“Think how hard physics would be if particles could
think.”

— Murray Gell-Mann

CHAPTER

PROTON STRUCTURE FUNCTION
AND GLUON DENSITY FROM BK
EQUATION

In this chapter, we investigate the proton structure function Fy(x,Q?%) at small-x
using the analytical solution of the BK equation. In the color dipole description of
DIS, the structure function FY(x, Q?) is determined using the analytical expression
for the scattering amplitude N (k,Y) from the BK solution. In addition, we extract
the integrated gluon density xg(x,Q?) using the BK solution and compare our
theoretical estimate with the LHAPDF global data fits, NNPDF3.1sx and CTIS8.
This chapter describes the behavior of FY(x, Q?) in the kinematic area of 107> <
r <1072 and 2.5 < Q? < 60 GeV2 Our predicted results for FY(x, Q?) within
the specific kinematic region are compared with the recent high precision data for
F¥(x,Q?) from HERA (HI collaboration) and the LHAPDF global parametrization
group NNPDF3.1sx. This chapter is based on the article, which is “Investigation
of proton structure function FY at HERA in light of an analytical solution to
Balitsky-Kovchegov equation”, Communications in Theoretical Physics 76(3)

(2024): 035202.
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3.1 Introduction

Comprehending the nucleon’s substructure within matter is a fundamental study
focus in high-energy particle physics. Understanding the structure of the nucleon
is essential for grasping the fundamental composition of matter. The establishment
of high-energy accelerator facilities has enabled us to comprehend the nucleon’s
substructure within the context of quantum chromodynamics (QCD). The compre-
hension of the nucleon’s substructure has predominantly depended on its structure
functions. Deep inelastic scattering (DIS) studies involving leptons and hadrons
have provided substantial data regarding the distribution of partons within hadrons,
specifically concerning quark and gluon distributions. The DIS cross section is asso-
ciated with the structure functions of the nucleon in relation to parton distributions.
The measurements of the proton’s structure functions F3 (x, Q?) and F¥(x, Q?) at
HERA have begun a new era of parton density measurement within the nucleon [1-
4]. These structure functions can be correlated with the momentum distributions
of partons within the nucleon and thus the parton distribution functions (PDFs).
At high energies, or equivalently at small-z (Bjorken x) values, the gluon density
dominates among partons, and hence the dominant contribution in F} (x, Q?) and
FP(x,Q?) observations comes exclusively from gluons. Therefore, measurements
of these structure functions at small-x are essential for calculating gluon distribution
functions and visualizing the overall hadronic wave function in high-density QCD.

The DGLAP (Dokshitzer-Gribov-Lipatov-Altarelli-Parisi) evolution equation,
a renowned and well-established framework, serves as a fundamental tool for the
theoretical analysis of DIS structure functions. This equation has been effectively
utilized to analyze the available HERA data in the moderate kinematic range of
Bjorken’s x (x > 0.01). At small-z, HERA data indicates a considerable increase

in gluon behavior in that region. The pronounced behavior of gluons at small-x is
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accurately characterized by the renowned BFKL (Balitsky-Fadin-Kuraev-Lipatov)
evolution equation [10, 11]. Nonetheless, the rapid growth of gluons at small-z
cannot persist indefinitely; otherwise, the physical cross-sections would contravene
unitarity and the Froissart-Martin bound [12]. Consequently, both the DGLAP and
BFKL evolution equations inadequately address the implicit physics in high-density
QCD. To preserve the unitarity of the theory, the exponential growth of gluons must
be mitigated by specific procedures. The phenomena of gluon recombination and
saturation have resolved the issues encountered by the linear evolution equations [ 13—
17]. The nonlinear phenomena of gluon recombination and saturation result in
nonlinear components inside the DGLAP and BFKL equations. The Balitsky-
Kovchegov (BK) equation, a nonlinear extension of the BFKL equation, along
with the mean-field approximation of the Jalilian-Marian-lancu-McLerran-Weigert-
Leonidov-Kovner (JIMWLK) equation, elucidates the dynamics of gluon density in
the small-x regime.

The collaborations at HERA provided high-precision data for the measurement
of the proton structure function F} throughout several kinematic regions of x and
Q? [26, 27]. Recent studies on the measurement of proton structure functions
utilizing diverse evolution equations and methodologies are detailed in Refs. [28-32],
with results demonstrating strong correlation to experimental data. Reference [33]
presents the inaugural examination of the reproduction of observations of the DIS
proton structure function at high energy utilizing the color dipole framework in
momentum space. Employing the understanding of asymptotic solutions of the BK
equation, the authors of Ref. [33] quantified the charm structure function Fs as a
function of z across several values of ()? and favorably contrasted their findings
with those of the HERA experiment. At small-xr, HERA has demonstrated that the
contributions to parton distribution functions (PDFs) originate only from gluons.

Consequently, ascertaining gluon density is crucial for comprehending the complete
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hadronic wave function at small-z. This chapter focuses on extracting the gluon
density zg(z, Q?) and examining the proton structure function F} at small-z by
integrating experimental data with QCD evolution theory through the analytical
solution of the BK equation. We calculate the gluon density zg(x, Q) and the
proton structure function I} over several kinematic areas of HERA and examine
their characteristics at small-z.

The chapter’s outline is as follows: In Section 3.2, we connect the dipole-
proton cross-section to the forward scattering amplitude inside the color dipole
framework of deep inelastic scattering in quantum chromodynamics. Subsequently,
with the analytical solution of the BK equation, we examine how the structure
function F3 of the proton can be derived from the color dipole framework. In
Section 3.3, we provide the x evolution of the integrated gluon density zg(z, Q?) for
two values of ()2, specifically 35 GeV? and 100 GeV?, utilizing the BK evolution
theory. Our findings are compared with the PDF data fits NNPDF3.1sx [34] and
CT18 [35]. Both analyses incorporate data from LHC and HERA. The numerical
results for the proton structural function F?, derived from the analytical solution of
the BK equation, are presented alongside data from the H1 Collaboration and the
NNPDF3.1sx parameterization group. Section 3.4 succeeds the chapter summary

discussion.

3.2 Proton’s Structure function in the Color Dipole
Description

As per the color dipole model [36-38], DIS transpires when a color dipole, pre-
dominantly a quark-antiquark (qq) pair, engages with the proton. The transverse
dimensions of the pair are represented by r, with each quark possessing a fraction

z of the photon’s light-cone momentum. The dipole lifetime in the proton rest
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frame significantly exceeds the time necessary for interaction with the target proton.
The elastic y*p scattering transpires in three phases: initially, the arriving virtual
photon fluctuates into a gq pair; subsequently, the ¢q pair undergoes elastic scattering
with the proton; and ultimately, the ¢q pair recombines to produce a virtual photon.
The elastic process v*p — v*p possesses an amplitude denoted as A7 P(x, Q, A),

expressed as

A7P(2,Q,A) = ZZ/dzr/Ol dzW5 (1,2, Q) Agg(z, 7, A)V,5 (1, 2,Q). (3.1)

f hh

Where A,z(z, 7, A) denotes the fundamental amplitude for the scattering of a dipole
of size r on the proton, A signifies the transverse momentum lost by the outgoing
proton, and z is the Bjorken variable. The amplitude of the entering virtual photon,
0,7 (7, 2, Q), denotes the amplitude for the dipole with helicities A and h, and flavor
f-

The fundamental scattering amplitude .A,; is defined so that the elastic differential

cross-section for the ¢g pair scattering off the proton is

dO'qq 1

= —| A A)J? 3.2
dt 16W|Aqq<xvrv )| ) ( )
where ¢ = —A?. It can be related to the S-matrix element S(z, r, b) for the scattering

of a dipole of size r at impact parameter b as
Agg(z,r, A) = /dee_ib'AAqq(x,r, b) = i/d2be_ib'A 2[1 — S(z,r,b)]. (3.3)

The dipole-proton cross-section, o,4(z,7), can be obtained from the elastic

dipole-proton scattering amplitude A,; using the optical theorem as [33]

2
d qu

d?b

ogq(z,r) =ImAgz(x,r,A =0) = (z,7,b)d’b = 2 RN (x,7), (3.4)
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where the proton radius is denoted by Rﬁ; for the purpose of this work, its value will
be taken from recent work on the proton radius [40], which is R, ~ 0.831fm ~ 4.22
GeV~!. The solution of the BK evolution equation yields the dipole-proton scattering
amplitude N (z, ), which provides information about the strong interaction of the
quark-antiquark dipole.

The total cross-section for v*p scattering is obtained using (3.1) and (3.4) as [41]
* 1
otk =3 [dr [ (U0 ole.r). (3.5)
f

where \II*IIJ)§ 1» the overlap of the photon wave functions defined as

* 1 * *
(‘1’ ‘I’% = 5 Z { hB,A:+1\DhE,/\=+1 + \Ijhﬁ,)\:—lqjhﬁ,)\:—l}a
h,h

(3.6)

(‘I'*\I’)i - Z q’Zﬁ,A:oq’hﬁ,A:m
h,h

where T', L represent the transverse and longitudinal polarization states of the virtual
photon, respectively. A denotes the photon helicity and f, the flavor of the quark-
antiquark pair. After obtaining the v*p cross-section, one can obtain directly the
proton structure function F¥ from the v*p cross-section through the relation

QQ

)
4T

F(x, Q%) 07 (2, Q%) + 01 (2, Q7). (3.7)

The photon wave functions can be represented using the Bessel functions K, and
K. These wave functions rely on the quark mass my and quark electric charge
ey = 2/3,—1/3 through

O‘em]zVC4Q2z2(1 — 22K2(rQy), (3.82)

NEA L0212 _ 2
(W (r, 2, Q7)| €y o
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2 aemNc

WA (r, 2 Q)2 = ¢ 5 ([22 +(1—2)2QK2(rQy) + mchg(er)), (3.8b)

where Q? =2(1-2)Q*+ mfc, my is the mass of the quark of flavor f, c, is the
electromagnetic fine-structure constant, and [V, is the number of colors.
Let’s now express the v*p cross-section in N (k,Y"). For this, let us transform

N(r,Y) to N(k,Y') using the following simple Fourier transform.

2
N(k,Y) = / C; TN (V) o

—/ —JO kr)N(r,Y).

The proton structure function F% in momentum space related to N(k,Y") can be

expressed as follows using the discussion from above and some algebraic calculations
) QQ RQN dk
Py, @) =~ 5= [~ / VR, % QUPN(RY), (.10
T

where the photon wave function WV is now expressed in the momentum space, which

is given by [33]

Uk, 2 Q%) =) wf) 6?{[22 +(1—2)7

7\ k2 +403
4 k’2 2 2 k2 -9 2
[(—i_sz arcsinh( k_ ) + = Qf]

k2, /K2 + 4Q% 2Qy 203 .
N 40Q%2%(1 - 2)? +mj | k? + Q3 '
Q7 Q7

AQ% +2Q%K* + K k
- — - arcsmh() .
k2 (k* + 4Q3) 2Q)y

The scattering amplitude N (k,Y") comes from the solution of the BK equation,
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presented in the previous chapter (see equation (2.26)), given by

Y —k*/Q%

1 — e R /Q% 4 Y —k*/Q%’

N(k,Y) = (3.12)

where Q% is the squared value of the initial saturation momentum of gluons that can

be fitted from the existing HERA data, and its value is 0.24 GeV?2.

3.3 Results and Discussion

We employed the equation (3.10) alongside the analytical solution of the BK equation
(3.12) to examine the proton structure function 5. We numerically solved the
equation (3.10) for several values of z and Q?. In equation (3.10), ¥(k?, z; Q?)
denotes the probability of a virtual photon producing a quark-antiquark pair, where
the quark possesses a momentum fraction z and the antiquark (1 — z) of the virtual
photon in momentum space, as articulated in equation (3.11). We shall examine the
behavior of the formula (3.11) with respect to transverse momentum £ for different
values of %, assuming m; — 0 and z = 1/2 (where 0 < z < 1). The probability
distribution graph of the virtual photon emitting a quark-antiquark pair with z = 1/2
as a function of transverse momentum £ is illustrated in Figure 3.1. The probability
to emit a quark-antiquark pair increases as k£ increases until a certain point (peak
point), after which it decreases as k increases. The peak point for every ? value is
the same, but the transverse momentum k corresponding to every peak is different
for Q2.

The solution (3.12) gives the propagation of the quark-antiquark dipole in the
color dipole description of QCD, which in turn gives the content of the proton, i.e.
the unintegrated gluon density. To calculate conventional gluon density zg(x, Q?),

we integrated the BK solution (3.12) over transverse momentum with the relation,
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Figure 3.1: The probability distribution of the virtual photon to emit a quark-antiquark pair

as a function of k with m; — 0 and z = 1/2 for values of Q2.

given by
Q* dk

rg(w, Q%) = [ TNk, (3.13)

We estimated the gluon density for two (Q? values, viz., Q? = 35 GeV? and Q? = 100
GeV2. We presented a comparison between our estimated integrated gluon density
and the gluon density predicted by the LHAPDF global parameterization groups
CT18 [35] and NNPDF3.1sx [34]. Both the HERA and the most current LHC data
with highly precise PDF sensitivity measurements are included in the LHAPDF

datasets. The results are shown in Figure 3.2. To check the strength of the gluon

100 100

Q*=35GeV? -~ NNPDF3.1sx Q% =100 GeV? -~ NNPDF3.1sx
—=CT18 | e CT18
—— Our result —— Our result

504 S
NN

x9(x,Q%)
xg(x,Q%)
7

X X

Figure 3.2: z-evolution of gluon density zg(z, Q?) extracted from the solution of the BK
equation compared with the global data fits NNPDF3.1sx [34] and CT18 [35].
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emission process inside the proton, we define a quantity given by

\ 7dln(:cg(x,Q2))
T am ()

(3.14)

This is the logarithmic rate of rise of the gluon distribution function or the gluon
density with different x values. We plotted this quantity as a function of z at different
dipole sizes r in order to check the strength of the gluon emission process. The result

is shown in Figure 3.3.

)\eff

0.0 T T
10° 10" 10° 107

Figure 3.3: The logarithmic rate of rise of the gluon distribution function as a function of x
at different dipole sizes 7.

For the proton structure function F¥, we put the expression given in equation
(3.11) (with my — 0 and z = 1/2) together with the solution of the BK equation
given in equation (3.12) into equation (3.10). We set NV, = 3 and R, ~ 0.831 fm ~
4.22 GeV~! in the expression equation (3.10) and solve the expression numerically
for various Q?. We analyzed the equation (3.10) and compared our results with the
HERA measurements of the proton structure function from H1 Collaboration [27]
with constraints to the kinematic region: 107° < z < 1072 and 2.5 < Q* < 60

GeV2. We also compared our results with the LHAPDF global parameterization
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group NNPDF3.1sx [34]. The reason for choosing the particular kinematic region
x < 1072 is to describe the small-z behavior of high-energy amplitude as the BK
equation is only applicable at small-z. For the ? range, which is too high, we would
need corrections from the DGLAP equation, which we cannot skip at high Q2. The

results are shown below in Figure 3.4.
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Figure 3.4: The results of the proton structure function F} as a function of z at various Q?
obtained in this work are compared with the data from H1 Collaboration [27] and global data
fit NNPDF3.1sx [34].
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3.4 Summary

In this chapter, we investigated the proton structure function F% in light of an analyt-
ical solution of the BK equation. Proton structure functions have been investigated
by different collaborations at experimental facilities such as HERA and the LHC.
On the phenomenological side, the proton structure functions have been investigated
by employing different QCD evolution equations and tested well at existing exper-
imental facilities. To investigate the proton structure functions at small-x, the BK
equation is most suitable for testing the experimental data on observables. This
chapter initiates our examination of how to derive the proton structure function F7
from the color dipole framework of DIS in quantum chromodynamics (QCD). In the
color dipole framework, the proton structure function F} is derived directly from
the virtual photon-proton cross-section, which can be articulated in terms of the
dipole-proton scattering amplitude N (k, Y"). The dipole-proton scattering amplitude
N(k,Y) is obtained from the solution of the BK equation. Utilizing the solution of
the BK equation, we derived the x evolution of the integrated gluon density zg(z, Q%)
and compared our findings with the LHAPDF global data fits NNPDF3.1sx and
CT18. Both NNPDF3.1sx and CT18 have used HERA and LHC data into their
studies. Furthermore, we assessed the intensity of gluon emission processes by
graphing the logarithmic rate of increase of gluon distribution as a function of = for
various dipole sizes r. Figure 3.3 indicates that as one transitions from the large-x
to the small-z region, the intensity of the gluon density escalates for diminutive
dipole sizes. Nonetheless, as we augment the dipole size, the strength diminishes
in comparison to lower dipole sizes. This simply indicates that gluons generated
from greater dipole sizes become saturated. It demonstrates that gluons at small-z
not only emit additional gluons but also undergo saturation, hence corroborating

the phenomena of gluon saturation at small-z. It is an essential outcome that we
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achieved by our analytical solution of the BK equation. Ultimately, we calculated
the proton structural function ¥ and contrasted it with the measurement of F3 at
HERA from the H1 Collaboration and the LHAPDF global parameterization group
NNPDF3.1sx. Our anticipated outcomes align well with the experimental results
within the defined kinematic domain. Beyond that, we have to consider corrections
to the DGLAP equation. We have also shown in this work how the virtual photon
wave function ¥ would behave against transverse momentum k with m, — 0 and
z = 1/2 at various Q?. We found that the probability of the virtual photon emitting
a quark-antiquark pair increases as k increases to a certain peak value, after which
it starts to fall as k increases. We have seen that the maximum probability is the
same for different Q° values, irrespective of the value of % at the maximum peak for
different Q* values.

In this chapter, we have seen the ability of the analytical solution of the BK
equation to describe nonlinear physics at small-x. We have successfully applied our
analytical solution to calculate the gluon density zg(x, Q?) and the proton’s structure
function F} at small-z within the kinematic region we have constrained. Moreover,
our results are testable at future experimental facilities such as the LHeC (Large
Hadron electron Collider) [42, 43], the EIC (Electron Ion Collider) [44], and the
FCC-eh (Future Circular Collider electron-hadron) [45]. In these future experimental
facilities, the measurement of the proton structure function will be performed at
much lower values of x with increased precision. Nevertheless, we could investigate
the proton structure function F¥ using an analytical solution of the BK equation
within the constrained region. We conclude that the analytical solution of the BK
equation can serve as a convenient tool for further studies at small-z and high-density
QCD. We hope that the BK equation, together with future experimental facilities,
will help us to understand and to explore phenomena inside hadrons at small-z in

the near future.
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