CHAPTER 0

Existence and Exact Controllability of a Hybrid

Evolution Inclusion

6.1 Introduction

In 2000, Hilfer [65] introduced a new definition of fractional derivative, known as the Hilfer
fractional derivative, which generalizes the Riemann-Liouville fractional derivative and
acts as an interpolation between the Caputo and Riemann-Liouville derivatives. This
derivative has significant applications in various fields, including polymer science, vis-
coelasticity, rheological modelling, generalized anomalous diffusion, and financial mathe-
matics [37,51,57,90,133]. Gu and Trujillo [59] investigated an evolution equation involving
the Hilfer fractional derivative, deriving the mild solution using the Laplace transform
and density function, and established the existence of solutions using the noncompact
measures approach. Varun and Udhayakumar [127] studied the existence of solutions for
a Hilfer fractional differential inclusion by applying fixed point theorems in the context
of almost sectorial operators.

Recent advancements in controllability theory [52, 71, 81,119, 120] have addressed
various forms, including approximate, null, and exact controllability etc. in both finite
and infinite-dimensional spaces. Wang and Zhou [131] provided a comprehensive analysis
of the exact controllability of a Caputo fractional differential inclusion via the fixed point
theorem. Similarly, Kumar et al. [80] investigated the controllability of Sobolev-type
Hilfer fractional integro-differential equations. Recently Priyadharshini and Vijayakumar
[101] investigated the approximate controllability of a fractional stochastic differential
equation with Hilfer fractional derivatives and non-dense domain in Hilbert spaces. The
results were derived using fractional calculus, semigroup theory, Wiener process, and
fixed point techniques.

In this work we consider the following semi-linear hybrid fractional differential inclu-
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sion with nonlocal condition

(s _wt) w _ g
o (%(tw(t)))€A<s<t,w<t>>>+g<t’ ®), te©7]=7"

a-oa-p_ w0 \ o V.
A (S(O,w(@)) H(w) 0-

In this case, the Hilfer fractional derivative of type p € [0, 1] and order € € (0, 1) is denoted

(6.1.1)

by oD;”. For a bounded linear operator {7 (¢)}:>0, let A be the infinitesimal generator
of a strongly continuous semigroup in a Banach space X. We denote the interval [0, .7 ]
as #. Consider § € C(_Z x X, X\ {0}), H : @ — X be a continuous and compact
map. Additionally, G : _# x X — 2%\ {¢} is a nonempty, closed, convex and bounded
multivalued map.

This chapter has been set up as: In Section [6.2] we introduce certain fundamental
concepts and Lemmas based on our requirements, as well as find out the corresponding
integral equation of . Section is dedicated to proving the existence results for
the proposed system. In Section [6.4], we examine the controllability of the hybrid class
of fractional differential inclusions. Finally, in Section [6.5, we provide an illustrative

example to demonstrate and clarify the key findings of our study.

6.2 Preliminaries

In this context, let € = C( J', X) represents the spaces of continuous functions mapping
from #'to X and € =C(_ ¥, X) represents from # to X.
Now define the space €2 as

Q={we?: lim t(1~90=P)y(#)  exists and finite },

t—0
equipped with the norm ||-||q, where ||w|q = sup {t(l_e)(l_p)ﬂw(t)ﬂ}. Thus Q forms a
te 7'

Banach space. Additionally, the following statements are accurate
1. For p =1 we get that Q = € and ||wl||q = sup |lw(t)]].
te g/
2. Let for t € #', w(t) = t~"V0=9%(¢). Then w € Q if and only if w € ¥, also
wlle = l[=]-

Let us assume, B.( ) = {v € € : |jv]| <t} and BE( ') = {w € Q: [wa < t}.

Thus both of them are closed, convex and bounded subsets of ¢ and {2 respectively.

Lemma 6.2.1. The equivalent integral inclusion of the considered hybrid fractional dif-

ferential inclusion (6.1.1)) is the following
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wit) € S(t,w(t))[r (;&*_‘15? e +% /0 (t— 5 { “4(5(;(5()5)))

+Gls.wls) fas .

(6.2.1)

Proof. The proof of the result can be found in [57]. O

To construct a mild solution of the system (6.1.1) we present the Wright function
M.(¢) and defined as

o n—1
Z 1 . 0<e<l1, ¢ecC,
= ( —en)
which satisfies (1 )
+7
f > 0.
/ PML? T(itey) =

Lemma 6.2.2. If the integral equation (6.2.1)) satisfies and there exists a g € L'(_7, X)
forallt € 7, such that g(t) € G(t,w(t)), then we have

w(t) = F(t,w(t))[Sep(t)(wo + Hw / Q.(t —s)g(s)ds], te 7, (6.2.2)
where
Q) =t Pt). Pt = [ OMUOT(E O, and S0 =T,
Proof. The proof of the result can be found in [59]. O

In order to establish a few key remarks, we need the following assumption:

(Ap) In the uniform operator topology, the family {7 (¢)}:>¢ is continuous for ¢ > 0 and
uniformly bounded. This implies the existence of a constant M > 1 such that

SUDye(o 00| T(0)] < M.

Remark 6.2.3. [59] Based on the presumption (Ag), P.(t) is continuous for t > 0 in

the uniform operator topology.

Remark 6.2.4. [59] Based on the presumption (Ag), for any fixzed t > 0, {Qc(t)}i>0

and {S. ,(t) }+=0 are linear operators and for any given w € X,

Mt Mile—1(1-9)
<
F(E) ||W|| and ||S€7P(t)w|| — F(p(l o 6) 4 6)

Remark 6.2.5. [59] Based on the presumption (Ag), {Qc(t)}i=0 and {Sc,(t)}i=0 are
strongly continuous, i.e., for any w € X and 0 < (1 < (o < 7 we have

1Q()w]l < o]

1Qc(C)w = Qe(G)wl = 0 and  [[Scp(C)w = Sep(G)wl =0, as G =G
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Lemma 6.2.6. [131] Assuming # to be a real interval that is compact, Xpcc represents
the nonempty, bounded, closed and convexr subset of X. For each fired w € X, consider
the multivalued map G : # x X — Xpcc s measurable to t, for each t € Z and
upper semi continuous with respect to w. Additionally, the set &g, = {g e LY 7,X):
g(t) € G(t,w(t)), te€ 7} foreveryw € € is nonempty. If A: L'( 7,X) = € is a

continuous and linear operator, then the operator
Ao 6g CC — Cchc, w (A o Gg)(w) = A((‘ngw)

n € X € is a closed graph operator.

6.3 Existence Result

Definition 6.3.1. If, for allt € _# there exists g € L*(_#, X) such that g(t) € G(t,w(t)),
then a function w € € is a mild solution of the considered problem (6.1.1]) that satisfies

o) = Bt (1) [S.0) (w0 + H()) + /0 Qt—s)a(s)ds]. te s (631)

6.3.1 Hypotheses

We provide the following hypotheses before discussing and proving our main findings.
(A1) {T(t)}+>0 is the compact operator.

(A2) G: Z xX — Xpcc, the multivalued map is such that it is measurable to ¢, for each
t € 7 and exhibits upper semicontinuity with respect to w. Define the selection

set corresponding to each w € ¥ as

Sgw={g€ (7, X):a(t) €G(t,w(t), te 7},
which is nonempty.

(A3) There exists a constant ¢; € (0,€) and £4(-) belonging to the space L%(/,RJ“)
such that

sup{|lg]l : g(t) € G(t, w(t))} < £y(1)
for all w(t) € BE(_#') and for almost all t € _¢Z also,

lim t1=90=A7¢ ¢ (1) =0, for almost all t € #.

t—0t

(A4) For bounded functions ¢ and p € ¥ with the bounds ||| and ||g|| respectively,
the functions §: _# x X — &\ {0} and § : Q@ — X satisfy the following

I3t wi(t) = F(t wa )l < ()t [l (2) — wal())]]
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fora.e. t € ¢, wi,wp € X and

19 (W) < oft)

forae te ¢Z.

6.3.2 Main Result

Theorem 6.3.2. Suppose that the hypotheses (A1)-(As) are valid. Then there exists a
mild solution for the hybrid system (6.1.1) on # provided that

FoB

L — Bl (0:3:2)
M MFA=p0=0) /1 _ ¢\ 179 -
where P = Fp(1_€)+6)(Hw0H+HQH)+ T (6_€1> T HQgHL%;]:o_

15, 0)l, and Bl < 1.

Proof. Let us define an operator = : € — 2% as Zw, which is the set of © € € such that
O(t) = F(t,w(t)) | Sep (1) (wo + H(w /Qet_s ]

forallt € 7' and g € &g,
Now let us define an operator A for any @ € ¢ and assume that w(t) = tP~D0-g(¢)
as follows
t1=n0=99(t), t<c (0,7,
(Aw)(t) = Solwo + H(w)) B (6.3.3)
L(p(1—€) +€) ’
where §o = §(0,w(0)). This means that w is a mild solution of in Q if and only
if there exists a solution w € ¥ for the operator equation w = Aw.
In order to show the fixed point of A, we consider two operators Ay, Ay : B(_7) —
B.(_7) as follows:

(Ay)(t) = §tw®), 1€ (0,7 (6.3.4)
k‘g(]? = 07

(ta‘”)“‘e) [Sep(t)(wo + H(w)) + [y Qelt — s)g(s)ds], te€(0,7],
(Ram)(D) =3 0 4 $(w (6.3.5)

[Tl —a+e

Therefore,

(Aw)(t) = (Mw)(t) X (Ayww)(t) for te 7.
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Now we have to establish that both the operators A; and Ay meet all requirements of
Theorem 1.6.22.

Step I: To prove that on B.(_#), A; is Lipschitz.

Assume that @y, @y € B( #) and w,(t) = t¢ V195, (t), t € ¢ for 1 = 1,2.
Hence w, € BE(_#') for L = 1,2. Now

1Az (1) — Ayeoa(t) ]| = [[§(E, wi () — S(t w2 (2))]
< (Ot wi(t) — wa(t)|
= p(t)|[wr(t) = w2(t)]-
By considering the supremum over ¢, we obtain
[Aro1 — Asmma|| < [lo]l[|o1 — 2.

This shows that A; is Lipschitz on B(_#) with a Lipschitz constant ||¢||.

Step II: We have to show on B.(_#), A, is compact and upper semi-continuous.
Claim A: Assume that @ € B.( #), for t € ¢', w(t) = t~V1=9x(¢). Therefore,
w € BE(_77). For all w € B.(_7) to show that Ay is convex.

Let A, Ay € {Ayww(t)} and for t € ¢ there exist g,,9, € Sg,, such that

A1) = 10009 [, () e + B / .t L= 1,2
For any 6 € [0,1] and t € ¢ we have
BX(1) + (1= 6)Aa(t) =t [S, (1) (wo + H(w))
# [ =) () + (1 - Do)
As G is convex, thus for cach t € _#, §Ay(t) + (1 — 6)A\a(t) € G(t,w(t)). Therefore,
A (t) + (1 —0)Aa(t) € Gg .

Hence 0A;(t) + (1 — §)A2(t) € {Agw(t)} which implies that A, is convex.
Claim B: To establish that Ay maps bounded sets into bounded sets in B.(_#).

For w € B,(F), assume w(t) = t¢DU-95(t), t € #' Hence, w € B 7).
Consequently we have the following: for t € ¢

Az (®)]) =t

t1=P0=ALS, () (wo + H(w / Ot —s)g ds]H

(o-1)(1—6)
<t [ Al + el + 2 [ =9 ats)es]

M
ST -9+0)

(lwoll + llell)
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A ([t ([

M A 8 !
ST =+ g el e+ =55 (

1—e1
L7’6—61 2 1.

=) 1%l
Therefore it is bounded.
Claim C: Next, we need to demonstrate that Ay maps bounded sets into equicontinuous
sets of B,(_7). For @w € B.(_F), define w(t) = V=95 (t), where t € #'. For any
(1,6 € F with ¢ < ¢ and w € BE(_#'). For g € &g, we have
G2

Q.(Gz — )g(s)ds]

[A2(G) = Aom (Gl = || [Sep(Go) (o + H(w)) +

0

G
Q.G — s)a(s)ds|

= (IS G o + H(w)) +

0

< [P0 (G wo + () = IS () wio + H(w))|

G2
/ (Co— )" Pu(Ga — 9)g(s)ds

G

¢1
.A [Sﬂﬂ*“@_SYJ_CgﬁW*KQ_SV&]

G
/0 (G =57 Pl = 9)

1—p)(l—e
+C§ p)(1—e)

‘

X Pe(G2 — s)g(s)ds|| + Cl(l—p)(l—e)

— PG = )] a(s)ds
Sy,

Here,

A =[5 (G o + H(w) = (IS (G (wio + H(w))|
<o |97 jQ(Cz =) 0797 g + ()|
+G /O {@-9 z (G = 80797 b wo + H(w)ds

(cf00 ot p’t N[ = o0t + s
griEry ek 2
where
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F—p)(1-0) e-1 .
<ol + el (G —

—0 as (o — (.

= 2(1—p)(1—6) /0Cl {(@ _ 3) =€) — (G — s) (1=)— 1} Ywo + H(w dSH

¢
< g-p0- 6)(|w |+ [|ol) H/ C2_5>p(1 €) (C1—5) —6)— 1}5671%”_

As,

H/CI (Co — s)P17971 _ (¢ — 5)P=0)= }eldSH<2/ (1 — 5)P0-91g1gg

exists, then by applying Lebesgue’s dominated convergence theorem we obtain that

¢1
H/ {(CQ—S) PI=I=T (¢ — )P 6)_1}36_1653“ —0 as G — .
0
And
1—p)(1— 1 (1— @
jls:(z(fp)( e_ p)( e) H/ §)P0=916 (L 4 §5(w dSH

AS,
1—p)(1—e 1—p)(l—e — —€
é P Cf P < (CQ Cl)(l s )a

thus .13 — 0 whenever (5 — (.
Combining all the results we get that % — 0 as (o — (3.
Next

G2
Sy =909 / (Co— ) PulCa — 5)a(s)ds

G
<M9(1_p)(1_6) 1 — €
- I(e

€ — €1

e—eq 1-el
) |:(C2_C1)161:| HEQHL% —0 as G — (.

1 p)(1— 6) 2 8)5—1 Cl(lfp)(lfe)(cl o S)e—l} P€(<2 _ s)g(s)ds

Fﬂ[

((1,;15_ 1p)(1€

s% {y(l—p)(l—e) (/O

¢1
+(C2 — Cl)(l_p)(l_E) /0 (C1—s) ta(s)ds

[0l - - ot

I |

(1 — ) tg(s)ds

) ([ ot

1 “
‘1ds

(=) = (G —9)"

|

!
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M _ —€ ]. —_— 61 1—61 ;:J i:zi ;:Zi 1—61
<im0 (122) (G- )T - (- ey
G
/ (41—8)6_1g(s)d3}
0

I, = (1P1€)

/ - Pe(Ga—s) = PG — S)}Q(S)ds :
From the continuity of P.(¢) in the uniform operator topology it can be easily shown

that j4 — 0 as Cg — Cl'
Combining all the results we get that ||Asww((2) — Aaw((h)]| — 0 as (o — ¢4 indepen-

dent of w. Since t(l‘p)(l_E)S@p is uniformly continuous on _#, thus A, is equicontinuous

on B( 7).
Claim D: To proof that A maps B.(_#) into itself. Assume that w € B,(_#), for

te J' w(t) =t D0=95(¢). Hence, w € BL(_F'). For t € # we have that
Ao (t)|| <tT=P=OF (¢, w(t))[Sep(t) (wo + H(w / Q.(t — s)g(s)ds]

<[5, w(®)) = S, 0)ll + 15 (¢, 0)]l]

oM (el + ol + 24 (l_p)(l_d(l‘“)lq
o= 70 M9 \e—q
<[llelll=l + 7]

<[lelle + Fol%

<t.

Hence ||Aw| <t for any w € B.(_ 7).
Claim E: To establish that A, is completely continuous. For that we assume w € B.(_¢),
for any t € ¢, let w(t) = tP~D1=5(¢). Therefore, w € BL(_77).

Now, define V(t) = {Ayw(t) : w € B(_#)}. This set is relatively compact in X" for
any t € . It is clear that V(0) is relatively compact in X'. Let ¢t € _#’ be fixed. As we

already have

Ay (t) =t 1=9) [S o) (wo + H(w / Q(t—s) ds}

17/)1*6; _ o\p(l—€)—1 e—1 €
410 >{F(p(1_€))/0(t 5)P1=971g /0 epM ()T (5°¢)

X (wo + H(w))dpds + /Ot(t —5) ! /OO eOM ()T ((t — s)ﬁqb)g(s)dqbds} ,

0
then for all x4 € (0,¢) and for all n > 0, define

AB (1) = =019 {; / HL(t — )Pt / T OMT(5%)
L(p(1 =€) Jo n
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X (wo + H(w))dpds + /Ot_u(t — 5)! /OO eqﬁ/\/le((b)T((t — 3)6¢)g(s)d¢ds

1—p)(1—e¢ ; o — s - 718671 006 S€
_ 4(1-n)( ){F(p(l—E»/ (t — s)P=9 / PM(B)T (5°9)

% (wo + H(w))déds + T (u / / — ) TIMUADT((t — 5)° — 16)

x g(s)d¢ds}

Given that T (u¢) is compact for u¢ > 0, it follows that the set V*(t) = {AY"w(t) :
w € B( 7)} is relatively compact in X for every p € (0,¢) and n > 0. From this

observation, we can deduce
A2 (t) — Ay e (t)]]
1 ¢ K
(1—p)(1—¢) _ o\p(l—e)—1 -1 €
S o=y et [omiorio
X (wo +5§(w))d¢ds} ‘ + ‘ !

(1=p)(1—e¢) ' _ g)P(1=e)=1 -1
t {r(pa —0) A L)
< [T MOT (50w +ﬁ<w>>d¢ds}

([ [

XT((t—s)€¢)g(S)d¢ds] M (=P >U / T IMUAT((t = 50)
a(s)dos
M n
<oy P = 06) (lall + D) [ oM. (oo
Me w Fa-p-0 [ gypli-o-1ge1y
troa=orase el + lel) 7 IR ’

+ M7 AP / / €p(t — )M () L4(s5)dods

F<1+€) /t_ (t — s) ' L4(s)ds.

By using the absolute continuity of the Lebesgue integral, we can determine that the

+ Mg A=P)-¢)

RHS of the above inequality tends to 0 as p,n — 0. Therefore, V*"(t) are arbitrarily
close to the set V(t). From Arzeld-Ascoli theorem we can conclude that V(t) is relatively
compact. Thus, Ay is a completely continuous operator obtained from the continuity of
Ao (with the help of [59]) and the relatively compactness of V().
Claim F: To show that A, is closed graph.

Let w, — w, as n — 00, Ag,, € E(wy,) and Ay, — Ao, as n — 0o. We need to show
that Ay, € Z(wy). As Ay, € =Z(wy), then there exists a function g,, € &g, such that

Agpw(t) = (1=p)(1=) [Sevp(t)(wo + H(wn)) + /0 Q. (t — s)gn(s)ds}.
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Now we have to prove that there exists a g. € &g, such that

t
A27*w(t) _ (1=p)(1=0) [Se,p(t) (WO + ﬁ(w*)) + / Qe(t — S)Q*(S)ds].
0
Clearly

H {Amw(t)_t(l,p)(l,e) [S..» () (wo + H(wn))] }

- {AZ*W(t) — t1=n0=9 [Se.p(t)(wo + H(ws))] }H —0 as n— oo.

Next we define a operator A : L'( 7, X) — € as

:[Qw—@mww

Thus from Lemma[6.2.6|we get that AoGg is a closed graph operator. Hence, by referring

to A we have
Ao (t) — tUP0I[S, (1) (wo + H(wn))] € A(Sga,)-
Since w, — Wy, @n — G« as n — 00, follows from Lemma [6.2.6] we get that
Agzo(t) — A0S, (1) (wo + H(w.))] € A(Gg,).

Therefore A, is closed graph.

Hence the proof of Step II is completed.

Step III: Assume that @ € B.( #), for t € #', w(t) = t¢»~YU-9(t). Hence,
we B 7).

We have to show that oY < 1 i.e., (éi7) of Theorem 1.6.22.

Clearly this comes from . As we have

T = [[A2(Be( )l = sup{[[Aee]| : @ € Be( 7))}

M MFO=p)0=) /1 \179
<

and a = o]

Thus all the conditions of Theorem 1.6.22 are satisfisfied. Therefore either (a) or (b)
is possible.

Step IV: Next we have to show that (b) of 1.6.22 is not true.

Let y(t) € B.(_#) is arbitrary. Assume that x(t) = tP~D0=y(¢), ¢t € #’ hence
x € BE( 7). Also oy € Aix(t) x Aax(t). There exists g € &g, and for o > 1 we have

€— €1

X(t) <o l|=p0- )S(t X(t)){S o () (wo + $H(x / Q(t —s) ds}}

<[I8(t, x(t)) = (. 0)l + 115 (t, 0)|]]
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M M T A=p)(1=€) (1 — e

X F(p(l —€)+6)<HMOH + HQH) + F(G)

= x(t) <[llellIx]l + Fo]B
FoB

= 0 <72 <

= PBllell =7

where we consider 7y = supyc , [[§(Z,0)||. Thus condition (b) of Theorem 1.6.22 does not
hold by Therefore the operator equation Aw = Ay x Ayw has a fixed point @ in
B.(_7). Thus the considered problem ((6.1.1]) has a mild solution.

1—e1
) Fag,]
€— € L1

6.4 Controllability Result

In this section we study the exact controllability of the following hybrid fractional differ-

ential inclusion

€,p W(t) W(t) w - — /
oD (—S( )GA(—W,W@))*Q“’ ) +2:(0),  te(0.7]= 7

a-oa-p_ w0 \ o V.
A (S(O,w(O))) H(w) 0-

In this problem, the operators A, §, G, and $ are defined as in the previous problem.
Let z(-) be the control function, which belongs to L*(_#, Z), where Z is a Banach space.

The operator & : Z — X is assumed to be bounded and linear. In this section, we do

(6.4.1)

not assume the compactness of the semigroup operator {7 (t)}i>o-

Definition 6.4.1. A function w € € is termed as a mild solution of the equation (6.4.1)
if, for each t € #, there exists a function g € L'(_#,X) such that g(t) € G(t,w(t)).

Moreover, w € € must satisfy the following integral equation

() = §(t.0O) [S Ot @)+ | Qt-9a()dst [ Qut=9F:(5)is]. te s
(6.4.2)

Definition 6.4.2. The system (6.4.1)) is said to be controllable on ¢ = [0,.7] if, for
every wo,wy € X, there exist a control z € L*(_#, Z) such that the mild solution w(t) of

the system (6.4.1)) satisfies Z(=0=r) <3(5fff()0))> —H(w) =wy and w(T) = wy.

Besides the hypotheses (A3)-(Ay4), also we need the following hypotheses to prove our

result:

(As5) g: 7 — X is compact.
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(Ag) The operator B : L*( 7, 2) — L'(_#,X) is both linear and bounded. Moreover,
the operator Y : L?(_#, Z) — X is linear and defined by the expression

Yz = /9 QT — 5)Bz(s)ds.

This operator Y has an inverse Y !, that maps to L*(_#, Z)/ker(Y), and there

exists a constant £y > 0 such that
1Yl < Ly

For each w; € X, by using hypothesis (Ag) we define the control as

w1

ey

— S.,(t)(wo + Hw /Q — $)a(s)ds|(t),  (6.4.3)

where g € &g, w€E €.

Theorem 6.4.3. Suppose that the assumptions (Asz)-(Ag) hold. Then the system (6.4.1)
is controllable on _# provided that

A ot (6.4.4)
1—Plle]
Y M MTO=p)(1=¢) /1 _ € 1—e1 .
here § = ol + o) + 2T ((22) e, +
MF1-p)(1-0 )
e+ 1) 1B||L., Fo = |I§(t,0)||, and Be|| < 1.

Proof. Using control let us define an operator = : 4 — 27 as Zw, which is the set of
© € ¥ such that

Ot) = F(t,w(t)) |Se,p(t)(wo + H(w /Q (t—s)g d3+/ Q. (t — 8)Bz,(s)ds

forallte #'and g€ Gg,.

Like the previous problem now let us define an operator A for any w € € and assume
that w(t) = t?P~Y0=9g(t) as follows

(Aw)(t) = §ol(wo + H(w
[(p(1—e€)+¢€)’

t1=n0-99(1), te(0,7],
(6.4.5)
) t=0.

This implies that w is a mild solution of (6.1.1)) in  if and only if the operator equation
w = Aw has a solution w € €. Moreover, if w is a mild solution of (6.1.1)) with the
control given by (6.4.3), then w(.7) = w;.
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To show that the operator A has a fixed point, similarly we consider two operators

Ay, Ay i B 7) — B(_7) such that A, is same as (6.3.4) and A, is as follows:

!t(l—P)(l—G) [3 ( Ywo + Hw)) + fo Q.(t — s)g(s)ds
(Aow)(t) =< + [ © :%%()dﬂ, te(0,7], (6.4.6)

wo‘i‘f)( )
(T(p(1 =€) +¢)

Therefore,
(Aw)(t) = (Mw)(t) x (Agw)(t) for t€ .

Now we have to establish that both the operators A; and Ay meet all the requirements

of Theorem 1.6.22. -
Note that
[z ()] sH w ‘ M9p1>16(| _n
2wt < i ol 4
| Y §(T,wr) T(p(1—¢€) +e) lwoll + o]l
M 1—¢ l-e
+ = R
F(G) €— € I
=£,.

We can proceed Step I and Claim A - Claim C of Step II like the previous way. Now
Claim D: To proof that A maps B.(_#) into itself. Assume that w € B.(_#), for
te J' w(t) =t V0=95(¢). Thus, w € BEL(_F'). For t € # we have that

IRt < 109050, [0+ 5 + [ Qe =)0

—l—/o Q.(t — 8)PBz.(s)ds]

< [I8(tw(®) — F0)ll + 15, 0)|]

M MFU-0-0 (1 ¢\
X[r@u_e — (el + ) + 2 ( )

€ — €1

Hence ||[Aw|| <t for any @ € B.(_7).
Claim E: To establish that the operator A, is completely continuous, we start by assum-
ing that @ € B,(_ ). Fort € 7', let w(t) = tP~V1=5(¢). Consequently, w belongs to

B,
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We then analyse the set V() = {Ayw(t) : @ € B( #)}. It is clear that V(0) is
relatively compact in X. For any fixed ¢ € #’, we need to demonstrate that V(t) is also
relatively compact in X.

By applying assumption (As) and Remark we can infer that the set

S = {11079 (t —s)g(s) 1t e 7' s€[0,4]}

is relatively compact in X. Consequently,
t
S = {t“—p)(l—@ / Q.(t — s)g(s) ds} c tCH(.Y)
0

is also relatively compact in X', where C'H(.%) denotes the closure of the convex hull of
< in X.

Furthermore, by assumption (Ag), we have that

P = {zw —y! [ﬁ — S, () (wo + H(w)) — /Ot Qc(t — s)g(s) ds} Twe %?}

is relatively compact in L*(_#,Z). Since B : L*( 7,2) — L'(_#,X) is a bounded
operator, the set Z.7" is relatively compact in L'(_#, X). Thus, the set

t
S = {t(l_p)(l_e)/ Q. (t —s)Pu(s)ds :u € Y”}
0
is relatively compact in X', as the mapping
t
U — t1=P1=9) / Q. (t — )% (s)ds
0

is continuous from L'(_Z, X) to X.

Combining these results, we obtain that
V(t) C IS, (1) (wo + H(w))] + S + S

is relatively compact in X for t € _#'. Therefore, A, is shown to be a completely
continuous operator due to its continuity and the relatively compact nature of )N/(t)
Claim F: To show that A, is closed graph.

Let w, — w, as n — oo, Az,n c é(wn) and ]\2,71 — /~\27* as n — 0o. We need to show

that /~\27* € é(w*) As /~\2,n € é(wn), then there exists a function g,, € Sg,, such that

Ngnem(t) =190 [Se,p(t)(wo +9)+ [ 0,(t = s)gu(s)ds

b [ Q- 9my {2 s+ D)

_ /09 (T — T)gn(f)df}(s)ds} .
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Now we have to prove that there exists a g, € &g, such that

Ay wo(t) =t1=P01=9 {Sap(t)(wo + 9 (ws)) + /Ot Q. (t — s)g«(s)ds

e R G R IO)

-/ "o - a-(r)ir b

w1

7o) Sep(t)(wo + 53(@)} :

As Y1 is continuous, then Z, (t) — Z,,(t) as n — oo. Hence it is clear that

Set
Z,(t) =Y {

H {Amw(t) - t(l—p)u—e){se,p(t)(wo + H(wn)) — /Ot Q.(t — S)ngn(s>d8}}
_ {Az,*w(t) - t(l—P)(l—f){SE,p(t)<wo + $H(w,)) — /0 t O.(t — s)@gw*@)ds}} H

— 0 as n — oo.

Next we define a operator A : L'(_#,X) — € as

/Qet—s[ s)— BY~ {/ QT —T)g(T)dT}(s)]ds.

Thus from Lemma [6.2.6] we get that A o &g is a closed graph operator. Therefore by

referring to A we have
t
Ao pwo(t) — ¢1=p)1=) [SE,p(t> (wo + $H(wn)) — / Qc(t — 5) Bz, (s)ds} € A(Ggw,)-
0

Since w, — Wy, @n — G« as n — oo, follows from Lemma [6.2.6| we get that

Ay wo(t) — t1=P0=9 [Se,p(t)(wo + H(w,)) — /0 t Q.(t — s)%iw*(s)ds] € A(Gg,,.).

Therefore A, is closed graph.

Hence the proof of Step II is completed. Also Step III can be obtained from (6.4.4)).
Step IV: Next we have to show that (b) of 1.6.22 is not true.

Let \(t) € B.(_7) is arbitrary. Assume that x(t) = t*~D1=9y(¢), t € ¢’ Hence,
x € BE(F'). Also o € A1x(t) x Aax(t). There exists g € Sg,, and for ¢ > 1 we have

) o 1009500 .0 + 90 0+ [ e -

/Q (t — 5) B2 (s)ds H

= x(t) <[llelllxl +Fo] B

98



Chapter 6. Existence and Exact Controllability of a Hybrid Evolution Inclusion

B <R

L= Pl ~
where we consider Fy = supc , [[§(Z,0)||. Thus condition (b) of Theorem 1.6.22 does not
hold by Therefore the operator equation Aww = A1 X Aywo has a fixed point w in

B.(_7). Thus the system (6.4.1) is controllable.

= [Ixll <

6.5 Example

As an application we provide the following example

5 n(73) n(T,3) i
P (ﬁ(tanl n(r.3) + %)) ) A<20ﬂ<tan 'n(7,3)) + %)) et

T€(0,1], 3€]0,7,

- (208 Ny [ G s s))ds = L "
T3 )<S(0,n(0,5))> 4/0 (n(s,3))ds = 7z, 3 € [0,7);

n(r,0) =n(r,m) =0, 7€(0,1).

(6.5.1)

D(A) C X — X is defined by A = A with domain D(A) = {n € H*(0,7) :
( ) n(r) = O} and the semigroup 7 (t) generated by A = A is contractive, i.e
| T(@)] <1, V t>0. The multivalued map G is defined as

eosnry)l 1
"20(|sinn(r,3)|+1)  30]

i(2 tanhn(t,3) + 1)

(7,3) = G(1,n(7,3)) = 20

Considered system (6 satisfies all the assumptions (A;)-(A4). Putting all the values

in we get that ‘]3||90|| = 0.063183 < 1.
Thus the system ((6.5.1]) has at least a mild solution by Theorem 1.6.22.
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