Chapter 3

CNL(CNSL)-spectrum and
CNL(CNSL)-energy of commuting

graphs

In this chapter, we consider commuting graphs of finite non-abelian groups and compute
their CNL(CNSL)-spectrum, CNL(CNSL)-energy and determine whether these graphs
are CNL(CNSL)-integral and CNL(CNSL)-hyperenergetic. More precisely, in Section
we shall compute CNL(CNSL)-spectrum and CNL(CNSL)-energy of commuting graphs
of several classes of finite AC-groups including QD2 (quasi dihedral group), PSL(2, 2¥)
(projective special linear group), GL(2, q) (general linear group where ¢ > 2 is a prime
power), A(n,v), A(n,p) (Hanaki groups), Da,, (dihedral group), groups whose central
quotient is isomorphic to Sz(2) or Z, X Z, or Ds,, along with some other groups. In Section
we shall determine when commuting graphs of these groups are CNL(CNSL)-integral
and CNL(CNSL)-hyperenergetic. Finally in Section we shall compare CN-energy,
CNL-energy and CNSL-energy of commuting graphs of the above-mentioned groups.
This chapter is based on our paper [69] accepted for publication in Palestine Journal of
Mathematics. It is worth mentioning that CN-spectrum and CN-energy of commuting

graphs of certain finite non-abelian groups were computed in [49] and [80] by Fasfous et
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al. and Nath et al. respectively.

3.1 CNL(CNSL)-spectrum and CNL(CNSL)-energy

In this section, we compute the CNL(CNSL)-spectrum and CNL(CNSL)-energy of com-

muting graphs of several families of finite non-abelian groups. Throughout this thesis we

write Acn(T') = %.

3.1.1 Some families of AC-group

Here we compute the CNL(CNSL)-spectrum and CNL(CNSL)-energy of commuting
graphs of the quasihedral groups )Da» for n > 4, projective special linear groups
PSL(2,2%) for k > 2, general linear groups GL(2,q) for any prime power ¢ > 2 and
the Hanaki groups A(n,v) and A(n, p). We begin with the commuting graph of () Dan.

Proposition 3.1.1. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy
of commuting graphs of the quasihedral groups QDan, where n > 4, are given by

CNL-spec(I'¢(QDan)) = {[0]2n71+1’ (271 — 2)(2n! - 4)](2%1_3)} ’
CNSL-spec(I'c(QD2n)) = {[0]2"—17 [2(271 — 3)(27! — 4))L, [(2n ! — 4)2](271_173)}’

n__ n__ n__ n n—3(on __ n__ n__
LEox(Te(QD)) = F=SEGREAEE and LES (Te(QDyn)) = =52 0=,

Proof. By Result 1.2.6, we have I'c(QDan) = Kon-1_5 U 2" 2K,. Therefore, by Theorem
2.2.2, we get
CNL-spec(I'e(QDan)) = {[()]2"*%1, [(2n=1 — 2)(2n1 — 4)}(2"*173)’ 2(2 — 2)]271*2(271)}

and

CNSL-spec(I'c(QDan)) =
{l2r 1 = 3) @t — 4 (201 - 4217, 22 - (2 - 2], [(2 - 22" TE- L

Thus, we get the required CNL-spec(I'¢(QDa2r)) and CNSL-spec(I'.(QD2n)) on simplification.
Here [v(I'c(QD2n))| = 2" — 2 and tr(CNRS(Te(QD2n))) = & (2" — 8) (2" — 6) (2" — 4). There-

fore, Aen(T'c(@QDan)) = (2n78)§(2;f_62))(2n74). In order to compute CNL-energy of I'c(Q Dan ), we first
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determine the quantities | — Aon(I'c(QDan))|, where
a € CNL-spec(T'¢(QDar)), so that (2.1.a) can be used. We have
(2™ —8) (2™ —6) (2™ — 4)
8 (2" — 2)
and Ly := | (2771 = 2) (2" 7' — 4) — Acn(Te(QD2n))| = 2"(2" 7% — 1) — 1 4 52 Hence, by (2.1.a),

Ly =10 — Acn(Te(QDan))| =

we get
2" —-8)(2"—-6) (2" —4) (2" + 2
LEox (De(QDa)) = (271 + 1)Ly + (271 — 3L, = 2 =5 8(2,{<_2) )27 +2)
In order to compute CNSL-energy of I'.(QDan), we first determine the quantities |5 —

Acn(Te(QDan))|, where 8 € CNSL-spec(I.(QDan)), so that (2.1.h) can be used. While computing

CNL-energy, we have already seen that
(2™ —8) (2" —6) (2" — 4)
8(2n —2)

For our convenience, we denote this quantity by B;. We have

0 — Aon(Te(QD2n))| =

6
2n -2

By:=[2(2"1=3) (2" —4) — Acn(Te(QD2n))| = 1542"(3 x 2" 7% —5) +

and Bj := ‘(2”*1 - 4)2 — ACN(FC(QDzn))‘ =727t (274 — 1) 4 5. Hence, by (2.1.b), we get

2n=3 (21 — 8) (2" — 6) (2" — 4)

LEéN(FC(QDW)) =2""'B +1x By + (Qn_l —3)B3 = on _9

This completes the proof. O

Proposition 3.1.2. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy
of the commuting graphs of projective special linear groups PSL(2,2%), where k > 2, are
given by
CNL-spec(T'e(PSL(2,2))) = {[0] 47" +1, [(2F — 1)(2F — 3) @+ -2),
[(2k _ 2)(2k _ 4)]2k—1(2k'+1)(2k—3)’ [Qk(Qk _ 2)]2k—1(2k—1)2}7
CNSL-spec(T(PSL(2,2%)))
_ {[Q(Qk —2)(2k — 3)]2’“4-1’ [(2F — 3)2](2’“—&-1)(2’“—2)’ [2(2F — 3)(2F — 4)]2’“*1(2’“—%1)’
[(Qk _ 4)2]2’9*1(2’%1)(2’9—3), [2(2k _ 1)(2k _ 2)]2’“1(2’9—1), [(2k _ 2)2]2’%1(2’“—1)2}}

(28 —2)(19x 2k —23k+2 4 34k +1_7x 16 —5x 325 +-3x 645 +6)

LEcn(Te(PSL(2,2%))) = gF—2F—1

and

9260
= for k=2
LE{ (Te(PSL(2,2))={ »

—5x2k T2 4 723k +14 94k+5_gyak 4 39k _13x64F +3x128F—12
ok 1 , for k> 3.
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Proof. By Result 1.2.7, we have
T (PSL(2,2)) = (28 + 1) Koy U281 (2F + 1) Koo U 2F71(2F — 1) Ky

Therefore, by Theorem 2.2.2, we get
CNL-spec(Te(PSL(2,2))) = {[0]7+1, [(28 - 1)(2F — 1 — 2)] @ +DE 1D g2 28+,
[(2k _ 2)(2k _9_ 2)]2k—1(2k+1)(2k—2—1)7 [0]216—1(2’&1)7 [Qk(2k _ 2)]2’€—1(2’€—1)(2’€—1)} and
CNSL-spec(Te(PSL(2, 28)))={[2(2F = 1= 1)(2F — 1 2)P+1 [(2F — 1 — 2) @+ DE 1o,
[2(2k _9_ 1)(2k _9_ 2)]2’“—1(2’%1)’ [(2k _9_ 2)2]2k—1(2k+1)(2k7271)’
[2(2F — 1)(2F — 2)]2 712" =D [(2k — 2)2]2“1(2]9_1)(2’{_1)}. After simplification, we get the
required CNL-spectrum and CNSL-spectrum.

Here [u(T'e(PSL(2,2%)))| =8~ 2¥~ 1 and tr(CNRS(T(PSL(2,2%))))=(2"~2) (5 x 2*
—3 x 85 + 16" +3). So, Aon(Te(PSL(2,2"))) = (2A=2) (52" 3B +16"45) e e

gF—2F_1

(2k—2) (5><2’f—3><8k+16k+3)

Ly = |0 — Aon(Te(PSL(2,2))| =

/k _ 9k _ 1 )
Lyi=|(2" = 1) (25 = 3) = Aon(Le(PSL(2,2")| = 3+8 x 2’“;4{“(;’1—;1 x 2 -2)
Ly = ’<2k —2) (2" —4) - Aox(Te(PSL(2, zk)))’ _2-5x 28’“;_ 22’;(2_2’“1(2’“ - 1))

and Ly := ‘2k(2’f —2) — Aon(T(PSL(2, 2’6)))‘ _ 6+9X2k+4k(zsﬁf;zf)is’“(?“’“—?), Therefore,

by (2.1.a), we get
LEcn(Te(PSL(2,2%))) = (2F + 2% + 1)Ly + (2% + 1)(2F — 2) Ly + 2871 (2F + 1) (2% - 3) L3
+2k=1(2k —1)2L,.

Hence, the expression for LEqn(Ie(PSL(2,2%))) is obtained.
Again

By = [2(2° - 2) (2" - 8) — Aex(De(PSL(2,2)))|

5 x 2M 4 2382 4 34k — 5 x 16F + 328 — 6
B gk —2k —1 ’

—3+4x 2k 23k 19223k _(2F _1)23
gk — 2k — 1 ’

e[ - senapsua |-
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fCy for k =2
Bs:= |2 (Qk — 3) (Qk — 4)*ACN( PSL 2, 2k {7 > N ot & k
3x2F 4235+ 174 _9x16* 4327 18
X o X2 1X for k > 3,

—ok 4 92k+1 4 9 % 8% — 3 x 16F — 10

By:= ‘(2’6 - 4)2 — Aox(Te(PSL(2, 2’€)))‘ =—

8k — 2k — 1 ’
249 x 28 422k((2F — 1)2F x 2F — 4 x 2F — 1
Bs:=|2(2F-1) (2 —2) —Acn(To(PSL(2,2%)))|= ((Sk — Q)k, — )
2 q
and By = |(2 = 2)" — Aon(Tu(PSL(2,24)| = ETEHCGUZIRID, e

fore, by (2.1.0), we get

LESN(Te(PSL(2,2%)) = (25 + 1)By + (2" + 1)(2¥ = 2)By + 271 (2" + 1) By

+ 2R 1ok L 1)(28 — 3)By + 281 (28 — 1)Bs + 281 (28 — 1)?Bs.
Hence, the expression for LE&(I'c(PSL(2,2%))) is obtained. O

Proposition 3.1.3. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy

of the commuting graphs of general linear groups GL(2,q), where ¢ = p™ > 2 and p is a

prime, are given by

CNL-spec(Te(GL(2,9))) = {07471, [(¢® - 3q + 2)(¢® — 3q)] 2@+’ —5a+D),

(@® = )¢ —q = D)2 [(g2 29 + 1) (¢ — 29 - 1)+ 20 |

ONSL-spec(Te(GL(2,0))) = {[2(4* — 3¢ + 1)(¢* = 3q)] 29, [(¢* — 3¢)? 2"+,

[2<q2 —q =)@~ q =220, [(? - g - 22O,
[2(¢ — 29)(¢* — 2q — D]+, (g% — 2¢ - 1)) D20 ],
LEcn(Te(GL(2, ) = (a=2)(a=1)g*(¢+1)(2¢=3)((a=1)g=1) .7

3—q-1
(q—2)q(fI+1)(q(Q(q(q(2q(gq—4)q1+6)—7)—7)—1)+11)+2) ifqg<5
LE{N(Te(GL(2,9))) = o ;
q(q+1)((q(q(q(q(2g—11)+20)—16)+7)+8)q> —12¢—4) ifq>6
$3—q—1 ’ =

Proof. By Result 1.2.8, we have

q+1 qg—1
(GL( )) ( 2 )Kq273q+2 U ( 9 )Kquq U (Q+ 1)Kq272q+1'

Therefore, by Theorem 2.2.2, we get
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a(q+1)

ONLespec(Ta(GL(2.0))) = {05, [(¢? = 34+ 2)(a? — 3 + 2 - 2) 505132,

a(g—1) 2 q(g—1)

0177, [(¢® — a)(¢® — q — 2)) 77 @ —amD) [oja+L,
@ —2¢+1)(¢?—2¢+1— 2)]<q+1>(q2—2q+1—1>} and

a(g+1)

[
CNSL-spec(T(GL(2,9))) = {[2(q2 —3¢+2-1)(¢> -3¢ +2-2)] 2 ,
(g — 3q +2 — 2“2 (g — g — 1)(g? — g - 2)) "5,
(g2 — g = 22D, [2(g? — 20 +1 - 1)(¢* — 2 + 1 - )]+,
(2 —2¢+1— 2)2](q+1)(‘12—2q+1—1)} '
Thus we get CNL-spec(I'c(GL(2,q))) and CNSL-spec(I'.(GL(2,q))) on simplification.
Here [o(Te(GL(2,)))| = (4— 1)(¢® — g — 1) and tr(CNRS(To(GL(2,9)))) = (¢ —2)(q —

Dalg+1) (4~ 2)(a — a? +1). So, Acx(Te(CL(2,q)) = C2U DT 2R -y

B3—q-1

have

Ly =10 — Acn(Te(GL(2,9)))| = 4= 2)elg + 1(1)3(((];2)1((] mbl i 1)5

—2 2q —3) — 1)¢* + 4
Lo = |( = 30 +2) (¢ - 30) — Aen(Te(GL(2,q)))| = L2 ((qq(g, - DD td)
_ 3 _
Ly :=|(¢* = q) (¢ — 4~ 2) = Aon(Te(GL(2,9))| = l 2)33(3;?5% 3
and Ly := [(¢* =29+ 1) (¢* —2¢ — 1) — Acn(Te(GL(2,q)))| = Q(_Sﬂ(j;r_(;ff@q))_l. There-
fore, by (2.1.a), we get
(g +1) qlq —

LEcN(Te(GL(2,9))=(q" + ¢ + 1) L1+ (¢ —3¢+1)Ly+ Y (¢* —q—1)L3

2
+ (¢ +1)(¢* — 2q) L.

Hence, the expression for LEcn(I'c(GL(2, q))) is obtained.

Again
a(a((a=5)(a—3)q°—5q—13)+8) -
Bi:=[2(q* = 3¢+ 1) (¢ - 3g) — Aox(Te(GL(2,9)))| = a1 forg <5
q(a((g—5)(q—3)q®—5q—13)+8) ¢ ~6
¢®—q—1 , lorg=0n,

q(—2¢° 4+ 5¢* + ¢* — 8¢+ 2)
P —q-1

)

By = (¢ = 30)" ~ Aon(Te(GL(2 )| = -
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(@—2)(q+1)(¢° 4+ ¢* — 64> + 3¢ + 2)

B3:=2(¢"—q—1) (¢ — q—2) — Acx(Te(GL(2,q)))| = PR p—

)

(2—2)(g+1) (20" —5¢° + 27+ 2)

B4 = ‘(qz —q— 2)2 - ACN(FC(GL(27Q>))’ =

¢?—q-1
(¢-2)q((g—3)(g+1)¢’ +5¢+1
Bs = [2(q> —2q) (¢® —2¢ — 1) — Acn(Te(GL(2,9)))| = ( pr—— )
and By := ‘(q2 —2¢—1)° = Aon(T(GL(2, q)))’ = — W2 O =921 Therefore, by (2.1.b),
we get
+ 1 2 1 2 2 1 2
LEoN(Te(GL(2,9) = 5(¢° + DB+ 5(a" +1) (¢° =3¢+ 1) B+ 5(¢" —9)Bs
1
+ 5@ = 9)(@* =g = D)Ba+ (g+1)Bs + (¢ + 1)(¢” — 24) Bs.
Hence, the expression for LE{y (I'«(GL(2,q))) is obtained. O

Proposition 3.1.4. Let FF = GF(2") (where n > 2) and v be the Frobenius automorphism
of F, that is v(x) = 22, for all x € F. Then the CNL-spectrum, CNSL-spectrum, CNL-
energy and CNSL-energy of the commuting graphs of the groups
1 0 0
A(n,v)=<{U(a,b)=|a 1 0] : a,beF
b v(a) 1
under matrix multiplication are given by

CNL-spec(I'¢(A(n,v))) = {[0](2"—1)’ [27(2" — 2)](2"—1)2} :

CNSL—SpeC(FC(A(n7 1/))) = {[2(2” _ 1)(271 _ 2)](2"71)7 [(271 _ 2)2](2"71)2}
and LEoN(Te(A(n,v))) = LEE (Te(A(n, v))) = 2(27 — 2) (2" — 1)°.

Proof. By Result 1.2.9, we have I'c(A(n,v)) = (2" — 1) Kon. Therefore, by Theorem 2.2.2,
we get CNL-spec(I'c(A(n,v))) and CNSL-spec(I'c(A(n,v))).

Here [0(Te(A(n,v)))| = 4" —2" and tr(CNRS(Te(A(n, v)))) = 2" (2" — 2) (2" — 1)%. So,
Acn(Te(A(n,v))) = 4™ — 3 x 2™ + 2. We have
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Li1:=|0—Acn(Te(A(n,v)))|=4" =3 x 2"+ 2 and Lg:=|2"(2" — 2)—Acn(Te(A(n, v)))|
= 2" — 2. Hence, by (2.1.a), we get

LEcN(Te(A(n,v))) = (2" — 1)Ly + (2" — 1)2 Ly = 2(2" — 2)(2" — 1)*.

Again,
By = [2(2" = 1)(2" - 2) — Aen(Pe(A(n, v)))| = 4" — 3 x 2" + 2 and
By = (2" — 2)? — Acn(Te(A(n, v)))| = 2™ — 2. Hence, by (2.1.), we get
LEN(Te(A(n, ) = (2" = 1)By + (2" — 1)2By = 2(2" — 2) (2" — 1)°. O

Proposition 3.1.5. Let FF = GF(p"™), where p is a prime. Then the CNL-spectrum,
CNSL-spectrum, CNL-energy and CNSL-energy of commuting graphs of the groups

1 00
A(n,p) = V(a,b,c)=1a 1 0| : abjceF
b ¢ 1

under matriz multiplication V (a,b,c)V(a’, b, ) = V(a+d b+ b +cad',c+ ) are given by
CNL-spec(Te(A(n,p))) = {[0F" 1, [(#2" — p) (2" — " — 2))"+00™ 2"},
CNSL-spec(I'c(A(n,p)))
= {[2(p*" = p" = 1)(p* — p" = 2|, [(pP — p — 2)2)@" O DY
and LEcn(Te(A(n,p))) = LEE(Te(A(n,p))) = 2 (p" + 1) (=3p" + p*" +p" +2).

Proof. By Result 1.2.10, T.(A(n, p)) = (p" + 1)K,
get CNL-spec(I'¢.(A(n,p))) and CNSL-spec(I'c(A(n,p))).

Here [v(Tc(A(n,p)))| = p™ (p** — 1) and tr(CNRS(Te(A(n,p)))) =p" (p" —2) ()" — 1)
x (p"+1)% (0" (p" = 1) = 1). So, Aen(Te(A(n,p))) = (" —2) (" +1) (" (p" = 1) — 1).
We have

2n_pn. Therefore, by Theorem 2.2.2, we

Ly =10 = Acn(Te(A(n,p))| = (" =2) (" + 1) (p" (p" - 1) = 1),

and Ly = |(p*® — p™)(p*" — p" — 2) — Acn(Te(A(n,p)))| = (™ — 2)(p" + 1). Hence, by

LEcx(Ce(A(n,p)) = (p" + 1)Ly + (p*" — p" — 1) (p" + 1) Lo
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= 2(p" 4+ 1)2(=3p*" + p*" + p" + 2).
Again
By :=2(p>" — p" — 1)(p*" — p" — 2) — Acx(Te(A(n,p))| = (" —2) (" + 1) (p" (p" — 1) — 1)
and By := |(p?" — p" — 2)? — Acn(Te(A(n, p)))| = p* — p™ — 2. Therefore, by (2.1.b), we get
LESN(Te(A(n,p)) = (p" + 1)By + (p*" = p" = 1) (p" + 1) Bs.
Hence, the expression for LE(y (Tc(A(n, p))) is obtained. O

We conclude this subsection with the following two results for finite non-abelian AC-

group in general.

Theorem 3.1.6. Let G be a finite non-abelian AC-group and X1, Xs, ..., X, be the distinct
centralizers of non-central elements of G. Then the CNL-spectrum, CNSL-spectrum, CNL-
energy and CNSL-energy of T'c(G) are given by

CNL-spec(Te(G)) = {[0]", [(| Xi| = |Z(G))(|1Xi| = |2(G)| = 2)]1X 712D Swhere 1 < i <

n})
CNSL-spec(T'e(G)) = {[2(1X:| = |Z(G)| - 1)(1Xi| = 1Z(G)| = 2)]%, [(|Xi| - | Z(G)| — 2)?) Xl =12 =1),

where 1 < i < n},
LEon(Te(G)) = nlLo + jzl(pm —12(G)| = 1)Lx,, where Ly = |0 — Acx(Te(@))| and Ly, —
[(1X:] = [Z2(G) (1 X5 — \Z(G?J —2) = Acn(Ie(G))| and

LE{N(Te(G)) = Zni Bx, + 3 (1Xi| = [Z2(G)| = 1)B,, where Bx, = |2(|X;| = [2(G)] = 1)(|X:] -

12(6)] - 2) - Acn(Te(G))] and By, =(1Xi| = 1Z(G)| = 2)* = Acn(T'e(G))].

3

Proof. By [42, Lemma 2.1], we have I'c(G) = Ul K| x,|—|z(c)- Here [v(T'e(G))| = X | Xi|—
i=1
|Z(G)| and tr(CNRS(I'(G))) = ;(|Xi| —1Z(G)] = D(IXi| = 1Z2(G))(|Xs] = 12(G)] = 2).
Therefore, -
;(IXiI —1Z2(G)] = )(|Xs] = |Z2(G)D)(|Xs] = 12(G)| = 2)
ACN(FC<G)) == n
£ X - 2(6)
Hence, the result follows from the Theorem 2.2.2. O
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Theorem 3.1.7. Let G be a finite non-abelian AC-group and X1, Xs, ..., X, be the distinct
centralizers of non-central elements of G. If A is a finite abelian group then the CNL-
spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of To(G x A) are given by
CNL-spec(Ie(G x A)) = {[0]", [|A](1X:| = [Z(G))(|AI(| Xa| = [2(G)]) = 2)] (AIIKIHZ@N=D),
where 1 <i < n},

ONSLespec(Te(G x A)) = {[2(A1(1X:| — 1Z(G)]) ~ D(AI(X] — |Z(G)]) — 21 (411X -
2(@))) - 22 AKZGD D, where 1 < i < ),

LEcN(Te(G x A)) = nLo+ Z (|A|(|X:| —1Z2(G)|) —1)Lx,, where Lo = | — Acn (T (G x A))|
and Lx, = [|A|(|Xi] - |2(G )\)(\A!(\X\ 1Z(G)]) = 2) = Acn(Te(G x A))| and

LE N (Te(G x A)) = E Sx;, + Z(IAI(IX | —1Z(G)]) — 1)S%,, where Sx; = |2(]A[(|Xi] —
12(G))) - D(AI(X] - IZ( )= 2) = Acn(Tel(G x A))| and S, = [(A[(1X:] = 12(G)]) -
2)2 — Acn(Te(G x A))].

Proof. We have Z(G x A) = Z(G) x A and X1 x A, X2 x A,..., X, x A are the distinct
centralizers of non-central elements of G x A. Since G is an AC-group, G x A is also an

AC-group. Therefore,
Lo(G x A) = UL 1 K| x,x A|-|2(G)x A] = Yie1 K aj(1x: |- 12(6))-

We have, [o(Te(Gx A))| = 32 |AI(1X]~|Z(G)]) and tr(CNRS(Te(G x 4))) = 32 (141(1 X~
1Z(G))) - D(AI(Xi] — 1Z(GDAIX:| — |Z(G)]) - 2)). Therefore,

Z(IA\(IXI 1Z(&))-DA(X:|=1Z(&)) (AI(1X:] -1 Z2(G))-2))
Acn(Te(G x A)) = = - . Hence the result
o 1AIX =1z (@)

=1

follows from the Theorem 2.2.2. O

3.1.2 Groups whose central quotient is isomorphic to Sz(2), Z, x Z, or

D2m

Let us begin with the groups G such that Z(g) is isomorphic to the Suzuki group (of order
20) S2(2) = (w,y : 2° = y* = 1,y Loy = 22).

Theorem 3.1.8. Let G be a finite non-abelian group such that (G) = 52(2) and | Z(G)| =
z. Then the CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of T'«(G) are
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given by
CNL-spec(I'¢(G)) = {[0]6, [42(4z — 2)] 4=V [32(32 — 2)]5<3z—1>} ,

CNSL-spec(T'.(G))
= {2042 — )4z — 2)]1, [(42 — 224, [2(32 — 1)(3z — D%, [(32 — 22PE=D],
e forz=1

LEon(Te(G)) = {

2 (42 —1)(2(1052 4 31) — 38),  for z > 2
and LEgy(Te(G)) = 18(32 — 1)(2(282 + 45) — 38).

Proof. By Result 1.2.11, we have I'.(G) = K4, U 5K3,. Therefore, by Theorem 2.2.2, we
get
CNL-spec(I'¢(G)) = {[0]1, [42(42 — 2)]“4==Y 0], [32(32 — 2)]5<3z—1>}

and CNSL-spec(I'c(G)) = {[2(42 —1)(4z — 2)]", [(42 — 2)2]@==D [2(32 — 1)(32 — 2)°,
[(3z — 2)2]5(3Z_1)}. Hence, we get the required CNL-spec(I'c(G)) and CNSL-spec(I'¢(G))
on simplification.

Here [v(T(GQ))| = 192 and tr(CNRS(T(G))) = 19923 —18322+38z. So, Acn(Te(Q)) =

2
199z —119832—&-38. We have

19922 — 1832 + 38 19922 — 1832 + 38
Ly :=10—-Acn(Te(@))] = |— | =

19 19 ’

~ 1052% 4 31z — 38
- 19

Ly := |42(4z — 2) — Acn(T'e(G))]

3
z(69—28z)—38‘ _ )1

19
—7'2(69_32)_38, for z > 2.

Therefore, by (2.1.a), we get LEcn(I'¢(G)) = 6L1 + (42 — 1)La + 5(3z — 1) L3. Hence, the
expression for LEcn(I'¢(G)) is obtained.

for z=1
and Lz := |32(3z — 2) — Acn(Te(G))| =

Again

4092% — 273z + 38
- 19 ’

B = [2(4z — 1)(4z — 2) — Acn(Te(G))|

96



Chapter 3. CNL(CNSL)-spectrum and CNL(CNSL)-energy of commuting graphs

10522 — 1212 + 38
By = |(42 = 2)? = Aon(Te(@))] = T ,

14322 — 159z + 38
B 19

and By := |32 — 2)2 — Acn(Te(@))| = %W. Therefore, by (2.1.b), we get

B3 :=|2(32 — 1)(32 — 2) — Acn(Te(G))]

LEGy(Te(G)) = 1 x By + (42 — 1)Ba + 5 x By + 5(3z — 1) By

Hence, the expression for LE&(I'c(G)) is obtained. O
Theorem 3.1.9. Let G be a finite non-abelian group such that % = Zy x Ly, where p
is a prime and |Z(G)| > 2. Then the CNL-spectrum, CNSL-spectrum, CNL-energy and

CNSL-energy of the commuting graph of G are given by
CNL-spec(Te(G)) = {107, [((p — D2)((p — 1)z — 2)] @D (@-D=-D]

CNSL-spec(Te(G)) = {[2((p —1)z =1)((p — 1)z = 2], [((p — 1)z — 2)? @D (===}
and

LEcy (Te(@)) = LE{ (De(@)) = 2(p+ D((p — )z = 2)((p — )z — 1)
where z = |Z(G).

Proof. From Result 1.2.12, we have I'c(G) = (p + 1) K(,_1).. Therefore, by Theorem 2.2.2,
we get CNL-spec(I'c(G)) and CNSL-spec(I'.(Q)).

Here [0(T'(G))] = (5 — 1) 2 and tr(CNRS(To(G))) = (p— 1)(p+1)=((p— 1)z —2)((p -
1)z —1). So, Acn(Te(G)) = ((p—1)z —2)((p — 1)z — 1). We have

Li:=10 = Acn(Te(@) = ((p - Dz = 2)((p - 1)z - 1)

and Lo := |((p—1)2)((p — 1)z — 2) = Acn(Te(@))| = (p — 1)z — 2. Therefore, by (2.1.a),

we get
LEcN(Te(@) = (p+ 1) L1 + (p+ 1)((p — 1)z — 1) La.

Hence, the expression for LEcn(I¢(G)) is obtained.
Again

Br:=12((p—1)z—=1)((p—1)z—-2) = Acn(Te(G))| = (p—1)z = 2)((p — 1)z — 1)
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and By := |((p — 1)z — 2)? = Acn(Te(G))| = pz — 2 — 2.
Therefore, by (2.1.0), we get

LEiN(Te(G)) = (p+1)Bi + (p+ 1)((p — 1)z — 1) Ba.
Hence, the expression for LE&(I'c(@)) is obtained. O

Corollary 3.1.10. Let G be a non-abelian group of order p®, where p is a prime. Then the
CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of the commuting graph of
G are given by

CNLespec(Te(@)) = {010+, [p(p — 1) (p(p — 1) — 2] @+)@-Dr-D},
CNSL-spec(Te(G)) = {[2((p ~1)p ~1)((p — 1)p = 2]+, [((p — 1)p — )|+ D(@-Ve-D}
and LEcN(To(G)) = LEGN(De(@)) =2(p+ D) ((p— L)p — 2)((p — L)p — 1).

Proof. We know that for a non-abelian group G of order p?, | Z(G)| = p and % = ZLp X L.

Hence the result follows from the Theorem [B.1.0l O

Corollary 3.1.11. Let G be a finite 4-centralizer group. Then the CNL-spectrum, CNSL-
spectrum, CNL-energy and CNSL-energy of the commuting graph of G are given by
CNLspec(Te(G)) = { [0, [(+(= — 2) @~ =D
CNSL-spec(Te(G)) = {[2(z = 1)(= = 2)3, [(2 = 222~V and
LEon(Te(G)) = LEE (Te(G)) = 6(2 — 2)( — 1),
where z = |Z(G)].

Proof. The results follows from Result 1.2.1 and Theorem [3.1.9 O

Corollary 3.1.12. Let G be a finite (p + 2)-centralizer p-group. Then the CNL-spectrum,
CNSL-spectrum, CNL-energy and CNSL-energy of the commuting graph of G are given by

CNLespec(Te(6)) = {[0), [((p = D)(p ~ DIZ(G)] — D]+ @-DIZE=D},

CNSL-spec(Te(G)) = {[2((p — DI Z(G)] =1)((p — DI Z(G)] - 2)]#+D)
[((p—1)|Z(G)| - 2)2]<p+1><<p—1>|Z<G>|71>} and
LEcn(Te(G)) = LE&N(Te(G)) = 2(p + 1)((p — DIZ(G)] = 2)((p — DIZ(G)| - D).

Proof. The result follows from Result 1.2.3 and Theorem [3.1.9 O
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Theorem 3.1.13. If G is a finite group such that % = Dom, m > 3 then the CNL-
spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of the commuting graph of G
are given by
ONLespee(Te(@)) = {017+, [(m — 1)z((m — 1)z - 2)](=D=D), [o(z - )mD},
CNSL-spec(T'¢(G)) = {[2((m — 1)z —1)((m — 1)z —2)]%, [((m — 1)z — 2)2]((n=1)z=1),
[2(2 = 1)(z = 2))™, [( = 22D

2((m -1z —=1)(m(z((m —2)mz—m+3) —4)+ z+2)
2m —1

LEcN(Io(GQ)) =

Y, Yt 3 2_
2m*4+6m°+3m 13m+7’ fOT’ m=3&z=1

1-2m

and LES(T.(G)) =
CN( ( )) 2(m72)(m271)rng2(mz73)’

otherwise
where z = |Z(Q)].

Proof. From Result 1.2.13, we have I'(G) = K(;,—1); UmK. Therefore, by Theorem 2.2.2,
we get CNL-spec(I'.(G)) and CNSL-spec(I'.(G)).

Here [v(I'.(G))| = (2m —1)z and tr(CNRS(I'c(G))) = m(z —2)(z—1)z+ (m—1)z((m —
1)z2—2)((m—1)z—1). So, Acx(Te(GQ)) = (m(m=3)m+4)~1)z2=3((m—Dm+Dz+4m=2 yye paye

2m—1

2 —4m)+32(1 —m)+22(1 —4m) + m22%(3 — &) + m2z(3 — ==
L11:\0—ACN(Fc(G)):—( ) ( ) ( lel ( 2) ( 2)7

m(z((m—-2)mz—m+3)—4)+2z+2

Ly:=[((m = 1)2)(m = 1)z —2) = Aex (Tl @) =

2m —1
and Ly:=|2(2 — 2) — Aon(Te(G))] = ~ m(=z((m —2)(m — 12);:3£m—|—7) —4)—&-52—!—2.

Therefore, by (2.1.a), we get
LEcn(Te(G)) = (m+ 1)Ly 4+ ((m — 1)z — 1)Ly + m(z — 1) Ls.

Hence, the expression for LEcn (T'c(G)) is obtained.

Again,

By = [2((m — 1)z = 1)((m — 1)z = 2) = Aox(Te(@)|

_ ((m —1)m(3m —4) —1)22 = 3(m(3m — 5) + 1)z + 4m — 2
2m -1

)

99



Chapter 3. CNL(CNSL)-spectrum and CNL(CNSL)-energy of commuting graphs

By = |((m—1)z —2)* — Acn(Te(G))] = m(z((m —2)mz —5m +9) +4) — 2 — 2,

2m —1
—((m=3ym?+1)22) +3((m=5m+3)z+4m—2
Bs:=|2(z — 1)(z — 2) = Acn(Te(G))| = — ((( ) ) )2 (( ) )
m—1
and
m(4—z((m—2)(m2—1)z1—3m+11))+7z—2, form—=3&» =1
Bi:=|(z —2)* — Acx(Te(@)) | = "

~ m(4—z((m=2)(m—1)z—3m+11))+72—2

- otherwise.

Therefore, by (2.1.b), we get
LE N (Te(G)) =1 x By + ((m — 1)z — 1) By +m Bs +m(z — 1) By.
Hence, the expression for LE{y (I'¢(G)) is obtained. O

Corollary 3.1.14. Let G be a finite 5-centralizer group. Then the CNL-spectrum, CNSL-
spectrum, CNL-energy and CNSL-energy of the commuting graph of G are given by
CNL-spec(I'¢(G)) = {[0]4, [22(2z — 2)]4(22_1)},
CNSL-spec(e(G)) = {[2(22 — 1)(22 = 2)],[(22 — )21V}
and LEcn(Te(@)) = LE{y (Te(G)) = 8(22 — 2)(22 — 1), where z = | Z(G)|;
or
ONL-spec(Te(G) = {[0]%, [42(= = DI [o(= = 2P },
ONSLespec(Te(G)) = {[4(z — 1)(2z — DL [4(z — D22, [2( — 1)(= — 2)1%, [(= — 28D},
LEcn(Te(G)) = 2(22 — 1) (922 + 2 — 10) and LE{\(Te(G)) = 3 (2 — 1)22,
where z = |Z(G)|.

Proof. The result follows from Result 1.2.2, Theorem [3.1.13] and Theorem [3.1.9 O

Corollary 3.1.15. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy
of the commuting graphs of the group U, ) = (2,9 : 22 =ym =1, o7 lyr =y~ ), where
m >3 and n > 2, are given by

CNL-spec(Tc(Ugn,m))) =

{1+, [(m = n((m — 1)n = 2))m=DD), [ - 2)]mn-D}, if2tm

{0+, (3 = D2n((g — V20 - DE020D, 2n(2n — 9 FEDL 2 |m,
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CNSL-spec(Lc(Un,my)) =
{12(0m = V)n = 1)((m = V)0 = 211, [((m = 1)n — 2)2](n=De-1),
2(n = 1)(n = 2], [(n = 22"-V1, if24m

{203 = 1)2n = 1)((F = 1)2n = 2)]}, (% — 1)2n — 2)2)E-D2-D),

[2(2n — 1)(2n - 2)] %, [(2n - 2022 DL 2| m,

2((m—1)n—1)(m(n((72n—2)1mn—m+3)—4)+n+2) : if 2 J( m
LECN(FC(U(n,m))) =
((m—2)n—1)(m(n((m—é)_nim—m—‘,—6)—4)-{-4(71—‘,—1))7 Zf 9 ‘ m
and
2(m—2)(m—1)mn?(mn—3) .
ST . if2fm
LEéN(FC(U(n,m))) = 9
(m—4)(m—ni)_rr{n (mn—?))’ Zf2 | m.
Proof. We have
(x?), if 2¢m
Z(U(mm)) = .
(@) Uy=(a?), if2|m

and 80 |Z(Up,m))| =n and 2n according as 2 { m and 2 | m. Therefore,

ng, 1f2+m

Z(U(an)) - _D2><2, ifm=4

D,,, if m>6and 2 | m.
Hence, the result follows from Theorem and Theorem [3.1.13 ]

Corollary 3.1.16. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of

2

the commuting graphs of the dihedral groups, Doy, = (z,y: 2™ =9y? =1, yay ! =27 1),

m > 3, are given by

0]+t [(m — 1)(m — 3)](m=2 |, if21m
ONL apsc(Te(Dan)) = {1+, [(m = 1) (m = 3))m=2 ), 2y

{1017, [(m = 2)(m —4))m=3 ], if2|m,
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m m — m — 1 m — 21(m—2) i m
ONSLospec(T' (D)) — {101, [20m = 2)(m = 3)]}, [(m — 32D}, f 2

{101, [2(m = 3)(m — )1, [(m — 42D} if 2| m,

2(m—3)(m—2)(m—1)(m+1) : ’Lf 2 'f m

LEcN(Te(Dam)) = e
(m—4)(m—7i)£711—2)(m+1)7 if 2 | m
2(m—3)(m—2)(m—1)m if 2 1, m
and LEL (Te(Dapm)) = am=t
(m—4)(mm—_3%(m—2)m7 ’Lf2 ‘ m.
1, if2¢{m
Proof. We know that |Z(Dayp,)| = and
2, if2|m

Dy, if2¢m
D2m
Z(Dam)

= DQXQ, ifm=4
Dy, if m>6and 2 | m.
Therefore, by using Theorem [3.1.9) and Theorem [3.1.13] we get the required result. [J

Corollary 3.1.17. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy
of the commuting graphs of the groups Ug, = (z,y : 2?" = y3 =1, 7 lyx = y~!) are given
by
CNL-spec(Le(Usn)) = {[0]4, [2n(2n — 2)]"~L, [n(n — )P},
CNSL-spec(T'c(Ugn))
={l2n = 1)(2n =21, [(2n — 2227, [2(n — 1)(n — 2)3, [(n — )2V},
LEcN(Te(Usn)) = 2(n—1)(2n — 1)(9n 4 10) and LE&(Te(Usn)) = 2(n — 1)n?.

Proof. We have Z(Us,) = (z?) and z?z?;;) = Dg with |Z(Usy,)| = n. Therefore, we get the
required result by putting m = 3 and z = n in Theorem [3.1.13] O

Corollary 3.1.18. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy
of the commuting graphs of the dicyclic groups, Qu, = (z,y: y*" =1, 22 =y", ayz~! =

y~ ), n>2, are given by
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CNL-spec(T'e(Qan)) {02”+1 2n — 2)(2n — 4)]23},
CNSL—spec( (Qun)) = {0, [2(2n — 3)(2n — 4)]", [(2n — 4)2 n=3
LEoN(Te(Qun)) = =205 st and LEfy (Te(Qa)) = 202 ln2n=5)

Proof. We have Z(Q4y,) = {1,2"} and Z(Q S = & Zo X Zo or Doy, according asn = 2 orn > 3.
Therefore, by using Theorem [3.1.9] and Theorem [3.1.13] we get the required result. O

3.2 CNL(CNSL)-integral and CNL(CNSL)-hyperenergetic
graphs

We begin this section with the following theorem which follows from the results obtained

in Section 3.1.

Theorem 3.2.1. Let G be a finite non-abelian group.

(a) If G is isomorphic to QDan (where n > 4), PSL(2,2%) (where k > 2), GL(2,q)
(where ¢ > 2 is a prime power), A(n,v) and A(n,p) then I'c(G) is CNL(CNSL)-

integral.
(b) If % is isomorphic to Sz(2), Doy, and Zy x Zy, then I'«(G) is CNL(CNSL)-integral.

(c) If G is a 4, 5-centralizer finite group or a (p+2)-centralizer finite p-group then I'c(G)
is CNL(CNSL )-integral.

(d) If G is isomorphic to U, 1y, Dam, Usn and Qup then I'c(G) is CNL(CNSL)-integral.
(e) If G is an AC-group then T'c(G) is CNL(CNSL)-integral.
Theorem 3.2.2. The commuting graph of the quasihedral group QDan (n > 4) is
(a) CNL(CNSL)-hyperenergetic if n > 5.
(b) not CNL(CNSL)-hyperenergetic if n = 4.

Proof. We have |v(I'c(QDan))| = 2™ — 2. Using (2.2.a) and Proposition we get

2(=3+1) (4 4 27)(100 — 7 x 2247 4 47)
—2 427 ’

LEcN(Kjy(r.(QDyn))| — LEcN(Te(@Dan)) = —
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Note that LEcN (K|y(r.(QDyn))| — LEoN(I'e(@Dan)) < 0 or > 0 according as n > 5 or n = 4.
Also,

(=4 +27)2(24 — 13 x 217 4 4n)
8(—2+2m)) '

LE{N (Kju(re(@Dan))| — LEN (Te(@Dan)) = —

Note that LESy (Kju(r.(@Dyn )| — LEEN (De(@D2n)) > 0 or < 0 according as n > 5 or n = 4.

Hence, the result follows. ]

Proposition 3.2.3. The commuting graph of the projective special linear group PSL(2,2%),
k > 2, is not CNL(CNSL)-hyperenergetic.

Proof. We have |v(I'«(PSL(2,2%)))| = —2F + 23 — 1. Using (2.2.a) and Proposition

we get

LEcN (K (1, (psp225)))) — LEen(Te(PSL(2,2Y)))

2k(7x23k+1f7><2’f+2ngkf25’t9x26k+3x24k)

= T > 0.

Therefore, I'pgr (9 9%y is not CNL-hyperenergetic.
For k > 3, we have

LESN (K y(ro(psnz2ny))) — LEEN (Te(PSL(2,29)))
ok (—3 X 9k 13 % 92k+1 | o8k+1 _ gh+1 4 5 o 16k 4 39k _ 9 64’“—2)

= T > 0.
Also, for k = 2, LE{ (K, (psr(2.20)))) — LESN (De(PSL(2,27))) = 283548 > 0. There-
fore, T'c(PSL(2,2%)) is not CNSL-hyperenergetic. O

Theorem 3.2.4. The commuting graph of the general linear group GL(2,q), where q =
p" > 2 and p is prime, is not CNL(CNSL )-hyperenergetic.

Proof. We have |v(T.(GL(2,q)))| = ¢* — ¢> — ¢* + 1. Using (2.2.a) and Proposition

we get

LEcN(Kju(ro(@rL2.9))) — LEen(Te(GL(2, q)))

_ Pla+)((g=1)g—1) (¢*(g = 1)(5g — 8 +2¢°(¢ — 2)) +2)

> 0.
P —q-1
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Therefore, I'.(GL(2, q)) is not CNL-hyperenergetic.
Also,

LESN (Kjoro L)) — LEEN(Te(GL(2,9)))

11_g,10 9_ 10,8 7 6_99,5_91,4 3 2 .
2q 6g-"+6q”—10¢°+9¢ ;;2_4;1_1 22q°—28q¢°+3¢°+22q°+4q > 0’ if q <5

29" —6¢"°+5¢°—3¢®+2¢"+9¢%—17¢° —10¢* +8¢>+ 149> +49 -
B—qg—1 > O, if q > 6.

Therefore, I'c(GL(2, q)) is not CNSL-hyperenergetic. O

Theorem 3.2.5. Let G be a finite group such that % = S2(2). Then the commuting
graph of G is

(a) CNL-hyperenergetic if |Z(G)| > 17.
(b) not CNL-hyperenergetic if 1 < |Z(G)| < 16.
(¢) CNSL-hyperenergetic if |Z(G)| > 16.
(d) not CNSL-hyperenergetic if 1 < |Z(G)| < 15.
Proof. We have |v(I'c(G))| = 3 x 5z + 4z = 19z, where z = |Z(G)|. Using (2.2.a) and

Theorem [3.1.8] for z > 2, we get

120
LECN(K|1;(I‘C(G))|) — LECN(FC(G)) = 71—92(2(72 — 114) + 15).

Note that LEcN (Kjyr.(a)))) — LEcN(Te(G)) < 0 or > 0 according as z > 17 or 1 < z < 16.
Therefore, I'.(G) is CNL-hyperenergetic and not CNL-hyperenergetic according as z > 17
and 1 < z < 16.
Again,
8
LESN (K jo(r.(ay))) — LEE (De(@)) = —1—9(32(2(352 — 527) 4 24) + 38).

Note that LEJ’C_N(K‘U(FC(G))I) —LE{x(Te(G)) < 0 or > 0 according as z > 16 or 1 < z < 15.
Therefore, I'.(G) is CNSL hyperenergetic and not CNSL hyperenergetic according as z > 16
and 1 < z < 15. ]
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Theorem 3.2.6. Let G be a finite group with % & Zp X Zy. Then the commuting graph
of G is not CNL(CNSL)-hyperenergetic.

Proof. We have |[v(T.(G))| = (p? — 1)z, where z = |Z(G)|. By (2.2.a) and Theorem

we get
LEcn (Kju(r.(a))) — LEex(Te(G)) = 2p((p — 1)*(p + 1)2* — 2) > 0.

Hence, I'c(G) is not CNL-hyperenergetic. Again, LEcn(Te(G)) = LE&((Te(G)). There-
fore, I'c(G) is also not CNSL-hyperenergetic. O

As a corollary of Theorem we get the following result.

Corollary 3.2.7. The commuting graph of G is not CNL(CNSL )-hyperenergetic if G is a
finite

(a) non-abelian group of order p*, where p is a prime.
(b) 4-centralizer group.
(¢) (p+ 2)-centralizer p-group.

(d) non-abelian group such that the maximal size of the set of pairwise non-commuting

elements of G is 3 or 4.

Proof. Parts (a)-(d) are follow from Theorem Under the hypothesis in part (e), G
is either 4-centralizer or 5-centralizer finite group. Hence, the result follows from parts (b)
and (c). O

Theorem 3.2.8. Let G be a finite group with % = Doy, where m > 3 and |Z(G)| = =.
Then the commuting graph of G is

(a) not CNL-hyperenergetic if m = 3& 2z < 6; m =4&z=2,3; m=5&z=1,2; and
m="7,9& z = 1. Otherwise, it is CNL-hyperenergetic.

(b) not CNSL-hyperenergetic if m =3&1 < z2<7,m=4&z2=2,3; m=5&z=1,2;
m=6&z=2and m="7,9,11& z = 1. Otherwise, it is CNSL-hyperenergetic.
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Proof. We have |v(I'c(G))| = 2mz — z, where z = | Z(G)].
By (2.2.a) and Theorem [3.1.13] we get

2(m — D)mz(z(m?z — 2m(z +5) +8) +9)
2m — 1 '

LEoN (Kot (ay)) — LEeN (Te(G)) = —

It can be seen that LEoN (Kjyr.(@))) — LEcNn(Te(G)) > 0 if if m = 3 and 2 < 6; m = 4
and z =2,3; m=5and z = 1,2; and m = 7,9 and z = 1. Otherwise LEcN (Kjy(r.(a))) —
LEcN(Tc(G)) < 0. Hence, I'¢(G) is not CNL-hyperenergetic if m = 3 and z < 6; m = 4 and
z=2,3;m=>5and z=1,2; and m = 7,9 and z = 1. Otherwise it is CNL-hyperenergetic.

Now we determine whether I'.(G) is CNSL-hyperenergetic by considering the following
cases.

Casel. n=3&z=1
By (2.2.a) and Theorem [3.1.13] we get

LESN (K pu(re(ey)| — LESN(Te(G)) = 24 > 0.

Therefore, I'.(G) is not CNSL-hyperenergetic.
Case 2. m=3&z>2;m=4&z>2;andm>5&z2>1

By (2.2.a) and Theorem [3.1.13] we get

LEN (K (o)) — LEN(Te(G))

22m — 1)((2m — 1)z — 2)((2m — 1)z — 1) — 2(m — 2)(m — 1)mz%(mz — 3).
2m —1

It can be seen that LES\ (Kyr.(q)) — LEENTe(G) > 0if m =3 and 2 <2 <7y m =4
and z=2,3; m=5and z=1,2;m=6and z =2; and m = 7,9,11 and z = 1. Otherwise
LESN (Kjp(ro ey — LEEN(Te(G)) < 0. Hence, I'e(G) is not CNSL-hyperenergetic if m = 3
and2<z<7;m=4andz=2,3;m=bandz=1,2;m=6and z=2;and m=7,9,11

and z = 1. Otherwise it is CNSL-hyperenergetic. Hence, the result follows. O
As a consequences of Theorem we get the following results.

Corollary 3.2.9. Suppose that G is isomorphic to the group U, ), where m > 3 and
n > 2.

(a) If m is even then
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(i) Te(G) is not CNL-hyperenergetic whenever m = 4&n > 2; m = 6&n = 2,3.
Otherwise, I'c(G) is CNL-hyperenergetic.

(ii) Te(Q) is not CNSL-hyperenergetic whenever m = 4&mn > 2; m = 6&n = 2,3.
Otherwise, T'c(G) is CNSL-hyperenergetic.

(b) If m is odd then
(i) T'e(G) is not CNL-hyperenergetic whenever m = 3&n < 6; m = 5&n = 2.
Otherwise, T'<(G) is CNL-hyperenergetic.
(ii) Te(G) is not CNSL-hyperenergetic whenever m = 3&n < 7. Otherwise, I'c(G)
is CNSL-hyperenergetic.
Corollary 3.2.10. Suppose that G is isomorphic to the dihedral group Day,, where m > 3.
(a) If m is even then
(i) Te(G) is not CNL-hyperenergetic whenever 4 < m < 10. Otherwise, T'c(G) is
CNL-hyperenergetic.

(ii) T'e(G) is not CNSL-hyperenergetic whenever 4 < m < 12. Otherwise, I'c(G) is
CNSL-hyperenergetic.

(b) If m is odd then

(i) Te(G) is not CNL-hyperenergetic whenever 3 < m < 9. Otherwise, I'.(G) is
CNL-hyperenergetic.
(ii) T'e(G) is not CNSL-hyperenergetic whenever 3 < m < 11. Otherwise, I'c(G) is
CNSL-hyperenergetic.
Corollary 3.2.11. Let G be a finite non-abelian group.

(a) If G is isomorphic to the dicyclic group Quy, where n > 2 then

(i) Te(G) is not CNL-hyperenergetic when n = 2,3,4,5. Otherwise, I'c(G) is CNL-

hyperenergetic.

(ii) Te(Q) is not CNSL-hyperenergetic when n = 2,3,4,5,6. Otherwise, I'c(G) is
CNSL-hyperenergetic.
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(b) If G is isomorphic to Ugy,, where n > 2 then

(i) I'e(G) is not CNL-hyperenergetic when n < 6. Otherwise, I'c(G) is CNL-

hyperenergetic.

(ii) I'e(G) is not CNSL-hyperenergetic when n < 7. Otherwise, I'c(G) is CNSL-

hyperenergetic.

As a consequence of Result 1.2.2, Theorem and Theorem we have the fol-

lowing result.
Corollary 3.2.12. If G is a 5-centralizer group then

(a) T'c(G) is not CNL(CNSL)-hyperenergetic whenever % = Zs X ZLs.

(b) T'<(GQ) is not CNL-hyperenergetic for |Z(G)| < 6; otherwise CNL-hyperenergetic and
not CNSL-hyperenergetic for |Z(G)| < 7; otherwise CNSL-hyperenergetic whenever
G~ D
Z(G) — 6

We conclude this section with the following proposition.

Proposition 3.2.13. If G is one of the groups considered in Propositions then
commuting graph of G is not CNL(CNSL)-hyperenergetic.

3.3 Comparison of various CN-energies

In this section, we compare CN-energy, CNL-energy and CNSL-energy of commuting
graphs of the groups considered in Section 3.1. We begin with the commuting graphs of
the Q D2n.

Theorem 3.3.1. For the group QDan (wheren > 4), Ecn(Te(QD2n)) < LEE(De(QDan))
< LEcn(Te(QDan)).

Proof. Using Proposition and Result 1.2.15(a), we have

n— n _ n _ @\2
LEcN(Te(QDon)) — Ecn(Te(QDan)) = on=3 (2 - 5?52 6) -0,
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since (2" —8) >0, (2" —6) > 0 and 2" — 2 > 0, as n > 4. Therefore,

LEcN(Te(@D2n)) > Ecn(Ie(QD2n)).

Also,

LLE. n_ _on+3 n
LE N (Te(@D2r)) — Eon(Te(@D2n)) = Silel 8((;)71(_22;r 4+ > 0,

since (2" —8) > 0, (2" —6) > 0, (=23 447+ 8) = 22" — 273 1 8 > 0, as n > 4 and
(2™ —2) > 0, as n > 4. Therefore,

LE\(Te(@Dan)) > Ecn(Te(QDan)).

Further,

(2" — 8) (2" — 6) (2" — 4)
1(2n —2)

LEy (Te(QDan)) — LEeN (Te(QDon)) = — -0

since (2" —8) >0, (2" —6) > 0, (2" —4) > 0 and (2" — 2) > 0, as n > 4. Therefore,

LE N (Te(QDan)) < LEcN (Te(QDan)).
Hence the result follows. O

Theorem 3.3.2. For the group PSL(2,2%) (where k > 2), Ecn(Te(PSL(2,2%))) <
LE{ N (Te(PSL(2,2%))) < LEon(Te(PSL(2,24))).

Proof. Using Proposition and Result 1.2.15(b), we have

LEcn(Te(PSL(2,2%))) — Een(Te(PSL(2,2%)))

2k<9><2k+22k+1—8k+1+3><16k—3x32k+64k—8)

= 0
—9k 4+ 8k 1 >0,

since 9 x 2F 4 22k+1 _gh+l 1 3 5 16F — 3 x 32F 4 64F —8 = (9 x 2F —8) + (3 x 2F x 8F —
8 x 8F) + (2% x 32F — 3 x 32F) +- 2%+ > 0 and —2F + 8% —1 > 0, as k > 2. Therefore,

LECN(FC(PSL(272k))) > ECN(FC(PSL(272k)))'

70



Chapter 3. CNL(CNSL)-spectrum and CNL(CNSL)-energy of commuting graphs

Also,

LE{y (Te(PSL(2,2))) — Eon(Te(PSL(2,2%)))

73232, for k=2
) 2k(5x2k 47X 23R+l _gk+1 16k 532k 464k 44
( ) e | ) >0, fork>3,

since 5 x 2F 47 x 23k gk +l 4 168 — 5 x 328 4 64F 44 =5 x 28 47 x 23K+ 4 (4F x4k —
4 x 4F) 4 (28 x 328 — 5 x 32%) 44 > 0, as k > 3. Therefore,

LE{x(Te(PSL(2,2%))) > Eon(Te(PSL(2,2))).
Further,

LEy(Te(PSL(2,2%))) — LEcn(Te(PSL(2,25)))

1528 _
B for k =2
- ok+1(ok+1 4 35 a4k _11x8%+16++32F—6

- ( *2k+8k*1 ) < 0, fOl" k: 2 3

since 261 43 x4F — 11 x 8k + 16+ +32F —6 = 28+ 4 3 x4k 4 4F x 8F — 11 x 8% + 16" —6 > 0.
Therefore,
LE{y(To(PSL(2,2%))) < LEcn(To(PSL(2,2))).

Hence the result follows. O

Theorem 3.3.3. For the group GL(2,q) where ¢ = p™ > 2 and p is prime
Ecn(T(GL(2,q))) < LE"C'N(FC(GL(Z, q))) < LEcn(Te(GL(2,q))).
Proof. Using Proposition and Result 1.2.15(c), we have

LEoN(Te(GL(2,9))) — Een(Te(GL(2,9)))
_q(2¢° —11¢% + 15¢" + 14¢5 — 31¢° — 15¢* + 12¢> + 164> + 8q + 2)
- 3
¢ —qg—1
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Let fi(q) := 2¢° — 11¢® + 15¢" + 14¢5 — 31¢° — 15¢* + 12¢> 4 16¢°® + 8¢ + 2. Then fi(q) =
(2 — 11)g® + 12¢> + 16¢* + (15¢* — 31) ¢® + (14¢® — 15) ¢* + 8¢ +2 > 0, for ¢ > 6. Again,
f1(3) =1952; f1(4) = 71970 and f1(5) = 895692. Therefore,

LEcn(Te(GL(2,9))) > Een(Te(GL(2,q))).
Also,

LE{N(Te(GL(2,9))) — Ecn(Te(GL(2,9)))

q(2¢°—12¢°+22¢7+¢°—38¢°+6¢*+32¢°+9¢% — 16¢—2)

B Fg 1 , forg<5h
q(2¢°—11¢5+15¢"+8¢° —23¢°+¢* +14¢°+4¢> —8¢—2)
P T , for g > 6.

Let fa(q) := 2¢° — 12¢® 4 22¢" + ¢ — 38¢° + 6¢* + 32¢> + 9¢*> — 16 — 2 and f3(q) :=
2¢° — 11¢% + 15¢7 + 8¢5 — 23¢° + ¢* + 14¢° + 4¢> — 8¢ — 2. We have, f»(3) = 1624;
f2(4) = 67150 and fo(5) = 842268. Therefore, fo(q) > 0. Again, f3(q) = (2¢ — 11)¢® +
8¢° + ¢* + 14¢® + (15¢® — 23) ¢° + 4(q — 2)g — 2 > 0 for ¢ > 6. Therefore,

LESy(Te(GL(2,9))) > Box(Te(GL(2.q)))-
Further,

LE(\(Ce(GL(2,q))) — LEcn(Te(GL(2,q)))

 a(4®~7q"+13¢°+7¢° —21¢* —20¢° + T¢*+24q+4)

B Fa 1 , forg<5h
2q(3¢%—4¢°—8¢* —¢>+6¢>+8¢+2)
— FaT , for g > 6.

Let fi(q) := ¢® — 7q7 + 13¢5 + 7¢° — 21¢* — 204> + 7¢® 4+ 24q + 4 and f5(q) := 3¢° — 4¢° —
8q* — ¢® +6¢%> +8q+2. We have, f4(3) = 328; f4(4) = 4820 and f4(5) = 53424. Therefore,
f1(q) > 0. Again, f5(q) = (¢ —4)¢° + (q3 —-1) ¢ +6¢%+ (q2 —8) ¢*+8¢+2>0for g > 6.
Therefore,

LE N (Te(GL(2,9))) < LEen(Te(GL(2,q)))-

Hence the result follows. O

In view of Theorem Theorem and Result 1.2.16, we have the following re-

sults.
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Theorem 3.3.4. Let G be the Hanaki group A(n,v) or A(n,p). Then Ecn(T'c(G)) =
LEcn (Fe(G)) = LELN (Te(G)).

Theorem 3.3.5. Let G be a finite non-abelian group such that % = 52(2) and |Z(G)| =
z. Then
Eon(Te(G)) < LEen(Te(G)) < LESN (Fe(G)).

Proof. Using Proposition and Result 1.2.14(a), we have

40

19 for z=1

LEoN(Te(G)) — Een(I'e(G)) =
20 (4223 — 1142% + 90z — 19), for 2z > 2.

Let fi(z) := 4223 — 114224902 —19. Then fi(z) = 22(42z —114) +90z — 19 > 0, for z > 3.
Again f1(2) = 41. Therefore,

LEcn(Te(G)) > Eon(Te(G)).
Also,
LE{\ (Te(@)) — Een(Te(G)) = 1% (2102° — 31227 4 1442 — 19).

Let fa(z) := 21023 — 31222 4 144z — 19. Then fo(2) = (2102 — 312)2% + 144z — 19 > 0, for
z > 2. Again fo(1) = 23. Therefore,

LE N (Te(G)) > Een(Te(G)).
Further,

i for z =1
LE(N(Te(G)) = LEen(Te(G)) =
2 (2(1292 — 153) 4+ 38) > 0, for z > 2.

Therefore,
LESN (Fc (G)) > LECN (Fc (G)) :

Hence the result follows. O
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In view of Theorem and Result 1.2.14(b), we get the following result.

Theorem 3.3.6. Let G be a finite non-abelian group such that % = Zyp X Ly, where p
is a prime. Then Ecn(Te(G)) = LEcn(Te(G)) = LEg(Te(G)).
As a consequence we get the following corollary.

Corollary 3.3.7. (a) If G is j-centralizer group then Ecx(Te(G)) = LEcn(To(G)) =
LE{x(De(G)).
(b) If G is (p + 2)-centralizer group then Ecn(I¢(G)) = LEcn(Te(G)) = LELN (Te(G)).
Theorem 3.3.8. If G is a finite group such that % >~ Doy, m > 3 then
(a) form =3&z =1, Ecn(Tc(G)) = LE{x(T'e(G)) = LEcn (e(Q)).
(b) for all other cases Ecn(Te(G)) < LE{y(Te(G)) < LEen(Te(@G)).

Proof. Using Theorem [3.1.13| and Result 1.2.14(c), we have
LEcn(Ie(G)) — Een(Ie(G))

_ 2m (m323 — 3m?23 — 4m?2? + 2m23 + Im2? + 9mz — dm — 522 — 92 + 2)
N 2m — 1

Let fi(m,z) := m32% — 3m223 — 4m?2% 4+ 2mz3 + 9m2? + 9mz — 4m — 522 — 92 + 2. Then
film, z) = 2(m—6)m?23 4+ 3m222(mz—8) 4+ (Im —5)22 +z (2m2? — 9) + m(9z—4)+2 > 0,
for m > 8. We have, f1(3,2) = 12(2%(32 — 7) + 92 — 5). Clearly for z > 3, f1(3,2) > 0.
Again, f1(3,1) = 0 and f1(3,2) = 108. Therefore, f1(3,z) = 0 or > 0 according as z = 1
or z > 2. We have f(4,z) = 8(2%(24z — 33) + 27z — 14) > 0, for z > 2. Also we have
f1(5,2) = 60(102%(z — 1) + 62 — 3) > 0; f1(6,2) = 12(2%(120z — 95) + 452z — 22) > 0 and
f1(7,2) = 28(2%(1052 — 69) + 27z — 13) > 0, as z > 1. Therefore, f1(m,2) = 0 or > 0
according as m = 3& z = 1 or otherwise. Hence LEcn(I'c(G)) > Ecn(Ie(G)) and equality
holds if and only if m =3 &z = 1. Also,

LE{N(Te(G)) — Een(Te(G))

0, form=3&z=1
- 2(m4z3—3m3z3—5m3z2+2m223+12m2z2+12m27;—4m2—9mz2—12mz—2m+22+3z+2) .
T , otherwise.
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Let fo(m, z) := m*23 —3m323 — 5m322 + 2m?223 + 12m?222 + 12m22 — 4m? — 9m2? — 12mz —
2m + 22 + 3z +2. Then fo(m,z) = L(m — 6)m323 + im322(mz — 10) + m? (23 — 4) +
m (mz3 —2) + (12m — 9)mz? + 12(m — 1)mz + 22 +32+2 > 0, for m > 6 and z > 2. Now
we have fa(m,1) = (m — 3)(m — 2)((m — 3)m + 1) > 0, as in this case m > 5. Now we
need to check for m > 3 and z > 2. We have f2(3,2) = (2 — 1)(2(18z — 35) + 40) > 0;
f2(4,2) = 2(2(962 — 163) + 147) — 70 > 0; f2(5,2) = 3(22(100z — 123) + 81z — 36) > 0.
Therefore, fo(m,z) > 0. Hence, LEf(Te(G)) > Ecn(Te(G)) and equality holds if and
only if m = 3& z = 1. Further,

LEéN (Fc (G)) - LECN (Fc (G))

0, form=3&z=1

2(—m3z2 +3m22243m2z—4mz2 —3mz—4m+z2+32+2)
2m—1 ’

otherwise.

Let f3(m,z) := —m3224+3m?2% +3m?%z —4mz? —3mz —4m+ 22 4+ 32 +2. Then f3(m, z) =
—3(m — 6)m?2? — Im?z(mz — 6) — (4m — 1)22 — (2m — 3)z — (mz — 2) — 4m < 0, for
m > 6. Now we have f3(3,2) = —z(11z — 21) — 10 < 0 as in this case z > 2; f3(4,2) =
—2(312 —39) — 14 < 0 as in this case z > 2 and f3(5,2) = —2(692z —63) — 18 < 0 as z > 1.
Therefore, f3(m,z) < 0. Hence LE(y(I'¢(G)) < LEcn(Te(G)) and equality holds if and
only if m=3&z=1.

Therefore, the result follows. O

Corollary 3.3.9. Let G be a 5-centralizer group. Then

(a) Ecn(Te(G)) = LEcn(Te(@)) = LE{(Te(G)) whenever % =73 X Zs.

(b) Ecn(Te(G)) < LEgN(FC(G)) < LEcn(Te(G)) whenever % = Dg.
Corollary 3.3.10. Let G be Unm)s Dam; Usn and Q4yn. Then
(a) Ecn(Te(G)) = LEon(Te(G)) = LESN(Ce(@)) if and only if G = Uy gy or Dg or Dy
or Yg.

(b) Ecn(T'e(@)) < LEgN(FC(G)) < LEcn(T'e(@)) if and only if G = Uln,m) (for m # 4)
or Doy, (for m # 3,4) or Ugy, (for n > 2) or Qun (forn #2).

75



Chapter 3. CNL(CNSL)-spectrum and CNL(CNSL)-energy of commuting graphs

If CN-energy, CNL-energy and CNSL-energy of I'.(G) are not equal then the closeness
among them are not clear from the above results. In the following figures we describe
the closeness among CN-energy, CNL-energy and CNSL-energy of commuting graphs of

Doy, QDon, PSL(2,2%), GL(2,q), Qan, Us, and G such that % = Sz(2) graphically.

T T T T I T
Eon Ecn
+ 6,000 LEon 8 + 6,000 LEon .
g - + 3
~ [ LECy a NE [
o) 8
S 4,000 . S 4,000
=~ ~
k) ks
k) | | g [
il )
g 2,000 - g 2,000
4 g
Z Z
o 3 3 o F
0 | \ | 0 : I |
5 10 15 20 5 10 15 20
m (odd) — m (even) —
Figure 3.1: CN-energies of Figure 3.2: CN-energies of
Ie(D2m), m is odd Ie(D2m), m is even
1012
1.5 10\ T T
T I
. Ecn
1 = || —— LEcn~
g - . +
g % 1 LEon
e 7
© A
o - L
5 =
g B
b e 0.5
g 2
g g
z 5 I
v Z
v A A A A
0% 4 6
n— k—
Figure 3.3: CN-energies of Figure 3.4: CN-energies of
k
Te(QDan), (n > 4) T (PSL(2,24), (k> 2)
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In [40], Dutta et al. compared E(I'.(G)), LE(I'.(G)) and LE"(T'.(G)) for G = Doy,

QDyn, PSL(2,2%), GL(2,q), Qan, Unm), Usn, A(n,v), A(n,p) and G such that %G) =
Sz(2) or Z, x Z,. We observe that E(T'.(G)), LE(I'.(G)), LET(I'c(G)) and Ecx(T'e(G)),
LEcN(Te(@)), LEEN (T (G)) satisfy similar (sometimes different) inequalities for the above
mentioned groups. Comparing our results and the results obtained in [40], we get the

following results.

Theorem 3.3.11. Let G = Doy, Qun, Uy, A(n,v), A(n,p) or G is any group such
that % = S2(2) or Zy x Zy. Then

(a) E(Te(@)) = LE(T'«(@)) = LET(T'.(G)) as well as Ecn(T(G)) = LEcn(T(G)) =

LE{N(TCe(G)) if and only if G = Ds, Qs, Ugnay, A(n,v), A(n,p) and G such that

G~
m:prZp.
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(b) E(Te(G)) < LET(Te(@)) < LE(I'¢(G)) as well as Ecn(To(@)) < LE N (Te(G)) <
LEN(Te(G)) if and only if G = Dy (m (0dd) > 5;m (even) > 8), Qum (m > 4),
Usn (n = 3,4) and Uy )y (m # 3,4&n >2;m=6&n > 3) .

(c) E(T.(@)) < LE(T.(G)) < LET(T<(Q)) as well as Ecn(T'e(G)) < LEon(T(G)) <
LE((Te(G)) if and only if G such that (G) = 52(2) (12(G)| = 2).

Theorem 3.3.12. Let G = Doy, Quan, Ugnm), @D2n, PSL(2, 28), GL(2,q) or G is any
group such that Z(G) = Sz(2). Then

(a) E(I'e(G))<LE(I':(G))=LET(I'«(G)) and Ecn(Te(G))< LE& (Te(G)) <LEcn (Te(G))
if and only if G = Uys 3.

(b) E(Ie(G))< LE(Te(G))=LE*(T'(G)) and B (Ie(G))= LESy (Te(G)) = LEex (Te(G))
if and only if G = Ds.

(¢) B(Te(@))<LE(T¢(G))=LE*(Te(G)) and Ecn(Te(G))< LEE, (Te(G)) < LEon (T (@)
if and only if G = Usy.

(d) LE*(Te(G))< E(Te(G))< LE(Te(G)) and Ecx (T'o(G)) < LEfy (Te(G))< LEen (Te(G))
if and only if G = U(y 3), D12, Q12, PSL(2, 2F) (k > 2) and GL(2,q) (¢ = p?).

(e) LET(Te(@))<E(I (G))<LE( o(@)) and Ecn(Te(G)) <LEcn(Te(G)< LES N (Te(G))
if and only if G such that (G) = 852(2)(12(G))| =1).

(f) E(Te(G))<LE(I'e(G))< LE*(I'«(G)) and Eon(Te(G)) < LEgy (Te(G))< LEcn (T'e(G))
if and only if G = U, (n > 6), QDan (n > 4) and GL(2,q) (g = p", n # 3), Uiz ¢)-
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