Chapter 3

Neutrino Mixing Phenomenology:
A, Discrete Flavor Symmetry

with Type-I Seesaw Mechanism

3.1 Introduction

The discovery of neutrino oscillations has triggered a lot of theoretical and exper-
imental effort to understand the physics of lepton masses and mixing. As flavor
mixing happens due to the mismatch between the mass and flavor eigenstates, so
neutrinos need to have small non-degenerate masses [IH3] Over the last twenty-five
years, numerous experiments on neutrino oscillation have taken place, resulting in
the precise determination of oscillation parameters [4-6]. The discovery of neu-
trino oscillations in 1998 by Japanese Super-Kamiokande (SK) collaborators and
Canadian Sudbury Neutrino Observatory collaborators was the first evidence of
physics beyond the Standard Model. A few latest reviews on neutrino physics are
placed in references [7H30).

The main factors influencing neutrino oscillation probabilities are the mass-
squared differences and the mixing angles. Therefore, these parameters are de-
termined in neutrino oscillation experiments. The experimental data has shown

two large mixing angles, one is atmospheric mixing angle o3 and another is solar
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mixing angle #15 and one small mixing angle, called reactor mixing angle #,3. This
pattern differs from quark mixing where all angles are small and the mixing matrix

is close to the identity.

The tribimaximal (TBM) mixing pattern is one of the most extensively used

lepton mixing patterns obtained utilizing discrete non-Abelian symmetries.
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But TBM has been ruled out due to a non-zero reactor mixing angle, [311, 32].
One of the admired ways to achieve realistic mixing is through either its extensions
or through modifications. In the concept of tribimaximal mixing (TBM), the angle
013, which represents the degree of mixing in a reactor, is equal to zero and the
CP phase d¢p, which characterizes the violation of symmetry between matter and
antimatter, cannot be determined or has no specific value. Albeit in 2012 the
Daya Bay Reactor Neutrino Experiment (sin?26;3 = 0.089 & 0.010 4 0.005) [33]
and RENO Experiment sin® 26,3 = 0.11340.0134-0.019 [31] showed that 6,3 ~ 9°.
Moreover, several neutrino oscillation experiments like MINOS [34], Double Chooz
[32], T2K [35], measured consistent non-zero values for ;3. Other mixing angle

values also show small deviations the TBM value.

The experiments investigating neutrino oscillation have discovered two mass-
squared differences that vary significantly in their scales. The smaller mass squared
differences, denoted Am3, = m3 — m?, is positive and is of the order of 105¢V?
and the larger mass-squared difference, Am32, = m2 — m?, is of order 107 3eV?
but its sign is unknown. It leads to two possible mass hierarchies for neutrinos:
normal hierarchy (NH) in which Am2, is positive and m; < my < ms and in-
verted hierarchy (IH) where ms < m; < ms. Many experiments like INO [36H38§],
ICECube-PINGU [39-42] and and long baseline experiments [43, [44] has the pri-

mary objective of determining the sign of Am32,. The values of mixing angles and

mass-squared differences and dcp from the global analysis of data is summarized
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Parameters NH (30) IH (30)
AmZ,[107%eV?] 6.82 — 8.03 6.82 — 8.03
Am2,[1073eV7?] 2.428 — 2.597 —2.581 — —2.408
sin? 05 0.270 — 0.341 0.270 — 0.341
sin? 0,5 0.02029 — 0.02391 | 0.02047 — 0.02396
sin? Oy 0.405 — 0.620 0.410 — 0.623
Scp 105 — 405 192 — 361

Table 3.1: The 30 ranges of neutrino oscillation parameters from NuFIT 6.0 (2024)
A3

in given in Table

To elucidate the small masses of neutrinos in comparison to charged leptons and
quarks, a new mechanism involving Majorana nature of neutrinos, called the see-
saw mechanism, was introduced in [46-50]. This method introduces right-handed
neutrino companions with high-scale Majorana masses. In this mechanism, the
right-handed partners of neutrinos are introduced with Majorana masses at a high
scale. Furthermore, the neutrinos have Dirac masses of the order of charged lepton
masses. Also the concept of modular symmetry [22, [51],[52] comes up in theoretical
physics when discussing particle physics, particularly when attempting to explain
specific regularities or patterns that are seen in the fundamental particles and their
interactions. The idea behind modular symmetry in the neutrino mass matrix is
to impose constraints on the matrix elements based on these modular transfor-
mations. These constraints might lead to specific patterns or relationships among
the elements of the matrix, which in turn could potentially explain some of the
observed features of neutrino masses and mixings. In the context of modular sym-
metry, various models and frameworks have been investigated to account for the
neutrino mixing angles, mass hierarchies, and CP violation in the neutrino sec-
tor that have been observed. These attempts often involve introducing additional
symmetries or structures beyond the Standard Model of particle physics to account
for the specific patterns observed in neutrino oscillation experiments. There are a
few modular symmetries in neutrino models. For example, A4 modular symmetry
predicts specific two-zero textures in the neutrino mass matrix, which can explain

the observed hierarchy of neutrino masses and S; modular symmetry can be used
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to generate Dirac neutrino masses at the one-loop level, offering an alternative to

the standard seesaw mechanism.

In addition, there are some other frameworks beyond the standard model
(BSM) that can explain the origin of neutrino masses, for example, Supersymme-
try [53], Minimal Supersymmetric Standard Model (MSSM) [54], Minimal seesaw
model[55], Inverse seesaw model[56], Next-to-Minimal Supersymmetric Standard
Model (NMSSM) [57], String theory [58], models based on extra dimensions [59],
Radiative Seesaw Mechanism [60, [61] and also some other models. And also var-
ious models based on non-abelian discrete flavor symmetries [62] like A4 [63H71],
Sy [12], Sy [T3HT8], Asr [T9-R2], Asy [19, 183, 84] etc. have been proposed to obtain
tribimaximal mixing (TBM) and deviation from TBM.

The mixing between the neutrino flavor eigenstates and their mass eigenstates
is encoded by the commonly used PMNS matrix. This PMNS matrix is parameter-
ized in a three-flavored paradigm using three mixing angles and three CP phases

as given below:

i

C12C13 S12C13 S13€
_ 19 i . .
Upmns = —S812C23 — C12523513€" C12C23 — S12823513€" 523C13 UMaJ (3-2)
) 1)
$12523 — C12C23513€" —C12523 — $12C23513€" C23C13

where, ¢;; = cos;;, sij = sinf,;;. The diagonal matrix Uy,; = diag(1, e, e/#+7)
contains the Majorana CP phases, a, [ which become observable in case the
neutrinos behave as Majorana particles. Identifying neutrinoless double beta decay
will probably be necessary to prove that neutrinos are Majorana particles. Such
decays have not yet been seen. Here, symmetry will play an important role in
explaining these problems. In order to account for the fact that neutrino mass
is zero within the standard model (SM) [85], it becomes necessary to develop a
new framework that goes beyond the standard model. This entails incorporating
a new symmetry and creating a mechanism that generates non-zero masses for

neutrinos.



3.2. FRAMEWORK OF THE MODEL 89

In this study, we put forward a model for neutrino masses to provide an ex-
planation for the observed non-zero value of 63, as well as the existing data on
neutrino masses and mixings. To get the deviation from exact TBM neutrino mix-
ing pattern, we have extended the flavon sector of Altarelli-Feruglio (A-F) [86, 87]
model by introducing extra flavons &', ¢” and p which transform as 1”7, 1’, and
1 respectively under Ay. Here, type-1 see-saw framework [88] [89] is utilized to
construct the model. Also, we incorporated a Z, X Z3 symmetry as well, which
serves the purpose of avoiding undesired terms.

This model is constructed within the Type-I see-saw framework, in which the
final form of the light neutrino mass matrix depends only on the non-trivial struc-
ture of the Dirac mass matrix. Moreover, the Dirac mass term derived from the
anti-symmetric part arising from the product of two Ay triplets [90] is considered
to obtain non-zero 6;3. In this context, it’s important to observe that several other
models [9THI3| exist where deviations from the Tri-bimaximal mixing (TBM) can
occur by introducing extra flavon fields. However, in those studies, the anti-
symmetric component either vanishes because of the Majorana nature of the mass
terms or is not taken into account. In brief, thus this work distinguishes from
others.

The content material of our work is organized as follows: In section 2, we give
the overview of the framework of our model by specifying the fields involved and
their transformation properties under the symmetries imposed. In section 3, we
do a numerical analysis and study the results for the neutrino phenomenology. We

finally conclude our work in section 4.

3.2 Framework of the Model

Here we provide a concise overview of the ways in which the non-Abelian discrete
symmetry A, group can be represented [87, 94]. A, is a group of even permuta-
tions of four objects and it has 12 elements (12= 45') The group known as the

tetrahedron group, or sometimes referred to as the group of orientation-preserving
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symmetries of a regular tetrahedron, is characterized by its ability to describe the
symmetries of this particular geometric shape. This can be generated by two ba-
sic permutations S and T having properties S? = T° = (ST)? = 1. This group
representations of A4 include three one-dimensional unitary representations 1, 1/,

1”7 with the generators S and T given, respectively as follows:
1:9=1T=1

1':8=1T=w?
17:8=1,T=w

and a three-dimensional unitary representation with the generatorsﬂ

1 0 O
T=10 w? 0 (3.3)
0 0 w
-1 2 2
s_é 2 1 9 (3.4)
2 2 -1

. Here w is the cubic root of unity, w = exp(i27), so that 1 + w + w? = 0.
The multiplication rules corresponding to the specific basis of two generators S

and T are as follows:

I1x1=1
1"x1 =1
'x 1"=1

3x3=3+3,4,+1+1+1

'Here the generator T has been chosen to be diagonal
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Field 1 e u® 7 hy hg v° &g Oop & & & p
su2) 2 1 1 1 2 2 1 1 1 1 1 1 1
Ay 3 1 1”1 1 1 3 3 3 1 17 1 1
Zo 11 1 1 1 1 1 1 1 1 1 1 -1
73 W ow ow o ow 11 1w 1 w w w W

Table 3.2: Full particle content of our model

For two triplets

a = (a17a27a3)
b= (b17627b3>

we can write

1= (ab) = a11)1 + a2b3 + CL3b2

1/

(ab)' = agbg + Cllbg + a261
1// = (ab)” = a2b2 + (Ilbg + a;;bl

Here 1 is symmetric under the exchange of the second and third elements of a
and b, 1" is symmetric under the exchange of the first and second elements while

1”7 is symmetric under the exchange of the first and third elements.
1
3= (CLb)S = §(2a1b1 — (lgbg — Clgbg7 2&31)3 — albg — (Igbl, 2(12()2 — a1b3 - agbl)

1
34 = (ab)a = g(a2b3 — agby, a1by — asgby, ar1bs — asby)

Here 3 is symmetric and 34 is anti-symmetric. For the symmetric case, we
notice that the first element has 2-3 exchange symmetry, the second element has

1-2 exchange symmetry and the third element has 1-3 exchange symmetry.

The particle content and their charge assignment under the symmetry group
is given in Table |3} The left-handed lepton doublets 1 and right-handed charged
leptons (e, u¢, 7¢) are assigned to triplet and singlet (1,1”,1" ) representation

under A, respectively and other particles transform as shown in Table-II. Here,
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h, and hg are the standard Higgs doublets which remain invariant under A,. The
right-handed neutrino field v¢ is assigned to the triplet representation under Ay
flavor symmetry. There are six SU(2) ® Uy (1) Higgs singlets, four (¢, &', ¢ and

p) of which singlets under A4 and two (®r and ®g) of which transform as triplets.

Consequently, the invariant Yukawa Lagrangian is as follows:

L= %(l%) haet+ 22 (1) hape 2 (1)t +3§(5) (Ihuv*) ?j\?(g Vi (Lhav®) 1+

(Ut s (B 1) s U a2 (o5 g M (0
(3.5)

The terms Ye, Yu, Yr, Y1, Y2, Y3, Y1, Yo and ¥y, are coupling constant and A is
the cut-off scale of the theorys. We assume ®7 does not couple to the Majorana
mass matrix and ®g does not couple to the charged leptons. After spontaneous
symmetry breaking of flavour and electroweak symmetry, we obtain the mass
matrices for the charged leptons and neutrinos. We assume the vacuum alignment
of (&r) = (v7,0,0) and (Pg) = (vs, vs, vs). Also, vy, v4 are the VEVs of (h,), (ha)
and wy, ug, uz, uy are the VEVs of (£1), (&), (€3),(p) respectively.

The VEV pattern of the Ay triplets, which is considered in our model, has

been thoroughly examined in numerous A4 models like [87), 95].

The charged lepton mass matrix is given as

Y 0 O
V4T
M= 0y, 0 (36)
0 0 y

where, vy and vy are the VEVs of hy and &7 respectively.
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The structure of the Majorana neutrino mass matrix:

My 0O 0
Mr=1 0 0 My (3.7)
0 My O

The form of the Dirac mass matrix:

2b a b a b

§—|—C—|—f —g—g—l-d —3 —3*Te
Mp=|[2-tiq 2Zte —2 byt f (3.8)

a b a b 2b

§—§+€ §—§+C+f g—i‘d

Where, a = ymst? h= ybist’ c= yuxm7 d = vaKUQ7 e = y3v[z\LU3 and f = y41/)\z§U4'
The Type-I seesaw method is used to determine the effective neutrino mass

matrix m, = ML My Mp

miy; Miyz M3
My = | M2 Moo Ma3 (3.9)

miys Moz MN33

miz=mg = 5[5 =S+ DE+d)+ (G- 2+e) (-3 —5+c+ )+ (-4-

To explain the smallness of active neutrino masses, we consider the heavy neu-
trino with masses My ~ 10 GeV. We can assume ¢ ~ d ~ e. This is a reasonable

assumption to make since the phenomenology does not change drastically unless
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the VEVs of the singlet Higgs vary by a huge amount [911, [05]. Thus, the neutrino
mass matrix becomes with new matrix elements:

myy = i [2(a® — 2ab + 30% + 6(a + b)c + 27¢?)]

My = miy = gy—[a® — 2a(b — 3¢) — 3(b — 3¢) (b + 5¢)]

miy = mly = ——[—a? + 3(b— 3c)(b+ 5¢)]

My = gir-la? + 6ab — 3b° 4 12bc + 45¢7]

Mhy = Mhy = ﬁ[%(a +3b) — 6(a + b)c + 54c?]

Mgy = gapola® — 307 + 12bc + 45¢* — 2a(b + 6¢)]

In section 3, we give a detailed phenomenological analysis of various neutrino

oscillation parameters. Further, we present a numerical study of neutrinoless

double-beta decay considering the allowed parameter space of the model.

3.3 Numerical Analysis and results

The neutrino mass matrix m, can be diagonalized by the PMNS matrix U as

Ulm, U* = diag(my, ma, ms) (3.10)

We can numerically calculate U using the relation UThU = diag(m?, m3, m32),

where, h = m,,mj,. The neutrino oscillation parameters 615, 613, 023 and dcp can

be obtained from U as

|Ura|? |Uas|?

2 _ 2 — |U;<]? 2 =1 3.11
S12 7= 7 [Ek si3 = |[Urs[", 523 = 7 U2 (3.11)

and 0 may be given by
§ = sin~! (SIm(hI;h”’h‘”’l)) (3.12)

with

P = (m3 —m?)(m3 — m3)(m3 — m7) sin 201 sin 2043 sin 20,3 cos 613 (3.13)
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Figure 3.1: Correlation among the neutrino oscillation parameters sin? 6y, sin? 63,

. . . Am?2
sin? 6,5 and ratio of mass-squared differences Ve
31

For the comparison of theoretical neutrino mixing parameters with the lat-
est experimental data [45], the A, model is fitted to the experimental data by

minimizing the following x? function:
i\ 2
)\;”Odd _ )\fmp

14
AN (3.14)

X'=2

where A% is the " observable predicted by the model, A" stands for the it

experimental best-fit value and A); is the 1o range of the it observable.

In Fig. correlation among the neutrino oscillation parameters sin? 6,

2
Am3z,

sin? @3, Ao and sin? @5 for NH has shown, which is constrained using the 3¢
31

bound on neutrino oscillation data. Fig. is the correlation among the neu-
trino oscillation parameters sin? f;5, sin® fs3, sin? #;5, Dirac CP phase and Jarlskog
parameter J for NH. We can see that there is a high correlation among different

parameters of the model.
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The calculated best-fit values of sin? 6,5, sin® #;5 and sin® 6,3 are (0.342, 0.0238,
0.556) which are within the 3 o range of experimental values. Other parameters
such as Am3,, Am3, and dcp have their best-fit values, corresponding to x*-
minimum, at (7.425 x 107°eV?, 2.56 x 1073eV?, —0.3587) respectively, which
perfectly agreed with the latest observed neutrino oscillation experimental data.
Thus, the model defined here clearly shows the deviation from exact tri-bimaximal

mixing.
Neutrinoless double beta decay (NDBD):

Up until now, the question of whether neutrinos belong to the Dirac or Majo-
rana category remains unanswered. If they are of the Majorana type, the inves-
tigation of Neutrinoless Double Beta Decay (NDBD) becomes highly significant.
Several ongoing experiments are being conducted to ascertain the Majorana nature

of neutrinos. The effective mass that controls this process is furnished by
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Figure 3.3: Variation of effective Majorana neutrino mass with lightest neutrino
mass in NH with the KamLAND-Zen-Gerda bound on the effective mass.

mpgp = Uflml (315)

where Up; are the elements of the first row of the neutrino mixing matrix Uppsng
(Eq{3.2) which is dependent on known parameters 6,2, 013 and the unknown Ma-
jorana phases a and 3. Upyns is the diagonalizing matrix of the light neutrino

mass matrix m, so that,

m, = UPMNsMV(dmg)UgMNS (316)

di . . :
where, mfied) =diag(my, ma, msz). The effective Majorana mass can be parameter-

ized using the diagonalizing matrix elements and the mass eigenvalues as follows:

_ 2 2 2 2 %a 2 24
mpgg = M1CiaC3 T M2815C13€" " + M3Size (3.17)

Using the constrained parameter space we have evaluated the value of mgg
for our model. The variation of mgg with the lightest neutrino mass is shown
in figure The sensitivity reach of NDBD experiments like KamLAND-Zen
[96], @7], GERDA [98-100], LEGEND-1k [101] is also shown in figure mgp 1s
found to be well within the sensitivity reach of these NDBD experiments for our

model.
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3.4 Conclusions

We have developed a flavon-symmetric A4 X Z5 X Z3 model using the seesaw type-I
mechanism. This model aims to explain the recent experimental data on neutrino
oscillation, which deviates from the Tribimaximal neutrino mixing pattern. The
inclusion of the cyclic Z, x Z3 symmetric component has been done to remove
undesired terms during the computations. The computed values unequivocally
demonstrated that the neutrino mixing parameters deviate from the exact Tri-
bimaximal neutrino mixing matrix. The resulting mass matrices give predictions
for the neutrino oscillation parameters and their best-fit values are obtained using
the chi? analysis, which are consistent with the latest global neutrino oscillation
experimental data. In our model, we have also explored the concept of NDBD.
The value of effective Majorana neutrino mass |mgg| is well fitted within the sensi-
tivity reach of the recent NDBD experiments like KamLAND- Zen, GERDA, and
LEGEND-1k. The identification of NDBD, cosmological mass, and the leptonic
CP-violation phase dcp, which align with the most recent experimental informa-

tion, will differentiate between various models of neutrino mass.

1
Field | e p° 71 hy hg v @5 Op & & & p | o) & &
su@2 2 1 1 1 2 2 1 1 1 1 1 1 1 - - -
Ay 3 1 1”1 1 1 3 3 3 11 1 113 3 1
73 Ww w ow o w 11 1 w 1l w w w W1l w w
Zo l1 1.1 1 1 1 1 1 1 1 1 1 1|1 1 1

Table 3: Full particle content of our model

The superpotential of the model with the “driving fields” ¢f, ¢f and & that

allows building the scalar potentials in the symmetry breaking sector, reads as

W =M (¢ ¢1) + g(dg drdT) + 91(05 dsds) + g26(5 ds) + g€ (65 Es)

+ 1€ (65€s) + g5&0(Ds0s) + g6€o€® + gr&o€’E" + gsp® (05 ds) (18)
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At this level there is no fundamental distinction among the singlets £, £ and £”.

So, we can consider ¢5¢g is coupling with & only.

We use,
or = [¢%F> Qﬁ“v Qﬁ“]» ¢g = [¢OTl’ ¢OTQ’ (:)F3]
Ps = [#97 Qb?% ¢?§]7 %S = [%917 %92: ng?)]
Now,
1% 1
ST, = Moy + 9-5-[2¢1T¢%r — Oy — drd7] =0
oW 1
5o, = Mo} + g-g-[2¢2T¢2T — Ppdy — dror] =0
174 1
5ol = M¢7 + g-g-[2¢3T¢?:}’ — ooy — d3dp] =0
ow 1
55, = 91-5[2#@9&9 — P50% — PLE] + g2dg =0
174 1
395, = 915[2@%@% — P50% — P505] + 26 =0
oW 1
505, = 91-5[2¢?§¢?§ — Pds — o] + g2lds =0
oW
T gol6k0h-+ 930% + )+ 0%+ rEE" =0

A solution of the first three equation is:

SM
¢T (UTu 3 )) % 29

When we enforce < & >= 0, in a finite portion of the parameter space, we find

the solution as:

<&E>=0, <&>=u, <&>=u"
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¢S = (US7U5'7US)
gru'u”

395

vg =
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