
Appendix A

S4 group

The irreducible representations of S4 follow the following Kronecker products,

11 ⊗ η = η, 12 ⊗ 12 = 1, 12 ⊗ 2 = 2, 12 ⊗ 31 = 32, 12 ⊗ 32 = 31

2 ⊗ 2 = 11 ⊕ 12 ⊕ 2, 2⊗ 31 = 2⊗ 32 = 31 ⊕ 32,

31 ⊗ 31 = 32 ⊗ 32 = 11 ⊕ 2⊕ 31 ⊕ 32, 31 ⊗ 32 = 12 ⊕ 2⊕ 31 ⊕ 32

Now, we write the Clebsch-Gordon coefficients in particular basis

For 1-dimensional representations:

11 ⊗ η = η ⊗ 11 = η

12 ⊗ 12 = 11 ∼ αβ

12 ⊗ 2 = 2 ∼

 αβ1

−αβ2



12 ⊗ 31 = 32 ∼


αβ1

αβ2

αβ3



12 ⊗ 32 = 31 ∼


αβ1

αβ2

αβ3


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For 2-dimensional representations:

2⊗ 2 = 11 ⊕ 12 ⊕ 2 with



11 ∼ α1β2 + α2β1

12 ∼ α1β2 − α2β1

2 ∼

α2β2

α1β1



2⊗ 31 = 31 ⊕ 32 with



31 ∼


α1β2 + α2β3

α1β3 + α2β1

α1β1 + α2β2



32 ∼


α1β2 − α2β3

α1β3 − α2β1

α1β1 − α2β2



2⊗ 32 = 31 ⊕ 32 with



31 ∼


α1β2 − α2β3

α1β3 − α2β1

α1β1 − α2β2



32 ∼


α1β2 + α2β3

α1β3 + α2β1

α1β1 + α2β2


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For 3-dimensional representations:

31 ⊗ 31 = 32 ⊗ 32 = 11 ⊕ 2⊕ 31 ⊕ 32 with



11 ∼ α1β1 + α2β3 + α3β2

2 ∼

α2β2 + α1β3 + α3β1

α3β3 + α1β2 + α2β1



31 ∼


2α1β1 − α2β3 − α3β2

2α3β3 − α1β2 − α2β1

2α2β2 − α1β3 − α3β1



32 ∼


α2β3 − α3β2

α1β2 − α2β1

α3β1 − α1β3



31 ⊗ 32 = 12 ⊕ 2⊕ 31 ⊕ 32 with



12 ∼ α1β1 + α2β3 + α3β2

2 ∼

 α2β2 + α1β3 + α3β1

−α3β3 − α1β2 − α2β1



31 ∼


α2β3 − α3β2

α1β2 − α2β1

α3β1 − α1β3



32 ∼


2α1β1 − α2β3 − α3β2

2α3β3 − α1β2 − α2β1

2α2β2 − α1β3 − α3β1


where αi and βi denote the elements of the first and second elements, respectively.
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Appendix B

The Scalar Sector of the Model

The scalar potential of the model is written such that it is invariant under the

symmetry S4 ⊗ Z3 ⊗ Z4 and has the following form,

V (H,φc, ϕc, φν , ξ, ψ) = V1(H) + V2(φc, ϕc) + V3(φν , ξ, ψ,H) + V4(H, ξ, ψ), (B.1)

with,

V1(H) = µ2
H(H

†H) + λH(H
†H)2, (B.2)

V2(φc, ϕc) =a1(φcφc)11(φcφc)11 + a2(φcφc)2(φcφc)2 + a3(φcφc)31(φcφc)31

+ a4(ϕcϕc)11(ϕcϕc)11 + a5(ϕcϕc)2(ϕcϕc)2 + a6(ϕcϕc)31(ϕcϕc)31

+ a7(φcφc)11(ϕcϕc)11 + a8(φcφc)2(ϕcϕc)2 + a9(φcφc)31(ϕcϕc)31

+ a10(φcϕc)12(φcϕc)12 + a11(φcϕc)2(φcϕc)2 + a12(φcϕc)31(φcϕc)31

+ a13(φcϕc)32(φcϕc)32 + a14(φcϕc)2(φcφc)2 + a15(φcϕc)31(φcφc)31

+ a16(φcϕc)32(φcφc)32 + a17(φcϕc)2(ϕcϕc)2 + a18(φcϕc)31(ϕcϕc)31

+ a19(φcϕc)32(ϕcϕc)2, (B.3)
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V3(φν , ξ, ψ,H) =µ2
φν (φ

†
νφν)11 + b1(φ

†
νφν)11(φ

†
νφν)11 + b2(φ

†
νφν)2(φ

†
νφν)2

+ b3(φ
†
νφν)31(φ

†
νφν)31 + b4(φ

†
νφν)32(φ

†
νφν)32 + b5(φ

†
νφν)11(ξ

†ξ)11

+ b6(φ
†
νφν)2(ξ

†ξ)2 + b7(φ
†
νφν)11(ψ

†ψ)11 + b8(φ
†
νφν)11(H

†H)11

(B.4)

V4(H, ξ, ψ) =µ
2
ξ(ξ

†ξ)11 + c1(ξ
†ξ)11(ξ

†ξ)11 + c2(ξ
†ξ)2(ξ

†ξ)2 + µ2
ψ(ψ

†ψ)11

+ c3(ψ
†ψ)11(ψ

†ψ)11 + c4(ξ
†ξ)11(ψ

†ψ)11 + c5(ξ
†ξ)11(H

†H)11

+ c6(ψ
†ψ)11(H

†H)11 (B.5)

Let us denote the vev of the scalars as follows:

⟨H⟩ = vH , ⟨ψ⟩ = vψ, ⟨ξ⟩ = (vξ1 , vξ2), ⟨φν⟩ = (vφν1 , vφν2 , vφν3 )

⟨φc⟩ = (vφc1 , vφc2 , vφc3 ), ⟨ϕc⟩ = (vϕc1 , vϕc2 , vϕc3 ), (B.6)

In order to calculate the vev ⟨φc⟩ = (vφc1 , vφc2 , vφc3 ), we write the minimum

condition,
∂V

∂φci

∣∣∣∣
⟨φci ⟩=vφci

= 0, (i = 1, 2, 3), (B.7)

Similarly, we have the minimum condition for ⟨ϕc⟩ = (vϕc1 , vϕc2 , vϕc3 ) as follows,

∂V

∂ϕci

∣∣∣∣
⟨ϕci ⟩=vϕci

= 0, (i = 1, 2, 3), (B.8)

This leads us to a system of equations and we analyze the vacuum configuration:

⟨φc⟩ = (vφc , 0, 0)

⟨ϕc⟩ = (vϕc , 0, 0)

We find that the vacuum alignment shown above is one of the solutions of the

extremum conditions of equations (B.7 and B.8).

Just as in equations (B.7 and B.8), the vev ⟨φν⟩ imposes the extremum con-

dition on V and this leads us to the following system of equations,

(2b1 + 8b3)v
3
φν1

+ (2b2 − 4b3)v
3
φν2

+ (2b2 − 4b3)v
3
φν3

+ (4b1 + 8b2)vφν1vφν2vφν3

+ (2b5vξ1vξ2 + b7vψ + b8v
2
h + µ2

φν )vφν1 + b6v
2
ξ1
vφν1 + b6v

2
ξ2
vφν2 = 0
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(2b1 + 4b2)v
2
φν1
vφν3 + (6b2 − 12b3)vφν1v

2
φν2

+ (4b1 + 2b2 + 12b3)v
2
φν3
vφν2+

+ (2b5vξ1vξ2 + b7vψ + b8v
2
h + µ2

φν )vφν3 + b6v
2
ξ2
vφν1 + b6v

2
ξ1
vφν2 = 0

(2b1 + 4b2)v
2
φν1
vφν2 + (6b2 − 12b3)vφν1v

2
φν3

+ (4b1 + 2b2 + 12b3)v
2
φν2
vφν3+

+ (2b5vξ1vξ2 + b7vψ + b8v
2
h + µ2

φν )vφν2 + b6v
2
ξ2
vφν3 + b6v

2
ξ1
vφν1 = 0

(B.9)

The above system of equations has several solutions, one of the solutions being

vφν1 = vφν1 = vφν1 = vφν =
1√
6
·

√
−
2b5v2ξ + 2b6v2ξ + b7v2ψ + v8v2h + µ2

φν

b1 + 2b2
(B.10)

with vξ1 = vξ2 = vξ . Another solution exists with vφν1 ̸= vφν1 ̸= vφν1 , which has

a very long expression and we choose such a solution to obtain the mass matrix

taken under consideration in our model.
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