CHAPTER 3

Study of a Nonlinear Volterra-Fredholm Type
Hybrid Fractional Differential Equation

3.1 Introduction

Volterra-Fredholm differential equations are a special class of integral-differential equa-
tions that combine characteristics of both Volterra and Fredholm integral operators.
These equations are named after the mathematicians Vito Volterra and Erik Ivar Fred-
holm, who made significant contributions to the study of integral equations. These equa-
tions typically involve an unknown function that appears both under a derivative and
within integral terms of different types [61,68,95,97,103]. The Volterra integral is usu-
ally defined with variable upper limits of integration, reflecting causal dependencies in
physical and biological systems. In contrast, the Fredholm integral term involves fixed
limits, capturing global interactions over a given domain. Such equations arise in various
applications, including viscoelasticity, fluid dynamics, population dynamics, and thermal
diffusion processes etc.

In this chapter we study the existence of solution for the following nonlinear nonlocal

hybrid Volterra-Fredholm pantograph type fractional differential equation

Cpy t u(t) — g(t,u(t),uT()\t)) W (), u(M),
S(t,u(t),fo ki(t, 7)hy (7, u(T))dT, fo ko(t, T)ho(T, u(T))dT)
te 7 =10,T],
u(0) = b(u), u(T) =a
(3.1.1)

Here, D} denotes the Caputo fractional derivative of order 1 < ¢ < 2 and 0 < A < 1.
Assume, § € C(Z x RxRxR,R\ {0}); G, We C( 7 xR xR,R) and for i = 1,2,
the functions h; : # x R — R are continuous, also ¢ : C(_#,R) — R be a continuous

This chapter is based on the published work in Indian Journal of Pure and Applied Mathematics [43].
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and bounded function.

The pantograph equation is a functional differential equation with a proportional de-
lay, where the delay varies with the current time instead of remaining constant. This
key feature differentiates it from traditional delay differential equations, introducing non-
linear behaviour and added complexity, which makes finding analytical solutions more
challenging. Over time, its applications have expanded to diverse fields, including elec-
trodynamics, quantum dot lasers, material modelling, and control systems. In mathe-
matics and physics, pantograph equations play a crucial role in areas such as number
theory, probability, and quantum mechanics. Due to their significance, researchers have
generalized these equations into various forms, exploring their solvability using both the-
oretical and numerical methods. While extensive work has been conducted on classical
pantograph equations, fractional versions remain relatively unexplored, with only a few
contributions addressing their properties and solutions. In 2013, Balachandran et al. [24]
initiated a comprehensive overview of various types of pantograph equations and explored
their existence by using fractional calculus and fixed point theorems. Nisar [96] exam-
ined the existence and uniqueness of integral solutions for a Hilfer pantograph model
with a nonlocal integral condition. He employed the Leray-Schauder fixed point the-
orem to establish the existence of solutions and the Banach contraction principle to to
study the uniqueness. Numerous researchers have contributed to the study of pantograph
equations, exploring various aspects and methodologies [4,5,18,116,122].

We organise the chapter as follows: In Section [3.2], we focuse on deriving the integral
solution. In Section [3.3] the existence of a solution for the boundary value problem
is examined using a fixed point theorem under mixed Lipschitz and Carathéodory
conditions. Finally, in Section[3.4] we present an illustrative example to support the main

result.

3.2 Preliminaries

Lemma 3.2.1. Let W € C(_Z,R) then for 1 < q < 2 the fractional hybrid differential

equation

¢y u(t) — G((t, u(t), u(At))
S(t,u(t), f(f ki(t, )hy (T, u(T))dT, fOT kg(t,T)hg(T,U(T))dT)

u(0) = ¢(u),  w(T)=a

=W(t), te Z,

(3.2.1)

has an integral solution
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u(t) = §(t.u(t). /O Ey(t, 7)o (r, u(7))dr, /0 kalt,7)har, u(r))dr
L /(t — )1 W(s)ds + ¢lw) = G(0, ¢(w), ¢ iu )

I'(q) 5(0,0(u),0, [ ka(0, 7)hao(, u(r))dr)
+ l{ G((T,a “(AT)) (3.2.2)
T S(T a, fo ki (T, T)hl(T u(T))dr, fo ko(T, T)ho(T,u(T))d )
mm—ﬂm¢w>1L Y PR
(0, 6(w), 0, f (0, 7)ho(r, u(r))dr)  T(a) 0/ Wi }]

+G((t,u(t),u(At)), te 7.

Proof. The equivalent integral form of (3.2.1]) is obtained by applying Lemma 2.2.1.
t

u(t) :S<t,u(t), /0 ko (¢, ) ho (7 (7)), /0 ' /@(t,T)hQ(T,u(T))dT)

o (3.2.3)
X [m /(t —5)17W(s)ds + ¢ +czt} + G(t, u(t), u(At)),
where ¢; and ¢y € R.
By applying the conditions of the problem (|3 into , we obtain
(O é(u),0, fo ko (0, 7)ho(T, u(T ))dT)
and
e G((T, 0, u(\T)
T (T a, fo ki (T, T)hl(T,u(T ))dr, fo ko (T, T)ho(7,u(T))d )
6w - G((0.6(). 0 > LU (e
F(0, ¢(u),0, fo k2(0 T)hg (7, u(r))dr) I'(q) / Wi }
Substituting the values of ¢; and ¢y into , we obtain
u(t) = §(t,u(t) /0 Fa(t, 7)o (7, u(r) )dr, /0 Ea(t, 7)o, u(7)dr )
L e H(u) = G((0, 6(u), 6(w)
x I'(g) O/(t fTWLs +S(0 ), 0, fo k2 (0, ) ha (7, u(T))dT)
- (@au@ﬂ)
T\§(T,a, [, k(T )h1<7 w(r))dr, [} ks (T, 7)ha(7, u(r))dr)
) Mm—am¢w W) 1 [ e
F(0,6(u), 0, [ ka(0,7)ho(r, u(r))dr)  T(q) 0/ e }]
+G((t, u(t),u(At)), te 7.
O
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3.3 Existence Result

Consider the space of continuous real-valued functions X = C'(_#,R) defined on ¢ =

[0, T, equipped with the supremum norm
lyll = suply(t)|.
te 7
Additionally, a multiplication operation in X is defined as
(zy)(t) = z(t)y(t), Vte 7.
It is clear that X', under the given norm and multiplication, forms a Banach algebra.

In the proof of our main result, we employ Dhage’s fixed point theorem for three

operators (Theorem 1.6.21) within this Banach algebra framework.

3.3.1 Hypotheses

Now, we introduce a set of hypotheses that will be utilized in proving the main result.

(Hy) Forallt € ¢ and x1,y1, 21, 2, Y2, 22 € R there exists a constant Lz > 0 such that
the function §: _# x R x R x R — R\ {0} satisfies

1S(t, 21,91, 21) — S(L, 22, Y2, 22)| < Lg(|21 — 22| + [y1 — v2| + |21 — 22).

(Hs) For each i = 1,2, there exists a constant Lj, > 0 such that, for all t € ¢ and
x,y € R the function h; : _# x R — R satisfies

|hi(t, ) — it y)| < L,

r—y|
(H3) There exists a constant I > 0 such that

<K.
max {Ik(t, )] [a(t, 7) |} < K

(H4) There exists a constant Lg > 0 such that, for all t € ¢ and 1,31, 22,y2 € R the
function G : _Z x R x R — R satisfies

G((t, 1, y1) — G((E, 22, y2)| < Lg (|21 — x| + |11 — 1)

(Hs) There exist constants Xy, X7 > 0 such that
¢(u) — G((0, 9(u), $(u))
(0, ¢(u), 0, fOT k2(0, ) he (T, u(T))dT)
‘ a—G((T,a,u(NT))
S(T,a, [} k(T )y (r,u(r))dr, [ ka(T, 7)o (7, u(T))dr)
(Hg) For allt € # and z € R there exist a continuous function n : # — (0,400) and

< X

= 0,

< ;.

a non-decreasing continuous function ¥ : R* — R™ such that

(Wt z(t), 2(AD))| < n(t)¥([[z]]) and offn € C(JRT).
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3.3.2 Main Result

Theorem 3.3.1. Assume that the considered problem (3.1.1)) satisfies the hypotheses
(Hy)-(Hg). Further, if

2|l ¥ (x)
s [QX + X+ ’(Vqﬂ) TQ] + Gy

<, (3.3.1)
1 - Lg(l + ’CthT + ’CLhQT) |:2_)('0 + X+ 2||7(7||‘I’(;)Tqi| _ 2Lg
where,
2||n||[¥
Ls(14 KLy, T + KL, T) [QXO + X+ %T‘I] 1oLg < 1, (3.3.2)
q

Go = sup|G((t,0,0)]
te g

t T
alsot > 0 and Fy = sup S(t,O,/ ki(t, T)h(T, O)dT,/ ko(t, T)ho(T,0)dT)|,
te s 0 0

then (3.1.1)) has a solution defined on # .

Proof. Define the subset S of X as

S={red||z] <},

where t satisfies condition ((3.3.1]).
It is clear that S is a closed, convex, and bounded subset of the Banach algebra X'.

Applying Lemma [3.2.1] we obtain the following equivalent integral equation corre-

sponding to
u(t) = 5, u(o), /0 Rt 7) b (7, u(7))dr, /0 Ba(t, ) a7, (7)) )

/ B(u) — G((0, $(u), p(w))

1
— — $)T7W(s, u(s), u(\s))ds e
T@ e O o

X

N l{ —G((T, a,u(\T))
T (3(T,aq, fOT ki(T, 7)hq (7, u(T))dT, fOT ko (T, 7)ho(7, u(T))dT)

T

- ¢(u>_g(< o). olu) - — )W (s, u(s), u(As))ds
§(0, ¢(u), 0, fO k2(0,7)ho(7, u(T))dT) I'(q) O/(T )TW(s, u(s), u(As))d }t]

+G((t,u(t), u(At)), te 7.

(3.3.3)
Now we consider three operators A: X - X , B: S — X and C : X — X such that,

Aul(t) :S<t,u(t),/0 kl(t,T)hl(T,’u(T))dT,/O k?g(t,T)hg(T,U(T))dT), te 7, (3.34)
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t

LI P, 6(u) = G((0, 6(w), d(w)
Bult) = I'(q) O/(t JTWs, uls), ulds))ds + F(0,6(w), 0, [ ka0, 7)o (7, u(T))dr)
N l{ GU(T, a,u(\T))
T\ 3(T,a, fo ko (T, T)hl(T u(T))dr, fOT ko(T, T)ho (7, u(T))dT)
. ¢<u>—g<< Sh o) [ e
50, 6(w), 0, [ ka(0,7)ho(r,u(r))dr)  T(q) 0/<T JTIWs uls), ulds))d }t’
te 7,
(3.3.5)
and
Cu(t) = G((t,ult),u(xt)), te . (3.3.6)

Therefore, (3.3.3) can be written as,
u(t) = Au(t)Bu(t) + Cu(t), te 7.

The next objective is to prove that the operators A, B, and C fulfill the requirements
of Theorem 1.6.21.
Step 1: We begin by establishing that the operators A and C' are Lipschitzian on X

with a specific Lipschitz constant.
Consider u,v € X, for all t € ¢ from ( and (H,)-(Hs) we get,

| Au(t) — Av(t)] = ’S(t,u(t), /0 t ko (t, 7)ha (7, u(T))dr, /0 Tkg(t,f)hQ(T,u(T))dT)
_g<t,v(t), /0 t ko (t, 7)ha (7, v(7))dr, /0 ' kQ(t,ﬂhQ(T,v(T))dT)‘

< Lg{|lu — v|| + KLy, [Jlu — v||T + KLy, ||u — v|| T}
= Lz(1+ KLp, T + KLp,T)|Ju — v||.

After taking supremum over _# we obtain,
|Au — Av|| < Lg(1 + KLy, T + KLp,T)||Ju — v||.

Thus, A is Lipschitzian on X’ with a Lipschitz constant Lgz(1 + KLy, T + KLy, T).
Likewise, for any u,v € X and t € ¢, applying (3.3.6) along with assumption (Hy),

we obtain
[Cu(t) = Cu(t)] = [G((£, u(t), u(rt)) — G((¢, v(t), v(AL))]
< Lo{Ju(t) — v(®)] + [u(M) — (D).
After taking supremum over _# we get,

|Cu = Col| < 2Lgllu— v].
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Therefore, C'is Lipschitzian on X with a Lipschitz constant 2Lg.

Step 2: Next, we aim to show that B is completely continuous on S. To achieve this,
we first establish the continuity of the operator B on S. Let {u,} be a sequence in S that
converges to a point u € S. Then, for all t € _¢#, applying the Lebesgue’s dominated
convergence theorem, we obtain

lim Bu,(t)

= lim [FL /(t — )W (s, upn(5), un(As))ds

F(0, 6(wn), 0, [ (0, 7)o (7, un(7))dr)
l — G((T, a,u,(AT))

T { 3(T,a, fOT ki(T,7)hq (7, un(7))dT, fOT ko (T, 7)ho(T, un(7))dT)

- ¢<u”)_g((0’¢(un)v¢(un)) - ! [ —g)it S, Unp(S), Un(AS))as
§(0.6(un). 0, fy ka(0,7)ha(r, un(r))dr) () 0/ (T = )T W(s, un(s), un(As))d }t]

n—oo

— FL/ (t—8)" lim W(s, un(s), un(As))ds
0

¢(u) — G((0, p(u), ¢(u))

" 30.6(u).0, Jo *2(0,7) lim ha(r,u(7))dr)

+l{ a — G((T, a,u(\T))
T 3(T, a, fOT ki(T,T) Jirgohl(T, un(7))dT, i ko(T, T) nhng ho (T, un(7))dT)
50, ¢(u), 0, fo k2 (0, 7) hm ho(T, u, (7))dT)
ﬁ/ )7 lim W(s, (s ),un(As))ds}t
Wl e 0 = G060, o)
ey / o) A 0, ka0, 7, ()

_{ g((T a, u(AT))
T\ 3(T,a, fo k(T T)hl(T u(T))dr, fo ko(T, 7)ho(T,u(T))dT)

) G0, 00w, 0w) /
5(0, ¢ 0 fo k5 (0, T)hz(’/‘ u(7))dr) ['(q)

+

Thus, the operator B is continuous on S.
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To establish the compactness of the operator B on S, it is necessary to demonstrate
that B(S) is both uniformly bounded and equicontinuous in X'. By applying assumptions
(Hs) and (Hg), we obtain the following for all t € #.

t

L o e e 8 = G(0.6(u). o)
Bu®) = |5 O/(t F e T 5(0.000).0, ;7 kal0. 7)ol u(r) )
+l{ —G((T,a,u(XT))
T\ F(T,a, fOT ki (T, T)hy (7, u(T))dT, fOT ko(T, T)ho(T, u(T))dT)

¢(u) = G((0, ¢(u), ¢(u))

S(0,¢(U O fo k? 0 T)h2<7_7u(7_))d7_)
T
1
—— [ (T — 5)""W(s,u(s),u()\s ds}t
~ma [ (5),u(2s))
0
Inlle () Inllee)| [
njYe -1 njvr 1
<2X, + X, + /t—sq ds| + /T—sq ds
0 0
2[[n[[ W (e
<2+ X + ———=T1.
< 240+ A T(g+ 1)
For all u € S taking supremum over ¢ we get,
2[|n||¥(x)
Bul|| <2Xy + X + ————=T1.
| Bul| <24, 1 T(g+1)

Hence, B is uniformly bounded on S.
Next, for any v € S and ¢,t, € _# such that ¢; <t we get,

/(t2 — )1 W(s, u(s), u(\s))ds

1

|Bu(ts) — Bu(t,)| = )

b /(tl — )T W(s, u(s), u(\s))ds

—_

1 —G((T, a,u(AT))
T\3(T,a, [ k(T T)hl(f,u(T Vdr, [ k(T 7)ho (7, u(T))dr)
B ¢(u) — G((0, ¢(u), p(u))

5(0, p(u), 0, fo ko (0, 7)ho (7, u(T))dT)

+

‘ -

—

(9)

Il
=Ty

L]}T——SW_”AKSﬂKshldAs»ds}(m-—tﬂ

7] ¥ (x)
['(q)

to
(ty — 8)7 'ds

t1

(s — 8)1 — (t — s)ql]d:s’ +

1 —G((T, a,u(\T))

+ { T T
T 5(T, a, fo ki(T, 7)hq (7, u(T))dT, fo ko (T, m)ho(7, u(T))dT)
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¢(u) — G((0, ¢(u), p(u))
(0, o(u), 0, fo ko (0, 7)ho (7, u(T))dT)

ﬁi T — $) 7 W(s, uls ),u(As))ds}(tQ—tl) .

The RHS of the above inequality tends to 0 whenever t5 —t; — 0 without depending on
u € S. This confirms that, B(S) is an equicontinuous set in X.

Since B is both uniformly bounded and equicontinuous, the Arzela-Ascoli theorem
ensures that B is a compact operator on S.

Step 3: Next, we establish condition (#ii) of Theorem 1.6.21. Let u € X and v € S
be arbitrary elements such that v = AuBv + Cu. By applying the given hypotheses, we

obtain the following result.

u(t)] = [Au(@)|| Bu(t)] + |Cu(t)]

_ ‘3 tu(t), /0 "t ) (7, (), /0 ) ka(t, )ha(r, u(r))dr

¢(v) = G((0,¢(v), ¢(v))
§(0,6(v),0, fy k2(0,7)ha(r, v(r))dr)
1 —G((T,a,v(A\T))
a, fi (T, T)hl(T w(r))dr, [ ka(T, 7)ho(7, v(7))dr)

1 qg—1
o) /<t — s)TW(s,v(s),v(As))ds +

T\ 5T,
1 r = 1
F_/ W(s,v(s),v(As))ds

d(v) —G((0,0(v), o(v)) )}t +1G((t, u(t), u(At))]

©5(0,6(0), 0, fy ka(0,7)ha(r v(7))d
< Ug(t,u(t), /0 Fa(t, 7 (7, u(7))dr, /0 ko (L, ) a7, u(r))dr

B 3(15, 0, /Ot ki (t, 7)hi(7,0)dr, /OT ko (t, T)ha(T, O)dT)

t T
n ‘s(t,o,/ k:l(t,T)hl(T,O)dT,/ kot 7)ha(7, 0) dT H
0 0

‘/t_ qld‘+lln|\ )f qlds]
0

+ [1G((¢, u(t), u(At)) — G((t,0,0) + G((,0,0)]]

X |:2X0+X1 +

2ln|| ¥
< [Lz(1+ KLy, T + KLp,T)||u| + Fo) {2){0 + X + %T‘I} + 2Lg||u|| + Go.

Thus taking supremum over ¢ we get,

2l
Joll{1 - Zo(0+ KL T+ K1) 22+ 0+ 2L 7] g
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2|0l ¥ (x)
< mlox, + x +—Tﬂ N
-~ 0 0 1 F(q+1) 0

Therefore,

2l
Fy |22 + & + JEOT] + Gy

1 — L(1 + KLy, T + KLy, T) [22(0 + 2, + Yol Tq} Y

lull <

Hence, u € S. This completes the proof.
Step 4: To prove the last condition of the Theorem 1.6.21 we have,

2| w(x)
I(g+1)
By (3.3.2)) we have, aM + 8 < 1 where, « = Lz(1 + KL, T + KLy, T) and § = 2Lg.
This satisfies the last condition of the Theorem 1.6.21.
Therefore, all the conditions of Theorem 1.6.21 are fulfilled. Consequently, it follows

M = ||B(S)| =sup{||Bz|| : z € S} <2X, + X + 1.

that the operator equation u = AuBu + C'u has a solution in S. Hence, the problem
(3-1.1) has a solution defined on _#, thereby completing the proof.
]

3.4 Example

In this section, we consider the following example to illustrate the main result

L. :
o2 u(t) — 1—04{8111 u(t) + sinu(At)}

0~ () t et—i-T 1 6t—'r
ot + 1) d d
T +/0 102 + |sina(7)]) T*/O 1022 + [cosu(r)])

(cos u(t) + cosu(At)), te€[0,1], (3.4.1)

~ 108

u(0) = (1 +cosu(v)), v €(0,1),

1

Assume ¢ = 2 € (1,2) and A € (0,1).

Here,

S(t,u(t), /0 (b 7Y (s () ) /0 1 kg(t,f)hg(f,u(T))dT)

(t) t 6t-i-'r 1 et—'r
_op o Y) d dr.
T 10 +/0 102 + |sin a(7)]) T*/O 10202 + [cosa(r)]) "

And from hypothesis (Hj)
2
e
< —=K.
} S =k

etf‘r

102

6tJr‘r

max {[ki (8, 7)], [k2(f, 7)[} = max ¢ |2z

t,7€[0,1] tTE[O 1] {

)
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Now,

’3 (t,u(t), /Ot ki(t, 7)hi (T, u(T))dT, /01 ko(t, T)ho (T, u(T))dT
-3 (t,v(t), Ot ki(t, 7)hy (7, v(7))dT, /01 k‘g(t,T)hg(T,U(T))dT) ‘

u(t) —u(t) € [ 1 B 1 .
= 102 +102/0 {(2+|sinu(7)!) (2+|sinv(7)\)}d

2 [l 1 1
+ 15, \ @ oo - <2+|cosv<r>|>}dT
1 e2 3 ‘Sil’l’l)<7'>| — |Si1’lU(
SﬂﬁW—UW+EZA @+hmMﬂD@+hmv
| cosv(T)| — | cosu(T)|
(24 |cosu(T)])(2+ | cosv(T)|)

’d’i‘

dr

1 e2
= 102 * oz g ) Il = vl = 0-0469]u = o]
Hence the hypotheses (H;) and (Hs) are satisfied.

Next, in (BZI), G((t,u(t), u(M)) =

1
1—04{sin u(t) + sinw(At)}. This implies,

|G((t, u(t), u(At)) = G((E, (1), v(A1))]

‘ o8 —{sinu(t) + sinu(At) — sinv(t) — sinv(At)}| < 108 ||u — || = 0.0002||u — v||.

Thus, the hypothesis (Hy) is satisfied. Next we have to do the following steps to show
that the hypothesis (Hs) holds.

2 2 4
1
's(o,u(m,o, | 107 u(r)yr
0
u(0) /1 e’
S ) d
102 7 ), 1@+ [cosa(m”
>(1(1+ ())+/1 “Tdr| > (1—1)—00021
= Jqoett TR g 02 “3x 102\ o) T
This implies,
1 o1
13(0,u(0),0, [ ka(0, 7)ho(7, u(r))dr| ~— 0.0021°
Hence,
- .0004
u(0) ?((O,U(O),U(O)) < 00004 o005 —
S(O,U(O),O,fo ko (0, 7)ho (T, u(T))dr 0.0021

46



Chapter 3. Study of a Nonlinear Volterra-Fredholm Type Hybrid Fractional
Differential Equation

Similarly, )
lu(1) — G((1,u(1),u(N)| < 1—03 + 151 = 00012,
1 1
'g(l,u(l),/ kl(l,T)hl(T,u(T))dT,/ ]CQ(].,T)hQ(T,U(T))dT
1 0 1 o R .
21+1—05+102X3’/06 d7'+/oe dr| = 2.0213.
Hence,
: u(1) = G((1,u(1),u(N)) < 0.0012 — 0.0006 = X,.
S(l,u(l),fo ki (1, 7)hy (1, u(T))dT, fo ko (1, 7)ho (T, u(T))dr 2.0213

Therefore, hypothesis (H, 5) is satisfied.
1
Again in (B.4.0)), W(t,u(t),u(\t)) = 108 ——(cosu(t) + cosu(At)).
2
So, W(t, u(t), u(At))| < 155 = 0.002 = [|n[[¥(v).
Thus, hypothesis (Hg) is satisfied.

So from the above calculations we get,

2(|n|| v
Ls(1+ KLy, T + KLy, T) [22(0 + X+ %T‘f +2Lg = 0.0184 < 1.
q

As (3.4.1)) satisfies all the hypotheses, we can conclude from the Theorem that the
boundary value problem (3.4.1)) has a solution.
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