
Chapter 5

Neutrino Mixing and Resonant

Leptogenesis in Inverse Seesaw

and ∆(54) Flavor Symmetry

The current work involves augmenting the ∆(54) discrete flavor model by incor-

porating two Standard Model Higgs particles into the Inverse Seesaw mechanism.

We introduced Weyl fermions and Vector like fermions, which are gauge singlets

in the Standard Model and produces Majorana mass terms in our lagrangian. The

resulting mass matrix deviates from the tribimaximal neutrino mixing pattern pro-

ducing a non-zero reactor angle (θ13) . We have determined the effective Majorana

neutrino mass, which is the parameter of relevance in neutrinoless double beta de-

cay investigations, using the model’s limited six-dimensional parameter space. We

additionally investigate the possibility of baryogenesis in the proposed framework

via resonant leptogenesis. We have the non-zero value for resonantly enhanced

CP asymmetry originating from the decay of right-handed neutrinos at the TeV

scale, accounting for flavor effects. The evolution of lepton asymmetry is system-

atically analyzed by numerically solving a set of Boltzmann equations, leading to

the determination of the baryon asymmetry with a magnitude of |ηB| ≈ 6×10−10.

This outcome is achieved by selecting specific values for the right-handed neutrino

mass M1 = 10 TeV and mass splitting, d ≈ 10−8.
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5.1 Introduction

The neutrino masses along with their flavor mixing as observed in neutrino oscil-

lations, leads to a question about where these tiny masses come from [1–5]. Since

the standard model do not include right-handed neutrinos unlike other fermions,

it is unlikely that neutrino masses work the same way as the masses of charged

fermions. The origin of neutrino masses can be explained by various frameworks

beyond the standard model (BSM), including the seesaw mechanism [6–8], radia-

tive seesaw mechanism [9], extra-dimensional models [10, 11] and others. The

extension of the standard model with Inverse Seesaw mechanism can explain the

observed Baryon Asymmetry of the Universe (BAU) through leptogenesis [12].

These references includes many current reviews on neutrino physics[13–29].

In leptogenesis, the asymmetry in leptons, obtained from the CP-violating de-

cay of heavy right-handed neutrinos, is transformed into an asymmetry in baryons

through sphaleron processes [30]. According to Ref. [31], a mass scale of around

O(109) for the right-handed neutrino is necessary to explain the observed BAU.

However, this requirement can be lessened if the masses of right-handed neutrinos

are nearly the same. In such cases, the effects that violate CP symmetry become

significantly amplified, and with relatively low masses (TeV scale), sufficient asym-

metry in leptons can be generated to account for the Baryon Asymmetry of the

Universe (BAU). This condition is termed resonant leptogenesis. It is important to

mention that recent research, utilizing the SU(5)×T13 model [32], has shown the

possibility of resonant leptogenesis at the GeV–TeV scale within the type-I seesaw

model, considering active sterile mixing within the sensitivity range of DUNE. Ad-

ditionally, considerable attention has been devoted over time to investigating the

origin of neutrino flavor mixing. Among the available explanations, Tribimaximal

mixing (TBM) appears to be the most probable. However, experimental results

from Daya Bay, RENO, and Double Chooz suggest that TBM needs to be adjusted

to incorporate a non-zero value for θ13. In this study, we introduce a model con-

structed within the minimum seesaw model framework, employing ∆(54) discrete

symmetry. The ∆(54) symmetry can manifest itself in heterotic string models on



77 Chapter 5

factorizable orbifolds, such as the T 2/Z3 orbifold. In these string models, only sin-

glets and triplets are observed as fundamental modes, while doublets are absent as

fundamental modes. However, doublets have the potential to become fundamental

modes in magnetized/intersecting D-brane models. We can also suggest an exten-

sion to the Standard Model, utilizing ∆(54) symmetry. We have the option to

engage with both the singlets (11, 12) and doublets (21, 22, 23, 24) representations

of ∆(54), which allow us to represent quarks in different ways.

By employing resonant leptogenesis, the resulting mass matrix can potentially

explain the Baryon Asymmetry of the Universe (BAU) concurrently. To achieve

successful resonant leptogenesis, we introduce a higher-order term. We specifically

choose the Majorana mass matrix for right-handed neutrinos, MR, so that these

neutrinos have degenerate masses at the dimension five-level. In essence, our work

expands upon the model proposed in [33], making it suitable for investigating

resonant leptogenesis in scenarios involving the minimum seesaw model.

Similar study on resonant leptogenesis, utilizing S4 symmetry within the min-

imum seesaw model has been carried out in Ref.[34]. However, in contrast to

our current research, the models discussed in Ref.[34] achieve resonant leptogen-

esis differently. They achieve this by creating mass differences among the heavy

right-handed neutrinos through minimal seesaw model based on S4 discrete flavor

symmetry that leads to TM1 mixing. We explore the investigation of resonant

leptogenesis within the inverse seesaw model based on ∆(54) discrete symmetry,

while considering the discovery of a non-zero θ13.

This chapter is structured as follows: In Section 5.2, we introduce the ∆(54)

discrete symmetry with inverse seesaw mechanism and discuss the characteristics

of the flavor group relevant to constructing the model. Section 5.3 outlines the

allowable range for model parameters based on the constraints imposed by the

3σ range of neutrino oscillation data. The numerical solution of the Boltzmann

equations, which govern the evolution of lepton number density and the baryon

asymmetry parameter, is presented in Section 5.4, along with the framework for

resonant leptogenesis. In Section 5.5, we conclude our study and provide numerical
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results regarding neutrinoless double beta decay within the model.

5.2 Framework of the Model

Extending the fermion sector within the Standard Model framework is necessary

to achieve the implementation of the Inverse Seesaw mechanism. Here, we have

introduced Vector-like (VL) fermions, N1 andN2, which have the property of being

gauge singlets inside the Standard Model framework. After symmetry breaking,

this new piece generates a Majorana mass (MN) term which is negligible under

the seesaw hierarchy MN ,MS << mνN << MNS. We also introduced a Weyl

fermion denoted as S1. In fact, the ϕ VEV induces a Majorana mass term for the

S1 fermion. The fields associated with right-handedness and left-handedness are

indicated by subscripts 1 and 2 respectively. The ∆(54) group includes irreducible

representations 11, 12, 21, 22, 23, 24, 31(1), 31(2), 32(1) and 32(2).

The rules for multiplication are as follow [35]:

31(1) ⊗ 31(1) = 31(2) ⊕ 31(2) ⊕ 32(2)

31(2) ⊗ 31(2) = 31(1) ⊕ 31(1) ⊕ 32(1)

32(1) ⊗ 32(1) = 31(2) ⊕ 31(2) ⊕ 32(2)

32(2) ⊗ 32(2) = 31(1) ⊕ 31(1) ⊕ 32(1)

31(1) ⊗ 31(2) = 11 ⊕ 21 ⊕ 22 ⊕ 23 ⊕ 24

31(2) ⊗ 32(1) = 12 ⊕ 21 ⊕ 22 ⊕ 23 ⊕ 24

32(1) ⊗ 32(2) = 11 ⊕ 21 ⊕ 22 ⊕ 23 ⊕ 24

31(1) ⊗ 32(2) = 12 ⊕ 21 ⊕ 22 ⊕ 23 ⊕ 24

We have developed a model based on the ∆(54) model, which incorporates

the inclusion of additional flavons, namely χ, χ′, ξ, ζ, ζ ′, ΦS, ϕ and ρ. In order

to avoid undesired terms, we added additional symmetry Z2 ⊗ Z3 ⊗ Z4. Details

on the particle composition and associated charge assignment according to the
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Field L l H H ′ N1 N2 S1 χ χ′ ζ ζ ′ ξ ΦS ϕ ρ

∆(54) 31(1) 32(2) 11 12 31(1) 32(1) 32(2) 12 21 12 11 32(1) 31(1) 31(2) 31(1)

Z2 1 -1 1 1 -1 1 1 -1 -1 -1 1 -1 -1 1 1

Z3 ω ω 1 1 1 ω 1 1 1 1 ω ω ω 1 1

Z4 1 -1 1 1 1 -1 1 -1 -1 1 -1 1 1 1 1

U(1) 1 1 0 0 1 1 1 0 0 0 0 0 0 0 0

Table 5.1: Particle content of our model

symmetry group are given in Table 6.1. The left-handed leptons doublets and

the right-handed charged lepton are assigned using the triplet representation of

∆(54).

The Lagrangian is as follows :

L =
y1
Λ
(lL̄)χH +

y2
Λ
(lL̄)χ′H +

L̄H̃ ′N1

Λ
yξξ +

L̄H̃N1

Λ
ysΦs +

L̄H̃ ′N1

Λ
yaΦs

+ yNSN̄ c
1S1ζ + y′

NS
N̄2S1ζ

′ +
ys1
Λ

S̄1S
c
1ϕ+

ys2
Λ2

S̄1S
c
1ϕϕρ (5.1)

The vacuum expectation values are considered naturally as,

⟨χ⟩ = (vχ) ⟨χ′⟩ = (vχ′ , vχ′) ⟨ξ⟩ = (vξ, vξ, vξ) ⟨ϕ⟩ = (vϕ, vϕ, vϕ)

⟨ΦS⟩ = (vs, vs, vs) ⟨ρ⟩ = (vρ, vρ, vρ) ⟨ζ⟩ = (vζ) ⟨ζ ′⟩ = (v′ζ)

The charged lepton mass matrix is given as [36]

Ml =
y1v

Λ


vχ 0 0

0 vχ 0

0 0 vχ

+
y2v

Λ


−ωvχ′ + vχ′ 0 0

0 −ω2vχ′ + ω2vχ′ 0

0 0 −vχ′ + ωvχ′


where y1 and y2 are coupling constants.

5.2.1 Effective neutrino mass matrix

After applying ∆(54) and electroweak symmetry breaking, the mass matrices re-

lated to the neutrino sector may be derived using the above-mentioned Lagrangian.
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The fundamental assumption of the ISS theory is the small MS scale, which guar-

antees small neutrino masses. The MS scale must be at the KeV level in order

to decrease the right-handed neutrino masses to the TeV scale. The inverse see-

saw model is a TeV-scale seesaw model that maintains compatibility with light

neutrino masses in the sub-eV range while allowing heavy neutrinos to remain as

light as a TeV and Dirac masses to be as large as those of charged leptons.

MNS = yNS


vζ 0 0

0 vζ 0

0 0 vζ

 (5.2)

MS =
ys1
Λ2


vϕ 0 0

0 vϕ 0

0 0 vϕ

 (5.3)

M ′
NS = y′

NS


v′ζ 0 0

0 v′ζ 0

0 0 v′ζ

 (5.4)

MνN =
v

Λ


yξvξ ysvs + yava ysvs − yava

ysvs − yava yξvξ ysvs + yava

ysvs + yava ysvs − yava yξvξ

 (5.5)

In the inverse seesaw framework, the effective neutrino mass matrix can be

written as

mν = MνN(M
′
NS)

−1MSM
−1
NSM

′
νN (5.6)

mν = MνNM
−1
midM

T
νN with Mmid = M ′

NSM
−1
S MNS (5.7)

Mmid =


M 0 0

0 M 0

0 0 M

 (5.8)
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MνN =


x c+ a c− a

c− a x c+ a

c+ a c− a x

 (5.9)

where x = yξvξ, c = ysvs, a = yavs, M =
Λ2yNSy′NSvζv

′
ζ

vϕys1
.

The resultant mass matrix from Eq. (5.6)

mν =
v2

MΛ2


2a2 + 2c2 + x2 −a2 + c2 + 2cx −a2 + c2 + 2cx

−a2 + c2 + 2cx 2a2 + 2c2 + x2 −a2 + c2 + 2cx

−a2 + c2 + 2cx −a2 + c2 + 2cx 2a2 + 2c2 + x2

 (5.10)

mν =
1

M


2a′2 + 2c′2 + x′2 −a′2 + c′2 + 2c′x′ −a′2 + c′2 + 2c′x′

−a′2 + c′2 + 2c′x′ 2a′2 + 2c′2 + x′2 −a′2 + c′2 + 2c′x′

−a′2 + c′2 + 2c′x′ −a′2 + c′2 + 2c′x′ 2a′2 + 2c′2 + x′2

 (5.11)

where a′ = av
Λ
, c′ = cv

Λ
, x′ = xv

Λ
. The dimension of the problem is absorbed by the

term M and the components of the matrix are unaffected . Phase redefinitions of

the charged lepton fields can absorb the phase of M , allowing it to be considered

as a real parameter without losing generality [37].

In the following sections, we have presented the numerical approaches and dis-

cussed baryogenesis via resonant leptogenesis, within the context of our model.

5.3 Numerical Analysis

The mass matrix in Eq. (5.11) gives the effective neutrino mass matrix in terms

of the model complex parameters a′, c′, and x′. We find the values of the model

parameters by fitting the model to the current neutrino oscillation data. We use

the 3σ interval for the neutrino oscillation parameters as presented in Table 5.2.

A further constraint on the model parameters was applied on the sum of absolute

neutrino masses from the cosmological bound
∑

imi < 0.12eV . In our analysis,

the three complex parameters of the model are treated as free parameters and
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Parameters NH (3σ) IH (3σ)

∆m2
21[10

−5eV 2] 6.82 → 8.03 6.82 → 8.03

∆m2
31[10

−3eV 2] 2.428 → 2.597 −2.581 → −2.408

sin2 θ12 0.270 → 0.341 0.270 → 0.341

sin2 θ13 0.02029 → 0.02391 0.02047 → 0.02396

sin2 θ23 0.406 → 0.620 0.410 → 0.623

δCP 108◦ → 404◦ 192◦ → 360◦

Table 5.2: The neutrino oscillation parameters from NuFIT 5.2 (2022) [38]

are allowed to run over the following ranges: |a′| ∈ [0, 0.3]eV , ϕa ∈ [−π, π] ;

|c′| ∈ [0, 10−1]eV ; ϕc ∈ [−π, π] ; |x′| ∈ [0, 10−3]eV , ϕx ∈ [−π, π]

where ϕa , ϕc and ϕx are the phases.

Figure 5.1: Left and right panel shows the correlation of model parameters along

with the variation of
∑

mi. The black marker indicate the best-fit values.

The neutrino mass matrix mν is diagonalized by the PMNS matrix U as follow

[37]:

U †mνU
∗ = diag(m1,m2,m3) (5.12)

We numerically calculated U using the relation U †MνU = diag(m2
1,m

2
2,m

2
3),

where Mν = mνm
†
ν . The neutrino oscillation parameters θ12, θ13, θ23 and δ can be
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Figure 5.2: Scatter plots between the phases ϕx , ϕc and ϕa. The black marker

indicate the best-fit values corresponding to χ2 min.

obtained from U as

s212 =
|U12|2

1− |U13|2
, s213 = |U13|2, s223 =

|U23|2

1− |U13|2
(5.13)

and δ may be given by

δ = sin−1

(
8 Im(h12h23h31)

P

)
(5.14)

with

P = (m2
2 −m2

1)(m
2
3 −m2

2)(m
2
3 −m2

1) sin 2θ12 sin 2θ23 sin 2θ13 cos θ13 (5.15)

We adjusted the modified ∆(54) model to suit the experimental data by min-

imizing the ensuing χ2 function in order to evaluate how the neutrino mixing

parameters contrast with the most current experimental data:

χ2 =
∑
i

(
λmodel
i − λexpt

i

∆λi

)2

, (5.16)

where λmodel
i is the ith observable predicted by the model, λexpt

i stands for ith

experimental best-fit value and ∆λi is the 1σ range of the observable.

The best-fit values for |x′|, |c′|, |a′|, ϕx, ϕc and ϕa obtained are (0.00054,

0.03667, 0.06914, 0.13258π, -0.10508π, 2.23488π).

Correspondingly, the best-fit values for the neutrino oscillation parameters are:

sin2θ12 = 0.31940, sin2 θ13 = 0.02394, sin2 θ23 = 0.51231, sin δCP = 0.094. The
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best-fit values for other parameters, such as ∆m2
21/∆m2

31 is 0.029, are correspond

to the χ2-minimum.

Figure 5.3: Correlation between
∑

mi with sin δCP . The red dotted horizontal

line gives the upper limit of absolute neutrino mass.

5.4 Resonant Leptogenesis

Fukugita and Yanagida originally proposed the leptogenesis mechanism, which is

one of the most commonly accepted explanations for the Baryon Asymmetry of the

Universe(BAU). The mass of the lightest right-handed neutrino, M1 = 109GeV ,

has a lower bound in the simplest case of thermal leptogenesis with a hierarchical

mass spectrum of right-handed neutrinos [31]. Although one can lower this limit if

their masses are nearly degenerate. This scenario is popularly known as resonant

leptogenesis[39, 40]. In this scenario, the resonant enhancement amplifies the one-

loop self-energy contribution, leading to the flavor-dependent asymmetry resulting

from the decay of a right-handed neutrino into a lepton and Higgs [41].

ϵiα =
Γ(Ni → lα +H)− Γ(Ni → l̄α + H̄)∑
α

(
Γ(Ni → lα +H) + Γ(Ni → l̄α + H̄)

) (5.17)

=
∑
i ̸=j

Im

{
(Y ∗

ν )αi(Yν)αj
[
(Y †

ν Yν)ij + ξij(Y
†
ν Yν)ji

]}
(Y †

ν Yν)ii(Y
†
ν Yν)jj

×
ξijζj(ξ

2
ij − 1)

(ξijζj)2 + (ξ2ij − 1)2
(5.18)

where ξij = Mi/Mj and we took M1 = 10 TeV and d = (M3 −M1)/M1 = 10−8
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In our model, we have three right-handed neutrinos with exactly degenerate

masses, M1 = M2 = M3 = M . However, a tinymass separation between any two

right-handed neutrinos is necessary for successful leptogenesis, and this is included

to our model by including a higher dimension term in Eq.(5.1). Such term leads

to a minor correction in the Majorana mass matrix of Eq.(5.8), and the resultant

structure of the mass matrix may be written as

Mmid =


M e e

e M e

e e M

 (5.19)

where e =
ys2v

2
ϕvρ

Λ2 is a parameter that quantifies the tiny difference between

masses required for leptogenesis. The mass matrix in Eq.(5.19) is diagonalized

using a (3×3) matrix of the form

D =


−1 −1 1

1 0 1

0 1 1

 (5.20)

with real eigenvalues M1 = M − e and M2 = M − e and M3 = M − 2e . In

the basis where the charged-lepton and Majorana mass matrix are diagonal, the

dirac mass matrix Eq.(5.9) takes the form

M ′
νN = MνN .D =


v(a+s−x)

Λ
−v(a−s+x)

Λ
v(2s+x)

Λ

v(a−s+x)
Λ

v(a−v+x)
Λ

v(2s+x)
Λ

−v(2a)
Λ

−v(a+s−x)
Λ

v(2s+x)
Λ

 (5.21)

From this point onward, we will take YνN = M ′
νN/v, which is relevant for

calculating CP asymmetry that arises during the decay of right-handed neutrinos

in out-of-equilibrium way.

The CP-violating asymmetries εiα in the flavored resonant leptogenesis scenario

under study are related to the baryon-to-photon ratio ηB as follows [41]:
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Figure 5.4: Correlations between the flavor-dependent CP-violating asymmetries

ε11 with ε12, ε21 and ε22 respectively.

ηB ≃ −9.6× 10−3
∑
α

(ε1αK1α + ε2αK2α) (5.22)

where K1α and K2α are the conversion efficiency factors. The region in which

the lepton flavor takes effect determines the sum over the flavor index α. . To

evaluate the sizes of Kiα, let us first of all figure out the effective light neutrino

masses.

miα ≃
v2
∣∣(Yv)αi

∣∣2
Mi

(5.23)

The decay parametersKiα ≡ m̃iα/m∗ can be calculated, wherem∗ = 8πv2H(M1)/M
2
1 ≃

1.08×10−3eV gives the equilibrium neutrino mass and H(M1) is called the Hubble

expansion parameter of the Universe.

Now we define a dimensionless parameter d ≡ (M2 − M1)/M1 = ξ21 − 1 to

calculate the level of degeneracy for two of the three heavy Majorana neutrinos.

Allowing for d << 1, we have κ1α ≃ κ2α ≡ κ(Kα) with Kα ≡ K1α +K2α. Given
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the initial thermal abundance of heavy Majorana neutrinos, the efficiency factor

κ(Kα) can be expressed as:

κ(Kα) ≃
2

KαzB(Kα)

[
1− exp

(
−1

2
KαzB(Kα)

)]
(5.24)

where zB(Kα) ≃ 2 + 4K0.13
α exp(−2.5/Kα).

We illustrated that our resonant leptogenesis scenario works well. We have

the correlation of Baryon Asymmetry of the Universe with the flavor dependent

CP-violating asymmetries in Fig. 5.5.

Figure 5.5: Correlations between the Baryon Asymmetry (ηB) with flavor-

dependent CP-violating asymmetries ε11 , ε12, ε21 and ε22 respectively.

5.5 Conclusion

We showed the ∆(54) flavor symmetry with SM Higgs boson and Z2 ⊗ Z3 ⊗ Z4

symmetry which generates a neutrino mass matrix. Our model incorporates the
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ISS mechanism in order to provide a flavor-symmetric approach. This includes

accounting for the solar mixing angle , upper octant of atmospheric mixing angle ,

non-zero reactor angle and CP violation (δCP ). The values predicted for the abso-

lute neutrino masses are within the range of the cosmological bound
∑

i mi < 0.12

eV. Neutrino oscillation parameter predictions based on the resulting mass matrix

agree with the best-fit values obtained via χ2 analysis. However, the Inverted

Hierarchy (IH) scenario’s predicted mixing angles, mass-squared disparities, and

CP violation phase disagree with experimental findings.

Furthermore, we investigated baryogenesis via flavoured resonant leptogenesis.

The right-handed neutrinos are degenerate at the dimension 5 level, introducing

a higher dimension term resulted in a tiny splitting. We have taken the split-

ting parameter, d ≈ 10−8 and thus, obtained a nonzero, resonantly enhanced CP

asymmetry (ϵiα) from the out-of equilibrium decay of right-handed Majorana neu-

trinos. We determined the baryon-to-photon ratio (ηB) in the flavored resonant

leptogenesis scenario using the values of the CP asymmetries. It was found that

the model can explain the observed value of BAU with particular choice of RHN

mass scale, M1 = 10TeV and mass splitting, d ≈ 10−8.

Future work is reserved for examining the model to explore phenomena such

as Asymmetric Dark Matter.
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