
here that, this work extends the results of [86] to DG methods.

Finally, we do fully discrete analysis based on backward Euler method. Our analysis

uses energy arguments and is based on the works of [69, 87].

Below, we summarize our main contributions obtained in this chapter:

e A modified version of the Stokes operator S, on a DG finite element space is

introduced, and its approximation properties are explored.

e Optimal L>®(L?) and L>(L?)-norms error bounds for semi-discrete DG approx-

imations to the velocity and pressure, respectively, are established.

e With the assumption that given data is small, uniform in time optimal error

estimate for velocity is established.

e L? error estimates for fully discrete DG approximations to the velocity and pres-
sure are derived when a backward Euler method for the time discretization is

applied.

The outline of this chapter is as follows. Section 2.2 contains new approximation
operators, for broken Sobolev spaces, and their estimates, apart from the standard
projections. In Section 2.3, some auxiliary estimates are presented. Section 2.4 is
devoted to the optimal L*(L?)-norm error estimates of the velocity term, based on
these new approximation properties. Uniform in time ¢ > 0 error estimates are es-
tablished under smallness conditions on the data. And in Section 2.5, optimal error

estimates for the pressure are derived. In Section 2.6, a fully discrete scheme based
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on the backward Euler method is formulated, and error estimates for the velocity and
pressure are derived. Further, the numerical experiments are presented to support the
theoretical results, and the outcome is analyzed in Section 2.7. Finally, Section 2.8
concludes this chapter by briefly summarizing the results.

Throughout this chapter, we will use C, K(> 0) as generic constants that depend on
the given data, v, a, K, Ky, C5 but do not depend on h and At. Note that, K and
C may grow algebraically with v~!. Further, the notations K (t) and Kr will be used

when they grow exponentially in time.

2.2 Approximation Operators

This section starts out by presenting a few approximation operations that will come
in use later on in the analysis. As mentioned in the introduction, we feel the need
for appropriate approximation operators on the broken Sobolev spaces, which would
allow us to obtain an optimal L>(L?)-norm error estimate for the discrete velocity,
which are missing from the DG literature. Since we carry out our analysis for weakly
divergence-free spaces, below, we derive new approximation properties for the space

J.NnHTHQ).

Lemma 2.1. There exists an approximation operator iy : Ji N H+1(Q) — V},, such

that, the following approximation property holds true
I — indll + hllp —ingpll- < CH ™ @plrya, V€ Jy N HT(Q).
Proof. Lemma 1.9 implies there is an approximation operator ITj : H[l)(Q) — Xy
satisfying
b(p — Lo, qn) =0, V ¢ € HYQ), g € M.

Restricting IT; to J; NH"(Q), we observe that b(IT,¢, g,) = 0, meaning IT,¢ € V.
We define this restriction as 4j, : J; NH" () — V},. From (1.28) and (1.29), we have
| — ind|| + hllp — ind|l- = ||¢ — Iy || + k|| — Tl < Ch™H s
This concludes the proof. O
We now introduce an L2- projection P;, : L*(Q) — V, which satisfies for each ¢ €

L*(Q)

(¢ —Prop,vp,) =0, Vip, € Vy. (2.11)



34

The following lemma is a consequence of Lemma 2.1.

Lemma 2.2. There exists a positive constant C', independent of h, such that P

satisfies the following approximation properties
| — Ppo| + bl — Pyo|. < CH*Hplryr, Ve Jin HT(Q).

Proof. Choose 1), = ip¢ — Pp¢p in (2.11) to find

(ing — Pro,ing — Pro) = (inep — ¢,ind — Pr@).

Apply the Cauchy-Schwarz and Young’s inequalities to obtain

ling —Prop|| < [P —ingpl|-

Therefore, for ¢ € J; NH (), from Lemma 2.1 and triangle inequality, we have

¢ —Pro| < |l¢p —ind| + |lind — Propl| < Ch"™ ||y (2.12)

Again, a use of triangle inequality, trace inequality (1.35), inverse inequality (1.38),

(2.12) and Lemma 2.1 leads to

|l — Propll: <||¢p —ind|c+ |lined — Pro|-
<||p —ind||- + Ch7'||inep — Pro||
<||¢p — ind|l- + Ch (|| — in@| + [|p — Prop||) < CH'| |11, (2.13)

A combination of (2.12) and (2.13) completes the proof of this lemma. O

Before introducing our next projection, we take a pause here and look at the errors
involving a(-,-) and b(-, -), for the L:-projection P}, and for r;, (see Section 1.4), respec-
tively. This will be useful in the estimate of the next projection. The proofs of these
error estimates are contained in [98, Theorem 4.1]. However the estimate involving
a(-,-) has been done for an projection onto X;. Although ours is a projection onto
V., the proofs will remain the same, and in fact, our results are valid both for X, and

V. We are reproducing the proofs below for the sake of completeness.

Lemma 2.3. There exists a positive constant C, independent of h, such that for all

ue€ H(Q)N Hy(Q), we have

la(u — Pru,vy)| < Ch™|ulrg||valle,  Vvi € Xp. (2.14)
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Proof. We expand the term a(u — Pju, vy,) as follows:

a(u—Ppu,vy) = Z /EV(u —Ppu): Vv, — Z {V(u—-Puu)ln, - [v;]

Ecéy ecl’y, €
Oe
+ € Z {Vvyin, - [u—Pru] + Z Tel /[u —Puu] - [vy]
ecl'y, € ecl’y, € e
=51 + Sy + S3+ Sy (2.15)
Using the Cauchy-Schwarz inequality, the definition of || - [|.--norm, and Lemma 2.2,
we obtain
111 < > IV = Prw) | 2 [|VVall 20y < OB [alga [[vall- (2.16)
Eeé&y,

To bound Sy, we will follow similar steps as in [71, Theorem 5.1]. If e is an edge
that belongs to element E, then by using the Cauchy-Schwarz inequality and trace
inequality (1.24), we have

{V(u—Puu)in, - [vs]
/

1/2
Ue/

Due to lack of a direct estimate of [|[V?(u — Pjpu)| 12(g), the standard Lagrange inter-
polant L, of degree r is used as an intermediary, and by using triangle inequality and

inverse inequality (1.38), we obtain
IV2(a = Pyu)| r2e) < V(w0 = L(u))l|20m) + [VA(La(w) — Pru)l| 2
< [V*(u = Lu(u))llz2() + Ch' [V (Ln(u) — Pru) | 2.
Again, a use of triangle inequality yields
IV (= Pru)| 2y < IV (0 = Lu(w)) | 22()

+ Chz' ([[V(u = Ly(u)| 22y + V(0 = Ppu) || 2(m)). (2.18)
Applying (2.18) in (2.17) and using the Cauchy-Schwarz inequality, the bound for |Ss|
becomes

52 € 3 (I = Po)age + B3IV = Za(w)

Eeg&y,

1/2 o 1/2
IV @) ) (5 Elllt)

ecl'y,
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Note that, for any ¢ € X and from the definition of || - ||c-norm, we have

1/2
(Z %||[¢]||%2(e)) <ol (2.19)
ecly,

Now (2.19), Lemma 2.2, the standard approximation properties of Lj; and the definition

of || - ||--norm yield
|S2| < Ol pa[[vale- (2.20)

Furthermore, using trace inequality (1.36), (2.19), the definition of || - ||.-norm, Lemma

2.2 and the Cauchy-Schwarz inequality, we find

B 1/2 - 1/2
s <0( X iewnditg ) (3 i - Pl
eEFh e eEFh
<Ol — Pyl < Ol v - 221

Using the Cauchy-Schwarz inequality and (2.19), Sy is bounded by virtue of Lemma
2.2 as follows:

1/2 1/2
O¢ Oe
154 < (Z "l Phumm) (Z @H[vhw;(e))

ecl'y, ecl'y

< Ch'[al [ valle. (2.22)

Collecting the bounds (2.16), (2.20), (2.21) and (2.22) in (2.15), we complete the rest
of the proof. O

Lemma 2.4. There is a positive constant C, independent of the mesh parameter h,

such that for all p € H™(S2), we have
b(vh, p — ra(p))l < CHpl[[Valle,  Vva € X
Proof. Since V - vy, € P,_1(F), owing to (1.30), the term b(vy,, p — r,(p)) is reduced as

b(vp— 1) = 3 / {p - (@)} vi] .

We now use the Cauchy-Schwarz inequality, trace inequality (1.23) and the approxi-

mation result (1.31) to arrive at

1/2
b(vi,p = ra(p))| < C( > (lp=rplizm + hel V(0 - rhp)llizw)))

Ec&y,
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o 1/2
x(zhﬁwmag

ecl’y,

<Ch"|ple[|valle.

This completes the rest of the proof. O]

We are now in a position to define the approximation operator, which we call as
modified Stokes operator, Sy, with S,u € V,, for the weak solution u of the problem
(2.1)-(2.4), satisfying,

va(u—Spu, ¢),) = —b(¢,, p), Ve, € V. (2.23)

Below in Lemma 2.5, which is a DG extension of Lemma 4.7 in [86], we derive some

approximation properties of the operator S;,.

Lemma 2.5. The term u— Spu satisfies the following estimates for the SIPG case:

lu— Syl + 12w — Syull> < CH 2 (Juf2,, + |pl?) | (2.24)

[(w = Spw)ell” + 7| (w = Spu)ll2 < CR*2 (Jwefiy + Ipil7) | (2.25)
where C' is a positive constant independent of h.
Proof. Since
lu—Suullc <[lu—Puul.+|Pru—S,ul., (2.26)
it is sufficient to estimate Pp,u — Spu. In order to do that we choose
¢, = Pp(u—S,u) =u—S,u— (u—-Pyu)
in (2.23) to observe that

va(Ppu— Spu,Ppu—Syu) = —va(u—Pru, Pypu— S,u)

+ b(Pru — Spu, rp(p) — p). (2.27)
From Lemma 2.3 and Young’s inequality, we arrive at

vla(u — Pru,Ppu — Spu)| < Cvh”|ul,41||Pyu — Spul.
K
< T1V||Phu —Syul? + Ch¥ |ul?,,. (2.28)
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We now apply Lemma 2.4 and Young’s inequality to find

b(Pru — Spu, p — ri(p))| <CH"|p|,[|Pru — Spul.

K
<= [P = Spuf2 + Ch¥ |2 (2.29)

By incorporating Lemma 1.6, (2.28) and (2.29) in (2.27), we obtain
vEL[Pyu = Syull2 < Ch* (Jufyy + [pl7) - (2.30)
From (2.26) and Lemma 2.2, we now complete the energy norm estimate of u — Syu:
Ju — Syl < Ch¥ (jul2,, + pf). 231)

For L?norm estimate, we employ the Aubin-Nitsche duality argument. For fixed h,

let {w, ¢} be the pair of unique solution of the steady Stokes problem stated as
—vAw+Vg=u—Syu in, V-w=0 inQ, wispg=0. (2.32)
satisfying the following regularity [86]:
w2 + llalls < Cllu — Syl (2.33)

Form L? inner product between (2.32) and u — Syu, and using the regularity of w and

q, we obtain

Ju—Sul? = 3 /EvW Y-S —r Y /aE(anE) (1 —Spu)

E€&, E€é),
— Z/qV-(u—Shu)—i- Z/ quE'(U—ShU—)
peg, E Eeg, Y OF
=v Z / V(u—Spu): Vw — v Z {Vw}n, - [u— S,u]
Eecg, £ ecly, ¥ ¢
+b(u—Spu,q).

We then use (2.23) with P,w in place of ¢, and noting that [w] - n. = 0 on each
interior edge to obtain

lu—Spu|>=v > [ V(u—-S8,u): V(w—P,w)

Eet&y, E

+ ve Z /{V(W —P,w)in, - [u— Spu]

ecl'y, €
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v(l+¢€) /{Vw}ne u — Syu]

+v Z /{V u—Spu)in, - [P,w — w]|
—i—I/Z u—Shu]-[W—PhW]
+b(u—Spu,q) — b(Pyw —w,p — r(p)). (2.34)

Consider the SIPG form of a(-,-) i.e. ¢ = —1. Then the third term on the right hand
side of (2.34) will vanish. Similar to the proof of Lemma 2.3, we bound the following
terms and then use Lemma 2.2, (2.31) and (2.33) to find that

Z/Vu—Shu V(w—P,w) —VZ/{VW P,w)}n, - [u— Spu]

Ee€&), ecl'y,
+VZ/{Vu—Shu)}ne~[PhW W—i—VZH/u—Shu w — P,w]
ecl'y, ecl'y,

< ChIIWII lu = Spull + CH™ ulrpa Wl

—Hu — Spu)® + C’h2r+2(\u\ 1+ pls ) (2.35)

And for the sixth term on the right-hand side of (2.34), by using the definition of Vj,

we have

b(u — Spu, q) =b(u — Spu — Pru+ Syu, q) + b(Pru — Syu, q)

=b(u — Ppu,q) + b(Pru— Spu, ¢ — r1(q))

=3 [P+ Y [(ahinPraln,

Eecé&y, eel’y,

+ b(Ppu — Spu, g — m4(q)). (2.36)

In addition, applying Green’s theorem to the first term on the right hand side of (2.36)

and regularity of ¢ implies
b(u—Suu,q) = / Vg (u—Puu)+b(Pru—Spu,qg—ru(q)).
EEE)

From the Cauchy-Schwarz inequality, Young’s inequality, Lemmas 2.2 and 1.5, (1.31),
(2.33) and (2.30), we find

b(u— Spu, )] < 'Chrﬂ alt [l —

> [ V- P Siw) (g - (@)

Eeé&y,
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+ > [{g—ru(@)}[Pru—Spu] - n,

BEF}L €

SChr+1|u]r+1Hu — Spu|| + Chlg|1||Pru — Spul|c

1
< lla = Spul? + CR"2 (juf2,, + [pl2) (237)
Similarly, using the Cauchy-Schwarz inequality and Young’s inequality, we arrive at
1
bPrw —w,p—ra(p))] < CH™|pl,|[W> < clla—Spul* + CH*pf - (2:38)

In view of (2.35), (2.37) and (2.38) in (2.34), we complete the estimate (2.24).

Repeating the above set of arguments we arrive at the estimates (2.25) involving
(u — Spu);. The only differences are instead of the equation (2.23), we use the one
obtained from differentiating in time, use ¢, = P;(u — Spu); in it and finally for the
dual problem, we take the right hand side as (u — Spu);. This completes the proof of
Lemma 2.5. [l

Remark 2.1. In the case of NIPG formulation i.e. € = 1, the third term on the
right hand side of (2.34) is nonzero. And here we will lose a power of h. Using the

Cauchy-Schwarz inequality, Young’s inequality, trace inequality (1.24), and estimates

(2.81) and (2.33), we can show that

1/2
sc(nwnz s hénv%nm)

Ecéy

1/2
O
x (Z Tlu- shu]||iQ<e))

GEFh

> [(vupnlu- S

ecl’y, €

1 T
< Cllwlsllu— Spull- <z llw— Spull® + CP7 (Juf2y + [pl7).-
Thus, for the NIPG case the estimates (2.24) and (2.25) become
lw = Shu()||” + lu— Spu(t) |2 <Ch* (ul7, + [pI7)
1w — Spwe (O + [[(w— Shw)e()II2 <CR™ (Jwly + [pil7) -

Same can be said for the IIPG case i.e. € =0, as well.

2.3 Some Useful Estimates

In this section, we first present a Sobolev inequality for the functions of X,. Then,
we concentrate on some estimates of the trilinear form ¢(-,-,-) and the upwind term

I(+,-,). Finally, we establish regularity results of semi-discrete velocity approximation.
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To handle the nonlinear term, we need the L*-norm estimate for the elements of Xj,
which we prove below. However, later on, a short and nice proof for » > 1 has appeared

in a recent paper [101, Lemma 2.3].

Lemma 2.6. When Q C R? is convex, there exists a positive constant C' that does not

depend on h, such that
IVallzay < ClvallZIvalll?, i € X

Proof. When r = 1 and  is convex, from [72, Theorem 3.8] and for each v;, € X, ,

we have the following estimate:

1/4
o,
IWallze < ClIval2Ivall? + OW( 3 —r\[vh1r\i2<e)) Ivall?

ecl'y, ’€|
o 1/2
+ Chl/z( > ﬁ\y[vh]\@(e)) : (2.39)
eel'y
Consider two elements FE; and Fy which share a common edge e. Therefore, using

trace inequality (1.35), we obtain
||[Vh]||%2(e) < ChZ?}HVhH%%El) + ChEQIHVhH%?(EQ)-

An application of the above inequality in the second term of the right-hand side of

(2.39) leads to

1/4 1/4
Oe
W(Z H||[vh1||i2(e)) < c( 3 thHiz(E)) < Cllval

ecl'y, Ee&y

In a similar manner, one can derive the following by applying the definition of || - ||.-
norm as follows:

1/2 1/4 1/4
O¢ Oe Oe
W( 3 gu[vh]uiz(e)) < W( 3 @||[vh1||i2<e)) (Z Hn[vh]ni%))

ecly, ecl’y, ecl'y,

< Cllvalllvall2.

Therefore, for r = 1, the desired estimate of this lemma follows by substituting the
above estimates in (2.39).

For r > 1, the derivation of the L*-estimate closely follow a combined technique
proposed in [70, Section 4.1] and [72, Section 3|. Recall that, I; is the Lagrange

interpolation operator of degree one defined in every E € &, by I;,(vy)|r € P1(F) and
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In(vi)(a;) = vi(a;), where a;, i = 1,2,3, are the vertices of E. Let us denote the

space of Crouzeix-Raviart elements of degree one by

We now transform v;, into an element of CR" by interpolating v;, with I, and then
convert I;(vy,) into a function of CR" with the following transformation

CR(vi) = In(va) = ) %( / [Ih(vh)]))\e, (2.40)

e€l, e

where, given any e € I';, A\, is the piecewise linear basis function defined as follows. Let
the midpoint of e be denoted by b,, and let £ € &, be an element with an edge e and
n, is the outward normal to E. Thus \.(b.) = 1, Ae(b,) = 0 if €' # e, A|p € Py (E)
and |y = OVE # E. Let E denote the reference element and given an element
E € &, there exists an invertible affine map FF : E — E. Let us denote, v, = v o Fg

and the gradient of vj, on E by Vv,. Now,

Jierean = [t -4 ( finean) [ =o

which implies CR(v},) belongs to CR".
(a): First of all, we show that

Vi = CRa)lle < Cllvalle- (2.41)

From (2.40), we have

= ORI = sl + (i@l Ind @

ecl’y,

Following the proof of [70, Lemma 4.1] and applying (1.13), we can deduce

IV (v = In(vi) 25y SClIV VAl L2(E), (2.43)
1
Hl![vh — Li(vi)lll72) SCIVVRT2m): (2.44)
Combining (2.43)-(2.44) and using the definition of || - |[.-norm, we arrive at
1/2
= Bl < € 3 9l ) < Clale (2.45)
Ee&y

Also, a use of (1.13) and the Cauchy-Schwarz inequality yields

1 El 2
>k 190l <C p‘E 3

ecOFE ecOF

[Ih(Vh)] IRV 2@ IV Al 25

|\1/2
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<C Z | |1/2|| I, Vh)]||L2

ecOFE

Thus, using triangle inequality and (2.44) in the above estimate, we arrive at

W“h

IV Xellz2my) <C Y P’ |1/2|| [(vi) — villl 2o

eEBE ecOF
+C Z le ‘1/2 Ivalllz2e)
ecOF
<OVl +C D P’ |1/2|\ Villlzz-  (2.46)

ecOkE
For each e € 'y, let I, be the set of edges € € I'y,, so that [Ag]|e is non-zero. Thus, a
use of the Cauchy-Schwarz inequality yields

3 1( / [zhm)])u[ iz <l 3 i vllizol Bl

ecl'y, ’ | ecle

<| |1/2 Z ’ |1/2|| Ih(vh)]HL?(e (247)

ecle
Following (2.46)-(2.47) and using the definition of || - ||.-norm, one can show that

> ([t} < il (2.48)

ecl'y,

Combining (2.45) and (2.48) in (2.42), we arrive at (2.41).

(b): Secondly, we derive
Vi, — CR(Vi) | r ) < CR*"||lvallz, 7 € [2,00). (2.49)
For any element £ € &, and r € [2,00), we can write
1
Vi = CRVW ey < Ve — (Vi) lrmy + Y el Ln(vi)] [ Aellzr ()
ecOFE €

Now, switching to the reference element £ and using (1.13), we find

IV = CRVM) | ory < CLE[Y 190 = In(¥) [l 1o

wotere L (i) i

ecOFE

A : 1
<CIEM ¥ pagsy + LB S |_|(/ “’*””)

ecOFE

< CIE|""||VVill2m) + CIEV" Y

1
i 1120 (vi)lll 2(e)-
e€OFE
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After summing over all elements F € &, applying equivalence of norms on R", n > 1

and similar to the estimation technique (2.46), we find

1/2 1/2
T T Oc
IV = CR(vA) || rey < ChY ( > ||VVh||%2(E)) +Cn¥ ( > :EH[VMH%Q(@)

Ee&y, ecl'y

SChQ/THVhHE.

This completes the derivation of (2.49).

We now consider a function v(h) € Hj(€2) which satisfies

/QVV(h) :Vw = Z /EVCR(Vh) :Vw, VYw e Hj(Q). (2.50)

Ee&;,

An application of (2.50), triangle inequality and (2.41) yields

1/2
1ovn)] < ( 3 ||ch<vh>||iz(E)) < Ofvall. (251)

Ee&y,

Next, following [72, Lemma 3.4] and using (2.49), for r > 4, one can derive

v — v(h) | tr ) < CRY" ||l (2.52)
Furthermore, when € is convex, using [72, Remark 3.6] and (2.49) for r = 2, we have

Vi = v(R)[| < Ch[valle. (2.53)
Now, we are in a position to achieve our desired estimate. Using the fact that
V(W) sy < ClIv(Y2 Vv (R
and triangle inequality, we find
IVillzso) < lva = v(B)laq + Cliv () V2]V v (R)|[V2.
Again, we use triangle inequality, (2.51), (2.52) and (2.53) to obtain
IVallzae) < CRY2IIVAl. + € (BY2IVall22 + val72) rvn 22

Finally, an application of trace inequality (1.35) and inverse inequality (1.38) leads us

to the desired estimate. O

Armed with the above estimate, we now present a few estimates of trilinear form

¢(+,+,-) and upwind term (-, -, -) that would be useful in our later part.
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Lemma 2.7. There exists a positive constant C, which is independent of h, such that

the following estimates hold true:

[P, w, va)| < Clwlllulyaolvill: we WHQ), wi € Vi, ¢y vi € X,

(2.54)

(W, @, V)| < Cllwnllcll@pllllvell-,  we X, wh, ¢y, vi € X, (2.55)

1O, w, ¢,)| < CVIL|wllllpnll., ©.v.we X, ¢, € X (2.56)

| (wn, @, wn)| < Cllwn[|V?||wn |22 @]l we X, wn, ¢y, € X, (2.57)
[c™(u, w, @,)| < Clluf2([|w]l + hflwl)[| e,

u € Hy(Q) N H*(Q),
[e¥(w, w, @,)| < Cllull2(l|wl] + hjwlle) |4l
uc Hy(Q) N HY(Q), we X, vy, ¢, € X, (2.59)

we X, ¢, € Xy, (2.58)

190 (v, w, @) — 17 (v, w, B)]

< Cl®n = Vil llwlell@nllie, we X, On v, @), € Xp, (2.60)
190 (v, w, @) — I (v, w, ¢,)]

< OOy = v|||w|||PpllLr),  On, @y € Xp, v,w e X. (2.61)

Proof. The first two estimates (2.54) and (2.55) are proved in [72, Proposition 4.1].

For the third estimate, we use Holder’s inequality to find

c® v, w.8,)l (2.62)
Z/ v.Vw)- ¢h+2/ (V) - g (i — W) i
Ecé), Ec€),
+z Z/va th——Z/ ‘n{w- ¢}
EES ecl'y,
< IVl VW@l pnllzae + D IV - nellzs@o W]l 22 | @l zae
EGgh ecl'y,
+ 3 Z IV L2y Wl Lage) | Ppll e ) + 5 ZH e 2() [{W - @1}l 22(e)
Eegh eEFh

To bound the edge terms, we consider the elements E; and F5 sharing e. Thus, using

trace inequalities (1.25) and (1.37), we obtain

2
3 v-nds

W 2ol @Dnl 25 | 2a(e)

l\DIH

{v} - el oo Wl 20 [|@nll o) <
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2

1/2
<C > (IVllzae) + hi

1,j=1

VY 2z lel ™21 Wl )| @ull oy (2:63)
In a similar fashion, one can derive the following bound

IV nell 2o [{w - @Iz

2
_ 1/2
< el 1z (Wl e,y +

ij=1

Vwllzamy) I nllzae,)-  (2.64)

Applying (2.63)-(2.64) in (2.62), using Holder’s inequality and (1.14), we arrive at the
estimate (2.56).

For the estimate (2.57), expand the term ¢¥(wy, ¢, wy,) as follows:

wndnw) = Y [ Vo) w5 [ 1w mel(@ - 657w

Ee&;, Ee&y

+ % Z /E(V W)y, Wi, — % Z (W] -ne{dy, - wi}

Eegy, ecl'y, €

=A1+ A+ A5+ Ay
Using Holder’s inequality, estimate (1.14) and Lemma 2.6, we can bound A; as follows:

Ar] < Wl IVl 2 [ Wall sy < Clwall 2 wall2? |yl
Eeé&,
An application of Holder’s inequality yield
Aol <Y W} el s @]l 2o 1Wal 2o -

eth

Let E; and E5 be the elements adjacent to e. Therefore, using (1.37), we arrive at

2
1
Hwa} - nellzaolll@nlll 2o Wallzae) <5 D lwn el gzl [@alll 2o Wl g o)

E;
ij=1
2
<CY Wl s lel ™2 lalll 2@l wWall L,
Q=1

Again, use Holder’s inequality, (1.14) and Lemma 2.6 to find

1/2
Oe
| Aa| < [|Whl[ 140 ( > —H[fﬁh]H%z(e)) IWallza@) < Cllwallpa@ | @nllelwhl @)

ecl'y, |e|

< Cllwall" il -
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Using Holder’s inequality, (1.14) and Lemma 2.6, A3 can be bounded as

43] <C ) IVWallz oy @il s [Wallasy < Cliwall 2 |[wall2 (@]l

Ee&y,

Similar to A, and A3, we can bound A, as follows
Al < CllwallZ [ wal[22]| -

Combining the bounds A;, A, Az, Ay, we arrive at the estimate (2.57).

For deriving the estimate (2.58), we follow (1.18) and rewrite ¢"(u, w, ¢,,) as

follows
M(u,w,¢),) = Z/uV(bh w——Z/Vqubh
Ee&, Ee&,

+ — Z / He{W ¢h} — Z / ’u . nElwext . ( Znt . th)
661" Ee&y,

[ fanwe g,
Ly

== A5 + A6 + A7 + Ag + Ag (265)

Since u belongs to Hj(§2) and hence u is continuous, it is clear that A; = Ag = 0. For

As and Ag, we use Holder’s inequality, Lemma 1.3, the estimate (1.14) and obtain

1/2
45|+ | 4] < cuuum( 3 Hv¢h|r%2<E)) Iwll + €1 Va | w Il & o

Ecé&y

< Cllallaff wlll @, lle- (2.66)

An application of trace inequality (1.23), Lemma 1.3 and Holder’s inequality leads to
the following bound of Ag:

4] < Cllullz=a) D IWllzelel*?lln]ll 20

ecl'y,
1/2 o 1/2
scuuuz(yuwumm 1w Zs >) (Z‘—Ju[mmi%e))
Eeg&y, eely,
< Cllulla(wl] + W] by - (2.67)

Combining the bounds (2.66) and (2.67) in (2.65), we establish (2.58).
Furthermore, for the derivation of (2.59), we use (V- w)u; = V - (wu;) — w - Vu;

and from Green’s formula, one can find

[ wne = [ Vowow g [ wva)-g,
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__/E(W.v¢h)-u+/8E(wi”t-nE)umt~ Z"t—/E(W'Vu)'th-

The above allows us to arrive at the following reformulation:

) =5 3 [ (wvw- m——Z/wvm

EeE Ee&y
_ Z / ‘{W} nE‘ int ext mt . Z / ne{u ¢h}
Ee&y 6€Fh
1 A . .
+ = Z / (Wmt . nE)uznt . ¢znt
Eecéy OF
=Aj+ A+ Ap + Az + Ay (2.68)

Since u is continuous, we have, A;5 = 0. The terms Ay and A;; are bounded using
Hoélder’s inequality, (1.14) and Lemma 1.3 as follows:
[Asol < ClwlllIVullza@llenlliie) < Cllull2lwlll@nlle, (2.69)
[Aul < Cllwllll@nllellullze@ < Cllullaf[wllfl ]l (2.70)
Next, switch the sum of Ay, from elements to the edges. Then we consider this sum’s

contribution to any interior edge e. Let E,. and E; be the two elements adjacent to e,

with exterior normal n, and ng, respectively. This implies

/e(W|E,. ‘n,)ulg, - @, /e(W g, - éyle, = /e[(W I)U - By

Thus, by using the fact [a-b] = {a} - [b] + [a] - {b}, a,b € R? the trace inequality

(1.23), Lemma 1.3 and Holder’s inequality, we obtain

As + Aug = Z /{W} n[u- ¢,

66Fh

< Clluflzo ng bl llzagey el W]l 2o

ecl'y,

1/2
scnunzuqshue(z (]2, + B3IV 2a0 ))

Ee&y

< Cllulls(wll + AWl Iy .- (2.71)

Substitute the bounds (2.69)-(2.71) in (2.68) to arrive at estimate (2.59).
The proof of estimate (2.60) closely follows the analysis of [70, Proposition 4.10].
For any 6, € X, and let e € T';, \ 992 be an edge adjacent to the elements E; and E,

with n, = ng,. The contribution of e to the term leh(vh, w, ¢,,) reduces to

/ ({(va} - no)w] - 2", (2.72)

e
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where ¢2]. = ¢, 15, if {8} -n. < 0, @P*|. = &, |s, if {61} 0. > 0, and ¢?"|. = 0
if {6,} -n. = 0. In a similar way, if e € Q2 N E, then we have n, = ngq. Then, the

contribution corresponding to e is

/ (va - now - ¢0

e

where ¢,?h|e = ¢,|pif 0,-n. < 0and cﬁheh|e = 0 otherwise. Set B = l@h(vh, w, ¢p,) —

Yr(vy, w, ¢;,). Then, following the above notation, B can be rewritten as

B= Y [ttn) mowl- 02 - o).

ecly,

The domain of integration can be partitioned as follows: I', = G; U Gy U G3, where

Gi={e: {®y} -n.#0and {v,} -n.#0 a.con e},

Go={e: {O®y} -n.=0and {v,} -n.#0 aeon e},

Gz =T\ (G1UG).
First we consider G;. For e € G;, we decompose e into e; and e,. e is the part where
{®.} - n. and {v,} - n. have the same sign and e, part is for the opposite signs of

{®,}-n. and {v,} -n.. On ey, we then have ¢," " —¢,;" = 0. On e, th - =[],

up to the sign. Using the fact of opposite signs, we can write
{va} - ne| < [{On —va}-nl.
Applying Hélder’s inequality and trace inequality (1.37), we can deduce

Z/{Vh} n)[wl- (¢ " = &) < Y IO = Vil Il 2o l[@nlll e

e€Gy e€Gy
2
<03 N 00 = vallzaw) o el 2wl 2o | @l o,
ec 1,5=1
< C1On = vl Wllel|@nll 2@)- (2.73)

Next, we consider Go. From the definition of Go, we have [{v,} -n.| < |{©®, — v} -n.|.

Therefore, in a similar fashion as above, we can show that

Z/{Vh} n.)[w] - @,"| < OO, — vallpio)l|Wllll@nll 21@)- (2.74)

e€Go
There is zero contribution of G to B. The combination of the bounds (2.73)-(2.74)

completes the proof of (2.60).
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The derivation of estimate (2.61) is almost similar to the derivation of (2.60). In

this case, the domain of integration is partitioned as: I'y, = P; U Py U P3, where
Pr={e: {Oy} -n.#0and {v} -n.#0a.cone},
Py ={e: {Oy} -n.=0and {v} -n, #0a.eon e},
Pg :Fh\(Plupg).

Thus, with a similar argument used in the derivation of (2.60), and employing Holder’s

inequality, (1.14), (1.25) and (1.37), we arrive at

> / (v} n)Wl- (& = 8)| < D IHOw = VHInao Wl 2o l[dn]ll e

ecPy ecPy
2 12 o\ 12
<O S (100 - vlney + BLIVO —v)1e) (ﬂ)
ecPy i,5=1
1] 226 b 2
< 0184 — V]Il Snllzse, (2.75)
and
> [v) o)) < Clon—vidwllelse. (270

e€Po

With the bounds (2.75) and (2.76), we establish (2.61). This completes the rest of the
proof. O]

Before we proceed to the next section, we derive some regularity bounds for uy,.

Lemma 2.8. Let 0 < a < ’;IC{; Then, for the semi-discrete DG wvelocity wuy(t), t > 0,

the following holds true
t
[Jun ()] +€2“/ e Jup(s)||Zds < C. (2.77)
0

Moreover,

||f||L°° (L2(Q))- (2.78)

Proof. Choose ¢, = u;, in (2.10), and apply Lemma 1.6, positivity property (1.19),
estimate (1.14), the Cauchy-Schwarz inequality and Young’s inequality to obtain

1d
2 dt

C

2 LUK <|If < YE e ). 2.79
—lunll® + vE 2 < €]l < == [laallZ + i Il (2.79)
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Multiplying (2.79) by €***, integrating from 0 to ¢ and using (1.14), we find that
t
e lup(6)]* + (VK1 — 20402)/ e [lup(s)]|2 ds < [Jun(0)]”
0
t
+C’/ e ||£(s)]|? ds. (2.80)
0

Multiplying (2.80) by e~2%* and using the fact that e=20 [ 2 ds = ;L (1—e~2") and

vKy

5o, we obtain (2.77). Again, Multiplying (2.79) by e?* and integrating

choosing a <

from 0 to ¢, we obtain

t t
()2 + v, / 22wy ()12 ds <[lun (0)]]? + 2a / &2y (s)]1? ds
0 0

CINENT o (0.0:22(02))
200v K

+ (e** —1)

Now, multiplying the above inequality by e~2%, taking limit supremum as t — oo and

noting that

t—o00 t—o00

_ B t vK; .
vK; limsup e M/ e***|lup(s)])2 ds = 2—Oélhmsup||uh(t)||z,
0

we arrive at

. CHE N~ (220
vhy HlI? <
o 1{2}80211) [un ()] < 2av K, 7

which completes the proof of estimate (2.78). O

2.4 Error Estimates for Velocity

In this section, which is closely related to the Section 5 of [86], we derive the bounds
of velocity error e(t) = u(t) — u,(t), t > 0 in the energy and L*-norms for the DG
set up. We start by analyzing the linearized error and therefore introduce the solution
vy, € V), of a DG approximation of a linearized (Stokes) problem, that is, vi, € V), is

the solution of

(Vhta ¢h> + I/(I(Vh, ¢h> = (f7 ¢h) - cu(u’ u, ¢h) v¢h € Vh' (281)

With the help of v, we split e into two parts as e = (u — vp,) + (v, —u,) = € + p.
Observe that £ is the error committed by approximating a linearized (Stokes) problem
and p represents the error due to the presence of the non-linearity in the problem

(2.1). From (2.81) and (2.5), we have the equation of &:

(€t7 ¢h) tra (57 ¢h) = —b (¢ha p): ¢h S Vh' (282)
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Below, we establish L?(L?), L>°(L?) estimates of & and L*°(L?)-estimates of p in
Lemmas 2.9, 2.10 and 2.11, respectively. Proofs of these lemmas are similar to those

of Lemmas 5.1, 5.2 and 5.4 of [86].

Lemma 2.9. Suppose the assumption (A1) is satisfied and 0 < a < ”K1 Further,
let vi(t) € Vi, be a solution of (2.81) with initial condition v;(0) = Phuo. Then, for

0 <t<T, there exists a constant C > 0, such that, the following holds true

t
| elelras < e
0

Proof. Choosing ¢, = P,€ in (2.82) and using Lemma 1.6, we arrive at

LS NE + P < (€ m— o) — va(u — Pyu, i)

- b(thvp—Th(p))- (2-83)
We first note that
1d
(&, u—Ppu) = 5 dt”u — Pyul®.

The term b(Pr&, p — r,p) can be bounded from Lemma 2.4 and Young's inequality as

follows:
Kv
p(P1E,p — ()] < 2 [PAgI2 + CH¥ol2

Finally, the second term on the right hand side in (2.83) can be handled using Lemma

2.3 and Young’s inequality as follows:
Kyv
via(u — Ppu, Ppg)| < —1HPh€|l2 +Ch ufl,.

Combining all the above estimates in (2.83) and using triangle inequality with Lemma

2.2, we obtain

d e 2 2 2

S €17+ vELlE]Z < —||U—Ph11|| +Ch¥ (ful7,y + [pl7). (2.84)
Multiplying (2.84) by e** and using the LP-estimate (1.14), we find

d (64
—(E1%) + (VEL = 20Co)e™[€]12 < ( “[lu — Ppul?)

+Ch2’” “lalzy + Il
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vKiq

Scr integrating from 0 to ¢ and observing [|£(0)]] is of the order

By setting 0 < a <

h", we obtain

| el < cr [ (uek, + o). 285)
0 0

To estimate L?- norm error, we use the following duality argument [86]: For fixed
h > 0 and t € (0,T), let w(s) € Jy, q(s) € L*(Q)/R, be the unique solution of the

backward problem
ws + VAW — Vg = >*¢, 0< s <t, (2.86)
with w(t) = 0 satisfying
/Ot e ([Aw(s)|* + [[w(s)[I* + [ Va(s)[*) ds < C/Ot *||&(s)|*ds.  (2.87)

Form L?-inner product between (2.86) and £ to obtain

25 ||€||? =(&, wy) Z/uvg Vw + Z/ (vWwng) -

Eegy, Eegy,

3 [y [ e

Eecgy, Ecé&y,

—=(&,w,) Z/uvg VerZ/{qu}me | — b€, q). (2.88)

EEE eth

Using (2.82) with ¢, = P,w and (2.88), we obtain

2 [l€]]? = (&, w,) + (€. Paw) — 3 / Y€ V(w — Pyw)

E€&y,
(1+e Z /{l/Vw}m6
ecl'y,
—€ {vV(w —-Prw)}n, - | {vV&}ln, - [P,w]
eGI‘h/ ' eel"h/ '
+v Z [Pyw] — b(&,q — ra(q)) + b(PLw,pp —p).  (2.89)
ecl'y,

Consider € = —1. Using the Cauchy-Schwarz inequality, (1.24), Lemmas 1.10 and 2.2,
(1.31) and the fact that [w] = 0, we easily obtain

Z/VVE V(w—-P,w) —

Ee&y ecly,

Y /{,,vg}ne Pyw] — v Z [Pyw] + b€, q — r(q))

ecl'y,

/{NW Pw)n, - [¢
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— b(Ppw,rhp — p)
< Ch(||wll2 + llgll) €]l + CRHpl. || wl]2.

Using the definition of P, we rewrite

(vas) + (537 Phw) = i

ds (an) - (Esaw - Phw)
_a
~ds

d
(57 W) - %(Ea W — Phw) + (11 - Phua Ws)'
Now from (2.89), using the Cauchy-Schwarz and Young’s inequalities, we find
d _92as — as
€N < (& Paw) + de 7 (Iwllz + [ woll* + llgll) + G~ h%e* €] .
T+ CHTIRI R (a2, 4 [pl?). (2.90)

On integrating (2.90) with respect to s from 0 to t and using (2.87), we obtain the

following estimate
/0 2 [1€(5)| < (E(t), Paw(t)) — (£(0), Pyw(0)) + CP2 / 2 e(s)]?

¢ t
+0 [ IO [ (ue) + b))
0

0
Choosing § appropriately, we then apply the estimate (2.85) and assumption (A1) to
complete the rest of the proof. m

Remark 2.2. For the NIPG case, similar to the Remark 2.1, the fourth term on the
right hand side of (2.89) can be bounded as

> [wvwin. [5]\ < Cllwlallé]l

EEFh €

which implies that
t
/ e (€(s)II” + 1€(s)[12) ds < CR*".

0
Thus, in the case of NIPG method, the estimate is sub-optimal. This also true for the

ITPG method.
For optimal error estimates of £ in L°°(L?)-norm, we decompose it as follows:
E=(u—Spu)+ (Spu—vy)=¢+6.

Since the estimates of { = u — Spu are known from Lemma 2.5, it is sufficient to

estimate 0, which would allow us to draw the following conclusion.
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Lemma 2.10. Under the assumptions of Lemma 2.9, £ satisfies the following esti-

mates:

1€+ AlE@)]l: < CR™H, 0<t<T.

Proof. From the equations (2.82) and (2.23), we obtain the equation in 8 as

(0t7 ¢h) + VCL(G, ¢h) = _(Cta ¢h)7 v¢h € Vh-

Setting ¢, = 0 in the above equation and using Lemma 1.6, we arrive at

Ld

S 117 + v 6] < —(¢,.0).

Multiply by e?**, integrate the resulting inequality with respect to time, and apply the

Cauchy-Schwarz inequality and Young’s inequality to obtain
t t
o) + vk [ elolds <C [ (o) + ¢ ds
0 0
t
< C/O (ISP + €)1 + (1€, (s)]7) ds. (2.91)

Using the estimates (2.24), (2.25), Lemma 2.9 and assumption (A1) in (2.91), we

observe that
ooz + > [ o)z ds < e
0
By using the inverse relation (1.38), we now conclude that
1811 + h2(lO(0) ]2 < Ch* 2.
This along with (2.24) and assumption (A1) give us the desired result. O

Remark 2.3. With the help of Remarks 2.1 and 2.2, for NIPG and IIPG cases, we
can show that

€@ [+ hlE@B) . <Ch", 0<t<T.
The following lemma provides the estimates for p = v, — uy,.

Lemma 2.11. Under the assumptions of Lemma 2.9, p satisfies
le@®) I+ hllp@®)]le < K@) A, 0<t<T,

where K(t) > 0 grows exponentially in time.
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Proof. From the equations (2.81) and (2.10), satisfied by v, and u,, respectively, we

obtain

(pt7 ¢h) tra (P, ¢h) =" (uhv Up, ¢h) —c" (U_, u, ¢h>’ vth € Vp.

Setting ¢, = p and using Lemma 1.6, we find

1d
5P+ vEillpllZ < ¢ (un, i, p) = ¢*(u, u, p). (2.92)

We first note that since u is continuous, we can rewrite

c*(u,u, p) = " (u,u, p).

Let us now rewrite the nonlinear terms as follows:

c'(u,u, p) — " (up, up, p) =" (uy, p, p) + " (p,u, p) — (&, €, p) — ™ (p, &, p)
+c" (& u,p) + (W& p) +1"(u, €, p) — 1"(u, &, p)
= c"(p,u, p) — (€& p) — M (p. & p) + (€, p)

+c*(w, & p) + 1" (w, & p) = 1"(u, &, p). (2.93)

The first term is non-negative and is dropped, following (1.19). To bound the rest of
the terms, we proceed as follows. A use of estimate (2.54), Young’s inequality and

Lemma 1.3 implies
uy, Ky 2 llull2 2
[ (p,u, p)| < Cliplluliaallpll: < —==llpllz + Clullzllell” (2.94)
Next term is bounded using estimate (2.56) and Young’s inequality as follows

u Kiv
e (&.€.0) < S ol + Clel (2.95)

In a similar fashion, the third term on the right hand side of (2.93) is bounded using

(2.56), inverse inequality from Lemma 1.10 and Young’s inequality as

u Ky _
" (p,&, p)| < ﬁ!lp\!‘f +ChIENZ] ol (2.96)

Employing (2.59) and Young’s inequality, we bound the fourth nonlinear term on the
right hand side of (2.93) as

u Kiv
(&, u, p)| < 6—lep||§ + Clull3(1€]1* + R*[1€]12). (2.97)
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An application of (2.58) and Young’s inequality leads to the bound of the fifth nonlinear
term on the right hand side of (2.93):

u Kv
[c*(u, &, p)| < 6_11"”"3 + Cllull3(IE]* + n[1€]12). (2.98)

Finally, utilizing triangle inequality, (2.61), and inequalities (1.37), (1.38) and (1.14),

we arrive at the following bound:

(0, &, p) = 1"(0, &, p)| < Cllu — [ [[]|llplle < CIEN + [loll)l€ll ol

Kll/ _
< < IpllE+ CR2 (€Nl + CE]1 (2.99)
Incorporating (2.94)-(2.99) in (2.93), and thereby in (2.92), and multiplying by e***

the resulting inequality, we observe that

d . o - o
(€ pl") + (VK = 2Ca)e* ]2 < C([[ullz + A2 [I€]12)e* o]

+ e [ul3(I1€]1* + h7(I€N2) + Ce* €]z (2.100)

Integrating (2.100) from 0 to ¢, using p(0) = 0 and Gronwall’s inequality, (2.85),

Lemma 2.10 and assumption (A1) in the resulting expression, we arrive at

t
S pOlF + [ (o) ds < Ko
0

2

After multiplying the resulting inequality by e~*** and using the inverse relation (1.38),

we obtain our desired estimate. This completes the proof. O

In Theorem 2.1 below, we state one of the main results of this chapter, related to

the semi-discrete velocity error estimates.

Theorem 2.1. Suppose the assumption (A1) holds true and let 0 < o < ’5—1521 In

addition, let the semi-discrete initial velocity w,(0) € Vy, with u,(0) = Ppug. Then,

there exists a constant K > 0 such that for 0 <t <T,
1w = ) ()] + Al (u—w) (t)]]e < K ()R,

where K (t) grows exponentially in time.

Proof. The proof of Theorem 2.1 follows by virtue of the Lemmas 2.10 and 2.11. [
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We would like to point out here that in the NIPG and ITPG cases, the estimates of
p are sub-optimal as they involve the estimates of € in both energy and L-norms,
which are already shown as suboptimal in Remark 2.3. Since e = £ + p, we obtain the

sub-optimal estimates of semi-discrete velocity error in the NIPG and IIPG cases.

Remark 2.4. Under the smallness condition on the data, that is,

2, 2NC
c* (Wh, Vi, W) and KQV;HfHLOO(Ovoo;LQ(Q)) <1, (2.101)
1

N = sup 3
Vh,Wh,2h € Vi “whHsHVhHE

the bounds of Theorem 2.1 are uniform in time, that is,
I —w) @) |+ (u—u)(t) |l <CR™,
where the constant C' > 0 is independent of time t.

Proof. In order to derive the estimates, which are valid uniformly for all ¢ > 0, let us

first rewrite the nonlinear terms:

cth (LIh, up, p) — (u7 u, p) = —c" (uh7 P, P) + ct (57 g? p) - Cu(u7 €7 p)

—c"(&,u, p) — " (p,vi, p) +1"(w, &, p) — 1" (w0, &, p).  (2.102)

From the proof of the Lemma 2.11, we can derive the bounds as

(&, &, p) + (w0, &, p) + ™ (& u, p)| < Cllull(I€]] + RlI€]) o]l
+Cl€zllpll.. (2.103)

From the inequality (1.19), we have
' (up, p,p) > 0. (2.104)

For the last three terms on the right hand side of (2.102), apply triangle inequality,
follow the proof of (2.61), the fact [£] = [v}], the first part of the condition (2.101),
(1.14) and Lemma 1.3 to derive

[ (p, Vi p)| <N|[vallellpllZ. (2.105)

%(w, &, p) — 1™ (u, &, p)| <Ch|ulla[l€]l-llpll- + ClIEIElplle + NlvalellelZ.  (2-106)

Now, the proof of Lemma 2.11 is modified in the following manner: From (2.92), and

combining (2.102)-(2.106), using Lemma 2.10 and assumption (A1), we obtain

d T
—lol® + 2Ky = 2N|vill-)llpll2 < CH™ ] (2.107)
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To derive a bound for ||v,(t)||. when ¢t — oo, we rewrite (2.81) as follows

(Vie, &) +va(vi, @) + c*(w, v, @) = (F,¢,) — (0, €, ¢,,) Vb, € Vi

Choose ¢, = vy, in the above equation, and apply Lemma 1.6, (1.19), (1.14), (2.58),

the Cauchy-Schwarz and Young’s inequalities to obtain

1d

5 g Ivell” + vELvallZ < (Collfll + Cllulla[I€]l + CRIull [€]l) vl
02 2 2 2 2
i Il + Cllul31€)? + Ch*[[ull311€]12.

/\

- Ivalls +

Multiply the above inequality by 2%, integrate with respect to time from 0 to ¢, and

employ Lemma 2.10 and assumption (A1) to arrive at

t t
2 lva ()] + v, / 2|y ()2 ds < [va(O)]? + 20 / &2l (5)]2 ds

CINENZ o0 0,002 (52)) N C(e** = 1)h*+?

2at
—1
e ) 20v K 2cv

Dividing both sides by 2%, taking limit supremum as t — oo and noting that

t—o00

t
K
v, limsupe_mt/ 2| vy(s)||? ds = a1 limsup ||v,(2)||?,

we arrive at

CQ f 2(><> . 2r+42
||2< Al HL (0,00;L2(92)) +Ch )

VINy .
| t
o lrtgsogpﬂvh()

20v K 2a
The above relation leads to
G317
limsup ||v,(£)]| < = }0(;” LA@) 4 oy, (2.108)
t—o0 1

Now, multiply (2.107) by €?** and integrate from 0 to ¢. After a final multiplication

of the resulting equation by e~2%*, we arrive at
t
lp)]1* + 26_2“/ e*** (VK1 — 2N||vall)[lp(s)|2 ds < e[ p(0)]|?
0

t t
2062 / 2| p(s) |2 ds + Chr et / | p(s)]| ds.

Take t — oo, apply L'Hopital’s rule and use (2.108) to find

12+t

2NC:
o (VK - I

7o, Il 0001220 limsup || p(1)]]2
1V t—00

r+1 r+1
limsup ||p(t)]] +
t—o0

lim sup || p(t)
t—o0

1>+

< Timsup | (1) limsup |p(t)]%.  (2.109)
t—o00 t—o00
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Use the triangle inequality

tim sup [|p(8)] < lim sup [va (1) + lim sup [ (1)
t—00 t—00 t—00
(2.78), (2.108) and smallness condition (2.101) in (2.109) to find

limsup || p(t)|. < Ch™t,

t—00
Therefore, from (1.14), we have
limsup ||p(t)|| < Ch™t.
t—00
Together with the estimate of £ from Lemma 2.10, we arrive at

tim sup (Ju(t) — w,(6)] + Alu(t) — w(H)].) < Ch

t—o00

2.5 Error Estimates for Pressure

In this section, we derive error estimates for the semi-discrete DG approximation of the
pressure. This section is closely related to the Section 6 of [86]. Firstly, we establish
some auxiliary estimates in Lemmas 2.12 and 2.14, which will be needed for proving
our main result in Theorem 2.2. The proofs of these lemmas follow similar analytical

ideas as applied in Lemmas 6.2 and 6.3 of [86].

Lemma 2.12. Suppose the assumption (Al) is satisfied and 0 < o < ’ég; Then,

there exists a constant K > 0 such that, the velocity error e = u — wy, satisfies, for
0<t<T,
t
/ ¥ es(s)||*ds < K(t)h*. (2.110)
0

Proof. Let us denote x = Spu — uy,. From the equations for u, u, and Spu, that is,

(2.5), (2.10) and (2.23), respectively, and for ¢, € V;, we obtain
(Xe: @n) +valx, @)+ (u, u, @) — ™ (wp, wn, @) = —(Cps Pp)-

Choose ¢, = X, in the above equality to obtain

vd u s
Il + 5 (a0 30) + €, x0) — o wox) = —(Gox). (2111)



61

We can drop the superscripts from c(+, -, -) and the nonlinear terms can be rewritten

as

c®(u, u, x;) — " (wp, wp, x;) = —c(e, e, x;) +cle, u, x;) +c(u, e, x;).

Use estimate (2.56), then (1.35) and (1.38) of Lemma 1.10, Theorem 2.1 and Young’s
inequality to bound c(e, e, x;)-

e (e, e, x)l < CllellZ Ixlle < Ch™HellZ x|l < Clelle [Ix: |

1
< sl + Cllellz. (2.112)

Since u is continuous, Lemmas 1.3 and 1.10, Holder’s inequality, Young’s inequality,

and assumption (A1) yield

1
el =| 3 [ (e Vwxit g 3 [ (Veeux
Eeg, ’F Beg, VB
1
D IR
ecl’y, €
<Y el IVullam | x 2@ + Clulle@ Y Vel Ixdl @)
Ec&;, Ee&y
o 1/2 1/2
+Clullimo (3 el ) (3 Ialie)
ecl’y, Ecé&y,
1
< 6||Xt||2 + Clle|2. (2.113)

Similarly, we can bound
1 2 2
leu, e, ) < Ellxall” + Cllellz. (2.114)

Apply (2.112)—(2.114) in (2.111) and multiply the resulting inequality by e?***. Then,

integrating from 0 to ¢ with respect to time and applying Lemmas 1.6, 1.7, we obtain
t t
/ e |Ixs(s)[1* ds + vE e |[x (8) |2 < C(IIX(O)H? + / e***|x(s)|I2 ds
0 0

5[8MM@W@+AZMW@M@)
(2.115)

Again, by using the estimate (2.24) and assumption (A1), we have

t t
/kawmms%MW+/éwwwwa
0 0
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Using (2.25), assumption (A1) and Theorem 2.1 in (2.115), we obtain

t
| el as < Ken>
0

Furthermore, a use of triangle inequality, estimate (2.25) and assumption (A1) leads

to the desired estimate. O

For deriving the estimate of Lemma 2.14, we need an estimate for uy;, which is

derived in the next lemma .

Lemma 2.13. Under the assumptions of Lemma 2.12, the following estimate holds

true
t
o2t / 2 | (5|2 ds < K (1), (2.116)
0
Proof. Differentiating (2.10) with respect to t, we obtain

(Unee, @) + v a(Un, @) + ™ (Wpe, uy, Py,) + (uh; Upt, ¢h) = (f,,®), Vo, € Vi
(2.117)

Take ¢, = up; in (2.117), and apply Lemma 1.6, (1.19), (1.14), the Cauchy-Schwarz

inequality and Young’s inequality to arrive at

d

Jrlnell® + v B a2 < =26 (wn, wn, i) + O] (2.118)
Using (2.57) and Young’s inequality, we bound the nonlinear term in (2.118) as follows:

20 (upe, wp, wpe) | <Clne |2 [[uane |22 u

VKl
<2 el 2 o

Incorporating this in (2.118), multiplying the resulting inequality by e*** and integrat-

ing from 0 to ¢, we obtain

t
e [Jupe (1) |* + (V1 — QaCz)/ e**lupe(s)[12 ds < up(0)]*
0

t t
+C/¥”WMﬂWm®M%+C/3ﬂm®W%
0 0

Note that, using triangle inequality, Theorem 2.1 and assumption (A1), we find

[anle < [lu—wplle + [ufl < C. (2.119)

vKq

5cr» applying Gronwall’s lemma, (2.77) and (2.119), and after a final

Choosing a <

multiplication by e 2% we obtain the estimate (2.116). O
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Lemma 2.14. Under the assumptions of Lemma 2.12, the error e = u — u, in ap-

proximating the velocity satisfies
ledt)] < K(@)h", >0,
Proof. The error equation in e obtained from (2.5) and (2.10) is

(et7 ¢h) tra (67 ¢h) + " <u7 u, ¢h> — (uh> Up, ¢h) +b <¢h7 p) = 07 (2120)

for all ¢, € V. Since u has no jumps, so for simplicity, the superscripts u and uy,
in the nonlinear terms are dropped. Differentiate (2.120) with respect to ¢ and choose

¢, = Pre;. A use of the definition of Pj, and Lemma 1.6 leads to

d d
%Het‘P + 2v Kl HPhetHz § a”ﬂt — PhutHQ +2va (ut — Phut, Phet)
+ 2(C (uht7 Uy, Phet> + C<uh7 Upy, Phet) - C(U.t, u, Phet>

—c(u, u, Prey)) — 20 (Prey, pr). (2.121)
We rewrite the nonlinear terms as

C(uhta Up, Phet> + (C(Uh, Upt, Phet) - C(ut7 u, Phet) - C(u, Uy, Phet>
= —c(up, e, Prey) — c(er,u, Prey) — (e, up, Prey) — c(u, e, Prey). (2.122)
Using the Cauchy-Schwarz inequality, Young’s inequality and Lemmas 1.5 and 1.10,

the nonlinear terms on the right hand side of (2.122) can be bounded as in Lemma

2.11. Therefore, we have

vK

(e, e, Prer)| < = [Pred]2 + Clle 2w (2.123)
vK

|c(er, u, Prey)| < 1—21||Phet||§ + C(lled” + h [[ue[I70) ull3, (2.124)
vK

e, e Prey)| < “H[Pre2+ Cllled + A |23, (2.125)

P < vk, P 2. 0 2 2 2.126

(e, up, Pre)| < =5~ [[Prel|2 + CllelZllun . (2.126)

The other terms on the right hand side of (2.121) is bounded as in Lemma 2.9:

Kyv
2vja(u; — Pruy, Prey)| < 1—12||Phet||§ + OR |ug[[7, (2.127)

KlV

3 IPredl2+ Ch¥Ipil[7. - (2.128)

216(Pre, pt))| = 2|b(Pres, pr — rn(pe)))] <
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Using the bounds from (2.122)-(2.128) in (2.121) and applying assumption (A1), we

obtain

d d
—led + vE[Prel < — fue = Prwg[* + Clled]* + ClleflZlunll2

+ Ch7 ([laell7y + llpell7)- (2.129)
Multiply (2.129) by e*** and integrate with respect to time, to write

t t
e +vKs [ Pre(s)Fds < € [ es) ds
0 0

t
+éwmn—nmme+c/?@waﬂmmMQM@
0
t
+mﬁéemmm@mﬂ+wwm%w

Finally, from Lemmas 2.12 and 2.2, Theorem 2.1, (2.116) and assumption (A1), we

conclude the rest of the proof. O

Below we present the semi-discrete DG error estimate for pressure, which has been
obtained by following the identical proof approach of [86], but for DG and is the same
as [86, eq. (3.10)].

Theorem 2.2. Under the assumptions of Theorem 2.1, there exists a constant K > 0

such that, the following error estimates hold true:
(> —pu)®)] < K(@)R", 0<t<T,
Proof. From (2.5), (2.6), (2.8) and (2.9), we can write the error equation as follows:

b(vh, Th(p) — pr) = (Up — wg, vi) + va(u, —u, vy,)

+ " (up, up, vi) — c(u, u, vp) + (v, Th(p) — p), Vv, € X, (2.130)
By virtue of the inf-sup condition presented in Lemma 1.8, there is v, € X}, such that
2 1
b(vi, pn = 11(p)) = =llpn = @)% lIvalle < Z2llpw = ra(@)l]- (2.131)
Therefore, from (2.130), we obtain

ln = ra(@)|? =(une — g, viy) + va(uw, —u,vy,) + c(up, up, vi,) — c(u, u, vy,)

= b(va,p — rn(p))- (2.132)
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The terms on the right hand side of (2.132) can be bounded as in Lemmas 2.9 and
2.11. Then, the equation (2.132) becomes

lpn = @) < Cllupe — uell* + Cllup — w2 + CA* (Juf7yy + [pI7) + Cllup — uf*.
A use of the triangle inequality leads to
lp = pull* < Cllupe —uel* + Clluy — w2 + CR* ([uly + [pf7) + Clluy, — ulf.

Combining Lemma 2.14, Theorem 2.1 and assumption (A1) with the above inequality

we obtain our desired pressure error estimate. O

We note that the pressure estimates in the NIPG and IIPG cases will be sub-optimal
due to their dependence on velocity error estimates, which are already discussed as

sub-optimal in Section 2.4.

2.6 Fully Discrete Error Estimates

For discretization in the time variable of the semi-discrete DG time dependent Navier-
Stokes system represented by (2.8)-(2.9), we employ the backward Euler scheme in
this section. Keeping in mind the notations presented, for time discretization, in the
previous chapter, we proceed to describe the backward Euler scheme for the semi-
discrete problem (2.8)-(2.9) as follows: Given U, seek (U", P"),>; € X}, x M, such
that

(B U", ¢,) +va(U", ¢,) + V" (U1, U™, ¢,)
+ b(¢ha Pn) = (f(tn)v ¢h)7 v¢h € Xh7 (2133)
b(Un, qh) =0, th e M,,. (2.134)

Note that U° = u,(0) = Pju,.
An equivalent formulation would be to find {U"},>; € Vy, for all ¢, € Vy, such that

B,U"™, ) +va (U™, ¢,)+ " (UL, U, ¢,) = (£(t), b)) (2.135)

Below, we present a priori estimates of the fully discrete solution U™ of (2.135).
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Lemma 2.15. Let 0 < a < ;—[C(Ql Further, let U° = Ppuy. Then, there exists a
constant C' > 0, such that, the solution {U"},>1 of (2.135) satisfies the following a

priori bounds:

M
[T"|]? + e ALY " e |U'2 < C, n=1,--, M

n=1
The lemma can be proved by choosing ¢, = U" in (2.135) and using Lemma 1.6.
Using (1.19) and Lemmas 1.6, 1.8, 2.15, the existence and uniqueness of the discrete
solutions to the discrete problem (2.133)-(2.134) (or (2.135)) can be achieved following
similar steps as in [72].

We next discuss the error estimates of the backward Euler method. Set e,, = U" —uj,
for fixed n € N; 1 < n < M. Considering the semi-discrete scheme (2.10) at t = ¢,

and subtracting from (2.135), we arrive at

(Oren, @p) +v alen, ¢,) = (uy, ¢),) — (O, &) + An(dy), Yo, € Vi, (2.136)

where Ay (¢,) = Aj(¢,) + A2 (¢y,) with

{ Aﬁ<¢h>::cfj1<uz,uz,¢h>z;{f‘103”—%1J”,¢hx 2,137
A]2’L(¢h> = luh(u27u27¢h> —1 (u27u27¢h>‘
Using Taylor’s expansion, we find that
IR
(Uhys @1) — (Ouy, @),) = At / (8 = tn-1) (Unss(s), Py) ds. (2.138)
tn—1

Lemma 2.16. Suppose the assumption (A1) is hold true and 0 < o < % Then,

for the semi-discrete DG wvelocity uy(t), t > 0, the following holds true
t
et [ fu (o) pds < C.
0

where

(Unit, D)
&l

Proof. We begin by rewriting the (2.117) as follows:

| wpte]| -1, = SUP{ , @ € Xy, @), # 0}-

(uhtt> ¢h> = -V a(uhta ¢h) - Cuh(uhta Up, ¢h) - Cuh(uh, Unt, Cbh) - (ft, ¢h>7 Vo, € Vi

Using Lemma 1.7, (2.55) and the Cauchy-Schwarz inequality, we obtain

(Wnit, 1) < Cllunelel @l + Cllan|c[unllell@plls + CliE[ Pl
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Furthermore, using (2.119), we have
laneel1 5 < ClluelZ + CIE .

Multiply the above inequality by e?* and integrate from 0 to ¢. Then again multiply
by e2* and use (2.116) to obtain the desired estimate. O

Lemma 2.17. Suppose the assumptions of Theorem 2.1 and Lemma 2.15 are satisfied.
Then, there exists a constant Kr = Kr(T) > 0 such that the following estimates hold

true:

M 1/2
lea + (vKleMMAtZeQM"HenHz) < KrAt,

n=1

Proof. We put ¢, = e, in error equation (2.136). With the observation
1 2
(atenyen) Z §8t||en|| )
and a use of Lemma 1.6 yields
Orllenll® + 2K v [len]lZ <2(uj,, en) — 2(0nuj, en) + 2An(en), (2.139)

where Ap(e,) = Aj(e,) + AZ(e,). Drop the superscripts from nonlinear terms of

Aj(e,) in (2.137) and rewrite it as

A}L (e,) = — c(U"’l, e, e, —cle,1,u" e, —c(uy — uZ‘l, u" —ujy, e,)
+c(e,_1, 0" —uy, e,) +c(uf —u} ', u”, e,). (2.140)

From (1.19), we have c(U" ', e,, e,) > 0. A use of (2.54), Young’s inequality, Lemma
1.3 and assumption (A1) leads to the bound for the second term as

KlV

[e(en, 0", en)] < Clu"llallen] llenlle < Cllenll” + —

leal2. (2.141)

The fourth term on the right hand side of (2.140) is bounded using the same techniques
as in Lemma 2.11 for estimating c"» (p, &€, p). An application of Young’s inequality
and Theorem 2.1 leads to

K1V

[e(en1, u" —wj, )] < Cllenallllenlle < Cllenll® + =

el (2.142)
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tn
Auseof ul—u}~! = / Uys(s) ds and the Hélder, Young inequalities, (1.14), Lemmas
b

1
1.5, 1.10, Theorem 2.1 in the third term on the right hand side of (2.140) yield

tn
e — Pl ut—ud e,)] < / lars(s)]- llenll. ds

tn—1
K tn
= gy”e"”z + Cm/ [uns(s)2ds. (2.143)
tn—1

Apply the form of ¢(+, -, -) presented in (1.17), (1.14), Lemmas 1.3 and 1.10 along with

the regularity of u™ to arrive at

tn 1/2
e(u) — en>|sml/2< / ||uhs<s>||2ds) IV sy el ey
tn

—1

tn 1/2
rear( [ punlEds) Tulsona e
tn—1

tn o, 1/2 1/2
+C [[ul[z<o.11x0) il ()]l Z2 o) leallZaey ) ds
le]

tn—1 ecl’y, Eeg&y,

K fn
<S4 et [ fun(s) P ds. (2140

tn—1

Combining the estimates (2.141)-(2.144) in (2.140), we obtain
1 K 2 2 " 2
[An(en)l < —=llealls + Cllen- " + CAt [[ans (s)12 ds. (2.145)
tn—1
Apply (2.137), and use the estimate (2.60) and triangle inequality to obtain

AR (en)] <Clluy — U™z llup - llenll oo
<CO(|luy — wy ™ [ za@ llugllellenllz@) + llenillaw luhlllenllzae))-

Then, an application of (1.14), (2.119), Lemma 2.6 and Young’s inequality lead to

(A7 (en)] <Cllug; —wy e lluglllenlle + Cllenall2llen1 22w lle].

K1V
8

K1V
< -

2
T'Lg+
2 e

in
\\enl\\§+CHen1!\2+0At/ luns(s)]12 ds. (2.146)
tn—1

From (2.138), we have

1/2

tn
2((“21& e,) — (Opuy, en)) < C At? (/ ||uh88(3)||2—1,h ds) len]|
tn—1

K1V

<
64

tn
len||? + C’At/ Huhss(s)Hz,Lh ds. (2.147)
tn—1
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Combine (2.145)-(2.147), multiply (2.139) by Ate?*™2! sum the resulting inequality

from n =1 to m (< M) and observe that

m m—1
ZAt62omAtatHenH2 _ e2amAtHem”2 o Z e2anAt(€2aAt - 1)”emH2
n=1 n=1

to obtain

m m—1
€2amAt||em||2 + Kll/AtZQQOmAtHenHE < Z e2anAt(e2aAt _ 1)||en||2

n=1 n=1

m m tn
HOBEY e, [P+ OAF Y [ a2 ds
n=1 n=1 tn—1

m tn
+CAPY ~e?omd / [ Wnss (5) |21 ds. (2.148)
n=1 tn—1

We bound the terms involving u;, using Lemmas 2.13 and 2.16. Observe that

CAtQZ Mm/ s )||2ds—CAtQZ/ 262y (5)] 12 ds

7

< CAR2e2bt / €295 |ty ()2 ds < CAL22MTDAL (2 149)
0

In a similar manner as in (2.149), we can bound

C’AtQZ 2emAt / [Uhss(8) |21, ds < CALm DAL (2.150)
tn—1

n=1
Applying (2.149) and (2.150) in (2.148) and using the fact e?*4! — 1 < C(a)At, we

obtain

m—1
2amAtHemH2 + KIVAtZ€2anAtHenH2 < CAtZeQQnAtHenH2 + CA2e 2a(m+1)At

n=1 n=1

Now the desired result is achieved by applying discrete Gronwall’s lemma. O

Theorem 2.3. Suppose the assumptions of Theorem 2.1 and Lemma 2.17 are satisfied.

Then, the following estimates hold true:
lu(t,) = U"|| < Er (k™" + At),
where Kr > 0 depends on T.

Proof. Combine Theorem 2.1 with Lemma 2.17 to complete the proof. O
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Lemma 2.18. Let the assumptions of Lemma 2.17 be satisfied. Then, the fully discrete
velocity error e, = U" — u} satisfies

eim ALY e |0,e,||* + v Ky |len|)? < Kr At

n=1

Proof. In (2.136), we choose ¢, = 0,e,, to obtain
|0ie,|I? + v ale,, Oe,) = (ul,, dre,) — (Opu}, drey) + Ap(9rey). (2.151)

We now drop the superscripts for the nonlinear terms in A} (d;e,,) and rewrite A (9;e,,)

as

A}L(gten) = —C (uz_l - un—l) €n, aten) - C(un_17 €n, 8ten)
+c(uf —up', up —u”, de,) +c(uy —upt u, de,)
—c(ep_1, uy —u", de,) —c(e,_1, u", Oie,) — c(en_1, €,, Orey). (2.152)
The L? bound (1.14), Lemmas 1.3, 1.5 and 1.10, Theorem 2.1 and Young’s inequality

give the bounds for the nonlinear terms in the right hand side of (2.152) except the

last term, as in Lemma 2.17.

1
|C<u2_1 —u" e, Oie,)| §1_6||aten“2 +Cllenll2, (2.153)

1
("™, en, dren)| < g6 l10enll* + Clleall:, (2.154)

1
le(u)! —u =t uy —u”, e, +e(u) —up Tt u”, ge,)| < Eﬂatenw
t7l
L oAt / lwa(s)[2ds,  (2.155)
tn—1

1

lc(en—1,uy —u”, 0re,) + c(e,—1,u", 0rey)| §1—6H0ten||2 + Cllen1||%. (2.156)
The last term in the right hand side of (2.152) can be rewritten as
R )+ el )
—C(€p—1,€p,0i€p) = ———Cl€_1,€,,€y “C\€n—1,€n,€n_1).
c 1 t Atc 1 Atc 1 1
The estimate (2.55) yields
I )+l )
~2lC\€n—1,€n,€y AL\ €n—1,€n,€n_
At ! At ' '
C

<57 len-alZllenle + len-llllen])- (2.157)
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Collecting the bounds (2.153)-(2.157) in (2.152) and using Young’s inequality, we arrive

at

1
A4 (Oren) <7 ll0wenl® + Cllen]lZ + llenll2) + 5

C tn
+EHen1H§HenH§+0At/ [[ns(s)]Z ds.
tn—1

C
7 (llenllZ + llenal2)

(2.158)

Since u™ has zero jump, the term of (2.72) would be zero, with w replaced by u™. And

therefore the difference of the upwind terms in (2.60) is zero. Subtracting this zero

term with u” from A%(dse,) and applying (2.60) yields
AR (Den)| < Cliug = U™ Y pae) [[uyy — "l [[9renll11(0)-

Using estimate (1.14), Lemma 1.10 and Theorem 2.1, we obtain

1

1/2”3te7’b||
min hy)
Ee&y

AL (Oren)| <Clluy — U™ e [Juy —u”|.

<Clluj — U |.l|we .
Again, a use of the triangle inequality and Young’s inequality yield

AL (Oren)] < C(Jluy — w7 + llenill:) [ 9ren]

1 tn
S;Hf?tenllz + CAL‘/ Jups(s)]12 ds + Cllen—1|I2-
tn—1
From (2.138), we have
tn 1/2
<m;a%»—@m&@%>s0A#ﬂ(/ nmm@w:ﬁw) 101l
tn—1

t

n C
<C (%, ds+ —|le, —e,_1]|°.
< l;ﬂmlwths+Aﬂe o

Since a(-,-) is symmetric, one can obtain

a(en,, de,) = 1( 1 a(en, e,) — Al alen,—_1,€,-1) +Ata(6ten,(‘)ten))

o\ ar”
Again,
D eroin (a(en, e,) — a(en_1, en—l))
n=1

m—1
— eZatm em; em E €2atn 20At 1>a(en7 en)-

n=1

(2.159)

(2.160)

(2.161)

(2.162)
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Combining (2.158)(2.162), multiply (2.151) by Ate?**» sum over n =1 to m (< M)

and using Lemma 1.6, we obtain

m m—1

ALY e |0en ) + vE e e |2 < CALY e ale,,e,)

n=1 n=1
+CAtZeQat"HenH2+CAt Z 2t |e, _ 1H2+—Atz 2 |le, |2 len1 ||
n=1 n=1
F A0S e (el el 400 S [ (o)
At n=1 n=1
m tn
+0At2262at"/ |wns(s)|)? ds. (2.163)
n=1 tn—1

Using Lemmas 1.7, 2.13, 2.16 and 2.17 in (2.163), we obtain

C
Atz e || Open ) + VK12 |e |2 < —Atz e |[en||2]|en1[|2 + CAte™mt.

n=1
Finally, a use of the discrete Gronwall’s inequality and Lemma 2.17 give us the desired

estimate. This completes the proof. O]

Lemma 2.19. Suppose the assumptions of Lemma 2.17 are satisfied. Then, the fol-

lowing estimates hold true:
10renl|-10 < KrAtY2.
Proof. The non-linear terms in the error equation (2.136) can be rewritten as
An(@y) = Ailz(th) + Aizl(¢h)
I (e )

n— - n71
+ U () —wp ut, ) — U (ents en, @)

- CUn_ (enfla u;zlu ¢h) + Ai(gbh) (2164)

Using estimate (2.55), we obtain

n— — n— n—1
1V (Y e, )+ U (€nitsen, b)Y (€01, U, b))

< C w7l llenll- nlls + Cllen-illc llealle ldnlle + C'llen-llllugllllpnll. (2.165)

Again, by using Theorem 2.1, estimate (2.54) and Lemma 1.3, one can obtain the

bounds similar to Lemma 2.17 as follows:

n—1 _ n—1 _
|CU (UZ_UZ 17u2_un7¢h)+CU (UZ_UZ 17un7¢h)|
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<C |y —wpllInlle- (2.166)
Furthermore, using similar techniques as in Lemma 2.18, we find that

AL ()| < ClIag — wylel[uhlle + llen—s [l ll)l|alle. (2.167)

Now, Lemma 1.7 yields

|a(en, @p)| < Cllenllelldylle- (2.168)

Applying (2.138), the Cauchy-Schwarz inequality, Young’s inequality and Lemma 2.16,

we arrive at

tn 1/2
(i)~ 00 < CA02 ([ a0l ads)  ll.
tn—1

< CAL?| ¢y |- (2.169)

Combining all the bounds (2.164)-(2.169) in (2.136), using the definition of || - |-
and finally using (2.119), Lemmas 2.8 and 2.18, we obtain our desired result. This
completes the rest of the proof. m

Lemma 2.20. Suppose the hypotheses of Lemma 2.17 are satisfied. Then, the follow-

ing estimates hold true:
|IP" — pu(tn)|| < Kp AtY?, 1 <n < M.
Proof. Subtract (2.8) from (2.133) to find

b(@y, P —pp) =(uy;, ¢p) — (O, @y,) — (Oren, @p,) — valen, @y,)
+ i (up,up, ¢,) — V(UM U ¢,), Ve, € Xy (2.170)

Using Lemma 1.8 and bounding the terms on the right hand side of (2.170) following

the steps involved in the proof of Lemma 2.19, we arrive at
1P" = pill < Cllovenll-1n + Cllea]le + CAL2.

Finally, we complete the rest of the proof by applying the Lemmas 2.18 and 2.19. [J

The following error estimate for the pressure is easily derived from Lemma 2.20 and

Theorem 2.2.
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Theorem 2.4. Suppose the assumptions of Theorem 2.2 and Lemma 2.20 are satisfied.

Then, the following estimates hold true:
"~ Pl < K (b + AT,
where Kr depends on T.

Remark 2.5. The optimal results derived in this chapter can be extended to the 3D
case. The analysis would vary regarding trace inequalities [58, 96], inverse inequalities
[58], Sobolev embeddings [107], etc. The main difference in the 3D case is the estimate
of the nonlinear term. The existing LP bounds for 3D case [107]

[@lle) < Cpll@lle, Vo € Xi, p e [2,6]

can be used to estimate the L°-norm but is not sufficient for the L3>-norm estimate. A

modified estimate for the functions in discrete space Xy, that is, (see [101, eq. (23)])

Il < CllOII"2@l% Vo € X

will lead to the same semi-discrete and fully discrete convergence rates of velocity and

pressure as in the 2D case.

2.7 Numerical Experiments

In this section, we conduct a few numerical experiments to validate the theoretical
results stated in Theorems 2.3 and 2.4. The numerical results reproduce results that
already exist in the literature. We included them in our work for completeness. We
discretize in the space direction by means of the mixed finite element spaces P —IPy and
Py — P, and discretization in the time direction is obtained by employing a backward
Euler method. The domain © = [0, 1] x [0, 1] and the time step At = O(h"™!) (r = 1,2)
are chosen here. We have considered three examples and all of them are computed

with time intervals [0, 1].
Example 2.1. Consider the transient NSEs (2.1)-(2.4) with ezact solution (u,p) =

((u1, uz),p) as

up =22z — 1)%y(y — )2y — D)e!,  p=2(zx —y)e,

uy = — 2x(x — 1)(2r — 1)y (y — 1)%e".
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In Tables 2.1 and 2.2, we depict the fully discrete errors and convergence rates for
the mixed finite element spaces P, — Py and Py — Py, respectively, with viscosity v = 1.
In Tables 2.3 and 2.4, we represent the numerical results for the mixed finite element
spaces P; — Py and Py — Py, respectively, with viscosity v = 1/10. Tables 2.5 and 2.6
represent the numerical results for the mixed finite element spaces P; — Py and Py — Py,
respectively, with viscosity v = 1/100, and Tables 2.7 and 2.8 are for the mixed finite
element spaces P; — Py and Py — Py, respectively, with viscosity v = 1/1000. For
Tables 2.1-2.8, the penalty parameter is chosen as o, = 50. It is worth noticing that
the numerical results of Tables 2.1-2.8 support the theoretical convergence rates proved

in Theorems 2.3 and 2.4.

Table 2.1: FErrors and convergence rates of DG approximations using P;—Py finite

element for Example 2.1 (v = 1)

ho | |Jw(T) —UY|. | Rate | |u(T)—UY| | Rate | |p(T)— PM| | Rate
1/4 | 6.2539 x 1072 5.7822 x 1073 1.5885 x 107!
1/8 | 3.9839 x 1072 | 0.6506 | 3.9495 x 103 | 0.5500 | 1.6543 x 10~" | -0.0586
1/16 | 1.8768 x 1072 | 1.0859 | 1.7199 x 10~3 | 1.1994 | 1.2821 x 10" | 0.3677
1/32 | 7.5888 x 107 | 1.3063 | 5.5009 x 10~* | 1.6446 | 7.9055 x 102 | 0.6976
1/64 | 3.2342 x 1073 | 1.2304 | 1.5047 x 10~* | 1.8702 | 4.2956 x 103 | 0.8810
1/128 | 1.5216 x 1073 | 1.0879 | 3.8856 x 107> | 1.9533 | 2.2185 x 1073 | 0.9533

Table 2.2: FErrors and convergence rates of DG approximations using Py-P; finite

element for Example 2.1 (v = 1)

ho | |[u(T) —UM|. | Rate | |u(T)—UM| | Rate | ||p(T)— P™| | Rate
1/4 | 1.8905 x 1072 1.1509 x 10-3 5.5045 x 102
1/8 | 4.3667 x 1073 | 2.1141 | 1.2261 x 10™* | 3.2306 | 1.6099 x 1072 | 1.7970
1/16 | 9.6177 x 1074 | 2.1827 | 1.1971 x 107° | 3.3564 | 4.2294 x 103 | 1.9284
1/32 | 2.2560 x 10~* | 2.0919 | 1.3053 x 1075 | 3.1970 | 1.0736 x 1072 | 1.9779




76

Table 2.3: FErrors and convergence rates of DG approximations using PPy finite

element for Example 2.1 (v = 1/10)

h |lw(T) —UM|. | Rate | |[u(T)—UM| | Rate | |p(T)— PM| | Rate
1/4 1.5691 x 107! 1.2479 x 1072 7.1783 x 1072

1/8 7.1694 x 1072 | 1.1300 | 7.2256 x 1072 | 0.7883 | 4.6913 x 1072 | 0.6136
1/16 | 3.2350 x 1072 | 1.1480 | 2.7143 x 1073 | 1.4125 | 2.7718 x 1072 | 0.7591
1/32 | 1.4573 x 1072 | 1.1504 | 8.4103 x 10™* | 1.6904 | 1.5183 x 1072 | 0.8683
1/64 | 6.8472 x 1073 | 1.0897 | 2.2792 x 10~* | 1.8836 | 7.9215 x 1073 | 0.9386
1/128 | 3.3314 x 1073 | 1.0393 | 5.8652 x 1075 | 1.9583 | 4.0369 x 102 | 0.9725

Table 2.4: Errors and convergence rates of DG

element for Example 2.1 (v = 1/10)

approximations using P,—IP; finite

ho | |u(T)—UM|. | Rate | |u(T)—-UM||| Rate | ||p(T)— PM| | Rate
1/4 | 4.2688 x 1072 3.3297 x 1073 5.7177 x 1073

1/8 | 1.0160 x 1072 | 2.0708 | 3.7152 x 10~* | 3.1639 | 1.6144 x 10~ | 1.8244
1/16 | 2.2498 x 1073 | 2.1751 | 3.8666 x 107° | 3.2643 | 4.2307 x 10~* | 1.9320
1/32 | 5.2776 x 10~* | 2.0919 | 4.4856 x 1075 | 3.1077 | 1.0736 x 10~* | 1.9783

Table 2.5: Errors and convergence rates of DG

element for Example 2.1 (v = 1/100)

approximations using P;—P, finite

ho | ||la(T) —UY|. | Rate | |u(T)—UM| | Rate | |p(T)— PM|| | Rate
1/4 | 1.4067 x 10° 1.0953 x 10~ 7.6389 x 1072

1/8 | 6.1611 x 107! | 1.1911 | 2.4106 x 1072 | 2.1839 | 4.4502 x 1072 | 0.7795
1/16 | 2.7425 x 10~" | 1.1677 | 5.3894 x 103 | 2.1611 | 2.4692 x 102 | 0.8498
1/32 | 1.2733 x 10~" | 1.1070 | 1.2621 x 103 | 2.0943 | 1.3037 x 102 | 0.9215
1/64 | 6.1066 x 10~ | 1.0601 | 3.0476 x 10~* | 2.0501 | 6.7001 x 10=3 | 0.9603
1/128 | 2.9868 x 1072 | 1.0318 | 7.5028 x 1077 | 2.0221 | 3.3965 x 103 | 0.9801
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Table 2.6: FErrors and convergence rates of DG approximations using P,-P; finite

element for Example 2.1 (v = 1/100)

ho | [[u(T)—UM|. | Rate | |u(T)—UM| | Rate | ||p(T)— P™| | Rate
1/4 | 7.6821 x 1072 5.2191 x 1073 6.1674 x 10~*
1/8 | 1.9599 x 1072 | 1.9707 | 7.0828 x 10™* | 2.8814 | 1.6318 x 10~* | 1.9181
1/16 | 4.4009 x 1072 | 2.1549 | 8.3562 x 107° | 3.0834 | 4.2363 x 107 | 1.9456
1/32 | 1.0326 x 1073 | 2.0915 | 1.0101 x 1075 | 3.0483 | 1.0739 x 10~ | 1.9798

Table 2.7: FErrors and convergence rates of DG approximations using P;—Py finite

element for Example 2.1 (v = 1/1000)

ho | |Jw(T) —UY|. | Rate | |u(T)—TUM| | Rate ||p(T)— PM| | Rate
1/4 | 9.2020 x 10° 6.2784 x 107! 2.0811 x 107!
1/8 | 5.4485 x 10° | 0.7560 | 2.0503 x 10~ | 1.6145 | 6.2463 x 1072 | 1.7363
1/16 | 2.6725 x 10° | 1.0276 | 5.1025 x 1072 | 2.0065 | 2.6400 x 1072 | 1.2424
1/32 | 1.2665 x 10° | 1.0773 | 1.2003 x 102 | 2.0878 | 1.3222 x 1072 | 0.9976
1/64 | 6.0925 x 107" | 1.0557 | 2.8714 x 1073 | 2.0635 | 6.7133 x 1073 | 0.9778
1/128 | 2.9817 x 107! | 1.0308 | 7.0076 x 10~* | 2.0347 | 3.3930 x 10~2 | 0.9844

Table 2.8: FErrors and convergence rates of DG approximations using Py-P; finite

element for Example 2.1 (v = 1/1000)

ho | [[u(T)—UM|. | Rate | |u(T)—UM| | Rate | ||p(T)— P™| | Rate
1/4 | 84772 x 1072 7.4192 x 1073 7.3153 x 107°
1/8 | 2.3096 x 1072 | 1.8759 | 9.9196 x 10~* | 2.9029 | 1.7204 x 1075 | 2.0881
1/16 | 5.4881 x 1073 | 2.0733 | 1.2225 x 10~* | 3.0204 | 4.2842 x 10=¢ | 2.0056
1/32 | 1.2984 x 1073 | 2.0795 | 1.4908 x 1075 | 3.0357 | 1.0778 x 107¢ | 1.9909

Example 2.2. In this example, the choice of right-hand side source function f is made

in such a manner that the exact solution (u, p) = ((u1, us), p) takes the following form:

uy =sin(27(z — t)) sin(2w(y — t)), p = sin(2w(x —t)) cos(2m(y — t)),

ug = cos(2m(z —t)) cos(2m(y — t)).
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We have shown the fully discrete errors and convergence rates in Tables 2.9-2.14 for
the approximate velocity and pressure. Tables 2.9 and 2.10 are based on P — Py and
Py — IP; mixed finite element spaces, respectively, with » = 1, and Tables 2.11 and
2.12 are based on P; — Py and P, — IP; mixed finite element spaces, respectively, with
v = 1/10. Tables 2.13 and 2.14 are based on the numerical results for the mixed finite
element spaces P; — Py and Py — Py, respectively, with viscosity v = 1/100. It can
be noted that for Tables 2.9-2.14, o, = 50. The numerical outcomes depicted in the

tables verify the derived theoretical results.

Table 2.9: Errors and convergence rates of DG approximations using P;—Py finite

element space for Example 2.2 (v = 1)

h | |Ju(T) —UM|. | Rate | |u(T)—UM| | Rate | ||p(T)— PM| | Rate
1/4 | 3.2574 x 10° 2.5555 x 107! 18.1219 x 10°
1/8 | 2.3538 x 10° | 0.4687 | 1.8313 x 10~ | 0.4807 | 11.7638 x 10° | 0.6233
1/16 | 1.1564 x 10° | 1.0253 | 8.7605 x 102 | 1.0637 | 8.0837 x 10° | 0.5412
1/32 | 4.6251 x 1071 | 1.3221 | 2.9031 x 1072 | 1.5934 | 4.7996 x 10° | 0.7520
1/64 | 1.9130 x 107" | 1.2736 | 7.9618 x 1072 | 1.8664 | 2.5576 x 10° | 0.9081

1/128 | 8.8534 x 1072 | 1.1115 | 2.0442 x 10~ | 1.9615 | 1.3060 x 10° | 0.9695

Table 2.10: Errors and convergence rates of DG approximations using Po—P; finite

element space for Example 2.2 (v = 1)

ho | |u(T) —UM|. | Rate | |u(T)—-UM|| Rate | ||p(T)— PM| | Rate
1/4 | 1.2165 x 10° 7.4256 x 102 3.4015 x 10°
1/8 | 2.6504 x 107" | 2.1984 | 8.3078 x 1073 | 3.1599 | 9.0585 x 10~ | 1.9088
1/16 | 5.4251 x 1072 | 2.2885 | 8.0436 x 10~* | 3.3685 | 2.2941 x 10~' | 1.9812
1/32 | 1.2332 x 1072 | 2.1372 | 8.5524 x 1075 | 3.2334 | 5.7646 x 1072 | 1.9926
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Table 2.11: FErrors and convergence rates of DG approximations using PP finite

element for Example 2.2 (v = 1/10)

h |lw(T) —UM|. | Rate | |u(T)—UM| | Rate | |p(T)— PM| | Rate
1/4 4.9395 x 10° 4.5985 x 1071 2.0448 x 10°

1/8 3.5060 x 10° | 0.4945 | 3.3428 x 10~ | 0.4601 | 1.3675 x 10° | 0.5803
1/16 1.6701 x 10° | 1.0699 | 1.4395 x 10~! | 1.2154 | 8.6774 x 107! | 0.6562
1/32 | 6.6862 x 107! | 1.3207 | 4.4712 x 1072 | 1.6869 | 4.9209 x 10~ | 0.8183
1/64 | 2.8437 x 107! | 1.2334 | 1.1953 x 1072 | 1.9032 | 2.5768 x 10~ | 0.9333
1/128 | 1.3398 x 10! | 1.0857 | 3.0441 x 1073 | 1.9734 | 1.3090 x 10~ | 0.9770

Table 2.12: Errors and convergence rates of DG approximations using P,—IP; finite

element for Example 2.2 (v = 1/10)

ho | |u(T)—UM|. | Rate | |u(T)—-UM|| Rate | ||p(T)— PM| | Rate
1/4 | 1.9587 x 10° 1.7700 x 10~ 6.1914 x 107!

1/8 | 3.9841 x 107! | 2.2975 | 2.9831 x 1072 | 2.5688 | 1.2164 x 10~" | 2.3475
1/16 | 6.5895 x 1072 | 2.5960 | 3.7340 x 103 | 2.9980 | 2.7611 x 1072 | 2.1393
1/32 | 1.3091 x 1072 | 2.3315 | 4.5668 x 10~* | 3.0314 | 6.7838 x 1073 | 2.0251

Table 2.13: Errors and convergence rates of DG approximations using P;-P, finite

element space for Example 2.2 (v = 1/100)

ho | ||la(T) —UY|. | Rate | |[u(T)—UM| | Rate | |p(T)— PM|| | Rate
1/4 | 7.2896 x 10° 9.9750 x 10~ 4.8542 x 10~

1/8 | 3.9428 x 10° | 0.8866 | 4.1141 x 107" | 1.2777 | 2.8460 x 107! | 0.7702
1/16 | 1.6268 x 10° | 1.2772 | 1.2148 x 10" | 1.7598 | 1.1640 x 10" | 1.2898
1/32 | 6.8318 x 10" | 1.2517 | 3.1488 x 102 | 1.9479 | 5.4180 x 102 | 1.1032
1/64 | 3.1570 x 10~* | 1.1137 | 7.9203 x 103 | 1.9912 | 2.6673 x 102 | 1.0223
1/128 | 1.5417 x 10~' | 1.0340 | 1.9763 x 10~ | 2.0027 | 1.3298 x 10~2 | 1.0041
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Table 2.14: FErrors and convergence rates of DG approximations using Po—P; finite

element space for Example 2.2 (v = 1/100)

ho | [[u(T) —UM|. | Rate | |u(T)—UM| | Rate | ||p(T)— P™| | Rate
1/4 | 2.0132 x 10° 3.4900 x 10~ 2.5990 x 10~}
1/8 | 4.1700 x 1071 | 2.2713 | 4.6990 x 1072 | 2.8928 | 5.8091 x 1072 | 2.1615
1/16 | 8.4263 x 1072 | 2.3070 | 5.8522 x 1072 | 3.0053 | 1.4389 x 1072 | 2.0133
1/32 | 1.8693 x 1072 | 2.1723 | 7.2406 x 10~* | 3.0148 | 3.6225 x 1072 | 1.9899

Example 2.3 (Taylor-Green vortex). Another widely used test case for the verification
of numerical methods for the incompressible NSEs is the TaylorGreen vortex problem.

The analytical unsteady solution is (u, p) = ((u1, ug), p), where

2 1 2
uy = cos(2mz) sin(27my)e ®™ p= _1(603(47@) + cos(dmy))e 167,

Uy = — sin(2mz) cos(2my)e 57V,

The initial condition is obtained from the above exact solution.

We have considered P; —Py and P,—P; DG cases with v = 1/100 and o, = 100. The
numerical convergence results are shown in Tables 2.15 and 2.16 for the cases P; — P
and P, — Py, respectively. We find that the optimal convergence rates are achieved for

this important nontrivial test problem with periodic boundary conditions.

Table 2.15: Errors and convergence rates of DG approximations using P;—P, finite

element space for Example 2.3 (v = 1/100)

ho | |Jw(T) —UY|. | Rate | |u(T)—TUM| | Rate ||p(T)— PM| | Rate
1/4 | 2.7601 x 10° 3.3217 x 107! 9.1378 x 1072
1/8 | 1.6546 x 10° — | 18703 x 107t | — 95355 x 1072 —
1/16 | 7.6371 x 1071 | 1.1154 | 7.5382 x 102 | 1.3109 | 6.9945 x 1072 | 0.4470
1/32 | 2.8430 x 1071 | 1.4256 | 2.2804 x 1072 | 1.7248 | 4.3044 x 1072 | 0.7004
1/64 | 1.0942 x 1071 | 1.3774 | 5.9644 x 1073 | 1.9348 | 2.3518 x 1072 | 0.8720
1/128 | 5.1111 x 102 | 1.0981 | 1.4877 x 1073 | 2.0032 | 1.2366 x 102 | 0.9272
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Table 2.16: Errors and convergence rates of DG approximations using Po—P; finite

element space for Example 2.3 (v = 1/100)

ho | [[u(T)—UM|. | Rate | |u(T)—UM| | Rate | ||p(T)— P™| | Rate
1/4 1.4875 x 10° 6.2938 x 1072 4.1092 x 1072
1/8 | 2.7512 x 1071 | 2.4348 | 6.6431 x 1073 | 3.2440 | 1.1988 x 1072 | 1.7772
1/16 | 6.7602 x 1072 | 2.0249 | 8.1619 x 10~* | 3.0248 | 2.9784 x 10~ | 2.0090
1/32 | 1.6961 x 1072 | 1.9948 | 1.0191 x 10~* | 3.0015 | 7.3905 x 10~* | 2.0108

2.8 Conclusion

This chapter discusses a DG finite element method for the incompressible time depen-
dent NSEs. With the help of L?-projection and modified Stokes operator on appro-
priate discontinuous spaces, semi-discrete optimal error estimates are derived for the
velocity in L*°(L?) norm and for the pressure in L>(L?) norm. Under the smallness
assumption on data, the error estimates are shown to be uniform in time. Then, in the
time direction, a first order accurate backward Euler scheme is employed to achieve
complete discretization. And fully discrete discontinuous error estimates of velocity
and pressure are derived. Finally, with the help of numerical experiments, theoretical

results are confirmed.



82



	06_chapter 2

