Chapter 5

Families of Congruences for 6-Regular Par-

titions and Partitions k-Tuples with t-Cores

5.1 Introduction

In this chapter, we obtain new infinite families of congruences as well as individ-
ual congruences for two restricted partition functions, namely, 6-regular partition
function and partition k-tuples with 5-cores. The motivation of studying these two
functions together lies in the similarity of the proof techniques for their respective
congruences which mainly include dissections of certain g-products and the theory

of Lucas sequences.

Recall that if bg(n) counts the 6-regular partitions of n, then its generating

function is given by

00 n_ﬁ
;%(n)q =

In 2015, Hou, Sun, and Zhang [72] found infinite families of congruences modulo

Theorems and their proofs of this chapter have been published in Indian Journal of
Pure and Applied Mathematics [106]. The author thanks Dr. Manjil P. Saikia and Mr. Abhishek
Sarma for the collaboration. The other results of this chapter have been submitted for publication

[22].
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3 for bg(n) in the arithmetic progression of squares of certain primes. Their results

are stated in the following theorem.

Theorem 5.1 (Hou, Sun, and Zhang [72]). For «, n nonnegative integers, p; primes

congruent to 13, 17, 19, 23 (mod 24) and j # 0 (mod pa+1), we have
2 02 D0s1(245 4+ Bpasi) — 5

pl pap +1( j + p +1) ) = 0 (mod 3)

(5.1)

be (p?“‘pi+1n+ o1

For v = 0, it follows that for all primes p = 13,17,19,23 (mod 24), j # 0
(mod p) and all n > 0,

2_ 1
be (p2n+pj+5 p24 ) =0 (mod 3). (5.2)

Ahmed and Baruah [2] proved the following infinite family of congruences for
b(j (n)

—6
Theorem 5.2. [Ahmed and Baruah [2]] If p is a prime such that (—) =—1
P/
and 1 < j <p—1, then for all a, n > 0, we have

p2a+2 _ 1

b (p2“+1(pn +i)+5 —;

) =0 (mod 3). (5.3)
Remark 5.3. Here, we have corrected a misprint in [2].

Recently, Ballantine and Merca [13] extended Theorem to more choices of
primes. They proved the following theorem.

Theorem 5.4. [Ballantine and Merca [13]] Let « be a nonnegative integer and let
pi >5, 1 <i<a+1 beprimes. If poy1 =3 (mod 4) and j # 0 (mod pay1), then

for all integers n > 0, we have

2 2 past (247 4 5past) — 5
Py PaPat1(24) + 5pati) )EO (mod 3). (5.4)

b 2 . e 2 n +
6 (p]_ poz+]. 24

Ballantine and Merca [13] also conjectured some truncated theta series results
for bg(n) and some related partition functions. Using a formula of Cayley [39] on

the number of partitions of n into parts not exceeding 3, Yao [128] established two

of those conjectures for bg(n).

Very recently, Zheng [136] proved the existence of infinitely many Ramanujan-
type congruences for bg(n) modulo m for every prime m > 5. They also deduced

new congruences for bg(n) modulo 5.
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In this chapter, we find new infinite families of congruences modulo 3 for bg(n).

We state our results in the following theorems.

First, we note some new individual congruences for bg(n) modulo 3.

Theorem 5.5. Forn > 0, we have

bs(125n +1r) =0 (mod 3) where r € {30, 55,80, 105}, (5.5)

b(15625n + s) =0 (mod 3) where s € {130, 6380,9505, 12630} (5.6)

In the following theorem, we state two recurrence relations modulo 3 for bg(n).

Theorem 5.6. Forn > 0, the following relations hold:

bs(n) = —bs (5°n+5° +5°+5)  (mod 3), (5.7)
bs(n) = (—1)"bg (56]% + %) (mod 3). (5.8)

We now present some new infinite families of congruences modulo 3 for bg(n).

Theorem 5.7. Forn >0 and k > 0, we have
5(29 5%+ —1)

b | 5% 3n + o =0 (mod 3), (5.9)
b [ 5%+ 4+ 2 (53 5262“ “D) = 0 (mod 3), (5.10)
b | 5% 30 + 5(17 5262“ 1) =0 (mod 3), (5.11)
be <5ﬁk+3n + 5 (101 ZTH 1) =0 (mod 3), (5.12)
b (56(k+1)n + % =0 (mod 3), (5.13)

b | 5°¢ T + 549 5262+4 1) =0 (mod 3), (5.14)
b | 58+ 4 5(73- 5;:+4 -1 =0 (mod 3), (5.15)
b | 55¢Fn + 5 (97 EZH 1) =0 (mod 3). (5.16)
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Note that the cases k = 0 of (5.9)—(5.16|) are equivalent to the congruences (5.5))
and (5.6). We observe that these congruences also hold for modulo 9. That is, for
n > 0, the following congruences are true:

bs(125n +7) =0 (mod 9), where r € {30, 55,80, 105}, (5.17)
bs(15625m + s) =0 (mod 9), where s € {130, 6380, 9505, 12630} . (5.18)

Using an approach different from the proof of Theorem [5.5] we prove (5.17) and
(5.19).

Next, we state two new infinite families of congruences modulo 3 for bg(n) in the

arithmetic progression of certain primes.

Theorem 5.8. Let p be a prime with p =1 (mod 24). We define

-1
1, zfc( 51 > =0 (mod 3),
2
g(p) =< 2, zfc( ) #Z0 (mod 3) and (5) =1, (5.19)
L
2
3, zfc( > #Z0 (mod 3) and (—) =-1,
\ b/
where
o0 3
Zc(n)q" = f—l (5.20)
o f2
Then, forn >0, k >0 with p1 (24n + 1), we have
(9(P)+1)k+g(p) _
b (125p<g<p>+1>k+g<p>n 4 12p - 5) =0 (mod 3). (5.21)
Theorem 5.9. Let p be a prime with p =1 (mod 24). We define
1, ( ) =0 (mod 3),
2
h(p) = | 2, ( ) #0 (mod 3) and (—) =1, (5.22)
P/
2
3, zfd( ) #Z0 (mod 3) and (—) =—1,
\ 24 P/
where
> d(n)g" = 2. (5.23)
n=0 fl
Then, forn >0, k > 0 with p{ (24n +5), we have
5 (p(h(P)+1k+h(p) _ 1
b <p<h<P>+1>k+h<P)n + (v o ) =0 (mod 3). (5.24)
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Remark 5.10. It is easy to observe that congruences in Theorem[5.8 are different
from those in Theorems and [5.4.  We also note that Theorem is not
same as Theorem as for p = 73, we have 73 = 1 (mod 24), but (%ﬁf) # —1.
Also, the choices of primes for Theorems and [5.9 are not the same as the first
one is given for poyr1 = 3 (mod 4) and for the later one, all primes are congruent

to 1 modulo 24.

We also prove some Kolberg-type congruences modulo 3 for bs(n) as given in the

following theorem.

Theorem 5.11. Let

z<z><z>
> B = (3 wimy”) (f} bo(125m + 5>qm)'

m=0

iA(5n + 1)t = — ( f: b6(m)qm> (i be(25m + 5)qm) (mod 3),  (5.25)

f% B(n)q" = (i}bﬁ(%m + 5)qm)2 (mod 3), (5.26)

io D(n+1)¢" = <i}b6(m)qm)2 (mod 3). (5.27)
Also, we have

BBn+r)=0 (mod3), where re{1,2,3,4}, (5.28)

C(n)=C(GBn+4) (mod 3), (5.29)

DGBn+7r)=0 (mod3), where re{0,2,3,4}, (5.30)

EBn+2)=0 (mod 3). (5.31)

Again, we recall from Section 1.4 that the generating function of partitions k-
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tuples with ¢-cores is given by
©° ( qt; qt)lct tkt
Aip(n)g" = —2 = —. (5.32)
; (ot fF
There have been several studies involving the congruence properties of A x(n) for

different values of ¢t and k. For more details of the works done on this function, we

refer the readers to [51] and the references cited therein.

Recently, Dasappa [100] proved the following infinite family of congruences for

A572(n):
Aso(5°n +5°—2) =0 (mod 5%), a>1. (5.33)
In a similar vein, Majid and Fathima [83] proved the following result:

As3(5“n +5%—=3) =0 (mod 5%), a>1. (5.34)

Both of these results were proved using elementary techniques which involved
using dissection formulae and induction. We extend these results in the following

theorem.
Theorem 5.12. For alln >0 and o > 1, we have
As4(5°Tn + 5%t —4) =0 (mod 5*). (5.35)

We further find some new infinite family of congruences for A;x(n) for some

general values of k£ and ¢, as stated in the following results.

Theorem 5.13. Let p > 5 be a prime and let r € N with 1 < r < p—1, be such
that 24r + 1 is a quadratic nonresidue modulo p. Then, for allm > 0, ¢ > 1, and

N > 1, we have
A, vici(pn+1) =0 (mod pM).

Theorem 5.14. Let p > 5 be a prime and let r € N with 1 < r < p—1, be such
that 8r + 1 is a quadratic nonresidue modulo p. Then, for alln > 0, ¢ > 1, and

N > 1, we have
A, ovis(pn+7) =0 (mod p").

Theorem 5.15. Let p > 5 be a prime and let r € N with 1 < r < p—1, be the
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unique value such that 8r +1 =0 (mod p). Then, for alln >0 and i > 1, we have
Appims(pn+1r) =0 (mod p).
We also prove some new individual congruences for Aj;,(n) for some specific
values of t.

Theorem 5.16. For all n > 0, the following congruences are true:

As2(25n +23) =0 (mod 5?), (5.36)
As2(125m +123) =0 (mod 5°), (5.37)
As5(25m +22) =0 (mod 5), (5.38)
As3(125n +122) =0 (mod 57), (5.39)
As.4(25n+21) =0 (mod 5°), (5.40)
As.4(125n +121) =0 (mod 5°). (5.41)

Next, we establish a congruence result for A;x(n) modulo powers of primes,

which can be also viewed as an existence result for infinite family of congruences.

Theorem 5.17. Let p be a prime, k> 1,7 >0, N > 1, M > 1, and r be integers
such that 1 < r < pM — 1. If for all n > 0,

A n+7)=0 (mod pV),
then for alln > 0, we have

A, pviv-1 i (PMn+7) =0 (mod pM).

The following is an easy corollary.

Corollary 5.18. For alli > 0 and n > 0, we have

As52019(25n +23) =0 (mod 5), (5.42)
As 5312(25m +23) =0 (mod 52), (5.43)
As 55042(125n +123) =0 (mod 5%), (5.44)
As5243(25n +22) =0 (mod 5), (5.45)
As5443(125n +122) =0 (mod 5%), (5.46)
Assia(5n+3,4) =0 (mod 5), (5.47)
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A5,53i+4 25n+ 21
A5,52i+4 26m + 21

(
(
As 53144(25n + 21
(
(

A5,55i+4 25n+ 21) = 0

) (
) (
) (
As51044(25m +21) =0 (mod 5%),
) (
As 56:44(25m + 21) (

) (

As s5i44(125n + 121

The rest of the chapter is organized as follows. In Section 5.2 we state some
preliminary results that we require for our proofs. In Section [5.3] we use some 5-
dissections of certain g-products and two identities from the list of forty identities
for the Rogers-Ramanujan functions of Ramanujan to obtain Theorems[5.5H5.7 We
prove Theorems and in Section using two identities of Newman [86]. In
Section [5.5] we establish the Kolberg-type congruences of Theorem [5.11] We prove
and in Section 5.6 using an approach due to Radu [91]. Theorem [5.12]is
then proved in Section [5.7], Theorems [5.13H5.15| are proved in Section [5.8] Theorem
5.16)is proved in Section[5.9] We deduce Theorem [5.17]and Corollary [5.18]in Section
.10 Finally we close the chapter with some concluding remarks and conjectures in

Section B.111

5.2 Preliminaries

In the following lemma, we recall the 5-dissections of x(¢) and 1/x(—¢q) given by
(2.68) and (2.70).

Lemma 5.19 (Baruah and Talukdar [21]). We have

_ 1 25 15 35 2/ 15 35 3 25 5 45
X0 = f o e (PO 4 0P + o)1)
+ ' f(d°,q°) f(d"”,d%) + 4" (e, q45)) : (5.55)
1 f(=¢")

— 2/.10 15 5 20 10 15 202, 5 920
X(—Q)_f3(—q5)<f (¢",¢") + af (. ) (. 4°) + @ £, ¢)
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2P0 (g, ¢) + 2q4¢(q25)f(q5,q2°))- (5.56)

Also, by the binomial theorem, for positive integers j, k > 1, we have
G*(¢)=G*(¢¥) (mod 3) and H**(¢/) = H* (¢*) (mod 3).
We will use these congruences without referring to them.

In the following lemma, we state two identities from this list of forty identities

of Ramanujan for G(q) and H(q).

Lemma 5.20 (Berndt, Choi, Choi, Hahn, Yeap, Yee, Yesilyurt, and Yi [31]). The
following hold:

H()G(e®) - aGla) H (") = ;<<_‘qq£), (5.57)
G(¢")G(q*) + qH () H(¢") = i((__qq)). (5.58)

The next four lemmas contain some generating functions needed for the proof of

Theorem [5.12

G 1
Lemma 5.21. Let Z Py(n)q" = I Then we have
n=0 1

- 5 J5 15 5 5 f3°
> Py(5n+1)q" = 4% + 550q >+ 12500¢% =2 + 78125¢ o
Proof. Using equation (1.17), extracting the terms involving ¢°"*!, dividing by ¢

and then replacing ¢® by ¢, we arrive at

4 418 1840¢>
ZP4 (5n+1)q f24< b

T'(q)  T'(q) T°(q)
+1015¢° — 1840¢*T°(q) + 418¢°T°(q) — 4q6T15(q)> . (5.59)

We use the following formula [29, Theorem 7.4.4]:
6

Trgp ~ M- ¢*T(q)° = —;6 (5.60)

to obtain from equation ([5.59))
i Py(5n +1)¢" ;56 + 550¢-25 f5 >+ 125004 114 + 78125 3f;2' (5.61)
O
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Lemma 5.22. [fz Qa(n)q" = f2f1*, then we have ZQ4(5n+4)q" = —15625¢> f21 .

n=0 n=0

Proof. Using equation (1.16), we obtain

ZQ )q" = f2 Lo 9 i © gy T g0 O
4\n 5 T14(q) T1(q) T12(q) T1(q) T(q)
¢ q & ¢
—1365—— — 1430——— + 5005——+ — 10010———
TS( ) T7( ) TG( ) T%(q)
g\ 12 13

q q
+ 14105 — 6930 —
T%(q) T%(q) T(q)

4 14105¢*9T?(q) — 3640¢""T?(q) — 10010¢"8T*(q) + 5005¢*°T°(q)

+ 3640 ———— — 15625¢"* + 6930¢™°T(q)

+1430¢*'T7(q) — 1365¢**T®(q) — 910¢**T(q) + 182¢* T (q)

+ 77¢°°T"(q) + 14¢°" T (q) + q%TM(Q)) :

Extracting the terms involving ¢°*™* and then dividing by ¢* and replacing ¢° by g,
we have
i Qu(5n + 4)q" = —15625¢" f3* 7.
n=0
]
Lemma 5.23. Ifz Qs(n)q" = qfSf3, then we have Z Qs(5n+4)q" = —125¢f3 7.

n=0 n=0

Lemma 5.24. ]fZQG n)q" = ¢*fi*f1, then we have ZQ6(5n+4)qn =—f2fi*

n=0 n=0

The proofs of Lemmas and are exactly similar to the proof of Lemma[5.22]
So, we skip them.

5.3 Proofs of the Theorems |5.5-5.7

Proof of Theorem[5.5 We have
S bo(ma = L = 22 = i) (mod ). (5.62)
2 hh

Using the 5-dissections of f; and (q) given by (1.16) and (2.37) in (5.62)), we have

Zbﬁ q—f(( °) - q2—#410))
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X (f (", ¢") +af (@, ) + q%(q%)) (mod 3), (5.63)

from which we extract,

o0 . ) f _ 47_ 6

> ulsmg” = ~afov(a") + fu (f<q e

fio

f(_q27 _qB)f(_q4’ _qﬁ)
< (PP =) = af ) P )
f3fs
fio
L (e - )
f22f5 X(—Q)
Jio x(—¢3)

fs 13

=4, T

—qf(q,q")

f(=¢* —¢%
f(=q*, —q°) )

= —qf10v(¢°) +

= (@) + (H<q>G3<q2> - qG<q>H3<q2>)

= —qfi0Y(¢°) +

= —qfd(a’) + (from (5.57))

_ 2 e(=9")
~ fio x(—q)

_ S
= 5 (mod 3). (5.64)

Employing (5.56) in (5.64]), we have

o0 4
> bs(5n)q" = ;—%% (f2(q1°, ¢°) +af (¢, d*) (@', ¢"°) + (", )
n=0

2P0 (0, 4) + 26 (¢ (& q2°>) (mod 3),  (5.65)

which by extraction gives
> b(25n 4 5)¢" = 110N ) (mod ). (5.66)
n=0
_Nifi e Gl@H(q)

 fofe ° G(q*)H(q%)

= f—g (mod 3). (5.67)
10
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Thus, extracting the terms involving ¢°**", 1 < r < 4 from both sides of the above,

we have

bs(125n +7) =0 (mod 3), where r € {30,55,80,105}

which proves (5.5)).

Again, extracting the terms involving ¢°" from both sides of the (5.67)), and then

replacing ¢° by ¢, we find that

S w_ f_
> be(125n +5)q" = - =
n=0 f2

Employing (2.36) and (1.16) in (5.68), we find that

nf% b6(125n + 5)¢" = fas (T(q5) - TQ—Z) <¢<_q25)

fip(—q) (mod 3). (5.68)

(¢°)
—2¢f(=¢", —¢*) + 2¢* f (-, —q45)) (mod 3), (5.69)

which implies that

> bs(625n + 130)q" = f5( —2T(g) f(—¢*, —") — 9(—°) — = f(—q, —qg))

T(q)
= 2fs0(—¢°) + fs (J;((qq—’__;))f(—q?’, —q")
fl=a,=q") .,
+q—f(_q2’_q3)f( 4 —q ))
= 2f50(—¢") + Js

f(=q¢,—q") f(=¢* —¢%)
X (f2(—q2, —) f(=¢*, —a") + af*(—q, ") f(—q, —qg))

(5.70)
= 2fsp(— f1f10< ¢*) +qH’(q )H(q2))
= 2o~ f1f10< ?) +qH(q )H((f))
= 2f5p(—q") + flffm fc((—q (by E:58))
%@2(—q5) + %902(—61) (5-71)
= 2%902(—615)
I % (<p2<_q5) —4qf(=q,—¢") f(=¢°, —q7>>
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=207 (-0 ~¢°)f(=4*, —4") (5.72)
= 2q%x(—q)f(q5)fzo (mod 3). (573
Again, using in (5.73), we arrive at
Z b(625n + 130)¢" = 2 %;E §§22 (@(—q25)f(—q15, —¢*) = 4/* (=", —¢*)
— (=) (=", —4®) + ¢" F (=, —4"®°) F(=4"°, =)
PP ®)) (mod 3) (5.74)
from which we extract,
i be(3125n + 130)¢" = 2q%f(—q, " f(=¢*,—q¢") (mod 3). (5.75)

n=0

Using (2.31) and (2.32) in (5.75]) and then employing (1.8), we find that

RZ; bs(3125n + 130)¢" = QQX(iq)X(—Q)f(qs)fm
_ figo — flO
= 2qf5f20 foo = —q== 7. (mod 3). (5.76)

Now, extracting the terms involving ¢°*, ¢°"**2, ¢°"*3, and ¢°*™* from the right hand

side of the above, we have
bs(15625n + s) =0 (mod 3), where s € {130,6380, 9505, 12630},

which is (5.6). Thus, we complete the proof of Theorem . n

Proof of Theorem[5.0. Extracting the terms involving ¢°" ™ from both sides of the
(5.74)), dividing by ¢ and then replacing ¢° by ¢, we find that
I

1

> be(15625n + 3255)¢" = —=2  (mod 3),

n=0
which with the aid of reduces to
b (15625n + 3255) = —bg(n) (mod 3),
which proves .
Now, by successive iterations of , we have
bs(n) = —bs (5°n + 5° 4+ 5° + 5)
= b6 (5° (5°2 +5° +5° +5) +5° +5° 4 5)
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=be (5'°n + 5" + 57 + 57 +5° + 57 4 5)

(=1)*bg (5% n + 5% 1 4 5%73 ... 4+ 5% + 5)

(—1)Fbg <56kn + w) (mod 3),

24
which gives (5.8). Thus, we complete the proof of Theorem [5.6 O

Proof of Theorem[5.7. From ([5.8)), we have
bs(n) = (—1)"bg (56’% + %) (mod 3). (5.77)
Replacing n by 125n + 30 in , we obtain
b(125n + 30) = (—1)"bg (5% (1251 + 30) + $>

5(29 - 5%+ — 1)
24

= (—1)"bg (56k+3n + > (mod 3). (5.78)

Similarly, replacing n by 125n + 55, 125n + 80, and 125n + 105 in (5.77]) respec-
tively, we arrive at the following:
5(53- 5001 — 1)
24
5 (77 5%+ — 1)
24

bs(125n + 55) = (—1)%bg (56’”% + ) (mod 3), (5.79)

bs(125n 4 80) = (—1)*bg (56k+3n + > (mod 3), (5.80)

5 (101 - 50+ — 1)
24

bs(125n 4 105) = (—1)"bg (56k+3n + ) (mod 3).  (5.81)

Therefore, (5.9)—(5.12) are evident from ([5.78)—(5.81)) and (/5.5).

Again, replacing n by 15625n + 130 in ((5.77)), we find that
k 6k D (56k - 1)
bo(15625n + 130) = (~1)*bg | 5% (156250 + 130) + —— —

5 (56k+4 o 1)

= _1 kb 56(k‘+1)
(1) 6( nt 24

) (mod 3). (5.82)

In a similar way, replacing n by 15625n+6380, 15625n+9505, and 156251412630
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in (5.77) respectively, we obtain the following:

5(49 - 5%+ — 1)

b (15625n + 6380) = (—1)*bg | 55*+Vn + o0

(mod 3), (5.83)

5(73- 5%+ —1)
24

b (156251 + 9505) = (—1)"bg | 56¢F+HDn + (mod 3), (5.84)

5(97 - 5%+ —1)
24

b (156251 + 12630) = (—1)*bg | 55¢*Fn 4 (mod 3). (5.85)

Employing (5.6]) in (5.82)—(5.85)), we arrive at ([5.13))—(5.16)) which complete the
proof of Theorem [5.7] O

5.4 Proofs of Theorems [5.8 and |5.9

First of all, we prove the following two lemmas.

Lemma 5.25. Let p be a prime with p = 1 (mod 24) and ¢(n) be defined by (5.20)).

We have
k pr-1 p—1
clpn+ =U(p,k)c|pn+—— )+ V(p, k)c(n), (5.86)
24 24
where U(p, k) and V(p, k) are defined by
-1 2
Ulp, k+2) =c (p—> Ulp, k+1) — (-) Up, k) (5.87)
24 P/
and
p—1 2
Vip,k+2)=c (—) Vip,k+1)— <—> V(p, k) (5.88)
24 P/
with U(p,0) =0, U(p,1) =1, V(p,0) =1, and V(p,1) =0

Proof. We will prove the lemma by induction on & using the method of Xia [126]
based on Newman'’s identities [86] and Lucas sequences. We observe that is
true for k = 0 and k = 1 since U(p,0) =0, U(p,1) =1, V(p,0) =1, and V(p,1) = 0.
We now assume that is true for K = m and k = m + 1 for some m > 0, which

gives

c (pmn + pm24_ 1> = U(p,m)c (pn + %) + V(p, m)e(n), (5.89)
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and

m+1 _ 1 1
c (pmHn + pT) =U(p,m+ 1)c (pn + 7) +V(p,m+1)c(n). (5.90)
Newman [86, Theorem 3| proved the following identity for ¢(n):
p—1
p-1 p—1 2 S
— —(Z 5.91
<pn+ 24 > C( 24 >C(n> <p>LC p 20

where p is a prime with p = 1 (mod 24).

in - we have

C( 2 p22;1) :C<192;41) <p +?72_41) — (E)Lc(n). (5.92)

m

Replacing n by pn —i—

Again, replacing n by p™n + d
(5.90)), we find that

c(pm“n—l—&)

(Tl 50,

:< 1)( (p,m + 1 (pn+pz—41)+V(p,m+1)C(n))
(v
1

—1
in ((5.92) and then employing (5.89)) and

N)

() (0 Qm+%f)+vmmwm)
SATEt MR A
(e (25 vimm e (2) Vi) et

1
=U(p,m+2)c (pn + %) + V(p,m+2)c(n),

which implies that (5.86]) holds for & = m + 2 also. Hence, by the principle of

@pp

mathematical induction we complete the proof of the lemma. O

Lemma 5.26. Let p be a prime with p =1 (mod 24). We have

(P57 ) Uo) + Vgl =0 (mod 3), (5.99)

where c(n), U(p, k), and V(p, k) are given by (5.20)), (5.87) and (5.88) respectively.

Proof. From ([5.87) and ((5.88]), we obtain the first four terms of U(p, k) and V(p, k)
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as follows:

U(p,0) = 0,U(p,1) =1,U(p,2) = ¢ (192;41) U(p3) =c <192;41)2 - (g)L

p
(5.94)
and
9 p—1\ /2
Vp70 :17Vp71 :07Vp72 :_<_> ,Vp,3 :—C(—> <—> .
0 =1V ) =002 == (2) v ) ()
(5.95)
Now, the proof is evident from ((5.94]), (5.95)) and (5.19). O
Proof of Theorem[5.8 First we substitute (5.91)) in (5.86) to arrive at
k
k pr—1
& (p n+ 21 )
p—1
0 |e(B )= (2) | =2 | | + v betn
=Up,k)|c|——)cn)— (-] ¢| ——==— p, k)e(n
24 P/ P
—1
p— 1) 2 n-= 24
=lc|—— Up,k‘—l—Vp,k)cn—(—) Ulp,k)e| ——==— 1. (5.96
(e (557 ) v + Vb)) el = (3) viobre | — (5.96)
Replacing k by g(p) in (5.96]) and then using (5.93)), we find that
®),, 4 P —1) _ <2> 24
clp?™'n+ =—\(-) Ulp,gp)c| ——— mod 3). 5.97
( - 2) Vlgte | —2 | mods). o)
Again, replacing n by pn + P”in (15.97), we have
g(p)+1 _ 1 2
(o ) == (2) Uttt odn. (0s)
P/

Iterating (5.98)) for £ > 1 times, we arrive at
(9(p)+D)k _ 9 k
(et =) = (< (2) Ulg) ) (mod 3). (509
L

24
p—1
n e —
Now, if p 1 (24n + 1), then ¢ — 24 | — 0 and from (5.97), we have
p
pI®) — 1
c (pg(p)n + o ) =0 (mod 3). (5.100)

103



9(p) _ 1
Replacing n by p?®n + b 51 in (5.99) and employing ([5.100)), we obtain

) <p(g(p)+1)k+g(p)n N p(g(p)+1)l;zg((p) — 1) —0 (mod3). (5.101)
where p 1 (24n + 1).
Again, from and , we have
be(125n +5) = ¢(n) (mod 3). (5.102)
Combining and , we complete the proof of the theorem. n

Proof of Theorem[5.9 The proof of Theorem [5.9]is similar to the proof of Theorem
(.8l Thus, we omit the details and mention only the required lemmas and an identity

due to Newman [86].

Lemma 5.27. Let p be a prime with p =1 (mod 24) and d(n) be defined by (5.23)).

We have
d <p'“n + %) = U (p, k)d (pn + 5(p2; 1)) + Vi(p, k)d(n), (5.103)
where Uy(p, k) and Vi(p, k) are defined by
Ui(p ki +2) = d (5(1’2; 1)) Us(p, e + 1) — (;) Us(p, k) (5.104)
and
v+ =a () v - (2) ven  sa0

with Uy(p,0) =0, Uy(p,1) =1, Vi(p,0) =1, and Vi(p,1) = 0.

Lemma 5.28. Let p be a prime with p =1 (mod 24). We have

d (5(1’2; 1)) Uy (p, h(p)) + Vi(p, h(p)) =0 (mod 3) (5.106)

where d(n), Uy(p, k), and Vi(p, k) are given by (5.23), (5.104) and (5.105)) respec-

tively.

Newman [86] also proved the following identity for d(n):
5(p—1)

d <pn + %) —d <%) d(n) — (%)L d R_TM (5.107)

where p is a prime with p =1 (mod 24). ]
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5.5 Proof of Theorem [5.11

Proof of (5.25)). From (5.63)), we have
2 q*
Zbﬁ Q—f0<( )—q—m)

. (f(q“’, %) + af () + q3¢<q25>) (mod 3),

from which we extract

0o 46
> bal5n + 1" = finf q4>% (mod 3)

and

00 . f —q*, —
§b6(5n+4)q = —flof(qQ,qg)m

Therefore, from the above and Lemma 2.8, we have

ZA q_<Zbﬁ5n+1 ><Zb65n+4 )

= _flof(Qaq4)f( 2 3)

G(9)H(q)
?)

__f5f10G( H( )

2 fsfo
mflfl()

1
=—fsfio——=
"x(a)
Employing (5.56) in the above and then extracting, we find that
31

ZA5n+1 "= @) = -5 (mods).  (5.108)

Now, (5 follows from ([5.62 and (| m n

Proofs of (5.26) and (5-28). From (5.65)), we have
> tuona = B2 (P00 + a0 ) )
n=0

=—f:

(mod 3).

CRBE
+2¢°0(¢™) f(4", ¢"°) + 24" (¢®) f (¢, q2°)) (mod 3).
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Thus, in view of Lemma 2.8, we have

nf;B( q" _(ZbG (25n)q )(Zbg%n—i—m) )

E( A ¢ )( f(a,4") )
_f1f5 (( )ZQ(Q) (%) (mod 3). (5.109)

The proof of (5.26) is evident from (5.67) and ([5.109).

Again, extracting the terms involving ¢°**", 1 < r < 4 from (5.109)), we obtain

(5.23). O

Proofs of (5.27 - and - From - we have

Zbﬁ 6257’L+ 130) =9 J;i() ;E %?22 (@(—q%)f(—qm, _q35) o qu(_q15’ _q35)
n=0

— (=) (=, —¢") + ¢* F (=", —¢") f(—¢"°, —¢%)

—q" (=4, —q45)) (mod 3).

From the above and Lemma 2.8, we find that

> D(n)q" = (Z bs(3125n + 1380)¢ ) (Z bs(3125n + 2005)q )
n=0

n=0 n=0
f2 _ é 20 9
(flf( ¢, Q)) (qflf( g, C.I)>
f2 G*(q )H2( ) _ flO
which implies that
ZD (5n +1 ({f) (mod 3). (5.111)

The proof of (5.27)) follows from (5.62)) and ((5.111)).

Again, extracting the terms involving ¢°™, r = 0,2, 3, 4 from (5.110]), we com-

plete the proof of (5.30)). ]

Proof of (5.29). From ((5.69)), we have the following
o 2
> b6(125n 4 5)q" = fas (T(q5) p—— ) (w(—q%)

n=0 T(q5)
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—2¢f(=¢",—¢%) + 2¢* f (-, —q45)) (mod 3),

from which we extract

- oy 4
and
i bo(625n + 605)q" = 2/ f(—g, —g") L2 =)

o f(=4,—q*)

Thus, from the above two equations and Lemma 2.8, we have

i(}( n)g" = (Z bs(625n + 380)g > (Z be(625n + 605)q"
n=0

n=0 n=0

= f2f(=¢*,—4") f(—=q,—¢)
G(q*)H(q%)

_f5flow_f5f10><( q) (mod 3).

Employing (5.55)) in the above and then extracting, we find that
Y CGn+4)q" = £2f(—¢*,—¢") f(—¢.—¢") (mod 3).
n=0

Now, (5.29)) follows from ((5.112)) and ([5.113)).

Proof of . From ( and (| - we have
ZE(n)q" - (Z bs(m)q ) (Z b(125m + 5)¢™

n=0 m=0 m=0

213 _ fsfs

= =—"—— (mod 3
1k~ h 10

Also, it is known from Chan [41] that if Z a(n)q” ~ih f then
n=0 1J2
. _ B35
a(3n + 2)q .

2 aln+2)" = 3%

The proof of (5.31)) is evident from ((5.114)) and (5.115]).

5.6 Proofs of (5.17) and (H.18

(mo

(mod 3).

(5.112)

(5.113)

(5.114)

(5.115)

We prove (5.17)) and (/5.18)) by employing a method of Radu [91]. The background

materials required for the method has been presented in Subsection 3.5.1 of Chapter
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Proofs of (5.17)) and ([5.18)) are similar. Hence, we elaborate the proof of (5.17)
only. We have

Zb6 ¢ f f}fﬁ (mod 9). (5.116)
1 3

Using Conditions 1-5 of Subsection 3.5.1, we have (m, M, N, t, (r5)) = (125, 6, 6, 30,
(8,0,—3,1)) € A*. So, by (3.57), we obtain P(t) = {30,105}. Lemma 3.7 gives

that :0 | N p is a complete set of representatives of the double cosets in
o 1
Fo(N)\I'/T'w. Using (r5) = (1,0,0,0), (3.58), and Mathematica, we find that
10 . 10
P +p >0 foralld|N,
o 1 o 1
lv] =
bs(125n +j) =0 (mod 9) for j € {30,105},

are true for all 0 < n < |v|. Therefore, by Lemma 3.8 and (5.116), for all n > 0,

we have

bs(125n +7) =0 (mod 9) for j € {30,105}

Again, if we choose (m, M, N, t, (rs)) = (125,6,6, 55, (8,0, —3, 1)), then by (3.57),
we have P(t) = {55,80}. Taking (r§) = (1,0,0,0), |[v| = 3 and proceeding as above,

for all n > 0, we have
bs(125n +7) =0 (mod 9) for j € {55,80}.
Thus, we complete the proof of ([5.17]).

The proof of ((5.18)) follows analogously from Lemma 3.8 and the following table.

Congruence (m, M, N,t,(rs)) and (r5) P(t) |V
(15625, 6, 6,130, (8,0,—3,1)) and (1,0,0,0) | {130,6380} | 3
(15625, 6,6, 9505, (8,0, —3,1)) and (1,0,0,0) | {9505,12630} | 2

(5:0)
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5.7 Proof of Theorem [5.12

We prove Theorem [5.12|using elementary ¢-series techniques, remniscent of the proof

of the result of Majid and Fathima [83]. But, before that we need the following result.

Theorem 5.29. For all integers o > 0, we have

S A5+ 5 — 4)q" = Auf2 I+ Baafi S+ Cad 1 F7

n=0

+Dag® Y " Asa(n)q", (5.117)
n=0

where Ag = 4, By = 550, Cy = 12500, Dy = 78125, and for any integer n > 1, A,
B,, C,, and D,, are defined as

A, =—Ch1+4D, 4, (5.118)
B, = —125B,, 1 + 550D,, 1, (5.119)
C,, = —15625A,,_; + 12500D,, 1, (5.120)
D, = Dyt (5.121)

Proof. From equation ([5.32)), we have
20

> Asa(n)g" = =2r.
n=0

1

From equation (5.61)), we have
20

D Asa(5n+ 1)g" = 4f2 f* + 550¢ 5 £ + 1250047 f3* 7 + 78125q3%
1

n=0

= Af2f1* + 550 f5 £ + 12500¢° 24 7 + 78125¢> >~ Asa(n)q™.

n=0

(5.122)
Equation ([5.122)), is the case for ao = 0.

Now assume that the result holds for all values up to o+ 1 (a > 0). Replacing
n by 5n + 4, and by using Lemmas [5.22] [5.23] [5.24] and (5.122)), we have

ZA5,4(5Q+27Z + 5a+2 o 4)qn

n=0

= Ao (—15625¢° f1fi*) 4+ Ba(—125q £ f3) + Co(—f12f2) + Do(Af2 14
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+550q /5 7 + 1250067 f3* f7 + T8125¢° >~ As4(n)q")

n=0

= (=Co +4D,) fi*f2 + (—125B4 + 550D, )¢ f} f+

+ (—15625A4, + 12500D,)q° f2 fa* + Da78125¢> > ~ Asa(n)q"

n=0
= Aart [{' 13+ Barrd i f5 + Coann @ L f5* + Do @’ Z As,a(n)q".
n=0
Hence, the result is true by induction. O]

Now, we are in a position to prove Theorem [5.12]

Proof of Theorem[5.13. From equations (5.118)), (5.119), (5.120), and (5.121)), we
see that

Ay =0 (mod 5°), By =0 (mod 5%), C; =0 (mod 5%, D; =0 (mod 5%,

Ay =0 (mod 5%), By =0 (mod 5"), Cy=0 (mod5"), Dy, =0 (mod 5%),

Ay =0 (mod 5*™), B,=0 (mod5*™), C,=0 (mod5**®), D, =0 (mod 5*%).

Now, it is easy to see that ((5.117) implies Theorem |5.12] O

5.8 Proofs of Theorems |5.13-5.15

Proof of Theorem[5.15. From the generating function of A, ~; 1(n), we have

00 fp(pNi—l) fp(pNi—l)
Z.Ap,pNiq(n)q" = ppNi_l = ppN_li fi (mod p").
n=0 1 fp
With the help of equation (4.24), we obtain
0 p(pNi—1) 9]
ZAp,pNi—l(n)qn = 1}1)1\[—12( Z (_1)mqm(3m—1)/2) (mod pN)‘
n=0 p m=—oo

For some m and n, we are interested in finding out whether m(3m —1)/2 = pn +r.
This is equivalent to asking whether 24pn + 24r + 1 = (6m — 1)?, which implies

24r +1 = (6m — 1)? (mod p). However 247 + 1 is a quadratic non residue modulo
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p. It follows that

A, i (pn+71) =0 (mod p").

]
Proof of Theorem[5.14 Like before, we have
s g _ e !
ZAp,pNi—3<n>qn = pNi—3 = pN—1; fl (mOd P )
n=0 hi fr
With the help of equation (3.66), we obtain
o0 p(pYi—3)
> Appricl” = o ( S (-1 (2m+ 1>qm<m“>/2) (mod pY). (5.123)
— P m>0

For some m and n, we are interested in finding out whether m(m + 1)/2 = pn + .
This is equivalent to asking whether 8pn + 8r + 1 = (2m + 1), which implies
8+ 1= (2m+1)? (mod p). However 8 + 1 is a quadratic nonresidue modulo p.
It follows that

A, v (pn+71) =0 (mod pV).

]

Proof of Theorem[5.15. Due to equations (3.66) and , we must determine
whether pn + r = m(m + 1)/2 for some integers m and n. Completing the square
and considering the result modulo p gives (2m+1)? = 8r+1 = 0 (mod p). Therefore,
p divides (2m+1)2, implying that p divides 2m+1. Since the coefficient of ¢g™(™+1)/2
in the series representation in equation (3.66) is exactly 2m + 1, it follows that the

coefficient we are interested in is congruent to 0 modulo p. O]

5.9 Proof of Theorem |5.16

The proofs of the congruences are similar in nature. So, we only present proofs of

(5.40) and (5.41]). For others, we just give the corresponding generating functions.

Proofs of (5.40) and (5.41]). First, we prove ([5.40). We have,
> Al = 5 = 3" )
n=0 fl n=0
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5n+1

Then, extracting the terms involving ¢ and dividing by ¢ and then replacing ¢°

by ¢, we obtain

ZA545n—|—1q = ZP45n+1

n=0
With the help of Lemma [5.21] we have

> Asa(5n+ 1)g" = < ;56 + 550025 f5
n=0

= 4f2f1* 4 550q 8 f2 + 125004 f2* f2 + 78125¢% 22~

4 f20
=+ 12500¢° 8 + 78125q3%)
1
20

f1

sntd - dividing by

Using equations (1.17) and (1.16), extracting the terms involving ¢

g and then replacing ¢° by ¢, we arrive at
20

f4T15( )

20

S As 425+ 21)q" = 55( —Af 2 1002 e

n=0

(10450 — 223 f§)

20 f
46000 — 62500 f2 14) + 25375¢°
( f4T5( ) e S
20T5 20 10 20 15
— 4600042 = 1) (@) | 10450 sfs T (a) _ 100q ofs T "(a )>,
It ft fi

which on usage of ( m ) reduces to

ZAM (25n +21)¢" = 5° (96f 424 13728q £ 8 4 31248047 f f2* + 1953125¢° f5 >
n=0 1

which implies ([5.40)).

Proceeding in a similar way, we can also deduce

> Asa(125n + 121)g" = 5° (1500004 FI 2 4 2145005504 f2 2 + 488251250042 f2 f24

n=0

20
+ 30517578125q3%)

1

which proves (5.41)). O

Now, we note the following generating functions which will complete the proofs

of the other congruences stated in the result:

10
ZAM 25n + 23)¢" —52<48f1f5 —|—625qf )
n=0 1

10
ZA52 125n + 123)¢" = 53<1202f1f5 + 15625¢ 25 2 )
n=0 1
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o) 15
> Ass(25n +22)q" (5838 FO3 4 2332500 2 £2 + 1953125¢° 7 )
n=0 1

15
ZA53 (125n + 122)¢" = 52< 6437917 f3 4 145754625¢ £3 f2 + 12207031254 7 )

n=0 1
This completes the proof of Theorem 5.16,

5.10 Proofs of Theorem [5.17 and Corollary [5.18

M-1
Proof of Theorem[5.17. Without loss of generality, we may assume that r = Z r;
=0
M-1
for0<r; <p-—1,as Z p’r; can take any value between 1 and p™ — 1.
=0

For integers M > 1 (sufficiently large) and N > 1, we have

0 fg(pJVI+N—li+k) pr-»-Ni o)
Z Ap,pM+N_1i+k (n)qn = T pMAN—T1k pMAN—1; Z Ap,k(n)qn
=0 fl fl n=0

o
M+N—2(,2_1\s
= f? PN A k(n)g" (mod pN).
n=0
Extracting the terms that involve ¢P"™™ from the above identity, we obtain

[ee) ., 00 )
Z Appren—ripr(pn +ro)g" = fi ry Z Ay k(pn +1o)g

M+N—2(

_ fé’MJrNj(pz_l)iZAp,k(pn‘}'To)qn (mod pN)‘
n=0

Again, extracting the terms that involve ¢P" ™" from the above identity, we have

]W+N 3 2_
Z‘AP@M*N*%-&-k(an + 7o +p?"1)qn = f1 o ZApk p n+To —|—pr1)q
n=0 n=0

= fy

0
B Z A,k (pPn 410 +pri)g"  (mod p™).
n=0
From the above identity, we extract the terms that contain ¢?**"2, and from the
resulting identity, we again extract the terms that contain ¢?"*"3 and so on. It can
be seen that after the M-th extraction using this iterative scheme, we arrive at

Z Ap,pM+N—1i+k(pM” +ro+pry+---+ prlerl)qn
n=0

113



N—1(,2__ i s — n
= ST A (M o 4 pr M ra)g” (mod pY). (5.124)

n=0
Therefore, if we assume that A, x(pM n-+ro+pri+---+pMry 1) = Ay (pMn+r) =

0 (mod p"), then from the above identity, we have
A, pviv-1 i (pPMn+7) =0 (mod pV).

This completes the proof of Theorem [5.17] m

Remark 5.30. We have the following easy corollary, which follows from equation

(5.124) when M = 1.

Corollary 5.31. Let p be a prime, k > 1, 5 > 0, N > 1, and r be integers such

that 1 <r <p—1. Then for all n > 0, we have

> n N—-1(p2_1); o n
ST A viron+r)g = TN A+ r)g" (mod pV).
n=0 n=0

Proof of Corollary[5.18. The proofs of the above congruences follow from Theorems
5.16| and [5.17 and are similar in nature. Hence, here we only present the proof of

(15.48)).
The case for ¢ = 0 is true by .
Using Theorem |5.17 and the case for ¢« = 0, we deduce that
iA5,1251+4<25n +21)¢" = i As4(25n +21)¢" =0 (mod 25),

n=0 n=0

which completes the proof. O

5.11 Concluding remarks

1. In Theorem 5.6, we have proved recurrence relations for bg(n) modulo 3 us-

ing elementary g¢-series and theta functions manipulations, whereas we have

deduced the individual congruences of bg(n) modulo 9 in (5.17)) and ([5.18)) em-

ploying algorithmic techniques based on the theory of modular forms. It may
be interesting to prove (5.17) and ([5.18) via elementary approach. Another
question for further consideration is to find whether Theorems[5.6/and [5.7 hold

for modulo 9 or not.

114



2. We have found several congruences modulo powers of 5, individual as well as
infinite families similar to those stated in Theorem for As ,(n) for higher

values of k. The proofs of these are routine execises similar to the proofs of

(5.40) and (5.41)) hence, they are not proved here.

For instance, the following congruences are true:

As6(25m +14,19,24) =0 (mod 57), (5.125)
As6(125m +119) =0 (mod 5°), (5.126)
As7(25n +13,18,23) =0 (mod 5%), (5.127)
As7(125n +118) =0 (mod 5°), (5.128)

As 52006(25n +14,19,24) =0 (mod 5), (5.129)
As 53i46(25n +14,19,24) =0 (mod 5%), (5.130)
As 55i46(125n +119) =0 (mod 5%), (5.131)

As 52507(25n +13,18,23) =0 (mod 5), (5.132)
As 5347(25n +13,18,23) =0 (mod 5%), (5.133)
As 5i47(125n +118) =0 (mod 5%). (5.134)

3. Looking at the sequence of results in (5.33]), (5.34) and Theorem [5.12| one

interesting problem may be to study the behaviour of

As 5101 (5%n + 5% — k) (mod 5%) where k € {2,3,4}.

4. Experiments suggest some additional infinite family of congruences modulo
powers of 5 which are stronger results than those given in Theorem We

present them in the following conjecture.

Conjecture 5.32. Forn >0,

As5i41(25m +24) =0 (mod 5?), (5.135)
As 52i12(25n +23) =0 (mod 5?), (5.136)
As 5312(125n +123) =0 (mod 5%), (5.137)
As53i43(125n +122) =0 (mod 5%), (5.138)
As51044(125n +121) =0 (mod 5°), (5.139)
As5544(125n +121) =0 (mod 5%), (5.140)
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A5752i+6(25n + ]_4, 19 =0

A5’52H6(125n + 119 0

)
)

As 520,7(25n 4 13,18,23) = 0
)

A57531~+7(125n +118) =0
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mod 52
mod 53
mod 52

mod 5°

)
)
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