Chapter 2

Common neighborhood energies
and their relations with Zagreb

index

We have seen that various spectra and energies of a graph based on its adjacency ma-
trix and distance matrix have been studied extensively. However, common neighborhood
spectrum and energy of a graph defined by using the common neighborhood matrix are
relatively new concept and not much explored. The (signless) Laplacian spectrum and en-
ergy of a graph based on its common neighborhood matrix is not defined yet. In this chap-
ter, we introduce the concepts of common neighborhood Laplacian spectrum, common
neighborhood signless Laplacian spectrum and their corresponding energies of a graph I'.
We also introduce the concepts of CNL-hyperenergetic and CNSL-hyperenergetic graphs
analogous to the concepts of L-hyperenergetic and Q-hyperenergetic graphs respectively.
In Section we shall establish relations between these energies and the first Zagreb
index of a graph. In Section we shall compute common neighborhood Laplacian
spectrum, common neighborhood signless Laplacian spectrum and their corresponding
energies of any finite complete graph and complete bipartite graph. Among other results

we shall show that any finite complete bipartite graph is neither CNL-hyperenergetic nor
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Chapter 2. Common neighborhood energies and their relations with Zagreb index

CNSL-hyperenergetic. In Section we shall obtain certain relations between various
energies of a graph. Finally, in Section we conclude this chapter with several bounds
for common neighborhood Laplacian and signless Laplacian energies of a graph. This
chapter is based on our paper [81] accepted for publication in Bulletin Mathematique de la

Société des Sciences Mathématiques de Roumanie.

2.1 Definition and connection with Zagreb index

Let I" be any graph. First we observe that the (7, j)-th entry of D(I) is given by

o(D)
S A(D)ig, ifi=jandi=1,2 .. [o(D)|

0, ifi # .
where A(T); ;. is the (i, k)-th entry of A(I'). Thus D(I") is a diagonal matrix whose di-
agonal entries are the corresponding row sums of the adjacency matrix of I'. Similarly,

we define common neighborhood row sum matrix (abbreviated as CNRS-matrix) of I" as

given below:

N ON()e, i = jandi= 1,2, [o(T)
CNRS(I');; = ¢ *=!
0, ifi# j,
where CNRS(T") is the CNRS-matrix of I' and CNRS(I"); ; is the (4, j)-th entry of CNRS(T").
The common neighborhood Laplacian matrix and the common neighborhood signless
Laplacian matrix (abbreviated as CNL-matrix and CNSL-matrix) of I, denoted by CNL(I")
and CNSL(T'), respectively, are defined as

CNL(I) := CNRS(I') — CN(I') and CNSL(T') := CNRS(T") + CN(I).

Note that the matrices CNL(I") and CNSL(I") are symmetric and positive semidefinite.
The set of eigenvalues of CNL(I') and CNSL(I") with multiplicities are called common
neighborhood Laplacian spectrum and common neighborhood signless Laplacian spec-

trum (abbreviated as CN-Laplacian spectrum and CN-signless Laplacian spectrum) of
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I, respectively. We write CNL-spec(I") and CNSL-spec(I") to denote CN-Laplacian spec-
trum and CN-signless Laplacian spectrum of T, respectively. By writing CNL-spec(I") =

{[1]?, [we]b2, ..., [v]?} and CNSL-spec(T') = {[o1]*, [02],. .., [om]°"} we mean that
V1, Va,..., vp are the distinct eigenvalues of CNL(I") with corresponding multiplicities
bi, by, ..., bpand o1, 09, ..., op, are the distinct eigenvalues of CNSL(I") with correspond-

ing multiplicities c¢1, ¢, ..., ¢ ' is called CNL-integral and CNSL-integral if
CNL-spec(I') and CNSL-spec(I') contain only integers respectively. Corresponding to CN-
Laplacian spectrum and CN-signless Laplacian spectrum of I' we define common neigh-
borhood Laplacian energy and common neighborhood signless Laplacian energy (abbre-
viated as CNL-energy and CNSL-energy) of I'. The CNL-energy and CNSL-energy of I',
denoted by LEcn(T) and LE{(T), are as defined below:

LEon(D) = 3 _ “((ﬁfg(m (2.1.a)
v€CNL-spec(T")
and
LEG (M) = Y o- W . (2.1.0)

o€CNSL-spec(T)
This appends two new entries in the list of energies prepared by Gutman and Furtula [59].
Following the concepts of various hyperenergetic graphs [104, 55, 4, 48], we introduce the
concepts of CNL-hyperenergetic and CNSL-hyperenergetic graphs. A graph I' is called
CNL-hyperenergetic and CNSL-hyperenergetic if

LEcN(T) > LEcn (K ry|) and LE (D) > LEJC’N(K‘U(FN),

respectively. Also we call I is CNL-borderenergetic and CNSL-borderenergetic if LEcn (T")
= LEcN(K|y(r)) and LE{(T') = LE{ (K|, ry|) respectively. The following lemma is use-
ful in computing CN-Laplacian spectrum and CN-signless Laplacian spectrum of a graph

having disconnected components.

Lemma 2.1.1. IfI'=T7UlyU--- ULy, then
CNL-spec(I') = CNL-spec(I'1) U CNL-spec(I'2) U - - - U CNL-spec(I'y)
and

CNSL-spec(I') = CNSL-spec(I'y) U CNSL-spec(I'y) U - - - U CNSL-spec(T'x)
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counting multiplicities.

Now the following lemma and Result 1.1.16 are useful in deriving relations between

CN-Laplacian energy, CN-signless Laplacian energy and first Zagreb index.

Lemma 2.1.2. Let T' be a graph with |e(T")| edges and the first Zagreb index My (T'). Then
tr(CNRS(T")) = M;(T") — 2]e(T)].

Proof. From the definition with Lemma 1.1.16 and (1.1.7), we obtain

[o(I)]
tr(CNRS(T')) = Y CNRS(I');;

=1
[o(D)]  [o(D)]

- > INe(vi) N N (v))]
=1 j=1,j5#1
[o(T)]|

= Z [deg(vi)mr(vi)—deg(%‘)}
=1

= M (T) — 2[e(T)].
This completes the result. ]

We conclude this section with the following relations between LEcn(T'), LE((T') and

M; (T") which can be obtained from ([2.1.d), (2.1.4) and Lemma

Theorem 2.1.3. Let I" be a graph with the first Zagreb index Mi(I"). Then

M,y (T) = 2|e(T)]
LEon(T) = v—
o I/ECNLZS:peC(F) |U(F)|
and o
Bam = Y| MO 2en)

o€CNSL-spec(T")
2.2 CN-(signless) Laplacian spectrum and CN-(signless)
Laplacian energy

In this section we compute CN-(signless) Laplacian spectrum and CN-(signless) Laplacian

energy of some classes of graphs and discuss their properties.
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Example 2.2.1. For n = 1, it is clear that CNL-spec(K;) = {[0]'}, CNSL-spec(K;) =
{[0]'} and so LEcn (K1) = 0, LE& (K1) = 0. Therefore, we consider n > 2. We have

CN(K,) = (n—2)A(K,) and CNRS(K,)=diag[(n—1)(n—2),..., (n—1)(n —2)],
so CNL(K,) = (n — 2)L(K,) and CNSL(K,) = (n — 2)Q(K,). Also, L-spec(K,) =
{[0]*, [n]"~'} and Q-spec(K,,) = {[Q(n - DY [n— 2]”_1}. Therefore, CNL-spec(K,,) =

{[0]1, [n(n — 2)]n—1} and CNSL-spec(K,,) = {[2(n —(n-2)4[(n - 2)2]n—1}. We have
tr(CNRS(K,,)) =n(n —1)(n —2) and so (ONRS(Kn)) — (n —1)(n — 2). Therefore,

Bea
‘o - tr(?f(isn(f”))‘ —(h—1)(n—2),
%mqu‘ —n(n—2)— (n—1)(n—2) = (n—2),
and
‘Q(n— 1)(n—2)— W‘ — (= 1)(n—2),
022 = HEEEEE = 2 = 0 - -2 = = (-2 = -2

Hence, by and , we obtain
LEcn(Kp)=(n—1)(n—=2)+(n—1)(n —2) =2(n—1)(n — 2)
and
LENKy) =(n—1)(n—2)4+ (n—1)(n—2)=2(n—1)(n — 2).

Thus
LEcN(K») = LEgG(K,) = 2(n — 1)(n — 2). (2.2.a)

By Result 1.1.21, it follows that if 'y and 'y are two disconnected component of I’
then Ecn(I') = Ecn(I'1) + Ecn(T'2). However, LEcn (') # LEen(I'1) + LEcen(T'2) and
LE(\(T) # LE&\(T1) + LE&\(T2), if T =Ty UTs. For ezample, if I' = K4 U Kg then by
Lemma [2:1.1) with the above result, it follows that

CNL-spec(T') = {[0]2,[8]3,[24]5} and CNSL-spec(T) = {[4]3,[12]1,[16]5,[40]1}.
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We have

tr(CNRS(T)) _ tr(CNRS(Ky)) + tr(CNRS(Kg)) 24 +120 144
@ 10 T 10 10

Therefore, by (2.1.d) and (2.1.0), we obtain

144 144 144
144 64 96
—2X —— £ 3X —+5x — =96
“T0 TP T 0 ™

but LEcn(Ky) + LEoN(Ks) = 12 4+ 40 = 52, and
144

144 144 144
LEL.T)=3x[4— —|+1x[12— ——|+5x |16 — —|+1x |40 — —
on(T) X‘ 0" X‘ 10‘+ X’ 10'+ X‘ 10

5, 104 24 80 256 _ 672
- 10 10 10 10 10’

but LESy (K4) + LE(y (Ks) = 12 + 40 = 52.
Now by using Lemma and Example we have the following theorem.

Theorem 2.2.2. Let I' = [1 Ky, U lbK,y, U 3Ky, where [;K,,, denotes the union of l;
copies of the complete graphs K,,, on m; vertices for i =1,2,3. Then
CNL-spec(T") = {[O]ll+l2+l3, [my (my — 2)]mi=1),
[ma(ms — 2)]2(m2=1), [mg(my — 2)]la(ms=D 1 and
CNSLespec(r) = {201 — 1)(m1 — 2)J", [(m1 — 2200, 2my — 1)z — 2]
[(ma = 2210770, [2(mg — 1) (ms — 2, [(m5 — 2?]'sms D}

Example 2.2.3. We now compute CN-(signless) Laplacian spectrum and CN-(signless)
Laplacian energy of the complete bipartite graph K, , on (m + n)-vertices. For this, let
V(Kmn) = {01, V2, .., Um, Umt1s Umt2,-- -5 Umin}  and {v1,v2,...,0m}, {Um+1, Um+2,
ey Umin} be two partitions of v(Ky, ) such that every vertex in one set is adjacent to
every vertex in the other set. We have

nA(Kpy) 0
CN(Kpn) =

)

0 mA(Ky)
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and

CNRS(Kpn) =diag |(m —1)n,...,(m—1)n,(n—1)m,...,(n —1)m

m-times n-times
Thus we have
nL(Ky,) 0 nQ(Kp) 0
CNL(K ) = and CNSL(K,, ) =
0 mL(K,) 0 mQ(Kp)

Since L-spec(K,,) = {[0]*, [m]™ '} and L-spec(K,) = {[0]*, [n]"~'}, therefore,
ONLespec(Kopn) = {[n x O], [n x m)™ ", [ x 0], fm x a1} = {[0]2, [mn] ™72}

We have r(CNRS(Km.n)) _ mn(m +n - 2) and so

|'U(Km,n)‘ m-+n

|0(Kmn)| m+n  m+n’

| _ tr(CNRS(Kpm,n)) | _ mn(m+n—2)
B ’U(Km,n”

and |mn

_ t2(CNRS(Km.n)) | _ 2mn

Hence, by (2.1.d), we get

2mn(m +n — 2) +2mn(m+n—2) _4mn(m +n —2)
m+n m+n B m+n '

LECN(Km,n) —
In particular, for m = n, we obtain CNL-spec(Ky, n) = {[0]2, [m2]2m*2} and LEcN(Km.n)
=4m(m —1).
Again since Q-spec(K,,) = {[Q(m - DY, m — 2]’"*1} and Q-spec(K,) = {[Q(n -
D, [n— 2]"*1}, therefore,
CNSL-spec(Kpm.n) = {[2n(m — D, [nlm — 2™, 2m(n — D], [m(n — 2)]n—1}.

Note that if m = n = 1 then K11 = K. Hence, CNSL-spec(Ky,,) = CNSL-spec(K3)
= {[0]?} and LEy(K1,1) = LES(K2) = 0. We now assume that n > 2 or m > 2. Now,

tr(CNRS(Kom.n))

2n(m —1) — o)

|:‘2n(m_1)_mn(m+n—2)‘

m-—+n
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n(n —1 ;
El 1 ), ifm=1
n(m+n)(m—2)+2mn7 ifm> 2,
m4+n
tr(CNRS(Kpn)) | mn(m+n — 2) ’ _2n?
n(m — 2) o (Kom)| = ‘n(m 2) o =
tr(CNRS(Kpmn)) | mn(m +n — 2) ‘
‘Qm(n 1) o) = ‘Zm(n 1) e
m(m —1 ,
e yn=l
—2)+2
m(m—i—nir(bn—i_n)—i- mn’ ifn>2.
and
tr(CNRS(Kpn)) | mn(m—+n—2)|  2m?
m(n —2) |0(Km.n)| N ‘m(n 2) m+n S om+n

Form =1 and n > 2, by (2.1.5), we have

nn—1) nm+1D)n-2)+2n 2(n—1) 2(n—1)(n+2)
LESN (Kmn) = = :
ox(Komn) n+1 + n+1 + n+1 n+1

Form >2 and n =1, by (2.1.5), we have

+1)(m—2)+2m 2(m—-1) m(m—-1) 2(m—1)(m+2)
LE: (K, ) = _ '
CN( mn) m—+1 + m—+ 1 + m+1 m—+1

For m,n > 2, by (2.1.0), we have

LESN(Kom.n)

n(m+n)(m—2)4—2mn+ 2n2(m — 1) +771(m+n)(n—2)—i—2mn+2m2(n—1)
m-4+n m4+n m+n m-4+n

4(m2(n — 1) + n?(m — 1))

m-+n
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Hence

0, ifm=1andn=1

2(n—1)(n+2)
n+1

, ifm=1andn>2

+ —
LR (Fimn) = 2(m — 1)(m + 2)

m—+1

, ifm>2andn=1

4(m?(n — 1) +n?(m — 1))
m+n
In particular, for m = n, we obtain CNSL-spec(Kp, ) = {[Qm(m— 1)]?, [m(m—Q)]Z(m_l)}
and LELG(Kpmp) = 4m(m —1).

. ifm,n > 2.

Proposition 2.2.4. Let I’ be the complement of a graph T' and I'y + 'y be the join of two
graphs I'1 and T'y.

(a) If T = Ky, + Ky, +--- + Ky, then

CNL-spec(I') = {[0]%, [(n1 +na + - - - + ng) (n1 + ng + - - - + ny — 2)] P12t Fr—y

CNSL-spec(T) = {[2(n1 +na + - +ng — 1)(ng +ng + - +ng — 2)]%,
[(n1 +ng + -+ +ny, — 2)" 71}
and
LEcN(T) = 2(n1 +ng + -+ 4+ ng — 1)(ng +ng + -+ - + ny, — 2) = LEL(T).

(b) If T = K, + K,, then
dmn(m +n — 2)
m—+n

)

CNL-spec(I') = {[0]2, [mn]™*"~2} and LEon(I') =
CNSL-spec(I') = {[2n(m — D], [n(m — )™, [2m(n — D], [m(n — )]~}
and

2(n—1)(n+2)
n+1

, ifm=1andn>2

LEA (1) = 4 20m = 1)(m +2)

, ifm>2andn=1

m+1
200 _ 200
4(m*(n —1) +n*(m 1))’ fFmn > 2.
m+n
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Proof. The results follow from Examples[2.2.T)and 2.2.3|noting that K, +Kp,+---+K,, =
Kn1+n2+,..+nk and K7m + Tn = Km,n- D

Proposition 2.2.5. The graph K, , is not CNL-hyperenergetic.

Proof. By Examples and we obtain

dmn(m +n — 2
LEoN(Kmin) — LECN(Km,n) =2m+n—1)(m+n-2)— ( )

m-+n
_mim—1)+n(n-1)](m+n—2) >0
N m—+n B
with equality if and only if m = n = 1. Therefore,
LEcN(Km+n) > LEcN(Kmn)
with equality if and only if m = n = 1. Hence, the result follows. O

Corollary 2.2.6. If Sy denotes the star graph with one internal node and k leaves then

Ak (k — 1)

CNL-spec(Sy) = {[0]2, [k]kil} and LEcN(Sk) = k1

Moreover, Sy is not CNL-hyperenergetic.

Proof. The result follows from Example and Proposition [2.2.5] noting that Si =
K . O

)

Proposition 2.2.7. The graph K, , is not CNSL-hyperenergetic.

Proof. If m = n = 1 then we have LE{(K711) = LE&y(K2) = 0. Therefore, we consider

the case when m,n are not equal to 1 simultaneously. By Example 2.2.I] we have
LEgy (Kmgn) = 2(m +n — 1)(m +n — 2). (2.2.b)

For m =1 and n > 2, by (2.2.0) and Example we have

2(n—1)(n+2)
n+1

LE N (Kman) — LEGy (Kmpn) = 2n(n — 1) —

_2(n—-1)(n” —2) _
n+1

32



Chapter 2. Common neighborhood energies and their relations with Zagreb index

For n =1 and m > 2, by (2.2.0) and Example we have

2(m—1)(m+2)
m—+1

LE{N BKmtn) — LE¢N (Kmn) = 2m(m — 1) —

~2(m—1)(m? —2)
N m—+1

For m,n > 2, by (2.2.) and Example we have

LE N (Kimtn) — LES (Kimon)

> 0.

4(m?(n —1) + n?*(m — 1))
m+n

=2m+n—-1)(m+n—-2)—

=2m3 +n+m+n)+ (m—n)?+2mn(m+n—2) >0,
since m +n — 2 > 0. Therefore,
LEéN(Km-i-n) > LEgN(Km,n)-
Hence, the result follows. ]

Corollary 2.2.8. If Sy denotes the star graph with one internal node and k leaves then

2(k —1)(k +2)
k+1 '

CNSL-spec(Sy) = {[0]', [2(k = D], [k — 2"~} and LE&(Sy) =
Moreover, Sy is not CNSL-hyperenergetic.

Proof. The result follows from Example and Proposition [2.2.7] noting that S; =
Ky k. O

We conclude this section with the following example of CNL-hyperenergetic and

CNSL-hyperenergetic graph.

Example 2.2.9. Let us consider the graph I' = Ka,_oUnKs, where n > 2. Here |v(I')| =
4n — 2. By Ezample we have

LEcN (K|o(r)) = LESN (Kju(ry)) = 2(4n — 3)(4n — 4).

Again, by Theorem[2.2.9, 2.1.d) and ([2.1.1), we have
4n—2)(n—1)(2n —3)(2n+ 1)

8(n—2)(n—1)n(2n — 3)‘
2n —1

LEcn(T) =
on(l) o —1

and LE&(T) =
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Therefore,
4n (4n® — 32n? -2
LEcx (Kpyqry)) — LEox () = — 2007 ?;n”_j O3 =2) ) if and only if n > 6
and

8(n —1)% (2n% — 13n + 3)

<0 if and only if n > 7.

Hence, I' = Koo UnKy is CNL-hyperenergetic if and only if n > 6 and CNSL- hyperen-
ergetic if and only if n > 7.

2.3 Relation between various energies
In this section we derive some relations between Ecyn, LEcN, LEgN, E, LE and LET of a
graph I
Theorem 2.3.1. Let ' be any graph with |e(T')| edges. Then Eon(T') < E(T')? + 2|e(T)].
Proof. By Results 1.1.17 and 1.1.10, we obtain
Ecn(I') =E(CN(I))
=E(A(I)? - D(I)
“B(AT)? + (- D(T))) < B(A(T)?) + E(— D(T)). (23.0)

Let Spec(I') = {\1, Ao, ..., Ay}, where n = |[v(T)|. Then Spec(A(T)?) = {A\,)\3,...,\2}.

Therefore,

n n 2
E(AM)) =3 2 < (z w) B
=1 =1

Again, let Spec(D(I")) ={deg(v1),deg(v2),...,deg(v,)}. Then Spec(—D(I'))= {— deg(v1),
—deg(va),...,—deg(vy)}. Therefore,

n

E(=D(I)) =) _| — deg(vi)| = D deg(v;) = 2 x |e(T')| = E(D(I)).
1=1

=1

Hence, the result follows from (2.3.d]). O
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Corollary 2.3.2. Let I be any graph of order |v(I')| with |e(I")| edges. Then Ecn(T') <
2le@)] (Jo(@)] +1).

Proof. Tt is well-known that E(T') < /2 |e(T’)||v(T")|. Using the above result with Theorem
2:3.1] we obtain

Ecn(T) < E(D)? + 2[e(I)] < 2[e(D)| [o(T)| + 2|e(I)].
Hence the result follows. OJ

Theorem 2.3.3. Let I' be any graph with |e(T')| edges and the first Zagreb index M;(T).
Then LEcn(T) < Een(T) + 2 (M1(T) — 2|e(T)]) and LEL(T) < Ecn(T) + 2 (Ml(f‘) -

2le(I)]).

Proof. By Theorem we have

Mi(T) — 2 |e(I)]
LEcN(T) = v
. VECNLz—s:pec(F) ‘U(FN ‘
Mi(I') —2e(T
< > W+ Y 1 |)v(r)|| ( )!‘
v€CNL-spec(l’) v€CNL-spec(T’)
_ B(CNL(T)) + Ml(rfv(};’em' Y

v€CNL-spec(T")

—F (ONRS(T) — CN(I')) + M, (T') — 2 [e(T).

Using Lemmas 1.1.10 & [2.1.2]and the fact that E(CN(T')) = E(— CN(TI")) & E(CNRS(T")) =
tr(CNRS(T")), we obtain

LEcn(I') < E(CNRS(I')) + E(CN(IY)) + M (') — 2 |e(T)|
= Eon(I) +2 (My(T) = 2[e(I)]).-
Similarly, the bound for LE{(I') follows from Theorem and Lemma 1.1.10. O]

As a consequence of Theorems[2.3.1]and we get the following relations between
E(T'), LEcn(T) and LEfy (T).

35



Chapter 2. Common neighborhood energies and their relations with Zagreb index

Corollary 2.3.4. Let I' be any graph with |e(I")| edges and the first Zagreb index M;(T).
Then LEcN(T) and LE&(T) are bounded above by

B(T)? + 2 (Mi(T) - [e(I)]).

Remark 2.3.5. Theorem gives relation between Ecn(I') and E(I'). Theorem
and Corollary|2.3.4) give relations between LEoN(T), LESy (I), Eon(T) and E(T). However,
using the facts that

B(A(T)?) =) [N| =2le(T)| < B()*
i=1

and

Z lv] = tr(CNRS(T")) = My (T") — 2 |e(T)| = Z o],

v€CNL-spec(T) o€CNSL-spec(T)
we get the following better upper bounds for Ecn(T'), LEcn(T) and LESy(T):
Econ(T) < 4le(T)| < 2B(T)?, (2:3.)
LEox (') < 2 tr(CNRS(T)) = 2 (My (1) = 2[e(I)]) > LE&(D). (2.3.¢)
In Section 2.4, we shall obtain more bounds for LEcn(T) and LE&y(T).

Recall that the derived graph of T, denoted by T'f, is the graph with vertex set v(I'), in

which two vertices are adjacent if and only if their distance in I is two.

Theorem 2.3.6. If T is a triangle- and quadrangle-free graph then LEcn(I') = LE(T'T)
and LE{(T) = LET(T'Y), where I'T is the derived graph of T.

Proof. If T is a triangle- and quadrangle-free graph then CN(I') = A(T'). Therefore,
CNRS(T') = D(I'f) and so CNL(T") = L(T'") and CNSL(T") = Q(I'f). Hence, CNL-spec(T")
= L-spec(I'") and CNSL-spec(I") = Q-spec(I'f). Since tr(CNRS(I')) = tr(D(I'T)) and
v(T) = v(TT), by [2.1.d) and ([2.1.5), we have

T T
LEx(M)= Y —W‘—LE(P*)
veL-spec(I'T)
and ;
LB = 3 —W}LE*(PU
o€Q-spec(T't)

36



Chapter 2. Common neighborhood energies and their relations with Zagreb index

Corollary 2.3.7. (a) IfT is a tree then LEon(T) = LE(T") and LE(T) = LE*(TT).

(b) If Py is the path on n vertices then LEcx (Pn) = LE(Prz) +LE(P 2 ) and LE( (Pn)
= LE+(P[%W) + LE+(PL%J)'

(¢) Let Cy, be the cycle on n vertices.

(i) Ifn is odd and n > 3 then LEcn(Cy) = LE(C,,) and LEL(Cr) = LET(Cy,).

(ii) Ifn is even and n > 4 then LEcn(Crn) = 2LE(Cz2) and LE\(Cn) =
2LE*(Ca). Also, LEoy(Cy) = 2LE(Cy) = LEF(Cy) = 2LE*(Cy) = 8.

Proof. (a) Follows from Theorem noting that 7' is triangle- and quadrangle-free.
(b) Follows from Theorem noting that P, is triangle- and quadrangle-free and

Pl Pry1UPy).

(c) Let C), be the cycle on n vertices.

(i) If n = 3 then C3 = Kj. Therefore, LEcn(C3) = LE{(C3) = 4 = LE(C3) =
LE*(Cs).

If n is odd and n > 3 then C), is triangle- and quadrangle-free. Also, (Cn)Jr = C,.
Hence, the result follows from Theorem [2.3.6

(ii) If n is even and n > 4 then O, is triangle- and quadrangle-free. Also, (Cp)T
Cz U Cz. Therefore, by Theorem @ we get

LECN(Cn) = LE(C% U C%) = QLE(C%)

and
LE(y(Cy) = LE*(Cn UCp) = 2LET(Cn).

If n = 4 then it is easy to see that CNRS(Cy) = D(C4), which is a 4 x 4 diago-

nal matrix such that every element in the diagonal is equal to 2, and CNL-spec(Cy) =

CNSL-spec(Cy) = {[0]2, [4)%}. Therefore, by and (2.1.4), we have
LEcN(Cy) = LE{(Ca) = 8.

Again, L-spec(C4) = Q-spec(Cy) = {[0]},[2]2,[4]'} and so LE(Cy) = LE*(Cy4) = 4. Thus,
LEcn(Cy) = 2LE(Cy) and LE((Cy) = 2LE™ (Cy). O
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2.4 More bounds for LEqN(T") and LE ()

In this section we shall obtain several bounds for LEcn(I') and LE{(T'). Since the ma-
trices CNL(I") and CNSL(I") are positive semidefinite, the elements of CNL-spec(I') and
CNSL-spec(I") are non-negative. Thus we may write CNL-spec(I") = {v1,v2,..., Vjym)}
and CNSL-spec(T’) = {01,02,...,a|v(p)|}, where 11 > 19 > --- > vy and 01 > 02 >
o+ 2 0)y(r)|- We have

[o()| [o(T)]

Z v = Z v =tr(CNRS(I")) = Z o= Z g;.
i=1 i=1

v€CNL-spec (T") oc€CNSL-spec (I)

Also,

5 (y - tr(CNRS(F))> _ ¥ (U - tr(CNRS(F))) o

v€CNL-spec(I) |U(F)| 0€CNSL-spec(I") ‘U(F)‘

Let o, 8 (1 < o, f < |v(I')]) be the largest integers such that

tr(CNRS(T)) _ My (T) — 2 |e(T)

tr(CNRS(I)) My () — 2e(I))|
- @) [v(I)] '

@ (D)

Ve and o3 >

(2.4.a)

a B
Let So(I') = > v;and SZ{(F) = > 0;. Then we have the following useful lemmas.
i=1 i=1

Lemma 2.4.1. For any graph I', we have
20 (My(T) = 2 e(T)])
v(T)]

_ 2a tr(CNRS(I))

LEcx(D) = 28,/(T) oD

= 25,(I) —

and

28 (Mi(T) = 2 e(T) )
[o(D)] ’

where |e(T")| is the number of edges and My (T') is the first Zagreb index in T.

28 t(CNRS(I))
[v(I)|

LE{y(T) = 2575 (T) =254(T) -

Lemma 2.4.2. For any graph I', we have

2i (M (T) = 2]e(T)])
HE D = e T TR
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and

2i (M (T) — 2 [e(D)|
LEG(D) = | mee, ) 4 2800(T) = ( lrv<r>r )

where |e(T")| is the number of edges and Mi(I") is the first Zagreb index in T.

Proof. Let k (1 <k <|v(T')|) be any integer. For k < «, by (2.4.d), we obtain

o (o — k) (M1(I) = 2]e(I)]
Sa() = Sk(T) = > vi> ( ]11)(1“)| )

i=k+1

For k > «, we obtain

N (k —a) (My(T) — 2|e()|
Sk(l) = SaM) = > v < ( \;(F)\ )’
i=a+1

that is,
(= k) (M (1) = 2 e(I)])
[v(I)]
Moreover, S, (I') = Si(T") for kK = a. Thus for any value of k (1 < k < |v(I")|), we obtain

Seo(T) = Si(T') >

(o — k) (My(T) - 2[e(D)])
Sa(l) = Si(I) =

(D)
and so
2a tr(CNRS(I')) 2k (Ml(F) —2 \e(F)!)
29al) =y 220 - o(D)
This gives
2a tr(CNRS(I)) 2i (Ml(F) -2 Ie(F)\)
250l = O ey | 20 - o(T)

Similarly, it can be seen that

28 tr(CNRS(I"))

250 = max 25(T) —
e T ST Ik R oD
Hence, the result follows from Lemma [2.4.1 O
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Let (a) := (a1, a2,...,a,) € R"and (b) := (b1, be,...,b,) € R" be such that a; > ag >
- > apand by > by > --- > by,. Then (a) is said to be majorize (b) if

k k n n
ZaiZZbiforlgkgn—l and Zal:sz
=1 =1 =1 =1

It is well-known that the spectrum of any symmetric, positive semidefinite matrix ma-
jorizes its main diagonal (see [53]). Since CNL(T") and CNSL(T") are symmetric and pos-
itive semidefinite for any graph I', we have the following lemma when the elements of
CNL-spec(I'), CNSL-spec(I') and main diagonal elements of CNRS(I") are arranged in de-

creasing order.

Lemma 2.4.3. For any graph I';, CNL-spec(I') and CNSL-spec(I') majorize main diag-
onal elements of CNRS(I") when the elements of CNL-spec(I'), CNSL-spec(I") and main

diagonal elements of CNRS(T'") are arranged in decreasing order.

We write the main diagonal elements of CNRS(I") as CNRS(I");; for 1 < i < |o(I)],
where CNRS(F)Ll > CNRS(F)Q’Q > e 2> CNRS(F)|U(F)‘7|1,(F)|. Now we give lower

bounds for LEcn(I') and LE{ (') analogous to the bound given in Result 1.1.2 for LE(T").

Theorem 2.4.4. Let T" be a graph with |e(T')| edges and the first Zagreb index M;(T).
Then

LEcn(I) > 2 (A (6-1)— M (F‘)U(_Fi‘\e(r)o

and

LEG(T) > 2 <A (6-1)— M () -2 \e(F)!> |

(D)

where A and § are the maximum degree and the minimum degree in I', respectively.

Proof. Let v1 be the maximum degree vertex in I'. Then deg(v1) = A and mrp(v1) > 0 as
0 is the minimum degree in I'. As a consequence of Lemma with Lemma 1.1.16, we

obtain
v > CNRS(D)1,1 = deg(vy) mr(v1) — deg(v1) = A (mp(v1) = 1) > A (5 - 1)
and

o1 > CNRS(T)1.1 = deg(vy) mr(v1) — deg(v) = A (mp(m) - 1) > A5 —1),
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Using the above result with Lemma [2.4.2] we obtain

2 (3y(T) = 2[e(T)]) 2 (M (T) = 2]e(T))
LEcNn(T) > 251(T) - (D) =21 - |o(T)|
My (T) —2e(l)]
>2(A(6—1)— o )

Similarly,

LE{ (D) > 201 —

Theorem 2.4.5. Let I" be a graph with |e(T')| edges and the first Zagreb index M;(T).
Then

a (My(D) - 2]e(r)])

=1 lo(I)|
and
o My(T') — 2 |e(T
LE{N(T) = 2| Y CONRS(D);; — 6( 1(Ij(l“)l . )‘) :
i=1

where a and  are as given in (2.4.d) and CNRS(I");; = deg(v;) (mr(v;) — 1).

Proof. By Lemma 1.1.16, we have CNRS(T');; = deg(v;) (mr(v;) — 1). By Lemma [2.4.3]
we obtain

k k k k
dvi> Z CNRS(I');;; and » o3 > Y CNRS(I');; for 1 <k < [v(I')].
i=1 i=1

i=1 i=1
In particular, we have
« « ﬁ B
> v;>> CNRS(I);; and Y oy > > CNRS(I);,
=1 =1 =1 =1

Therefore,

a B
Z CNRS(T);; and 5§ (T Z CNRS(I

Hence, the result follows from Lemma O
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Using Lemma we also have the following upper bounds for LEcn(I") and
LE{ (') analogous to the bound given in Result 1.1.2(b).

Theorem 2.4.6. Let T be a graph of order |v(T)| with |e(T")| edges and the first Zagreb
index My (T). Then LEcn(T) and LE{ (L) are bounded above by

2 <1 - !v(lF)!> (Mi(D) = 2[e(D)]).
Proof. We have
Sa(I) < Sjyr)(L) = tr(CNRS(I)) = Mi(T) — 2|e(I)]
and
S5 () < Sjypy (T) = tr(CNRS(T)) = M;(T) — 2e(T)].

Therefore, by Lemma with 1 < a < |v(T")|, we obtain

LE(T) £2 (1= 17 ) (30(0) —2fe(r)]).

Similarly, we get the bound for LE/y(T). O
Note that the bounds obtained in Theorem [2.4.6 are better then the bounds obtained

in (2.3.d). We conclude this section with another upper bounds for LEcn(I') and LE{(T)
analogous to the bound obtained in Result 1.1.3. The Result 1.1.11 is useful in this regard.

Theorem 2.4.7. Let T be a graph of order |v(T)| with |e(T)| edges and the first Zagreb
index My(I"). Then

[v(T)]
+ > |Nr(vi) N Nr(vg)?,
k=1, ksti

(8) LEon(T) < 5% (CNRS(F)M My(D) —2|e(r)\)2
=1

(D)

[o(1)]
+ > |Nr(vi) N Np(vg)l?,
k=1, ki

M,y(T) —2!€(T)\)2

o) B < 3 || (oNRS(T), -
i=1 ()]

where CNRS(T);; = deg(vi) (mp(vi) - 1) for1 <i <|v(I')| are main diagonal elements of
CNRS(F) such that CNRS(F)Ll 2 CNRS(F)QQ Z cee Z CNRS(F>|U(F)\,|U(F)\
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Proof. (a) Let M = CNL(T") — %IIU(F)\’ where Ij,ry is the identity matrix of
size [o(T)[. Then Spec(M) = {v; — MSE) 1 <i < [o(I)[}, where CNL-spec(I') =
{Vl, Vo, ... ,I/|v(p)|}. We have
5 _ tr(CNRS(I)) >2
M2 = (eNL(r) e o
2 tr(CNRS(T)) (tr(CNRS(T)))?
=(CNL(I"))? - =——— "2 CNL(I") + Ty
(CNLT) o) O+ oe o

Therefore, the i-th diagonal element of M? is

(tr(CNRS(T')))>2
()2

(M2);; = (CNL(T))2, — 2 CNRS(T)

We have
2
(CNL(I')? =( CNRS(I') — ON(I'))

= CNRS(T')? — CNRS(T') CN(T') — CN(I') CNRS(T") + CN(T")2.

Therefore,
[o(I)]
(CNL(I"))?; =(CNRS(T)); + (CN(T))7; = (CNRS(I)i:)* + > (CN(D)ix)*.
k=1, ki
Hence,
(MZ), — (CNRS(F)- . JM\IW>2 + i (CN(F)- )2
Qi — 1,0 ”U(F)| N k) -

Since tr(CNRS(T")) = M1 (T") — 2]|e(T")], by Result 1.1.11, we obtain

[o(T)] —9le 2 [o(I)]
E(M) < > (CNRS(F)M—MI(F‘)U(S' (F)I> + Y |Np(vi) N Np(ug) .
i=1 k=1, ki

Hence the result follows noting that

LEcx(I) = E(M).
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(b) Let N = CNSL(T") — MIIU(F)I’ where I}, is the identity matrix of size

[o(D)]
[o(D)]. Then Spec(N) = {o; - HGHEO) - 1 < < Ju(T)|}, where CNSL-spec(I') =
{0’1, 092,y ... aU|v(I‘)\}' We have
tr(CNRS(T)) 2
N? = (CNSL MN—-———27, >
D= my o
_ o 2tr(CNRS(T)) (tr(CNRS(T)))?
=(CNSL(I")) —’v(r)’ CNSL(T") + o(T)]2 I‘U(p”

Therefore, the i-th diagonal element of N? is

2tr(CNRS(T))
v(T)]

(tr(CNRS(T)))?
[v(D)[?

(NZ)i,i = (CNSL(F))?,i - (CNRS(T"))i,i +
We have
2
(CNSL(T))? =( CNRS(I') + CN(I"))

= CNRS(T')? + CNRS(T') CN(T') 4+ CN(I") CNRS(T") + CN(T')2.

Therefore,
lo(I)]
(CNSL(D))Z, = (CNRS(D),) + 3 (ON(D):.)2
k=1
Hence,
N2, = (CNRS(D),, — TCNRS@)Y S CN(D); )2
( )z,z-( ()“_\U(F)\) +kz::1( (D))"

Since tr(CNRS(T")) = M;(T") — 2|e(T")], by Result 1.1.11, we have

M(T) = 2|e(I)]\? lo(D)]
1 lv(T)] > + > [Ne(vi) N Ne(vg) .

lo(D)]
E(N)< Y (CNRS(F)M -
i=1 k=1

Hence, the result follows noting that

LE (T) = E(N).
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We conclude this chapter with the following result.

Theorem 2.4.8. If T is a r-regular graph of order |v(T)| then LEcn(I) and LEE(T) are
bounded above by

(@) | o)
Z Z |NF(U2‘)QNF(U]€)|2.
i=1 k=1

Proof. Since I is a regular graph, by Lemma 1.1.16, we obtain

o) Jo(D)]
tr(CNRS(I')) = > > |Np(vs) N Nr(vp)]
=1 j=1, i
(D)
= > deg(v;) (mr(v;) — 1)
i=1
lo(D)]
= r(r=1=l@)r(-1)
i=1
and
NRS(I"
CNRS(T);i=r(r—1) = tr(CNRS( )), 1<i< o))
(D)
From Theorem [2.4.7, we get the result. O
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