
“Look deep into nature, and then you will understand

everything better.”

— Albert Einstein

CHAPTER 1
INTRODUCTION

In this chapter, we provide a general introduction to elementary particle physics,

including a brief discussion of the fundamental building blocks of matter, quantum

chromodynamics (QCD), deep inelastic scattering (DIS), parton distribution func-

tions (PDFs), nucleon structure functions, and parton evolution equations. This

chapter provides a brief description of small-x physics and nonlinear processes

such as gluon recombination and saturation. The importance of nonlinear parton

evolution equations is explained in this chapter.

1.1 Fundamental Building Blocks of Matter

Understanding the origin of matter at the elementary level has been one of the primary

goals of particle physics research. Matter makes up everything that surrounds us,

including us and the whole universe. However, questions come up: What constitutes

the matter? What are the basic components or elements that make up matter?

The desire to understand the fundamental building blocks of matter dates back to

ancient times. Philosophers of antiquity conjectured that the four sets of basic

elements—earth, water, air, and fire—were the main components of nature. The
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fifth element was later included in ancient Greek and traditional Indian philosophy,

respectively, as “aether” (a material medium that spreads all across space) and

“akasha” [1]. Until the renowned chemist Robert Boyle developed a new concept of

elements at the start of the modern era, these five elements were believed to be the

fundamental building blocks of nature. He defines an element as a basic, distinct

substance that is incapable of being further broken down into simpler compounds.

In 1809, around a century later, British chemist John Delton published the famous

atomic theory describing matter in the form of the smallest particles called the

“atom”. In consequence, Russian chemist Dmitri Mendeleev attempted to organize

all elements by atomic weight into a table, presently known as the periodic table.

For a long time, it was thought that atoms were the ultimate particles that matter

is formed of and could not be further divided. However, investigations undertaken

in the late nineteenth and early twentieth centuries indicated that the atom is not

the ultimate particle. The persistent efforts of scientists resulted in the discovery of

subatomic particles. In 1897, Joseph John Thomson discovered the electron, the

first-ever subatomic particle. Ernest Rutherford’s renowned gold foil experiment in

1911 resulted in the identification of the proton. This implies that atoms are made

up of a positively charged core termed the nucleus orbited by negatively charged

electrons. In 1932, scientists hypothesised the existence of a neutral particle in

an atom’s nucleus, following Ernest Rutherford’s initial proposal in 1920. James

Chadwick discovered the neutal particle, today known as the neutron, in 1932.

Contemporary advancements in atomic structure and quantum physics have resulted

in the identification of numerous additional basic particles. The finding of subatomic

particles has facilitated several subsequent breakthroughs and discoveries.

By the 1960s, a large number of new particles had been discovered, such as

proton and neutron, which are referred to as hadrons. Nonetheless, it was reasonable

to acknowledge that the hadrons were strongly bound composite objects of some
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further small entities rather than true fundamental particles. In 1964, Murray Gell-

Mann and George Zweig independently proposed the idea of the quark model, which

proposed the existence of small entities inside hadrons [2, 3]. They coined these

small entities as quarks, which are responsible for the composite structure of hadrons.

Each hadron, in their suggested theory, was made up of either a quark and anti-

quark pair (mesons), or three quarks (baryons). Subsequently, in 1968, an electron-

proton deep inelastic scattering (DIS) experiment at the Stanford Linear Accelerator

Center (SLAC) confirmed the existence of quarks within the proton. Soon after, in

1969, Richard Feynman came up with a model of hadrons and proposed the parton

model. According to his model, the hadrons—which he called "partons"—were

composite objects of a more fundamental particle. [4]. Later, based on experimental

observations and the validation of the quark model, partons were identified as the

same objects as what we know today as quarks and gluons.

In the twenty-first century, our knowledge of the underlying components of matter

has progressed from atomic models to a clearer and comprehensive representation

of these components in terms of elementary particles. When we refer to elementary

particles, we mean those that are point-like or structureless and lack any recognised

structure. They are unresolvable into two or more components. The branch of natural

science known as particle physics focuses on the fundamental constituents of matter,

known as elementary particles, and their interactions with one another. Significant

advancements in particle physics over the past century have fundamentally altered our

comprehension of basic queries concerning the building blocks of matter. Physicists

have attempted to delve deep inside the atom to discover the constituent particles,

quarks, and gluons within the nucleon. The current state of particle physics research

shows physicists’ most ambitious and organized endeavor to address questions

regarding the fundamental building blocks of matter.

The standard model (SM) [5–8] of particle physics is the most effective theory
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that we currently have and is well tested at current accelerator facilities, describing

all the known elementary particles and their interactions among them. This theory

was progressively formulated by physicists globally during the second part of the

20th century, with the current version established in the mid-1970s after experimental

confirmation of quark existence. This has been further corroborated by the discovery

of particles such as the W and Z bosons [9], the top quark [10], the tau neutrino [11],

and, most recently, the Higgs boson at CERN’s Large Hadron Collider (LHC) in

2012 [12]. The Standard Model asserts that quarks, leptons, and their antiparticles

constitute the fundamental constituents of matter in the universe. Six distinct varieties

of quarks and leptons exist, with force-carrier particles facilitating their interactions.

Ordinary matter is made up of fermions, such as leptons and quarks, while force-

carrying particles are bosons. All of these elementary particles are categorized into

three generations in the Standard Model.

Figure 1.1: Elementary particles of the standard model

Nature is regulated by four fundamental forces: the strong nuclear force, the

electromagnetic force, the weak nuclear force, and gravitational force. These forces
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delineate all interactions inside the cosmos. The Standard Model encompasses

three of the four fundamental forces. It encompasses the electromagnetic, strong,

and weak forces, together with their corresponding carrier particles, and accurately

delineates the interactions between them. However, the SM does not include gravity,

which is the most intuitive and well-known aspect in our daily lives. All of these

fundamental forces operate in various ranges and at varying strengths. Both gravity

and the electromagnetic force act across an unlimited range, but the electromagnetic

force is several orders of magnitude stronger than gravity. Strong and weak forces

are only effective over extremely short distances and dominate at the subatomic

level. All fundamental forces have their own force carriers, and particles serve as

mediators between interactions. It has been suggested that gravity is transmitted by a

hypothetical particle known as the graviton that has yet to be discovered. According

to some theorists, the LHC’s high-energy experiments could produce gravitons,

which would rapidly escape into extra dimensions.

Quantum electrodynamics (QED), a quantum field theory, provides a mathemati-

cal account of the interactions between the electromagnetic field and matter particles,

as well as between charged particles. The electromagnetic interactions among elec-

trically charged particles are exchanged via spin 1 gauge bosons called photons,

which are uncharged. The sun is powered by nuclear fusion and the disintegration of

unstable subatomic particles, both of which are caused by the weak interaction. The

weak interaction, involving two mediator particles, Z0 and W±, influences all SM

fermions, including the Higgs boson. They are known as intermediate vector bosons.

Neutrinos are particularly challenging to study since they are the sole particles that

only experience weak interaction. At higher energies, the electro-weak theory (EWT)

of Glashow, Salam, and Weinberg integrates the weak and electromagnetic forces

into one, providing the finest understanding of the weak interaction [6–8].

Hadrons are composed of quarks and gluons which have a color charge and hence
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interact strongly. The mathematical description of strong interactions is provided

by Quantum chromodynamics (QCD), an area of quantum field theory, which will

be studied in the following section. Quarks’ strong interactions are exchanged by

massless gluons with spin 1, similar to photons in QED. However, gluons in QCD

can interact with themselves since they have color charge, unlike photos in QED.

This self-interaction of gluons makes QCD more interesting and challenging to

explain than QED.

1.2 Quantum Chromodynamics: The Theory of

Strong Interactions

The strongest force in nature, the strong force, binds quarks and antiquarks together

inside hadrons. It is carried by its own force-carrying particle, gluon. In theoretical

physics, this force is described by quantum chromodynamics (QCD), a quantum field

theory analogous to quantum electrodynamics (QED), which delineates the strong

interaction among quarks and gluons that generates hadrons (mesons and baryons).

The lagrangian of the theory is given by

LQCD =
∑

q

(
ψ̄qiiγ

µ
[
δij∂µ + ig

(
Gα

µtα

)
ij

]
ψqj −mqψ̄qiψqi

)
− 1

4G
α
µνG

µν
α . (1.1)

Here, ψi signifies the Dirac spinor for the quark field (with i indicating color),

and tα represents the generators of the SU(3) gauge group (where α = 1, . . . , 8),

corresponding to the 3 × 3 Gell-Mann matrices. The field strength tensor Gµν
α for

the gluon field Gα
µ is given by

Gµν
α = ∂µGν

α − ∂νGµ
α − gfαβγGµ

βG
ν
γ, (1.2)
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where g =
√

4παs(ℏ = c = 1) is the color charge (strong coupling constant),

whereas fαβγ represents the structure constants of the SU(3) gauge group. The extra

degree of freedom associated with this gauge group is called color, the strong charge,

and it has nothing to do with the common, everyday occurrence of color.

After the discovery of the ∆++ baryon, Greenberg proposed the color charge in

1964 to reconcile spin-statistics conflicts in hadron spectroscopy. Three-up quarks

with parallel spins are discovered in this baryon, defying the well-known Pauli’s

exclusion principle. In the 1970s, physicists Heinrich Leutwyler, Murray Gell-Mann,

and Harald Fritzsch proposed that color is the source of a strong field, which led to

the development of QCD, the theory of strong interactions [13]. They specifically

used the general field theory, which was proposed in the 1950s by Yang and Mills and

states that a force’s carrier particles have the ability to radiate other carrier particles.

This is different from QED, where the photons carrying the electromagnetic force

do not radiate further photons. QCD states that the color charge of each quark is

red (R), green (G), or blue (B), and for antiquarks it is antired (Cyan), antigreen

(Magenta), and antiblue (Yellow), i.e., R̄, Ḡ, B̄ [14]. In contrast to photons in

QED, gluons in QCD carry a color charge. This important distinction makes QCD a

more sophisticated theory than QED. In QCD lagrangian, the gluon field strength

tensor includes a non-ablelian term (see Eq. (1.2)) that accounts for self-interaction

between color-charged gluons. The schematic representation of basic QCD Feynman

diagrams is shown in Figure 1.2.

Figure 1.2: Basic QCD Feynman diagrams
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Asymptotic freedom and color confinement are two most notable features of

QCD [15–17]. The perturbative calculations of QCD are fundamentally grounded on

the principle of asymptotic freedom, which indicates that quarks and gluons behave

as quasi-free particles at short distances, while the strong interaction strengthens

at larger distances. In reality, we do not see free quarks in nature, as they are

confined within the composite states of hadrons that are observed experimentally.

These unique features of strong interaction, which make QCD interesting, can be

understood through the strong coupling constant. The strong coupling constant is an

effective measure of how strongly a force holds quarks and gluons inside composite

hadrons. This constant ought to depend on the absolute energy scale, and hence it

is also referred to as the running coupling constant [18]. Thus, the strong coupling

constant is not constant any more; rather, it varies with the energy scale used. The

so-called beta function governs the running, which is logarithmic with energy and it

can be represented as given by

∂αs

∂ ln(Q2) = β(αs) = −
(
α2

s

4π

)2 ∑
n=0

(
α2

s

4π

)n

βn. (1.3)

The values of coefficients for one-loop, two-loop, and three-loop are given by

β0 = 11
3 Nc − 4

3Tf = 11 − 2
3Nf ,

β1 = 34
3 N

2
c − 10

3 NcNf − 2CFNf = 102 − 38
3 Nf ,

and

β2 = 2857
54 N3

c + 2C2
FTf − 205

9 CFNcTf − 1415
27 N2

c Tf + 44
9 CFT

2
f + 158

27 NcT
2
f

= 2857
2

6673
18 Nf + 325

54 N
2
f .

Nc denotes the quantity of colors, whereas Nf signifies the number of active fermion

flavors. The color factor for the gauge group SU(3) is denoted as Cf , with Nf = 4,
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Nc = 3, Tf = 1
2Nf , and Cf = N2

c −1
2Nc

. To effectively define the value of the strong

coupling, two parameters are typically employed: the renormalization scale (µR) and

the value of the strong coupling (αs) at the renormalization scale. This allows one to

use Eq. (1.3) to determine its value at any other scale as

αs(Q2) = αs(µ2
R)

1 + αs(µ2
R)β0 ln(Q2/µ2

R) + O(µ2
R) . (1.4)

The above expression of the running coupling can be recasted with a single parameter

ΛQCD replacing the two parameters as

αs(Q2) = 1
β0 ln(Q2/Λ2

QCD) . (1.5)

The confinement scale of QCD, or parameter ΛQCD, was experimentally determined

to be ΛQCD ≈ 200 MeV. This in turn suggests that only at an energy scale of 1

GeV or greater are the perturbation calculations applicable. Furthermore, confine-

ment makes it impossible to use perturbation theory to determine the structure of

hadrons. Alternatively, the quark and gluon composition of hadrons is determined by

parameterizations of the distribution functions derived from deep inelastic scattering

studies. These distribution functions serve as crucial in making predictions for

further experiments because they are universal.

1.3 Deep Inelastic Scattering

Deep Inelastic Scattering (DIS) [19, 20] is an essential means for investigating the

internal composition of hadrons (e.g., nucleons) and comprehending the interaction

dynamics of quarks and gluons within these particles. In DIS, high-energy leptons

(electron, muon, neutrino, etc.) are directed towards hadron targets (proton, neutron),

leading to the formation of various final-state hadrons. The first DIS experiment
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was carried out in 1968 at the Stanford Linear Accelerator Centre (SLAC) in the

United States, with electrons scattered off proton targets. The results of the SLAC

experiment provided the first conclusive evidence for the reality of quarks, which

were previously thought to be a mathematical construction. A schematic diagram

of the DIS process of scattering a lepton off a hadron is shown in Figure 1.3. In

this process, accelerating the lepton to very high energy are allowed to collide with

the hadron. The lepton engages with the target hadron through the exchange of

a virtual photon throughout the interaction. The virtual photon exchanged by the

lepton carries the four momentum Q, the squared of which, i.e., Q2, is the measure

of the resolving power of the process.

DIS experiments pave the groundwork for the discovery and interpretation of

novel physics at extremely high energies and high parton densities within hadrons.

Many further DIS experiments investigating proton structure were conducted at

HERA, after the very first DIS experiment at SLAC in 1968. The Large Hadron

Electron Collider (LHeC) [21], a new colliding beam facility to be built at CERN,

was proposed recently by physicists. This will enable the particle physics community

to perform DIS experiments to enrich the physics made possible by the Large

Hadron Collider (LHC). LHeC with a center of mass energy of 1.3 TeV will create a

previously unlocked kinematic domain for electron-hadron scattering. The predicted

design luminosity for LHeC is 1033 cm−2s−1, which is two orders of magnitude

higher than that of integrated HERA luminosity. The LHeC facility is expected to

explore a wide range of intriguing phenomena.

Deep inelastic scattering (DIS) of leptons (l) on nucleons (N=p,n) involving

the exchange of a neutral boson, either a photon (γ∗) or a vector boson Z0, is

termed neutral current (NC) DIS; conversely, if the exchanged particle is a charged

boson, W±, it is designated as charged current (CC) DIS. Figure 1.3 illustrates the

kinematics of the Deep Inelastic Scattering (DIS) process using the following four-
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Figure 1.3: Schematic representation of lepton(l)-nucleon(N) deep inelastic scattering
process

momentum vectors: k for the initial lepton, k′ for the final lepton, P for the target

proton, and q = k−k′ for the exchanged photon. An inclusive DIS is a measurement

that aggregates all final states within the hadronic system. The inclusive DIS process

can be explained through the following Lorentz invariant kinematic variables [14]

■ Q2 = −q2 = −(k − k′)2, exchanged four-momentum squared or virtuality of

photon, determines the scale of the interaction,

■ x = Q2/2ν, Bjorken’s scaling variable, represents the momentum fraction

carried by a parton, where ν = P.q is the energy transferred from the lepton to

the proton,

■ y = P.q/P.k, fraction of energy lost by the electron in the proton rest frame,

known as the inelasticity of the scattering process,

■ s = (k + P )2, center of mass energy squared, and

■ W 2 = (q + P )2, square of the invariant mass of the produced hadronic final

state or center of mass energy squared of the photon-proton system.

Two independent variables in DIS process are Q2 and ν. The approximate relation

Q2 = xys relates the dimensionless variable x to the variables Q2, y, and s stated

above. This relationship indicates that at a specific e-p center of mass energy
√
s,



12 Introduction

any two of the variables Q2, x, and y suffice to characterize the kinematics of the

DIS process; typically, Q2 and x are employed. The kinematic variable W 2 can also

be expressed in relation to Q2 and x as

W 2 = M2
p +Q2

(1 − x

x

)
.

The above relation explains that at fixed Q2, small-x interaction corresponds to a

large value of the variable W 2. It also signifies that the terms ‘deep’ and ‘inelastic’

correspond to Q2 >> M2
p and W 2 >> M2

p , respectively. Thus, the value of the

proton mass Mp may be neglected.

1.4 DIS Cross Section and Structure Functions

A crucial component of DIS experiments is the measurement of the scattering cross

section. The lepton-proton DIS cross section can be separated out in terms of the

electron and proton contributions into leptonic and hadronic parts, which can be

expressed as

dσ ∼ LµνW
µν . (1.6)

Here, Lµν denotes the leptonic tensor that characterizes the interaction between the

lepton and the exchanged gauge boson, while W µν signifies the hadronic tensor that

encapsulates the strong interaction dynamics in DIS. The leptonic tensor, well known

in QED, can be expressed (neglecting the electron mass) as

Lµν = 2(k′
µkν + k′

νkµ − (k′.k)gµν), (1.7)
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where gµν represents the metric tensor. The hadronic tensor describing the hadron

vertex has the form

W µν = −W1g
µν + W2

M2
p

pµpν − iϵµναβpαqβ
W3

2M2
p

+ qµqν W4

M2
p

+ (pµqν + qµpν)W5

M2
p

+ i(pµqν − pνqµ) W6

2M2
p

,

(1.8)

where Wi is the Lorentz scalar function of x, and Q2 characterizes the proton’s

structure. For the scattering process involving only γ exchange, the parity violating

term W3 and the antisymmetric term W6 are absent. From the current conservation

at the hadronic vertex, we have, qµW
µν = qνW

µν = 0, so that

W4 =
(
p.q

q2

)2
W2 +

M2
p

q2 W1 & W5 = −p.q

q2 W2.

Thus, the hadronic tensor W µν , by assuming it to be symmetric, depends on W1 and

W2 only and can be expressed as

W µν = −W1

(
− gµν + qµ. qν

q2

)
+ W2

M2
p

(
pµ − p . q

q2 qµ
)(
pν − p . q

q2 qν
)
. (1.9)

The functions W1 and W2 are referred to as structure functions, which can be

empirically determined by analyzing the angular dependency of the DIS cross-

section given by in [14, 22].

dσep

dE ′dΩ = α2

4E2 sin[4]( θ
2)

[
W2(x,Q2) cos[2](θ2) + 2W1(x,Q2) sin[2](θ2)

]
. (1.10)

Here α denotes the electromagnetic coupling constant. θ is the scattering angle

and E, E ′ are the initial and final electron energies, respectively. It is much more

convenient to redefine these structure functions in terms of dimensionless structure
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functions F1 and F2 as

F1 = MpW1(x,Q2), (1.11a)

F2 = p.q

Mp

W2(x,Q2). (1.11b)

The unpolarized double differential DIS cross-section can be expressed in terms of

these structure functions in the form

d2σ

dxdQ2 = 4πα2

xQ4

[
xy2F1(x,Q2) + (1 − y)F2(x,Q2)

]
. (1.12)

The structure function F1(x,Q2) represents the transverse component of the cross-

section caused by the transversely polarized virtual photon. The difference between

F2(x,Q2) and F1(x,Q2) provides the pure longitudinal part, given by

FL(x,Q2) = F2(x,Q2) − 2xF1(x,Q2). (1.13)

Now, the cross-section in terms of the longitudinal structure function can be written

as
d2σ

dxdQ2 = 2πα2

xQ4

[
Y+F2(x,Q2) − y2FL(x,Q2)

]
, (1.14)

where Y+ = 1 + (1 − y)2 is a function of inelasticity y. Structure functions are taken

from the measured cross-section in DIS experiments. For convenience, the reduced

cross-section can therefore be defined as

σr = F2(x,Q2) − y2

Y+
FL(x,Q2). (1.15)

In the limit Q2 → ∞ and fixed x, one can ignore the strong interactions among

partons. The proton structure functions can be approximated by an incoherent

summation of the partons. Consequently, F1 and F2 transform into functions ex-
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clusively of the variable x, rendering them independent of Q2. Bjorken scaling

refers to the phenomena of this scaling behavior [23]. The renowned SLAC-MIT

experiment on Deep Inelastic Scattering (DIS) [24] demonstrates that the measured

DIS cross-section has a near-scaling behavior. In the Bjorken limit, only transver-

sally polarized photons can be absorbed by the quarks in the proton; longitudinally

polarized photons cannot be absorbed because of helicity conservation, and as a

result, the longitudinal portion of the cross-section disappears. This fact guides to

the well-known Callan-Gross relation 2xF1(x) = F2(x), reflecting the presence of

quarks with spin 1/2 inside the proton.

QCD framework permits partons to interact through gluon exchange by extending

the basic quark-parton model. Because of QCD, there is a possibility of processes

like q → qg, g → gg, and g → qq̄ that generate the first-order parton interactions

in αs. The resolution of the exchange photon in DIS is proportional to 1/Q2.

Increasing Q2 leads to higher parton density. The cross-sectional study demonstrates

that the increase occurs predominantly at small x values. Consequently, parton

densities in QCD must be represented using an extra scale Q2. Significant scaling

violations are caused by higher order corrections in αs(Q2), which cause the parton

distribution functions (PDFs) and structure functions to develop a Q2 dependency

beyond the parton model approximation [25]. The proton structure function F2 was

measured extensively in the HERA experiments, H1 and ZEUS [26–29], which also

successfully demonstrated the scaling violations as predicted by QCD. The expected

scale dependency provides an explicit verification of QCD and enables an exact

estimation of αs(Q2).
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1.5 Parton Distribution Functions

In experiments at different high-energy collider facilities, including HERA, Tevatron,

and LHC, the initial-state particles are composite hadrons instead of quarks and

gluons, so perturbative QCD calculations involving initial-state hadrons cannot offer

a direct evaluation of structure functions. It is necessary to understand the momentum

distributions of the partons within colliding hadrons to correlate theoretical QCD

calculations with experimental results. The momentum distribution functions of

the colliding hadrons are simply referred to as parton distribution functions (PDFs).

PDFs are crucial for accurately measuring hadron structure functions, at least at the

zeroth order in αs. In his parton model, Feynman postulated that the proton is made

up of more fundamental components called partons, each of which has a momentum

fraction x of the proton’s total momentum. According to the concept, for each quark

flavor i, the structure functions are typically determined by summing the momentum

distributions qi(x) of partons as

F2(x) = 2xF1(x) =
∑

i

e2
ixqi(x), (1.16)

where ei represents the electric charge of a i-type parton, and the sum includes all

quark and antiquark flavors. The momentum distribution qi(x) depicts the probability

densities for detecting an individual parton of type i with a momentum fraction x

within the proton at resolution scale Q2.

DIS experiments have demonstrated that parton densities increase with Q2 at

small x and decrease with large x. For low Q2, the valence qurak flavors (uud, udd)

contribute most to the nucleon structure. In contrast to this scenario, an increasing

number of quark-antiquark pairs with a small momentum fraction x, known as sea

quarks, are present at high Q2. The entire quark number needs to hold the sum rule
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provided below

∫ 1

0
{u(x)−ū(x)}dx = 2;

∫ 1

0
{d(x)−d̄(x)}dx = 1;

∫ 1

0
{s(x)−s̄(x)}dx = 0, (1.17)

which provides the proton quantum numbers. Furthermore, the total momentum of

partons must follow the following momentum sum rule:

∑
i

∫ 1

0
xqi(x)dx = 1. (1.18)

Perturbative QCD is unable to properly define PDFs as being non-perturbative

entities. Instead, observables are fitted to experimental data to obtain these. However,

the so-called QCD evolution equations allow one to investigate the rate at which

PDFs change with the energy scales Q2 and x within QCD. The QCD improved

parton model predicts that the structure function is no more independent of Q2 due to

corrections coming from real gluon emission in αs(Q2). As a result, the F2 structure

function gets modified by QCD as

F2(x,Q2) =
∑

i

e2
ixqi(x,Q2). (1.19)

This results in aQ2 dependence of both the structure function and parton distributions,

which causes Bjorken’s scaling violation. In order to find PDFs, one generally uses

one of two methods: either build a reasonable but rough assumption or use neural

network analysis to analyze the initial input distributions and evolve them to high

Q2 using QCD evolution equations. At the moment, numerous collaboration groups

like MRST/MSTW [30–32], NNPDF [33, 34], HERAPDF [35, 36], CTEQ [37, 38],

etc. are responsible for the parametrizations of PDFs for diverse kinematic domains.

These parametrization groups have all incorporated the current high-precision data

from the HERA and LHC into their analysis. The input data, parametrization
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techniques, treatment of heavy quarks, coupling constant αs value, and analytic

approaches are where these groups diverge most. Since none of these groups can

offer precise measurements for the entire kinematics domain, there is still no widely

accepted set of PDFs.

1.6 QCD Evolution Equations

QCD introduces modifications to the parton model, leading to the resolution of

scaling violations. It is possible to explicitly estimate the dependence of the structure

function on Q2 using QCD. But instead of revealing the exact value of F2 for a

given Q2, it illustrates how F2 varies with Q2 from a given point. The perturbative

determination of the Q2 dependency of the PDFs is possible if Q2 is large enough to

maintain αs small. In QCD, perturbation theory methods cannot be used directly to

obtain the PDFs and structure functions. The primary theoretical tool for examining

the energy scale dependency of parton distribution functions and, consequently,

structure functions is the QCD evolution equations. The QCD evolution equations

delineate the rate of variation of parton densities in relation to changes in the defining

energy scale.

The Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [39–42] and Balitsky-

Fadin-Kuraev-Lipatov (BFKL) [43–45] evolution equations are the two most well-

known QCD evolution equations. The DGLAP equations can be used to compute

the PDFs for any value of Q2, provided the PDFs are at a certain initial scale Q2
0,

which will subsequently evolve to a particularQ2. The DGLAP evolution adds up the

contributions like αn
s ln(Q2)n in the perturbative expansion. At small-x contributions,

however, which are carried by gluons, the logarithm of a small momentun fraction

x increases the significance. The high-energy, or small-x, scattering case hence

calls for a different strategy. (αs ln(1/x))n is the sum of the leading logarithm (LL)
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contributions in the BFKL evolution equation. The evolution equations mentioned

are linear in parton density and are briefly summarized below.

DGLAP equation

Dokshitzer, Gribov, Lipatov, Altarelli, and Parisi proposed the DGLAP evolution

equations in the late 1970s to characterize the evolution of PDFs with Q2. DGLAP

equations are sets of coupled equations that aggregate all leading Feynman diagrams,

resulting in logarithmically amplified ln(Q2) contributions to the cross section.

The resummation of logarithms in transverse scale necessitates that the transverse

momenta of subsequent steps in the emission diagrams be strongly ordered

Q2 >> k2
n >> k2

n−1 >> · · · >> k2
2 >> k2

1. (1.20)

For quark and gluon density, one can express the DGLAP equations in the following

form:

∂

∂ ln(Q2)

qi(x,Q2)

g(x,Q2)

 = αs(Q2)
2π

2Nf∑
i=1

∫ 1

x

dy

y

Pqq(x/y) Pqg(x/y)

Pgq(x/y) Pgg(x/y)


qi(y,Q2)

g(y,Q2)

 ,
(1.21)

where qi(x,Q2) represents quark density and g(x,Q2) for gluon density. The sum

includes all quark and anti-quark flavors. Figure 1.4 depicts the graphic interpre-

tations of the splitting functions Pqq, Pqg, Pgq, and Pgg. The splitting functions are

defined as the probability of discovering a parton (quark or gluon) of type i with

a momentum fraction x that is produced by a parton (quark or gluon) of type j

with a larger momentum fraction y > x. The splitting functions Pqg and Pgq are

independent of quark flavors due to charge conjugation and flavor independence of

QCD’s Lagrangian.

The splitting functions in perturbation theory can be expanded into the αs(Q2)
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Figure 1.4: Splitting functions

power series as

Pab(z,Q2) = P
(0)
ab (z) +

(αs(Q2)
2π

)
P

(1)
ab (z) +

(αs(Q2)
2π

)2
P

(2)
ab (z) + . . . , (1.22)

with z = x/y. In the preceding expression, the terms P (0), P (1), and P (2) represent

the leading order (LO), next-to-leading order (NLO), and next-to-next-to-leading

order (NNLO) corrections to the splitting functions, respectively [46, 47]. The LO

expressions are shown below [17]

P (0)
gq (z) = 4

3

[1 + (1 − z)2

z

]
, (1.23)

P (0)
qq (z) = 4

3

[ 1 + z2

(1 − z)+
+ 3

2δ(1 − z)
]
, (1.24)

P (0)
gg (z) = 6

[1 − z

z
+ z

(1 − z)+
+ z(1 − z) + 33 − 2nf

6 δ(1 − z)
]
. (1.25)
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The “+” distribution is defined by the property

∫ 1

0
dz

f(z)
(1 − z)+

=
∫ 1

0
dz
f(z) − f(1)

(1 − z) , (1.26)

here, (1 − z)+ = 1 − z for z < 1, but for z = 1, it is infinite. The discrepancy at

z = 1 complements soft gluon radiation and is compensated for by virtual gluon

loop contributions.

For the singlet quark density, the DGLAP evolutions are given by

∂

∂ ln(Q2)
∑

(x,Q2) = αs(Q2)
2π (

∑
⊗Pqq + g ⊗ 2nfPqg) (1.27)

and
∂

∂ ln(Q2)g(x,Q
2) = αs(Q2)

2π (
∑

⊗Pgq + g ⊗ Pgg), (1.28)

with
∑(x,Q2) = ∑

i(qi(x,Q2)+q̄i(x,Q2)). The DGLAP technique can calculate the

evolution of PDFs with respect to Q2, but not at the beginning scale Q2
0. As a result,

at an initial scale, PDF information must be provided via non-perturbative methods or

by parametrizing the x dependence at that scale. A typical parametrization function

at a beginning scale (Q2
0) is presented as

xf(x,Q2
0) = Axα(1 − x)β,

. The model parameters (A, α, and β) are determined by fitting experimental data.

The DGLAP equations neglect higher-order contributions such as αs ln(1/x).

These leading ln(1/x) terms need to be resummed because, at finite order, the large

logarithms in 1/x become significant in the perturbative expansion at small values

of x, where the gluon cascade dominates the evolution. For high Q2, the double

leading logarithmic approximation (DLLA) is used, which resums the terms that

comprise both the leading ln(1/x) and the leading ln(Q2). Therefore, at small-x,
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the major contribution to the gluon density growth may be identified by studying

the DLLA of the DGLAP evolution, which is comparable to the contribution of the

(αs ln(Q2) ln(1/x))n. The DLLA is valid when αs ln(Q2) ln(1/x) ∼ 1; however,

both αs ln(Q2) and αs ln(1/x) are small. However, at low Q2, the DGLAP equation

loses credibility as x decreases. In that case, an alternative equation, BFKL equation

may be taken into account, which is discussed below.

BFKL equation

To describe the high-energy behavior of hadron processes, Balitsky, Fadin, Kuraev,

and Lipatov first proposed the BFKL equation. The terms of the perturbation series

enhanced by powers of ln(1/x) at small-x must be summed up. This equation uses

gluon reggeization as the basis to sum up the leading logarithm contributions of the

type (αs ln(1/x))n. The evolution equation for the unintegrated gluon distribution,

f(x, kt), which depends on two independent variables—the transverse momentum

kt and the proton momentum fraction x carried by a gluon—generally corresponds

to the BFKL approach. The distribution of the gluon density in ln(kt) space is a key

feature of this evolution. The evolution equation for BFKL in LO takes the generic

form

−x∂f(x, k2
t )

∂x
= 3αs(k2

t )
π

k2
t

∫ ∞

k′2
0

dk′2
t

k′2
t

[
f(x, k′2

t ) − f(x, k2
t )

|k′2
t − k2

t |
+ f(x, k2

t )√
4k′2

t + k2
t

]
, (1.29)

where the infrared cut-off of the evolution is represented by k′2
0 and the transverse

momenta squared of the gluon in the initial and final states are denoted by k′2
t and

k2
t , respectively. The real emission of gluons is responsible for the first term in the

square bracket, while the diagrams with virtual corrections correspond to the second

term. The splitting of k′ → k+ q inside the hadron provides an interpretation for the

real emission term found in the BFKL kernel. In contrast to the DGLAP equation,
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the transverse momenta in BFKL have neither ordering nor constraints, whereas the

longitudinal momenta are strongly ordered. Consequently, the BFKL kinematics

can be written as follows if the momenta of the gluons in the ladder are labeled as

k1, k2, . . . , kn

x1 << x2 << · · · << xn

k1t ∼ k2t ∼ · · · ∼ knt.

The BFKL evolution equation is more complicated than the DGLAP evolution

equation because it includes contributions from operators with high twists. In its most

basic form, the BFKL equation describes the amplitudes at non-zero momentum

transfer in addition to the behavior of cross-sections at high-density QCD. Despite

its success in characterizing QCD’s high-energy asymptotics, the BFKL equation

solution contains some discrepancies. The leading logarithmic BFKL equation breaks

the unitarity limit at high collision energies, which is quite concerning. Another

issue with the BFKL technique is that the transverse momenta of the gluons within

the ladder drift to UV and IR [22]. The transverse momenta’s drift towards IR results

in a breach of the perturbative nature of the interaction assumption.

1.7 Gluon Saturation at Small-x and Nonlinear Evo-

lution Equations

The crucial nature of gluons at small-x inside nucleons has been demonstrated by

high-energy probes at colliders in recent years. In the limit of x → 0, the gluon

density inside nucleons rapidly increases, resulting in saturation effects. Under-

standing and measuring the gluon distribution at small-x in the lepton-nucleon or

nucleon-nucleon DIS is crucial since it is the primary ingredient in various other

analyses of different high-energy hadronic processes, and it may also probe novel

effects arising from saturation effects [48–51]. As a result, there have been decades
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of intense experimental activity and considerable phenomenological research at

small-x, including different DIS at HERA and heavy ion collisions at RHIC. Further-

more, understanding this kinematic domain is crucial for computing various particle

productions in proton-proton collisions at LHC.

In DIS investigations, the resolving power of a photon to detect a small-x parton

rises; thus, the virtual photon may face multiple scattering off various partons for

sufficiently small values of momentum fraction x. As a result, the gluon density

increases sharply towards small-x. To comply with the Froissart-Martin bound on

physical cross sections [52, 53], it is necessary to reduce the high gluon density,

which exhibits fast growth at small-x. This bound, based on analyticity and unitarity

constraints, sets restrictions on the upper limit for the cross section. The bound states

that the total cross section must grow to comply with the rule σtotal = π/m2
π

(
ln s2

)
,

where mπ represents the range of the strong force and s denotes nter of mass energy

squared.

When x → 0, the gluon density inside a proton increases rapidly for a fixed

value of Q2. The total transverse area within the proton occupied by gluons equals

or exceeds the transverse area of the proton at some critical value x = xcrit. The

probability that two gluons will interact is now indisputable due to the rapid growth

of gluons at small-x. Recombination of gluons (gg → g) thus becomes crucial

in addition to the gluon emission process at small-x (x < xcrit). Saturation of

the gluon density is the ultimate result of gluons recombining at small-x. The

phenomenon of gluon saturation has arisen as one of the most intriguing problems,

based on theoretical assumptions, but there is increasing evidence of its presence.

Some experimental evidence of saturation effects include the early discovery of

geometrical scaling phenomenon observed in HERA and the presence of geometrical

scaling in jet productions in LHC data. It’s worth noting that the size of the gluons

affects the saturation, which in DIS is r ∼ 1/Q. Larger-sized gluons will swarm
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Figure 1.5: Schematic representation of the saturation of gluons inside the proton
Credit: Amanda Cooper Sarkar

the available transverse region inside the hadron earlier, causing them to re-interact,

but small-sized gluons will delay saturation until higher energies are reached. A

schematic representation of the gluon saturation process is shown in Figure 1.5. The

saturated regime and the dilute regime are separated by a saturation scale, Qs, which

is a conventional transverse momentum scale.

DGLAP and BFKL being linear evolution equations unable to address the non-

linear phenomena of gluon recombination and saturation at small-x and hence fail

to account for underlying physics in high-density QCD. It is vital to understand the

underlying physics in saturation regions of gluons at small-x. The nonlinear QCD

evolution equations come into play in saturation region, which helps in understand-

ing the physics in that region. Therefore, to describe the gluon recombination and

saturation effect, the linear evolution equations have to be replaced by the nonlinear

QCD evolution equations. The nonlinear evolution equations have important fea-

tures dealing with the saturation effect. They contain damping terms that reflect the

saturation effect arising out of gluon-gluon recombination. Thus, studying nonlinear

QCD evolution equations and their solutions is crucial for phenomenological studies
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at existing and future experimental facilities.

Several nonlinear QCD evolution equations have been proposed based on the two

linear evolution equations, DGLAP and BFKL, in order to address nonlinear physics

in high-density QCD. Gribov, Levin, and Ryskin (GLR) [48] and Muller and Qiu

(MQ) [51] performed the first perturbative QCD calculations that included gluon

recombination. They proposed a new nonlinear evolution equation using an extra

nonlinear quadratic in the gluon density. This new nonlinear evolution equation, also

known as the GLR-MQ equation, is an updated version of the DGLAP equation

that includes certain gluon recombination corrections. There are various nonlin-

ear evolution equations that use nonlinear corrections to the DGLAP and BFKL

evolutions. For instance, Modified DGLAP (MD-DGLAP) [54, 55] is a DGLAP-

based nonlinear equation, while Balitsky-Kovchegov (BK) [56–59], Modified-BFKL

(MD-BFKL) [60] equation, and Jalilian-Marian-Iancu-McLerran-Weigert-Leonidov-

Kovner (JIMWLK) equation [61–64] are BFKL-based nonlinear evolution equations.

The BK equation serves as the most suitable evolution equation at small-x where

nonlinear saturation effects play an important rule. This equation is a mean-field

approximation of the more complex JIMWLK equation.. Despite numerous nu-

merical studies, an exact analytical solution to this equation remains elusive due

to its complex nature. Thus, analytical studies of the BK equation are required to

understand the nonlinear physics at small-x. In this thesis, we are going to study the

BK nonlinear equation and its applications to various phenomena inside hadrons at

small-x.
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1.8 High Energy Experiments and PDF Groups

High Energy Experiments

To determine the observables, like structure functions, a high-energy probe needs

a precise experimental setup, which has been achieved over the past few decades

by various high energy experiments. In recent years, these have contributed to the

exploration of particle physics at both high energy and high precision frontiers.

The electron-proton DIS experiment, carried out at SLAC in 1968 in California,

USA, was the first high energy experiment in this row [65]. Subsequently, several

additional experiments have been established to examine the structure of hadrons,

including E26 [66], Bologna-CERN-Dubna-Munich-Saclay (BCDMS) [67], New

Muon Collaboration (NMC) [68], European Muon Collaboration (EMC) [69], and

HERA at DESY [26, 29, 70]. The principal initiative at CERN, the Large Hadron

Collider (LHC) [71, 72], is now executing the latest high-energy experiments. The

LHC is now the largest and most powerful experimental laboratory constructed by

humans. Numerous further prospective high-energy initiatives, such as the Large

Hadron Electron Collider (LHeC) at CERN and the Electron-Ion Collider (EIC) at

Brookhaven National Laboratory (BNL), are now in progress. Concise summaries

of these experiments are presented here.

SLAC

The Stanford Linear Accelerator Center (SLAC) hosts the Stanford Linear Accelera-

tor, a 3.2-kilometer (2-mile) linear accelerator built in 1966. It is now operated by

Standford University and sponsored by the Department of Energy, USA. In 1968,

SLAC carried out the first DIS experiments to investigate proton structure, exploring

the kinematic range of 0.06 ≤ x ≤ 0.9 and 0.6 ≤ Q2 ≤ 50 GeV2. The notable
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discoveries at SLAC that produced three nobel prizes in physics were: in 1976, for

the discovery of the first charm particle, the J/ψ meson; in 1990, for the discovery

of the existence of quarks inside nucleons; and in 1995, for the discovery of the tao

lepton.

BCDMS

The BCDMS experiment at CERN performed a DIS experiment with muons on

hydrogen targets at beam strengths of 100,120, 200, and280 GeV. This experiment

spanned the kinematic range of 0.06 ≤ x ≤ 0.8 to 7 ≤ Q2 ≤ 260 GeV2. The

structure functions were calculated using the ratio RQCD, which indicates the ratio

of longitudinally polarized virtual photon absorption cross-section to transversely

polarized. The total normalization error was roughly 3%.

EMC

The EMC experiment at CERN used a muon beam with a beam energy of 280 GeV

on a target made of a heavier element, like deuterium. The kinematic range of the

experiment was 0.0025 ≤ x ≤ 0.14 and 0.25 ≤ Q2 ≤ 7.2 GeV2, which offered a

good description of the measurements. However, the rest of their measurements are

overtaken by the more precise measurements of the NMC experiment, given below.

The entire normalization error was 7%.

NMC

As an extension of the EMC experiment, the new muon collaoration used upgraded

equipment to perform the NMC experiment in the M2 muon beam line of the CERN

SPS. In this experiment, The differential cross sections for protons and deuteron were

determined concurrently employing two identical pairs of 3m-long targets in the

NMC experiment exposed off and on to the muon beam. The relative normalization
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between the proton and deuteron structure functions was considerably less ambiguous

as a result of these measurements. It is reported that the overall normalization error

is 2%. To find structure functions, an iterative approach based on the experiment’s

Monte Carlo simulation was used. Individual simulations were run for every data

collection session to account for variations in the beam and the detector. The structure

function, F2(x,Q2) were determined by comparing the accepted Monte Carlo events

and the normalized data outputs. Proton and deuteron structure functions, F p
2 and

F d
2 , were measured by inclusive DIS using beams of 90, 120, 200, and 280 GeV

muons on hydrogen and deuterium targets in the kinematic range 0.006 ≤ x ≤ 0.6

and 0.5 ≤ Q2 ≤ 75 GeV2. The structure functions were computed using a fixed

parametrization of the ratio, R(x,Q2), which was obtained from a global analysis of

SLAC data and an initial selection of F2.

E665

In the fixed-target muon scattering experiment E665 at Fermilab, muon beams

with the highest energy of around 490 GeV are used. In addition to measuring

structure functions and ratios, the E665 experiment also examined the hadronic

final states produced via muon interactions and collected data from liquid hydrogen

and deuterium targets as well as heavy targets. The kinematic range of the F2

measurements is as follows: 8.9 × 10−4 ≤ x ≤ 0.39 and 0.2 ≤ Q2 ≤ 75 GeV2. The

reported normalization error is 1.8%. The E665 and NMC measurements have a

considerable overlap in x and Q2, and the two measurements agree well within the

overlap region. At the lower Q2 region with fixed x, the E665 data agree well with

the HERA data as well.
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H1 and ZEUS

HERA (Hadron-Electron Ring Accelerator), an electron-proton collider at DESY in

Hamburg, Germany, is used to explore DIS processes using two main experiments,

H1 and ZEUS. A truly worldwide scientific collaboration, the ZEUS collaboration is

led by 450 physicists from 12 countries, whereas H1 is an international collaboration

of about 250 scientists from 20 institutes and 12 countries. The HERA collider’s

initial operation provides an essential benchmark for proton structure measurements.

The collaborations at HERA measured both the NC and CC cross sections in inclusive

e±p DIS, colliding proton beam energy of 920 GeV with electron beam energy of

27.5 GeV. This produced an enormous center of mass energy of
√
s ≈ 320 GeV. In

the H1 and ZEUS experiments, the highest value of Q2 was 90, 200 GeV2; however,

the calibrated x-range has been substantially expanded to a smaller value of x ∼ 10−5.

HERA had two stages of operation. HERA-I functioned from 1992 to 2000, while

HERA-II operated from 2002 to 2007. The H1 and ZEUS collaborations use HERA-I

data to achieve the most exact determination of proton structure. HERA-I primarily

utilized positrons to operate because of constraints on the lifetime of electron beams.

For HERA-II, this problem has been resolved, and because HERA used electron

beams for operation from 2004 to 2006, the xF3 structure function may be measured

with increased precision. The direct measurement of FL were obtained from a series

of operations carried out by HERA in 2007 with proton beam intensities of 460 and

575 GeV. An accurate fit of PDFs the proton was provided by the H1-ZEUS combined

data, which have significantly reduced uncertainties than the individual experiments.

In both investigations, RQCD has been used to obtain the F2 structure function. The

NC data has a kinematic range of 6 × 10−7 ≤ x ≤ 0.65 and 0.045 ≤ Q2 ≤ 3000

GeV2 for inelasticity values y ranging from 0.005 to 0.95. The CC data has a

kinematic range of 1.3 × 10−2 ≤ x ≤ 0.40 and 300 ≤ Q2 ≤ 3000 GeV2 for
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y values ranging from 0.037 to 0.76. Despite the fact that HERA’s functioning

terminated in 2007, analyses of its data files are still being conducted by H1 and

ZEUS collaboration, with exceptional results.

LHC

The Large Hadron Collider (LHC), the largest and most potent particle accelerator

globally, was constructed by CERN in partnership with numerous universities and

laboratories. More than 10,000 scientists and engineers from over 100 countries. The

LHC, weighing over 38,000 tons, is situated in Geneva, Switzerland, and extends 27

kilometers within a circular tunnel that lies 100 meters beneath the Swiss-French

border. An electrical issue led to the cessation of operations at the LHC in 2008,

coinciding with the initial successful circulation of proton beams in the main ring.

In 2009, the LHC successfully cycled the proton beams, recording the initial proton-

proton collisions, each with an energy of 450 GeV. An injection energy of 450 GeV

per beam was reported. In 2010, two proton beams, each with an energy of 3.5 TeV,

were collided, representing the highest-energy particle collision recorded at that time.

In 2012, the LHC’s beam energy increased to 4 TeV per proton and subsequently to

6.5 TeV in 2015. Seven investigations are underway at the LHC to investigate the

many particles generated by the accelerator. The Toroidal LHC Apparatus (ATLAS)

and the Compact Muon Solenoid (CMS), the largest of these experiments, employ

two separately constructed general-purpose detectors to investigate phenomena from

dark matter and additional dimensions to the search for the Higgs boson. The

A Large Ion Collider Experiment (ALICE) is a heavy-ion detector intended to

study the creation of quark-gluon plasma, a high-density quantum chromodynamics

phenomenon. The LHCb experiment seeks to examine the differences between

matter and antimatter. Protons, heavy ions, and forward particles are examined by

the Total Elastic and Diffractive Cross Section Measurement (TOTEM) and LHC
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forward (LHCf) studies. Established in 2010, the Monopole and Exotics Detector at

the LHC (MOEDAL) investigates magnetic monopoles. The Higgs boson, predicted

almost 50 years earlier, was confirmed as the particle with a mass of approximately

126 GeV in 2012 by the ATLAS and CMS experiments at the LHC. The identification

of the Higgs boson at the LHC is a pivotal achievement in physics, leading to F.

Englert and P. W. Higgs receiving the Nobel Prize in Physics in 2013 for their

theoretical prediction of the Higgs process.

EIC

The Electron-Ion Collider (EIC) is a projected particle accelerator collider developed

by BNL and approved by the US Department of Energy. The EIC is intended to col-

lide spin-polarized beams of electrons and ions in order to explore the characteristics

of nuclear matter in depth using deep inelastic scattering. Scientists from BNL and

Jefferson Lab will work with researchers from all over the world to develop the EIC.

The EIC user group includes approximately 1400 physicists from 290 laboratories

and universities in 38 countries. The EIC will be the world’s first world-class particle

collider, measuring 2.4 miles in circumference. It will direct beams of high-energy

polarized electrons into collisions with polarized protons and atomic nuclei, yielding

precise 3D illustrations of their internal structures. Experiments at the EIC will

help scientists understand the secrets of nature’s strongest force and investigate how

tiny particles known as quarks and gluons contribute to the mass, spin, and other

aspects of all observable matter. EIC will examine the physics of high-density QCD

at small-x and explore phenomena such as gluon recombination and saturation, as

well as their evidence of existence. In addition, the EIC study will shed light on how

it changed from a split second after the Big Bang, or around 14 billion years ago,

until the present. For many years to come, this investigation into an exciting area of

physics will advance science and technology.
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PDF Groups

One of the fundamental components needed to calculate any observable involv-

ing hadrons is the PDFs. The evolution of PDFs, expressed in the form of PDF

evolution equations, is a critical test of our comprehension of QCD dynamics. Ac-

curate understanding of these PDFs is a necessary precondition to recognize any

potential signature from physics that goes beyond the Standard Model. In contrast,

a precise assessment of the errors related to the PDFs is essential for producing

reliable phenomenological predictions at hadronic colliders like the LHC. Recently,

a significant amount of theoretical and experimental efforts have been focused on

precisely determining the nucleon’s parton distributions. Global fits to data from

a variety of fixed target experiments, including the LHC at CERN, the HERA at

DESY, and the TEVATRON at Fermilab, have been used to actively determine and

update PDFs. The majority of the data that has been utilized in the past comes

from the jet production, Drell-Yan (DY), and DIS processes. The development of

modern colliders like the LHC has resulted in an enormous data flow, which has

greatly aided phenomenological applications. The global PDF groups that are now

in operation include HERAPDF, ABM, CTEQ/CT, JR, MSTW/MMHT, and NNPDF.

Since numerous groups have different PDFs with different parametrization methods

for the data, a common library, LHAPDF [74], was created to keep a large amount

of PDFs that are readily available. Additionally, a web-based program called APFEL

Web was created recently [75, 76]. It is based on updated versions of LHAPDF

and offers a graphical representation of PDFs, making it possible to compute PDFs

along with the errors that come along with them. We may also compare PDFs from

different global PDF groups with this tool. The PDF parametrization gropus NNPDF

and CTEQ collaboration, whose data sets are used in this thesis, is briefly described

below.
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NNPDF

The Neural Network PDFs (NNPDF) collaboration uses modern artificial intelligence

techniques to determine the proton’s structure. An essential component of the physics

program of CERN’s Large Hadron Collider is a precise comprehension of the so-

called PDFs of the proton, which characterize its structure in terms of its quark and

gluon constituents. It has played a crucial role in the Higgs boson’s discovery. One

of the biggest challenges to the search for new physics is its insufficient knowledge.

PDFs must be carefully retrieved from the data by comparing theoretical predictions

and experimental findings; they cannot be computed from basic principles. NNPDF

employs neural networks developed with genetic algorithms to determine PDFs

accurately. These networks are then used to build a Monte Carlo representation of

PDFs and associated uncertainties, which is a probability distribution in a space of

functions. Recently, NNPDF released a new set of PDFs based on a fully global

dataset and machine learning techniques that display paths to the proton structure

with 1% accuracy [77].

CTEQ

The Coordinated Theoretical-Experimental Project on QCD (CTEQ) is a multi-

institutional collaboration focused on high-energy physics, including QCD and its

implications for the Standard Model and beyond. CTEQ studies parton distribution

functions. CTEQ-TEA (CTEQ Tung Et Al.) [78] provides general-purpose parton

distributions in the nucleon up to the next-to-next-to-leading order (NNLO); tools

for fast PDF analysis, PDF updating, and PDF set combination; and specialized

PDFs for massive quark computations. The CJ (CTEQ-Jefferson Lab) Collaboration

uses global QCD fits of parton distribution functions (PDFs) to study the quark

and gluon structure of the nucleon. With special attention to the large-x region,
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these parametrize a wide range of data, such as proton-proton collisions (lepton pair

generation, W-boson, and jet production), deep-inelastic lepton-nucleon scattering,

and other reactions. CJ Collaboration presented the results of a novel global next-

to-leading order fit of parton distribution functions in Ref. [79]. This fit reduces

cuts on W and Q, allowing for more data at high values of x. The nCTEQ (nuclear

CTEQ) project is an extension of the CTEQ collaborative effort to identify nuclear

parton distribution functions (nPDFs). It extends the free-proton PDF framework to

the nuclear situation by determining the densities of protons bound inside a nucleus.

In Ref. [80], nCTEQ introduces the nCTEQ15 set of nuclear parton distribution

functions (nPDFs) with uncertainties.

1.9 Outline of the Thesis

In this thesis, we conducted a phenomenological study of the nonlinear QCD evo-

lution equation at high density QCD in the context of nonlinear phenomena within

hadrons at small-x. We focused on the BK nonlinear evolution equation and its

properties, as they are the most relevant QCD evolution equations for small-x physics.

The BK equation has been widely studied numerically, but substantial analytical

studies have yet to be completed. Thus, in this thesis, we looked into the BK equation

and attempted to solve it analytically. Then we will look into its analytical solution

in the gluon saturation region, where nonlinear effects are likely to play an essential

role, and apply it to a variety of phenomenological aspects at small-x. The thesis is

structured into chapters as follows:

In chapter 2, we examine the BK evolution equation, a pivotal nonlinear parton

evolution equation for small-x. We provided an approximate analytical solution to

the BK problem via the homotopy perturbation method (HPM). We obtained the

gluon saturation momentum from the resultant solution and contrasted it with the
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numerical analysis of the BK equation.

In chapter 3, we examine the proton structure function F p
2 (x,Q2) at small-

x employing the BK evolution equation. In the color dipole framework of deep

inelastic scattering (DIS), the structural function F p
2 (x,Q2) is derived using the

dipole-proton scattering amplitude N(k, Y ), which is obtained via the solution

of the BK equation. Additionally, we have derived the integrated gluon density

xg(x,Q2) utilizing the BK solution and contrasted it with the global PDF fitting

groups, NNPDF3.1sx and CT18. This chapter delineates the behavior of F p
2 (x,Q2)

within the kinematic range of 10−5 ≤ x ≤ 10−2 and 2.5 ≤ Q2 ≤ 60 GeV2. The

results for F p
2 (x,Q2) are compared with those from the H1 Collaboration at HERA

and the PDF parametrization group NNPDF3.1sx.

In chapter 4, we examine the theoretical prediction of exclusive vector meson

generation within the color dipole framework of electron-proton deep inelastic

scattering. We have computed both the differential and total cross-sections for the

formation of J/Ψ and ρ0 in accordance with the BK evolution equation. Furthermore,

we have illustrated the ratio of the longitudinal to the transverse cross-section for

the formation of J/Ψ and ρ0 vector mesons as a function of Q2. Our analysis

incorporates two prominent vector meson wave function models, Boosted Gaussian

and Gaus-LC, which exhibit minor sensitivity to the selected vector meson wave

functions. This chapter compares theoretical predictions with current experimental

data for exclusive vector meson generation.

In chapter 5, we encapsulate and delineate our conclusions alongside potential

future prospects.
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