Chapter 6

Distance Laplacian spectrum and
energy of Commuting Conjugacy

Class graphs

In this chapter, we compute distance Laplacian spectrum and distance Laplacian energy

n

=y =1, yzy ' = 27Y), Qun =
2

of CCC-graphs of the groups Dy, = (z,y : =«

:L.2n 1

n=yt =127y =y,

, ytr = 27 Y), SDg, = (x,y : i =

(z,y : =1,2" = y*y~
2

Voan = (zyy 0 22 =9 =1, yx = 271y~

Ty = 1), Unm) = (r,y :
1

v = Lyay = 2>)

along with finite groups whose central quotient is isomorphic to
Zyp % 7y, (for any prime p) or Da,. As a consequence of our results, it follows that CCC-
graphs of the above mentioned groups are DL-integral. The computation of DL-energy
of CCC-graphs will also lead towards examining the equality in Problem 1.1.13 of for
CCC-graphs. This chapter is based on our paper [71] published in the proceeding of the
International Conference on Algebra and its Applications-2023.

6.1 DL-spectrum and DL-energy of CCC-graphs

We begin this section by considering CCC-graph of the dihedral group.
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Chapter 6. Distance Laplacian spectrum and energy of Commuting Conjugacy Class graphs

Theorem 6.1.1. Let Dy, (n > 3) be the dihedral group.

(a) Ifn is odd then

DL-spec(Tece(Da2y)) = {[O]l’ [n+2]", {n > 5} %3’ {n ; 3} 1}

2

§, when n =3
and EprL(Tece(D2n)) =
W—Q(f"g“l), when n > 5.

(b) Ifn and 5 are even then

DL-spec(I'cec(D2n)) = {[0]1’ [+ 4F%, [” 5 10] %4’ [n ) 6} 2}

2 2

2
%ﬁ;m, when 4 < n <20

and Epr,(Tece(D2n)) =

2n(n+2)+64
—ie > Whenn>24.

(c) If n is even and % is odd then

DL-spec(Pece(Day)) = {[0]1’ n+ 2% [n+ 4], {n J; 10} "7_47 [n —2i— 6} 2}

2
nT430n—48 = hen 6 < n < 22

n+6 )
and Epr,(Fece(Dan)) =
2
2(217-:_628)’ when n > 26.
Proof. We know that
1, when n is odd
‘Z(D2n)‘ =

2,  when n is even.

By Result 1.2.20 and (1.2.a), we have

K+ (Kn1 UKy), when n is odd
2
LCece(D2n) = Ko + (Kg—l U2K7), when n and § are even

K3+ (K21 UK3),  whennis even and 3 is odd.
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Chapter 6. Distance Laplacian spectrum and energy of Commuting Conjugacy Class graphs

(a) If n is odd then by Result 1.1.15, we get

Therefore, DL-spec(Tcec(Day)) = {[0}1, [n + 2]1, [”74‘5]%3, [”73]1}
Here |v(Teee(Dan))] 243 and tr(DL(Cecc(D2n)) = (n(n + 8) — 1).

Ap(Tece(Dan)) = "5t We have

n(n—i—S)—l‘:n(n—l—S)—l

Qg = ‘0 - AD(FCCC(DQW»))‘ = ’ T 2(n+3) 2(n+3) ’

n2+2n+13] n?2+2n+13
(n+2) - AD@m(Dzn))\ — ] —

Q9 =
2n+6 2n+6
n+5 8 8
= — Ap(Teee(D = =
a3 2 D (Fece( 2"”' ‘n—FS‘ n+3
and
1
5 henn =3
n+3 5—n 37 w
o= "5 = An(Cac(D2))| = |25 =
Z—jrg, when n > 5.
Hence, by (1.1.f), we get
n—3

EDL(Fccc(DZn)) =1Xa1+1xay+ Xaz+1Xay

3 when n =3

(n—1)(n+11)

3 ,  when n > 5.

(b) If n and % are even then by Result 1.1.15, we get

)

n—

1— -1 =l
ChDL(FCCC(DQn),:U):x<x+ 2n_2) (r—n—2) (ac—l—n2—n—2) )

Chpr,(Lece(Dan), z) = (x -2 (Z — 1) — 6>2 (x — g _ 5)2_2 (x _ g _

Therefore, DL-spec(Tcce(D2n)) = {[0]%, [n + 4], [519]"2", [259]2}.
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Chapter 6. Distance Laplacian spectrum and energy of Commuting Conjugacy Class graphs

Here [v(Tece(D2n))| = 3¢ and tr(DL(Tcee(D2n)) = +(n? + 18n + 16). Therefore,

AD(FCCC(DQn)) = % We have

n?+18n+ 16| n2+18n+ 16
By = |o - AD<FCCC<D2n))| _ ‘ _ ] _

2(n+ 6) 2(n+6)
n2+2n+32] n?+2n+32
= 4) — Ap(Lece(D2n))| = = )
B2 = |(n+4) = Ap(Tece(D2 ))‘ 2(n + 6) ‘ 2(n + 6)
22-n hen n <21
n+ 10 22 —n nt6 W =
= — Ap(Fece(D2n))| = =
o= |5 = Ap(Tae(Dan))| = |2
’;;262, when n > 22
and
n+6 10 — 3n 3n —10
= — Ap(Tecc(Daop))| = = , >4
54 ‘ 9 D( ccc( 2))‘ ‘n—|—6‘ nt6 as n =~
Hence, by (1.1.f), we get
n—4
EDL(FCCC(D2TL)) =1x ﬁl + 2 x ﬂQ + X ﬂ3 +2 X 54

2
%&)_247 when 4 < n < 20

2n(nd2) 464 pn > 24,
n+6 ’

(c) If n is even and § is odd then, by Result 1.1.15, we get

Chpr,(Tece(D2n), x) = (:z: -2 (g — 1) - 6) (z -2 (g — 1) 74) (;p — g _ 3)2
“(r-2(3-1)+3-7)
Therefore, DL-spec(Tcec(D2n)) = {[0]17 n+ 2], [n+ 4] [%10]"7—47 [L_FG]Q}-

’ 2
Here [v(Dece(D2n))| = 242 and tr(DL(Lece(D2y)) = 1(n?+18n+8). Therefore, Ap(Tece(Dan))

_ n’+18n+8
= W We have

-2

w3

n?+18n+8| n?+18n+8
Y1 = ‘O - AD(FCCC(DQTL))‘ = ‘ - ’ =

2(n +6) 2(n+6)
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Chapter 6. Distance Laplacian spectrum and energy of Commuting Conjugacy Class graphs

n? —2n+ 16 n? —2n + 16
= 2) — Ap(Tece(Dan = = )
2 = (042 = AnCue Do) | = |5 2 = T
n? +2n4+40| n?+2n+40
= 4)— A Fccc D n = = 3
o = |+ 0) = Ap(Ca( D)) | = | 2 = 2
26—n
n+ 10 2% — n e when n < 25
Y4 = _AD(FCCC(DQ'IL)) = n+6 =
’:;266, when n > 26
and
n+6 14 — 3n 3n—14
V5 = D) - AD(FCCC(DQTL))‘ = n+6 = nt6 ' asn > 6
Therefore, by (1.1.f), we get
n—4
EpL(Tece(D2n)) =1 x 71 +1x92 +1 X 93 + X Y442 X Y5

2
nA30Rd8 when 6 <n < 22

2(n?+428)
n+6 ?

when n > 26.

Hence the result follows.
Theorem 6.1.2. Let Q4y, (n > 2) be the dicyclic group.
(a) Ifn is even then
DL-spec(Tece(Qun)) = {[0]', [2(n + 2)12, [0+ 5], [n + 37}

2(n2+15n—6)

w3 whenn <10
and Epr,(Fece(Qan)) =
2
W%w, when n > 12.

(b) If n is odd then
DL-spec(Tece(Qan)) = {[0]', [2(n +2)]%, (20 + 1], [0+ 3)%, [n + 572}

2(n?+15n—12)

3 ,  whenn <11
and EDL(FCCC(Q4n)) = )
4(:;;7), when n > 13.

156



Chapter 6. Distance Laplacian spectrum and energy of Commuting Conjugacy Class graphs

Proof. We know that |Z(Qu4n)| = 2. Now, by Result 1.2.21 and (1.2.a), we have

Ky + (2K1 UK,,—1), when n is even

Fccc(Q4n) —
Ko+ (Kp—1 UKpy), when n is odd.

(a) If n is even then by Result 1.1.15, we get
Chpr, (Tece(Qun), ) = z(z — 2(n — 1) — 6)*(z — n — 5)" 2(x — n — 3)%

Therefore, DL-spec(Lece(Qan)) = {[0]}, [2(n + 2)]?, [n + 5]" 2, [n + 3]?}.
Here [v([ecc(Qan))l = n + 3 and tr(DL( ccc(Qan)) = n% + 9n + 4. Therefore,

AD(FCCC(Q4H)) - % We have

)

9 2
o = ’O—AD(FCCC(Q‘M))‘ - ‘ N n—+3 ’ B n+3

)

nQ—I—n—i—S‘_ n2+n+38

Qg = ‘Q(n—i- 2) — AD(FCCC(Q4n))’ = ‘ nt3 n+3

U=n  when n <10

11 —n n+3
ag = (n+5) - AD(FCCC(Q4N))‘ = ’ n-+3 -
’:;131, when n > 11
and
5—3n 3n—5
Qg = (n+3) (CCC(Q4n))‘:’n+3 :7’L+3’ asm 2 2

Hence, by (1.1.f), we get

EDL(FCCC(Q4n)) =1lXa1+2xXas+ (n — 2) X az+2 X ay

2 _
W, when n < 10
2
M%m, otherwise.
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Chapter 6. Distance Laplacian spectrum and energy of Commuting Conjugacy Class graphs

(b) If n is odd then by Result 1.1.15, we get

Chpr(Tecc(Qun), ) = x(x — 2(n — 1) — 6)(z — 2(n — 1) — 4)(x — n — 3)?
x(x—2(n—1)+n—7)""2

Therefore, DL'SpeC(FCCC(Q4n)) = {[0]17 [2(71 + 2)]17 [2(n + 1)]17 [n + 3]27 [TL + S]n_2}'

Here [v(Tecc(Qan))| = n + 3 and tr(DL(Teee(Qan))) = n? + 9n + 2. Therefore,

AD(FCCC(Q4H)) = % We have

I

n2—|—9n+2‘_n2+9n—|—2

By = ‘0 - AD(FCCC(Q%))‘ = ‘ n+3 n+3

9

n2+n+10‘_ n?+n+10

Bo = ‘2(n+2) —AD(FCCC(Q4R))‘ - n+3 n+3

9

2 2
Bgzz‘2<n+1>—AD<rm<Q4n>)‘: n "+4|=” ntd

n+3 n+3
7—3n n—17
Bui=|(n+3) = Bo(Tee@u)| = | -5 | = o] asnzs

and

13—n when n < 12

13 —n n+3

n+3

Bs :=

(n+5) - AD(FC@(QM»‘ - |

n—13 when n > 13.

n+3

Therefore, by (1.1.f), we get

Epn(Tece(Qan)) =1 X B1+1x Po+1XxP3+2x s+ (n—2) X fs

2(n?+15n—12)

T3 , whenn <11
- 2
4<Z+§7), when n > 13.

Hence the result follows.

O]

Theorem 6.1.3. The DL-spectrum and DL-energy of CCC-graph of the group Uy, ) (m >

3, n>2) are as given below.
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Chapter 6. Distance Laplacian spectrum and energy of Commuting Conjugacy Class graphs

(a) If m is odd then

DL-spec(Tecc(Uin,m))) =
{[0]1 [n(m +2)]', [n(m + 1) {n(m—i—5)] o {m(mwr}
; , ’ 2 ’ 2

and

m2n+m(4n2 +8n72) —4n2—n—6
m+3 )

when m =3,5&n > 2;

m=7&n=2,3,4;
EpL (FCCC(U(TL,m))):
m=9&n=2m=11&n =2

n(m2n72m(n72)+n+12)
m+3

, otherwise.

(b) If m and % are even then

DL—SpeC(FCCC (U(n,m) )) =

n(m—2)—2

{0 Inom -+ 7, g + 3200, [2 20T [M}}

2 2
and
m2n+2m(8n2+8n—+16)+4(—4n2+n—3)7 when m = 4,8&n > 2:
EpL(Lece(Ugnm))) = m=12&n =2
n m2n7 m{n— n
20 2 n§+62)+8( +3)), otherwise.
(c) If m is even and % is odd
DL-spec(Lecc(Un,m))) =
(m +10)7"F 1 [n(m +6)]2"
n(m n(m
{[011, a4+ 4)) (o + 22, |2 | } .
and
m2n+2m(8n2+8n;é)74(8n2+n+3)’ when m = 6,10&n > 2:
EpL(Lece(Upnmy)) = m=14&n =2
n m2n— m\n— n
2n( ! ”(L+61)+4( +6)), otherwise.
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Chapter 6. Distance Laplacian spectrum and energy of Commuting Conjugacy Class graphs

Proof. We know that

2n, when m is even

n, when m is odd.
By Result 1.2.22 and (1.2.a), we have
Kn+(KnUKn(mTq)), when m is odd

LCece(Unmy) = § Koy + (2K, U Kn(%,l)), when m and 7 are even
Koy, + (Kop U Kn(%_l)), when m is even and % is odd
(a) If m is odd then by Result 1.1.15, we get
ChpL(Tece(Unm))s ) = z(z — (m — 1)n — 3n)(z — (m — 1)n — 2n)" !
1 %(m—l)n—l 1 n
><<3:—2(m—1)n—3n) <$—2(m—1)n—2n) .
Therefore,

DL—SpeC(Fccc(U(n,m) )) =

{[0]1, n(m+ 2], ogom + 1), [ o [m(m*?’)” .

2

Here [0(Tcee (U gm)))| = §(m+3)n and tr(DL(Tece (U m))) = 4 {m?n + 10mn — 2m

+5n — 6}. Therefore, Ap(Lece(Um,m))) = m2”+102”(172jr§§”+5"_6. We have

m?n + 10mn — 2m + 5n — 6
ap = ‘0 - AD(FCCC(U(H,’ITL)))’ - ‘ - 2(m+ 3) ’

_ mZn + 10mn — 2m + 5n — 6
2(m+ 3)

(as m2n + 10mn — 2m + 5n — 6 > 0),

Q9 =

m2n+2m+7n+6‘_ m2n+2m+Tn+6
2m + 6 N 2m + 6

n(m + 2) — AD(FCCC(U(n,m)))’ =

(as m?n + 2m + Tn +6 > 0),

m?n —2mn +2m +n + 6
ag = ‘n(m + 1) — AD(FCCC(U(TL,m)))‘ = ‘

2m + 6
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Chapter 6. Distance Laplacian spectrum and energy of Commuting Conjugacy Class graphs

m2n —2mn +2m+n+6

2m + 6
(as m?n — 2mn + 2m +n + 6 > 0) and
1 —mn+m+5n+3
Qy = En(m—f— 5) — AD(FCCC(U(n,m)))‘ = ’ mt3 .

Let fi(m,n) = —mn+m+5n+3 = —3m(n —2) — gn(m — 10) + 3. Clearly, for m > 11
and n > 3, fi(m,n) < 0. Again

>0, when3<m<12
film,2) =13 —m

<0, when m > 13,
f1(37n):6+2n>07 f1(57n):87
>0, whenn=234

fi(7,n) =10 — 2n
<0, whenn>5

and
>0, whenn=2
fl(gan) =12—4n
<0, whenn > 3.
Therefore,
Smnmonts, when m =3,5&n >2; m="7&n=2,3,4
*(*m";f; +3)  Gtherwise.
Also,
] —2mn+m+2n+3
o5 = in(m + 3) — AD(FCCC(U(’IL,TR)))’ = ‘ m-+3 ’

Let fa(m,n) = —2mn+m+2n+ 3 = n(2 —m) + m(1 — n) + 3. Clearly, for m > 3,
fa(m,n) <0, as n > 2. Therefore,

—(—2mn+ m+ 2n+ 3)
m+ 3 '

oy =
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Chapter 6. Distance Laplacian spectrum and energy of Commuting Conjugacy Class graphs

Therefore, by (1.1.f), we get

nim-—1)—2
EpL(Fece(Upmmy)) =1 x a1 +1xaz+(n—1) x a3z + (2) X aq+n X as
m2n+m(4n2+8n—2)—4n2—n—6
m+3 ’

when m = 3,5&n > 2;
m=7&n=2,3,4, m=9&n =2;

m=11&n =2

n(m?n—2m(n—2)+n+12)

P , otherwise.

(b) If m and % are even then by Result 1.1.15, we get
m 2 m
ChpL(Cecc(Unym) ), ) = = (:r -2 (2 — 1) n— 6n> (:p -2 (2 — 1) n— 5n>

m (F-0-1 ) m on
O P P (I M

2(n—1)

Therefore,
DL-SpeC(FCCC (U(n,m) )) =

{[011, 4, oo -+ 3P0, [ 210 o et 9] } .

2

Here |v(FCCC(U(n7m))):%(m + 6)n and tr(DL(FCCC(U(n,m))):in {m?n + 20mn — 2m

+28n — 12}. Therefore, Ap(Lecc(Ugnm))) = m2"+207§&;ﬁ’6’3+28”712. We have

m2n + 20mn — 2m + 28n — 12
= - A FCCC n.m = | —
= 0= Al = 2(m +6) |

m2n + 20mn — 2m + 28n — 12
2(m +6) ’

since m2n 4+ 20mn — 2m + 28n — 12 > 0 as m > 3 and n > 2. We also have

m?n + 2m + 20n + 12
2m 412 ‘

m?n + 2m + 20n + 12
2m 4 12

P = ‘(m +4)n — AD(FCCC(U(n’m)))‘ =
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and

B3 =

m2n — 2mn + 2m + 8n + 12

‘ 2m 4 12 ‘

m2n — 2mn + 2m + 8n + 12
2m + 12

n(m+3) — AD(FCCC(U(n,m)»’ _

)

since m?n > 2mn, as m > 3, and so m?n — 2mn + 2m + 8n + 12 > 0. Again

By = ‘1n(m +10) — AD(FCCC(U(n,m)))‘ - ‘

2
Let g1(m,n) = —2mn +m + 16n + 6 = m(1 — n) + n(16 — m) + 6. Clearly, for m > 16,
g1(m,n) <0, as n > 2. Also, g1(4,n) =8n+ 10 >0, ¢1(8,n) = 14 > 0 and

—2mn+m+16n+6’
m + 6 '

>0, whenn=2
91(12,n) = 2(9 — 4n)

<0, whenn > 3.

Therefore,
%W, when m =4,8&n > 2;
By = m=12&n =2
— (%W) , otherwise.
Also,

—4dmn+m+4n+6
m+6 '

B 1= [yl +6) = Ap(CeceUum))| = |

Let g2(m,n) = —dmn+m+4n+6 = m(1 —n)+2n(2—m)+ (6 —mn). Clearly, for m > 4,
g2(m,n) < 0, as n > 2. Therefore,

s — (—4mn+m+4n+6)
> m+6 '

Hence, by (1.1.f), we get

n(m—2)—2
EDL(FCCC(U(n,m))) =1x/+2x 6+ 2(n - 1) X 3 + <2) X B4+ 2n X f35
mintdm (S iU A(AP 40 3) - hen = 4,8&n > 2;
= m=12&n =2
2p— —
2n(m n—2m(n 2)+8(n+3)) otherwise.

m+6 ’
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Chapter 6. Distance Laplacian spectrum and energy of Commuting Conjugacy Class graphs

(c) If m is even and 7 is odd then by Result 1.1.15, we get

2n—1
Chpr(Lecc(Unym) ), ¥) = @ (ZL‘ -2 (7; — 1) n— 6n> (a: -2 (ZL - 1) n— 4n>

m (B-1)n—1 m 2n
oy P A P O PR

DL—SpeC(Fccc (U(n,m) )) =

Therefore,

n(m—2)

n(m;— 10)] 2

{[0}1, [n(m + ), [n(m + 2)]2°L, [

Here ’U(FCCC(U(n,m)))‘ = %(m + 6)” and tr(DL(Fccc(U(n,m))) = in <m2n + 20mn—

2m 4 20n — 12). Therefore, Ap(Tece(Ugn,m))) = m2”+20"2‘&;ig+20”_12. We have

m2n + 20mn — 2m + 20n — 12
Bi = ‘0 - AD(Fccc(U(n,m)))‘ = ’ - ’

2(m +6)
m2n + 20mn — 2m + 20n — 12
2(m + 6) ’

as m2n + 20mn — 2m + 20n — 12 > 0. We also have

2
. m?n + 2m + 28n + 12
Bl = ’n(m +4) — AD(Fccc<U(n,M)))‘ - 2m + 12

m2n + 2m + 28n + 12

2m 4 12 ’

m?n — dmn + 2m + 4n + 12
2m + 12 ’

‘an—4mn+2m+4n+12‘

as for m > 6, m?n — 4mn + 2m + 4n + 12 = mn(m — 4) + 4n + 2m + 12 > 0. Again,

n(m + 10)
2

im|

—2mn +m +20n + 6
- AD@m(U(n,m)))] - \ \

m—+ 6

Let hi(m,n) := —2mn +m + 20n + 6 = n(20 — m) — m(n — 1) + 6. Clearly for m > 20,
hi(m,n) < 0. Again h1(6,n) = 8n + 12, h1(10,n) = 16, h1(14,n) =20 —8n =4 or < 0
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Chapter 6. Distance Laplacian spectrum and energy of Commuting Conjugacy Class graphs

according as n =2 or n > 3 and h;(18,n) =24 — 16n < 0. Hence

=2mndmA20nib - when m =6,10&n > 2;m = 14&n =2
By =
*%%W’ otherwise.
Also, we have
n(m + 6) —4Amn+m+8n+6 —4dmn +m+8n +6
/Bé = T — AD(FCCC(U(n,m)))’ = ‘ m—+6 ‘ - m—+ 6 ’

as for m > 6, —4mn +m+ 8n+ 6 = n(8 —3m) + m(1 —n) + 6 < 0. Therefore, by (1.1.f),
we get

-2
EDL(FCCC(U(n,m))) =1x /31 +1x 5; + <2n - 1) X /B:IS + (71(7712) - 1) X 54/1 +2n x 5?)
m2n+2m(8n2+8n—1)—4<8n2+n+3)

e , whenm=26,10&n > 2;

2n (an—4m(n—1)+4(n+6))

P , otherwise.

Hence the result follows. O

Theorem 6.1.4. The DL-spectrum and DL-energy of CCC-graph of the group Vg, (n > 2)

are as given below.
(a) If n is even then

DL-spec(Tece (Vi) = {[0]",[2n + 101775, [2n + 6], [4(n + 2)]2, [4n + 6]}

2 _
%ﬁg“, when 2 <n <6

and EDL (Fccc (VSH)) =

e when n > 8.

(b) If n is odd then
DL-spec(Tece (Van)) = {[0]%, [2n 4 5]*" 72, [2n + 3], [4(n + 1)]?}

4(2n2415n-3)

T ong3 Wh€n3§n§5

and Epr,(Tece(Van)) =
822 4nt4)

T when n > 7.
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Chapter 6. Distance Laplacian spectrum and energy of Commuting Conjugacy Class graphs

Proof. We know that

4, when n is even

1Z(Ven)| =
2, when n is odd.

Now, by Result 1.2.24 and (1.2.a), we have

K4+ (2K2U Ko9,—2), when n is even
Fccc(‘/én) =
Ko + (2K1 U Kgnfl), when n is odd.

(a) If n is even then by Result 1.1.15, we get
Chpr, (Tece (Van), ) = z(x — 2n — 10)?"73(z — 2n — 6)*(z — 2(2n — 2) — 12)?
x (x —2(2n —2) — 10)2

Therefore, DL-spec(Tcec(Van)) = {[0]}, [2n + 1012773, [2n + 6]4, [4(n + 2)]2, [4n + 6]?}.
Here |v(Teee(Van))| = 2(n + 3) and tr(DL(Iece(Van))) = 4n? + 38n + 22. Therefore,

AD(FCCC(‘/S’IL)) = Wﬁ% We have

N2 +19n + 11 2n? +19n + 11
a1 = ‘0 - AD(FCCC(‘/SH))‘ = ‘ - ’ =

n+3 n+3 ?
19-3
I “or3, when2<n<6
az = |(2n +10) = Ap(Teee(Van))| = |5 =57 | =
3Z;§9, otherwise,
T—Tn| -7
g = ‘(271—{—6) —AD(FCCC(Vsn))‘ = ’ nt3l - nts ¥nZ

2n? +n+13| 2n’>+n+13
Qa4 = ‘4(71, + 2) - AD(FCCC(‘/STL))’ = ‘ ’ =

n+3 n+3

and

as n > 2.

m2—n+7 m2—n+7
Qg = ’(4n—|—6) — AD(FCCC(Vgn))‘ = ‘ =

n+3 n—+3 ’
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Hence, by (1.1.f), we get
EppL(Teecc(Van)) =1x a1+ (2n—3) x ae +4 X az + 2 X as

2 _
i3l when2<n<6

16(n%+5)
n+3

otherwise.

(b) If n is odd then by Result 1.1.15, we get
Chpr (Tece (Ven), ) = 2(x — 2n — 5)*"%(x — 2n — 3)*(z — 2(2n — 1) — 6)%.

Therefore, DL-spec(ece(Vsn)) = {[0]1, [2n + 5]2"=2), [2n + 3]2, [4(n + 1)]2}.
Here [v(Tecc(Van))| = 2n + 3 and tr(DL(TCeee(Vin))) = 4n? + 18n + 4. Therefore,

AD(FCCC(VSn)) = M We have

2n+3
An? + 18n + 4 An? + 18n + 4
51 ‘ D( ccc( Sn))‘ ‘ 3 > ’
11 —2n 1217;2;?, when 2 <n <5
By = ’(Qn +5) — AD(PCCC(VBn))‘ — ‘ s ’ _
227:;131, otherwise,

5—6n _5—6n
n+3 2n+3’

as n > 2,

B3 1= ’(Qn +3)— AD(FCCC(Vgn))‘ -

and
2(2n*+n+4)| 220 +n+4)
= [4(n 4 1) — Ap(Tece(Vin))| = —
P ’("+) ( (VS))‘ ‘ 2n +3 ‘ 2n +3

Hence, by (1.1.f), we get
EpL(Tece(Van)) =1 x B1+ (2n —2) x B2 +2 x B3+ 2 x B4
2 _
4w Hn=3)  hen 2 <n <5

8(2n2+n+4)

T on+3 otherwise.

Hence the result follows.
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Theorem 6.1.5. The DL-spectrum and DL-energy of CCC-graph of the group SDsg, (n >

2) are as given below.
(a) If n is even then
DL-spec(Tece(SDsn)) = {[0]', [2n + 512", [2n + 312, [4(n + 1)]?}

4(2n2415n—3)

T on¥3 ’U}hGTLQSnSé‘:

and EDL(FCCC(SDSR)) =
8(2n%+n+4)

243 when n Z 6.

(b) If n is odd then
DL-spec(Tece(SDsn)) = {[0]', [2n + 6], [4(n + 2)]', [4(n + 1)]?, [2(n + 5)]*" 7%}

2 _
%, when 3 <n <7

and Epr,(Tece(SDsy)) =
16(n?—n+4)

T hF3 when n Z 9.

Proof. We know that

2,  when n is even
|Z(SDgn)| =

4 when n is odd.

)

Now, by Result 1.2.25 and (1.2.a), we have

Ko+ (2K; U Ko,—1), when n is even
FCCC(SD8TL) =
Ky + (Kop—o U Ky), when n is odd.

(a) If n is even then by Result 1.1.15, we get
Chpr,(Pece(SDgy), ) = z(x — 2n — 5)"2(z — 2n — 3)*(z — 2(2n — 1) — 6)2.

Therefore, DL-spec(Iece(SDsy)) = {[0]}, [2n + 5]2"72, [2n + 3]%, [4(n + 1))?} .
Here |v(T'¢cc(SDsy))| = 2n + 3 and tr(DL( ccc(SDsp))) = 4n? + 18n + 4. Therefore,
Ap(Teee(SDgy)) = w We have

4n2 + 18n + 4 _4n2+18n+4
2n+3 2 +3

)

ap =0 — AD(FCCC(SDSH))’ - ‘ -
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11-2n
hen2<n <5
11 —2n 2n+3° w - -
B ’(Qn +8)- AD(FC“(SDS”))‘ - ’ 2 +3 ‘ B

2n—11 ‘e
943 Otherwise,

5 —6n _5—6n

_ _ — - >
‘(2n+3) AD(FCCC(SDgn))’ ‘2n+3 3 N2 2,

and
_2(2n*+n+4)
N 2n+3 '

2(2n% +n +4)
‘= [4(n+1) — Ap(Tece(SDgn))| =
= [1(n+ 1) = An(Tee(SD)| = |22 L0

Hence, by (1.1.f), we get
EDL(FCCC(SDgn)) =1xa+ (2n — 2) Xay+2Xaz3+2Xay

4(2n2+15n—3
(HT-%”)’ when 2 <n <5

8(2n2 +n+4)

T on¥3 otherwise.

(b) If n is odd then by Result 1.1.15, we get

Chpy, (Teee(SDsgyn), ) = z(x — 2n — 6)*(z — 2(2n — 2) — 12)(z — 2(2n — 2) — 8)3
X (x + 2n — 2(2n — 2) — 14)*73,

Therefore, DL-spec(Tcce(SDsy)) = {011, [2n + 6]%, [4(n + 2)]%, [4(n + 1)]3, [2(n + 5)]2" 3} .
Here [v(Tece(SDgy))| = 2(n 4+ 3) and tr(DL(Teee(SDsy))) = 4n? + 38n + 14. Therefore,

Ap(Tece(SDsyp)) = % We have

2n2+19n+7‘_ 2n% +19n + 7

= - A Lece(SDsy = ,
=0 BniTastspuny | = | - #0 o

11 —"7"n n—11
1)) ’( n+ 6) D(Lecc(S 871))‘ s 3 as n > 2,
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)

on24+n+17 on2+n+17
B3 = ‘4(71"‘ 2) - AD(FCCC(SD8H))‘ = ‘ ' =

n-+3 n+3

on?—3n+5 2n?2—3n+5
By = ’4(’” + 1) - AD(FCCC(S‘DSTL))‘ = ’ ‘ =

n—+3 n—+3

and

23=3n when 3<n <7

23 — 3n nt30
Bs = ‘2(71 +5) — AD(FCCC(SD8TL))‘ = ’ n+3 |
32 ;33, otherwise.

Therefore, by (1.1.f), we get

EDL(FCCC(SDSTL)) =1x ﬁl +4 x /82+1 X ,83+3 X B4+(2n73) X ﬁ5

2 _
%, when 3<n<7

16(n2—n+4)

73— otherwise.

Hence the result follows. O

Theorem 6.1.6. Let G be a finite non-abelian group with center Z(G) and |Z(G)| = z. If
% = Zyp X Ly, where p is prime and |Z(G)| > 2 then the DL-spectrum and DL-energy of

CCC-graph of the group G are as given below.
DL-spec(Tecc(G)) = {[0]1, [z +2n(p+ V)P, [2n(1 + p) + 2z — 0] DEFD [n(p+1) + z]z}

2(p*z(z+2)—p3(2241)—p3(22432+1 2241) 42
and Epp(Teee(@)) = 20222 +p)(p2p+£71+) 1)+p(:+1)+2)

Proof. By Result 1.2.17 and (1.2.a), we have
- 1)z
Feee(G) = K, + (p+ 1)K, where n = (pp)
Therefore, by Result 1.1.15, we get

ChpL(Teee(G),x) = z(z —2n(p+1) — 2)P(x —2n(p+ 1) + n — Z)("*l)(PH)
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X(x—np+1)—=2)°

and s0 DL-spec(Tece(G)) = {[0]", [+2n(p+1)]?, [2n(1+p) —n-+2] =D, [n(p1)+2]°).
4 3(2—1)—p2 (22 s >
Here |v(Teee(G))| = @%r%ﬂz and tr(DL(Tece(Q))) = 2(2p"24p® (z=1)—p? (22+1) —pa+p+ )'

p2
4 3. _ 3 2, 2 _
Therefore, Ap(Tece(G)) = 2p"ztpTz g(p,ffpil)p PZHPY2  We have

2tz +pdz—pP —2p%2 —p? —prt+p+2z
p(P*+p—1)
2tz piz—pP —2p*2—p* —prt+p+z
B p(p2+p—1)

a1 := [0 - AD(FCCC(G))‘ _ ’

i

since 2ptz+pPz —p— 2%z —p? —pz+p+z = 3p° (p2 = §)+3 (0° - §) 4+ 30* (%2 - 3) +
(p—2)p*z+p+2>0,asp>2.

We also have

20324+ p3 —p?z 4+ p? —2pz—p+ 2

2 = |(2n(p + 1) + 2) - Ap(Lee(G) =

p(@*+p-1)
3 3_ .2 2 _ _
_ 2pPz4p?—pz4+pT—2pz—p+z
p(P*+p—1) ’

since 2p3z +p* —p*z+p* —2pz—p+z=p + (p—1)p*2+ (p* = 2)pz+ (p— V)p+2 > 0,
as p > 2. Further,

p2z+p2—pz—|—p—1‘

a3 = ’(2n(p—|— 1) —n+ Z) — AD(FCCC(G))’ = p2 +p—1

_p2z+p2—pz+p—1
pPPt+p—1

(as p’z+p> —pz+p—1>0)

and

o —p32+p2z+p2+pz+p—z—1’
4 = .

pPPt+p—1

(n(p+1) +2) - AD(FCCC(G))‘ = ‘

Let f(p,2) = —pPz+p?2+p?+prtp—2—1= —%pz(pz—4)—%(p—4)p2z—i (p? —4) pz—
10 (p*z —4) — z — 1. Clearly, for p > 4, f(p,z) < 0. Again

f(2,2)=5-32<0, as z > 2.

and f(3,z) = 11 — 16z < 0. Therefore,

—pPz+pPz+p’+pr+p—z—1
ay = — 5 .
p*+p-1
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Now, by (1.1.f), we get

EpL(Tece(G)) =1 xa1+pxas+(n—1)(p+1) xag+ 2z X ay
2(p'2(2+2) - (P + 1) —p? (P +32+ 1) +p (> +1) +2)
p(P*+p—1)

Hence the result follows. O

Corollary 6.1.7. If G is a non-abelian p-group of order p" and |Z(G)| = p™~2, where p is
a prime and n > 3 then the DL-spectrum and DL-energy of CCC-graph of G are as given
below.
DL-spec(Tece(G)) =
{101, [pr 3 (2p? = 1) P00 prS(2p? 4 p — ), B 4 p— P
and

2 (an 4 pn+1 _ 3pn+3 + 2pn+5 _ p2n+1 _ p2n+2 + p2n+3 _ p6 _ p5 + p4)
p*(p*+p-1)

EDL (Fccc (G)) =

Proof. Here, % & Zyp X Zyp. Hence, by Theorem we get the required result. O

Theorem 6.1.8. Let G be a finite non-abelian group with center |Z(G)| = z such that
% = Do, (n > 3). Then the DL-spectrum and DL-energy of CCC-graph of G are as

given below.

(a) Ifn is even then

DL-spec(Tcec(G)) = {[O]l, [(n 4 2)2])%, {

2 2
and
n2z+4nz2+87:Lir—32n—2z2+z—67 whenn =4&z > 2;
EpL(Teee(G)) = n=6&2<2<4 n=810&2=2

n?z2 7n22+4nz+222+12z

e , otherwise.
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(b) Ifn is odd then

(n-1)s 4 ;
2
DL-spec(Leec(G)) = {[O]l, [(n +2)2]%, [(1 + n)2]* Y, [(7125)1 7 [(n 23)1 }
and
13*67 whenn=3&z=1
nlztingasne—dn—Az"=2-6  yhen z = 1&n > 5 2 =2&n < 12;
Epr(Teee(&)) = n=3&2>2 n=>5&z>1;

n=7&2<4;, n=9&2=1,2

z(nzz—Qn(z—2)+z+12)

P— , otherwise.

Proof. By Result 1.2.19 and (1.2.a), we have

K:+ (2K: UK v-), whenniseven

2

I‘ccc<G) ==
K, + (Kn-n: UK,), when n is odd.
2

(a) If n is even then by Result 1.1.15, we get

Chpr,(Tece(G), z) = z(z — (n — 1)z — 32)? (a; —(n—1)z—-—

1 %(n—l)z—l 1 z
x(w—2(n—1)z—3z> (:U—2(n—1)z—2z> .

Therefore,

(n—1)z 1

9] [l 5] 5 [M]}

DL—spec(FCCC(G))Z{ 01", [(n +2)z], [ 2 2 2

Here [0(Teee(G))| = 2(n + 3)z and tr(DL(Pece(G)) = 12 (n?2 + 10nz — 2n + 72 — 6).

Therefore, Ap(I'cec(G)) ”2”102’%21%?*7276. We have

n22+10n22n+726‘_ n2z+4+10nz —2n+ 72— 6

a1 = ’0 - AD(FCCC(G))’ = ‘ o 2n + 6 2n+6
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(as n?z + 10nz — 2n + 7z — 6 > 0),

Qg 1= y

n2z+2n+5z+6’n2z+2n+5z+6
2n + 6 N 2n + 6

(TL =+ Q)Z - AD(FCCC(G))‘ =

1 n*z—nz+2n+2z+6
g = ‘(27}—'— 3)Z - AD(FCCC(G))‘ = ’

2 2n+6
_ n2z—nz+2n+22+6
- 2n+ 6
(as n?z —nz +2n+ 22 +6 > 0) and
1 —nz+n-+4z+3
= [0+ 5)2 = Ap(Tee(6))| = | TS

Let fi(n,z) = —nz+n+4z+3 = —3(nz—9) — in(z—3) — 1 (n— 12)z. Clearly, for n > 12
and z > 3, fi(n,z) < 0. We have,

>0, whenn <10
fin,2)=11—-n

<0, otherwise.

Also, fi1(4,z) =7>0,

>0, when2<z<4
f1(6,2) =9 —2z

< 0, otherwise,

>0, when z=2
f1(8,2) =11 — 4z

<0, otherwise

and
>0, when z=2
£1(10,2) = 13 — 62
< 0, otherwise.
Therefore,
%ﬁ“”?’, whenn=4&2>2;, n=6&2< 2 <4;
a4 = n=28,10&z=2

_ [ =nmz4n+42+3 :
( e ), otherwise.
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Also

N ‘1(11 +3)2 — Ap(Tece(@))

‘_‘—2nz+n+z+3’
5 = .

n+3

Let fo(n,z) = —2nz4+n+2+4+3=—-n(z—1)—z(n—1)+3. Clearly, for n > 4, fa(n,z) <0.

Therefore,

(—2n2+n—|—z+3>
as = — .
b n+3

Hence, by (1.1.f), we get
1
Epp(Teec(G)) =1 X a1 +2 X% ag + (2 — 2) xa3+(§(n—1)z—1) X g+ 2 X as

2 2 9952 _
n“z4+4nz +877llj-32n 2z°+z 67 Whenn:4&222;

= n=6&2<z<4;, n=810&z=2

n?z2—nz?+4nz+222+122
n+3

, otherwise.

(b) If n is odd then by Result 1.1.15, we get
Chpr,(Teee(G), ) = 2(x — (n — 1)z — 32)(x — (n — 1)z — 22)* !
1 %(n—l)z—l 1 z
x(m—Q(n—l)z—?)z) (m—Q(n—l)z—Zz) .

Therefore,

(n—1)z _1

0%, [+ 2)2]", [(1 4+ n)2)" ", [(”“’)] C [M}} |

DL-SpeC(Fccc(G)) = 2 2

——

Here |0(Teee(G))| = 2(n + 3)z and tr(DL(Teee(@))) = 12 (n?2 + 10nz — 2n + 52 — 6).

Therefore, Ap(Tece(G)) = ”23"'102”(21%?4'52_6. We have

_n22+10nz—2n+5z—6’_n2z—|—10nz—2n—|—5z—6

By = ‘O—AD(FCCC(G))‘ :‘ 2(n + 3) 2(n+3)

(as n?z + 10nz — 2n + 5z — 6 > 0),

n2z+2n+7z+6‘_ n2z+2n+7z+6

By = ‘(n—k 2)z — AD(FCCC(G))‘ = ’ oM+ 6 2n + 6

)
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n2z—2nz+2n+z—|—6‘ _n2z—2nz+2n—|—z—i—6

ﬂy:hn+D2—ADa@4Gw:{ o 1 6 o2n + 6

(as n?z — 2nz +2n + 2z +6 > 0) and

1 —nz+n-+5z+3
B, = ‘2(n+5)z—AD(FCCC(G))‘ :’ ’

n+3
Let gi(n,z) = —nz+n+5z+3 = —3n(z — 2) — 3(n — 10)z + 3. Clearly, for n > 10 and
z >3, g1(n,z) <0. Also, gi(n,1) =8 >0,

>0, when3<n<12
g1(n,2) =13 —n

<0, otherwise,
91(3,2) =6+22>0, g1(5,2) =8>0,
>0, whenl<gz<4

91(7,2) =10 — 2z
<0, otherwise

and
>0, whenz=1,2
91(9,2) =12 — 4z
< 0, otherwise.
Therefore,
%EE’ZJF?’, when z=1&n>3; 2=2&n <12; n=3,5& 2z > 1;
Ba = n=7&z<4; n=9&z=1,2
— (%?ZH) , otherwise.
Further,

1 —2nz+n+2z4+3
b5 := ‘2(n+ 3)z — AD(FCCC(G))‘ = ‘ i .

Let ga(n,z) = —2nz+n+2z+3 = —(n(z — 1)) — z(n — 2)z + 3. Clearly, for n > 3 and
z>2, g2(n, z) < 0. Also

=2>0, whenn=3
gZ(”v 1) =5—-n
<0, otherwise.
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So

—2nz4+n+2z+3 1 _ _
—EREPEEES = 4, whenn =3&z=1

Bs =

_ ( —2nz4n+2243

3 ) , otherwise.

Therefore, by (1.1.f), we get

1
EpL(Teee(G)) =1 x B1+1 x o+ (2 —1) xﬂ3+(§(n—1)z—1) X By + 2 X B
136, whenn=3&z=1

2 2 _ _Ax2
nztdns +82132" 427226 when z =1&n>3; z2=2&n < 12;

n=3&z>1;n=5&z2>1; n=7&2<4;

n=9&z=1,2

z(n22—2n(z—2)+z+12)

T3 , otherwise.

Hence the result follows. O
We conclude this chapter with the following consequence of Theorem [6.1.1H6.1.8|
Theorem 6.1.9. Let T'cec(G) be the CCC-graph of a finite non-abelian group G.
(a) If G is isomorphic to Dam, Qan, Ugnm)s Van or SDsy then Teec(G) is DL-integral.

(b) If % = Zp X Ly or Dop, then T'cee(G) is DL-integral.
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