Chapter 4

Various CN-spectra and energies

of subgraphs of CCC-graphs

In this chapter, we consider the subgraph I'} .(G) of CCC-graphs I'c..(G) of finite non-

ccce

abelian groups G induced by Cl(G \ Z(G)). In Sections we shall compute CN-
spectrum, CNL-spectrum and CNSL-spectrum, CN-energy, CNL-energy and CNSL-

*

energy of I'} .(G), where G is group whose central quotient is isomorphic to Z, x Z, (for
any prime p) and the dihedral group Da,,, (m > 3) respectively. In Section[4.3| we shall de-

termine whether I,

(G), where G is the above mentioned groups, are CN-integral, CNL-
integral, CNSL-integral, CN-hyperenergetic, CNL-hyperenergetic, CNSL-hyperenergetic,

CN-borderenergetic, CNL-borderenergetic and CNSL-borderenergetic. As a consequence,

*

we characterize the groups G = D2, Qun, Usn, Upm), SDs, and Vg, such that I';..(G)
is CN-, CNL-, CNSL-integral /hyperenergetic/borderenergetic. In Section we shall
compare various CN-energies of I'}..(G) for the groups G considered in Sections

ccc

and show that Ecn(T/.(G)) = LEcn (T (@) = LELN (T (G)) or Eon (T (G)) <

ccc ccce ccc

LE (T (G))<LEcn (T (G)). We shall also characterize the groups G = Da,,, Qun, Usn,
Uln,m)s S Dg,, and Vg, such that I}’

ccc

the groups satisfying the inequality Ecn (T (G)) < LE&\(Ti (@) < LEcn(Teo(G)), the

(G) satisfy above mentioned equality/inequality. For

ccc

closeness of various CN-energies of I'}..(G) are depicted graphically in Figures [4.1]-[4.8
This chapter is based on our papers [67] published in Journal of Algebraic Systems and [68]
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Chapter 4. Various CN-spectra and energies of subgraphs of CCC-graphs

published in Boletim da Sociedade Paranaense de Matemitica.

4.1 Groups whose central quotient is isomorphic to Z, x Z,

The structure of I'}.(G) for this class of groups have been obtained by Salahshour and
Ashrafi (see Result 1.2.17). Various spectra and energies based on the adjacency matrix
of I'}

ec(G) of this class of groups have been obtained in [16]. The commuting and non-

commuting graphs of this class of groups are also studied in [40, 41, 43, 44, 45, 49, 47, 80].
In the following theorem, we derive CN-spectrum, CNL-spectrum, CNSL-spectrum, CN-

*
CcccC

energy, CNL-energy and CNSL-energy of I'}.(G) for this class of groups.

Theorem 4.1.1. Let G be a finite non-abelian group with |Z(G)| = z > 2 and % =
Ly X Ly, where p is a prime. Then CN-spectrum, CNL-spectrum, CNSL-spectrum, CN-

*

energy, CNL-energy and CNSL-energy of I'}..(G) are given by

cce

(a) CN-spec(I'}..(G)) = {[—(n — 2)]tD0=1) [(n — 1)(n — 2)](p+1)} and

Ecn(Ieee(G)) = 2(p+1)(n —1)(n - 2).

(p+1) pz—2zZ—p
(b) CNL-spec(T%.(G)) = {[0]p+17 [%(pz —2)(pzr — 2 — 217)} v )} and

[][oV]

) forp=2&2z=3

LECN(P:CC(G)) - w7 fO?"p Z 2& 2 =2

2(p+1)(p(2*21)052)(1’(z*1)*z), otherwise.

(c) CNSL-spec(Ie(G)) =

{[p%(pz — 2 =p)(pz =z~ 2p)

}p—H and

[CES) P
[z —z—op] 7Y ”}

3, forp=2&z=3
LB (T2l ©) = { 020t forp =285 —2
2(P+1)(P(Z—QL;Z)(P(Z—U—Z) . otherwise.
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Chapter 4. Various CN-spectra and energies of subgraphs of CCC-graphs

Proof. From Result 1.2.17, we have T}, .(G) = (p + 1)K,,, where n = (p;l)z.
(a) By Theorem 1.1.20, we get CN-spec(I'%..(G)) = {[—(n — 2))PHD (1)
[(n = 1)(n - 2)}(“1)} and Ecn (I (G)) = 2(p + 1)(n — 1)(n — 2).

(b) By Theorem 2.2.2, we get

(P+1)(

CNLespec(Tiee(@) = {07 |5 (o2 = 2)pz =2 = 2)| 7

pz—2—p) }

Here [0(T7eo(@)] = Z522 and tr(CNRS(Ti(G))) = LetleE2-abE-s),
Therefore, Acn(T%..(G)) = (p(Z_Q)—ZZ))gP(Z—l)—Z)_
We have

Ll = |0 - ACN(F:CC(G))’ =

’_(p(z —2) —2)(p(z —1) — 2)
p? '

Let a1(p, z) = —(p(z —2) — 2)(p(z — 1) — z). Then ay(p, z) = —2p* — 3pz — 2% + 3p?2(6 —
z)+ 3pz*(4 —p) <0 for p > 4 and z > 6. It can be seen that a1(2,2) = —2(2 —6) —8 =1
or < 0 according as z = 3 or z # 3; a1(3,2) = —2(z — 3)(22 — 3) = 2 or < 0 according
asz=2o0rz#2; a1(p,2) =2p—4>0; a1(p,3) = —2p> +9p — 9 = 1 or < 0 according
asp=2orp#2; a(p,4) = —6p*+20p — 16 < 0 and a;(p,5) = —12p? + 35p — 25 < 0.

Therefore,

(p(zfz)fz)gp(zfl)fz) forp=2&2=3;p>2&2z=2

)

Li= !
(p(Z—Q)—ZZ))gp(Z_l)_Z) , otherwise.
Also,
z2—2)(pz—2p—2 * i
Ly := (p )(1;2 P ) - ACN(FCCC(G))‘ - % .

Let ag(p,z) = pz —2p — z. Then ag(p,2) = (2 —2)p—2 > 2—4 > 0 for all z > 4 since
p > 2. It can be seen that as(p,2) = —2 < 0 and az(p,3) =p — 3 > 0 or < 0 according as
p > 3 or p=2. Therefore,

—PEEETE L for = 2& 2 =3;p>2& 2 =2
Ly = b

—9p— .
%, otherwise.
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Hence, by (2.1.a), we get

X +1
LEcn(T%(G)) = (p+ 1) x Ly + pT(pz — 2 —p)x Lo

NI

, forp=2&2=3

= 4 4(p=2)(p+1)
p2 )
2(p+1) (p(2=2)—2)(p(2—1)—2)
p2

forp>2&2z=2

, otherwise.

(c) By Theorem 2.2.2, we get

9 P+l g (p+1) % (pz—2—p)
ONSL-spec(T(@) = 3 | 502 =2 =9z =2 -2)] | (o =2 -2

We have
2pz—p—2)(pz —2p— % N z—2p—z)(pz—p—=2
Bl:'(p p )gp p )_ACN(FCCC(G))':’(p P )2(19 p—2)
p p
_(pz—2p—.;)2(pz—p—z)’ forp=2&2=3;p>2&2=2
:—le
(pzfzpfjj)z(pzfpfz) , otherwise.
Also,
2z —2p—2)? " —pz+2p+ 2
By = |22 po(riate| - |2

WT_I]Z, forp=2&2=3;p>2&2=2

—2PEEpE - otherwise.
Hence, by (2.1.), we get
LB (Tae(G)) = (04 1) By + 2o (02 = =) x By
3, forp=2&2=3
= W, forp>2&2=2
2pDEE=2-D6GD=  orherwise.

Hence the result follows.
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Chapter 4. Various CN-spectra and energies of subgraphs of CCC-graphs

As a corollary of the above theorem we get the following result.

Corollary 4.1.2. Let G be a non-abelian group of order p™ with |Z(G)| = p"~2. Then
CN-spectrum, CNL-spectrum, CNSL-spectrum, CN-energy, CNL-energy and CNSL-energy
of I't..(G) are given by

ccc

() CN-spec(Tiee(G)) = {[—(p" — "= — )] @6 22" 1),

cce

("2 = 53 — 1) (2 = 3 — 2)] PV} gn
Een(Tiee(@) =200+ D)(p" 2 = p" > = 1)(p" > = p"° - 2).

A (pn=t_pn-2_p
(b) CNL-spec(I'f..(G)) = {[O]p-s-l7 L%(pn—l 2 (et — 2 Qp)} 7 ( )}

and
0, forp=2&n=3
LEcn (e (G)) =
T e J .
2 1 2 1 2 s
(¢c) CONSL-spec(I';.(G)) = { [p(p”* =P =P =P —2p)] :
%( ne1_pn=2_py
I:p%(pn—l _ pn—2 _ 2p)2i| P P P } and
0, forp=2&n=3
LEJCFN(F:CC(G)) =
2(p+1)(p(pn%_2)_p;2)(p(pnfz_l)_pn%) , otherwise.
Proof. Here % & Zp X Zyp. Hence the result follows from Theorem 0

4.2 Groups whose central quotient is isomorphic to D»,,

The structure of I'}.

(G) for this class of graphs have been obtained by Salahshour (see

1.2.19). Various spectra and energy based on adjacency matrix of I'}..(G) of this class

of groups have been obtained in [16]. The spectrum, L-spectrum and Q-spectrum along
with their respective energies of commuting and non-commuting graphs of this class of

groups were studied in [40, 41, 43, 44, 45, 47]. In the following theorem, we derive various

*
cce

CN-spectra and CN-energies of I';,..(G) for this class of groups.
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Chapter 4. Various CN-spectra and energies of subgraphs of CCC-graphs

Theorem 4.2.1. Let G be a finite group such that |Z(G)| = z and % = Doy, (where
m > 3). Then CN-spectrum, CNL-spectrum, CNSL-spectrum, CN-energy, CNL-energy
and CNSL-energy of I':..(G) are as given below:

(a) If m is even then
(i) CN-spec(rzcc(G)):{[_(m n: 2)] [((m;)z)z 3n): +2} |
- G-2PE, (3 - %42} ana

2,2 2

m2z fm2273mz+3%73z+12.

(m 1)z

Ecn (Fccc (G)) =

( ) CNL- spec( CCC(G)) = {[0]3, [%(mz - z)(mz —z— 4)]%(”%7272), [%z(z — 4)]2_2} and

(m—=1)z—=2)(m(z+1)(m—2)z—4)+ 11z — 4)'

LEcn (T
on( 2(m + 1)

G)) =

ccc (

(i)
CNSL-spec(T'}..(G)) = { [%(mz —z—=2)(mz—z— 4)} ' , [%(mz —z— 4)2}

Le-2G-9)" [te-97 }and

25—8, form=4&z=2

%(mz7z72)

)

LEG N (Teeo (@) = %22(42 —6), form=4&z >3

otherwise.

(b) If m is odd then

(i) CN-spec(I(G)) = { - (22 —2)] (5 [((m;nz)? 3oz o]

[—(z — 2)](2_1), [22 — 32+ 2]1} and

2,2 2

5
m22 —mz2—3mz—|—§—3z+8.

ECN(FCCC(G)) =

(mz—2z-2)

(i) CNL-spec(I"o(G)) = {[012, [1(mz - 2)(mz — 2 — 1)) ez — 2)}21}
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and
0, form=3&z=1
LEoN(T%ee(G)) = { 4(z — 1)(z — 2), form=3&z>2
((mfl)zf2)((m73)(m+21():jj1()(m76)m+17)274(m+1)) . otherwise.

(iif)
CNSL-spec(I'i..(G)) = { [%(mz —z—=2)(mz— 2z — 4)} ! 7 [l(mz L 4)2} 3(mz—z-2)
1

1 ,
2(z = 1)(z = 2)%, [(z — 227"}
0, form=35&z=1
Az — 1)(z — 2), form=3&z>2
and LEE (Ti. (@) =
(m—5)2(81n;31))(m+3), Jorm>T&z=1
(m*3)(m2*(71’2f1()mz+zf6), otherwise.

ccec

Proof. From Result 1.2.19, we have I} .(G) = K(m?)z U2K: or K(m;mz U K, according
as m is even or odd.

(a)(i) If m is even then by Theorem 1.1.20, we get the required CN-spec(I'}..(G)) and
Eon (T (G))-

(ii) If m is even then by Theorem 2.2.2, we get

(m-1z_ 4 .
vem@1=for [ (50 2)] o 9]

Here [v(T;..(G))| = 2(m + 1)z and tr(CNRS(I'g)) = z((m((m — 3)m + 3) + 1)z* — 6((m —
2)m +3)z + 8(m + 1)). S0, Aok (Ttee(G)) = mllm=mED = 20ln=2im e =t8(ntl) | Note that

4(m+1)
z > 2. We have

Lyi= [0 — Acx(I%.(G))| = ‘_(m((m—S)m+3) +1)22 —6((m—2)m+3)z+8(m+1) ‘

4(m+1)

Let aj(m,z) = (m((m — 3)m + 3) + 1)22 — 6((m — 2)m + 3)z + 8(m + 1). Then a;j(m,z) =
8 +8m +62(2m — 3) + 22 + 3mz2? + m%A)z(mz —12) + #(m —6) >0 for m > 12. Also, a1 (4,2) =
2922 — 662 + 40 > 0, a1(6,2) = 12722 — 1622 + 56 > 0, a1(8,2) = 34522 — 306z + 72 > 0 and
a1(10,2) = 73122 — 4982 + 88 > 0. Therefore,

(m((m —3)m+3)+1)2%2 —6((m —2)m + 3)z + 8(m + 1)

L =
! A(m+1)
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We have

Ly i= [ Jlms = )(ms = 5 - 4) — Aen(TiucG)] =

m(z+1)(m—2)z—4)+ 11z —4
2(m+1) '

Let ag(m,z) = {m(z+ 1)((m — 2)z — 4) + 11z — 4}. Then as(m, z) > 0 for m > 6, since m — 2 >
4 = 2(m—2)—4>0 = m(z+1)(2(m—2) —4) > 0. Also, as(4,2) = 822 +32 — 20 > 0.

Therefore,

m(z+1)((m—2)z —4) + 11z—4.

L =
2 2(m +1)

We have

L3 := iz(z —4)— ACN(F:CC(G))’ = ’ Mo o8-8 mz(i((zm—#f)l;— m(=6+ (m = 3)2)) .
Let az(m, z) = 142 — 8 —8m —mz(2(z+8) + m(—6+ (m — 3)z)). For m > 10, m((m —3)z—6) >0
and 2(z +8) > 0. So, az(m,z) < 0 for all m > 10. Also, az(4,2) = —242% + 46z — 40 < 0,
a3(6,2) = —1202% + 134z — 56 < 0 and a3(8,2) = —3362% + 270z — 72 < 0. Therefore,

14z —8—8m —mz(2(z +8) + m(—6 + (m — 3)2)) .

L =
8 4(m+1)

Hence, by (2.1.a), we get

1
LECN(F* (G)):3XL1+§(TI’LZ—Z—2)XL2+(2—2)XL3

_ (m—=1z—=2)(m(z+1)((m—2)z—4)+ 11z —4)
2(m+1) '

(a)(iii) If m is even then by Theorem 2.2.2, we get

(m—1)z 1

smmiron = (b5 ) () ()] T
B(z —2)(z — 4)] : , [i(z - 4)2] 22} .

Here [0(T..(G))| = 4(m + 1)z and tr(CNRS(T'¢) = £z((m((m — 3)m + 3) 4+ 1)22 — 6((m —
2)m + 3)z + 8(m + 1)). So, Ao (D% (G)) = (RUm=3Im+3)+1)z> ~6((m-2)m+3)248(m+1)  Note that

4(m+1)
z > 2. We have

By = %(mz —z=2)(mz—2z—4) — ACN(FZCC(G))’
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(m (m*+m —5) +1) 2% — 6m(m+ 2)z + 8m + 30z + 8
4(m+1) '

Let 31(m, z) = (m(m2?+m—5)+1)22—6m(m+2)2+8m+30z+8. Then B (m, z) = 84+8m+302+22+
mz?(m—5)+ 22 (m?z —24) + mjz (mz—12). Clearly for m > 12, f1(m, z) > 0, as m?z—24 > 0 and
mz—12 > 0. It can be seen that (1 (4,2) = 6122 — 1142 +40 > 0, 51(6, 2) = 22322 — 2582 + 56 > 0,
B1(8,2) = 5372% — 450z + 72 > 0 and (10, 2) = 105122 — 690z + 88 > 0. Therefore,

(m(m?+m—5)+1) 22 — 6m(m+2)z + 8m + 30z + 8

By =
! A(m+1)

We have

m((m—2)z*> — (m+6)z+4) + 13z + 4
2(m+1) '

Let B2(m, z) = m((m—2)z> — (m+6)z+4)+13z+4. Then B5(m, 2) = 4+4m+13z+ 2% (mz—18)+
m;Z(z—S)—i— m3z2 (m—6) > 0 for m > 6 and z > 3. It can be seen that 32(4,2) = 822 —272+20 = —2

By = i(mz —z—4)% - ACN(cmc(G))‘ = ‘

or > 0 according as z = 2 or z > 3 and 2(m, 2) = 2m(m —8)+30 = —2 or > 0 according as m =4

or m > 6. Therefore,

, form=4&z=2

m((m—2)z2— (m+6)z+4)+13z+4
2(m+1)

wr=

By =

otherwise.

We have

52— 2)(z — 4) — Aox(Tic (@)

—((m® = 3m? +m —1) 2%) + 6(m — 4)mz + 8m + 6z + 8
4(m +1) '

Bg Z:‘

Let B3(m,2) = —((m®—3m?+m — 1)
8m(1—2)+22(3—4m)+22(1—m)+
B3(4,2) = —1922+62+40 < 0, 63(6,2) = —11322+782+56 < 0, #3(8,2) = —32722+1982+72 < 0
and $33(10, 2) = —70922 + 366z + 88 < 0. Therefore,

2)+6(m—4)mz+8m+62z+8. Then f3(m, z) = 8(1 —mz)+
(12 mz) -+ Z (6—m) < 0 for m > 12. It can be seen that

B — ((m® =3m?*+m —1)2%) + 6(m — 4)mz + 8m + 6z + 8
g = — .

4(m+1)
We have
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Let B4(m, z) = m(8 — z(m((m — 3)z — 6) + 2(2 + 10))) + 10z + 8. Then B4(m, z) = 8m — 10mz +
102 — 10mz + 8 — 2mz? + m;Z(12 —mz) + m;zz (6 —m) < 0 for m > 12. It can be seen that
Bal4, 2) = —2422 4262440 < 0, Ba(6, 2) = —12022 41062456 < 0, Ba(8, 2) = —3362% 42342472 < 0
and £4(10,2) = —72022 4 410z + 88 < 0. Therefore,

m(8 — z(m((m — 3)z — 6) + 2(z + 10))) + 10z + 8.

B, = —
* A(m+1)

Hence, by (2.1.b), we get

1
LE(n(Teee(G)) = 1 ><B1+§(mz—z—2) X By+2x Bs+ (2 —2) x By

%, form=4&z=2
=4 22242 -6), form=4&z>3
(m—2)(m—1)z2(mz—6)

30mt1) ,  otherwise.

(b) (i) If m is odd then by Theorem 1.1.20, we get the required CN-spec(I'}..(G)) and Ecn (T (G)).

cce

(ii) If m is odd then by Theorem 2.2.2, we get

(m—1)z
|

ONLespee(T2 (@) = { 01 | 502 (212 )| O e — 2!

8
SO7 ACN(F:CC(G)) = (mz+2—4)(((77L—4)77L;-7)Z—2(m+1)) . We have

I(m+1

Here [v(I'}..(G))| = 2(m+1)z and tr(CNRS (I (G)) = t2(mz+2z—4)(((m—4)m+T7)z—2(m+1)).

Li =10 = Acn(Tiee(G))] = ‘— (metz- 4><<<m4(—nj>+ml)+ 7)z—2(m+1)|

Let of(m,z) = (mz+ 2z —4)((m —4)m + 7)z — 2(m + 1)). Then o} (m,z) = (mz+ 2z —4)(7z —
2+ 22(m — 8) + Z(mz —4)) > 0 for m > 8, since z > 1. Again o (3,2) = 162® — 48z + 32 > 0,
o (5,2) = 7222 — 1202 + 48 > 0 and (7, 2) = 22422 — 240z + 64 > 0, as z > 1. Therefore,

(mz4+z—4)(((m—4)m+T7)z—-2(m+ 1))

L=
! 4(m+1)

We have

Ly =

1(me = 2)(mz — 2~ 4) — Acx(T4eo(G))

m2z2 +m?z —2mz2 —6mz —4dm — 322 + 172 — 4
2(m+1)
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Let af(m, z) = m?22 +m?z —2mz? —6mz —4m— 32>+ 17z — 4. Then oy(m, 2) = 172 —4+ 2 (mz —
8)—1—%(771—12)—1—%(7712—6)—1—mzz2 (m—4) > 0 for m > 8. It can be seen that (3, z) = 82—16 = —8

or > 0 according as z = 1 or 2z > 2; ah(5,2) = 1222+122—24 > 0 and a4(7, 2) = 322%+242—32 > 0,

as z > 1. Therefore,

1 form=3&z2=1

L = 7
2 2 2 2 2 2
m-z+mz—2mz"—6mz—4m—3z"+17z2—4

S0m+1) , otherwise.

We have

—m322 4+ 3m222 + 6m?z + mz2 — 20mz — 8m — 322 + 222 — 8
4(m+1)

?3:: |Z(Z - 2)_ACN(FZCC(G))|:

Let a4(m, z) = —m322 +3m?22% + 6m?z + mz? — 20mz — 8m — 322 + 222 — 8. Then ajy(m, z) = —8 —
2 2 2,2

8m—2z(10m—11) — 32 — o2 (mz — 18) — 2~ (m? — 3) — ™22~ (m—9) < 0 for m > 19. It can be seen

that a4(3,2) = 162 —32 = —16 or > 0 according as z = 1 or z > 2, a4(5,2) = —4822 + 722 —48 < 0,

af(7,2) = —19222 + 1762 — 64 < 0, a4(9,2) = —4802% + 3282 — 80 < 0, aj(11,2) = —96022 +

5282 — 96 < 0, a4 (13, 2) = —168022 + 7762 — 112 < 0, a4 (15, 2) = —268822 + 10722 — 128 < 0 and

a(17, 2) = —403222 + 14162z — 144 < 0. Therefore,

I z— 2, form=3&z>2
3= _ ,m3z2+3m2z2+6m2zz?:ﬁzj_z)20m278m7322+22z78’ otherwise.
Hence, by (2.1.a), we get
LEcn (T (G)) =2 x L + %(mz —2—=2)x L+ (2—1) x L}
0, form=3&z=1
=94(z—1)(z —2), form=3&z>2
(m=Dz=2)((m=8)(m+ 1)+ (m-Om17z—dm4D)

2(m+1) )

(b)(iii) If m is odd then by Theorem 2.2.2, we get

oxstepettza() = (52 <) (522 )]

(m—1)z 1

K(m;) 2) ] (2 - D -2 [ - 27 }
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Here [v(I}.(G))| = 3(m + 1)z and tr(CNRS(I'}..(G)) = g2(mz + 2z — 4)(((m — 4)m + 7)z —
2(m +1)). So, Acn(Ti..(G)) = (mztz— 4)((("2(72:'1L;r7)z 2m+1))  We have

B = \;mz—z—m(mz—z— 1)~ Ben(T (6)

_|m?2% +m?2% — 6m?z — bmz? — 12mz + 8m — 52° —|—422+8‘
4(m+1)
Let 31(m,z) = m®2%2 + m?2%2 — 6m?z — 5mz? — 12mz + 8m — 522 + 42z + 8. Then B;(m,2) =
8+8m +42z + 2% (m(m —5) — 5) + mz(m(mz — 6) — 12). For m > 9 we have mz —6 > 3 which gives
m(mz—6)—12 > 0 and m(m—>5)—5 > 0. Thus, 8} (m, z) > 0. Again 3,(3,2) = 1622 —482+32 > 0,
B1(5,2) = 1202% — 168z + 48 > 0 and 31(7,2) = 3522% — 336z + 64 > 0, as z > 1. Therefore,

m322 + m?2%2 — 6m2z — bmz? — 12mz + 8m — 522 + 42z + 8

B, =
! 4(m + 1)

We have

1 m2z2 —m?2z — 2mz? — 6mz +4m — 322 + 192 + 4

Hme =207 - Aox(02(@)| - | . .
Let 85(m, 2) = m222 —m?z — 2mz? — 6mz + 4m — 322 + 192 + 4. Then B5(m, z) = 4+ 4m + 192 +
M2 (mz — 24) + ME(z — 4) + 2 (m? — 12) +
that 85(3,2) = 16 — 8z = 8 or < 0 according as z = 1 or 2z > 2; 35(5,2) = 1222 — 362 + 24 > 0;

B5(7,2) = 322% — 722+ 32 = —8 or > 0 according as z = 1 or z > 2; S5(m,1) =20 —4m > 0

(m 8) > 0 for m > 9 and z > 5. It can be seen

or < 0 according as m = 1,3,5 or m > 7; f4(m,2) = 2m(m — 8) + 30 > 0 for all m; g5(m,3) =
6m? —32m+34 = —8 or > 0 according as m = 3 or m > 5 and f5(m,4) = 12m? —52m +32 = —16

or > 0 according as m = 3 or m > 5. Therefore,

z— 2, form=3&z>2
Bl ={ _m?2®—m?s— 2mz2(ngizf;r4m 32419244 for > T& 2= 1
=S QmZQ(_w?Tf)+4m 32 19244 otherwise.
We have
By = [2(z — 1)(z — 2) — Aon (Do ()] = |2’ o sctomtms-bnce 0

Let B5(m,2) = —m32% + 3m?2% + 6m?2 + 5mz? — 36mz + 8m + 22 + 62 + 8. Then B5(m,z) =
—8mz+8—8mz+8m—20mz+6z — mjz(mz—24)— %(m3—4) —mTZ?(mQ—5)—#(m— 12) <0

for m > 25. Again, 85(3,2) = 162(z — 3) + 32 > 0, B4(5,2) = —242% — 242+ 48 < 0, B4(7,2) =
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—1602% + 482 + 64 < 0, B5(9,2) = —44022 + 1682 + 80 < 0, B4(11,2) = —9122% + 3362 + 96 < 0,
B4(13,2) = —162422 +5522+112 < 0, B4(15, 2) = —262422 +8162+128 < 0, £4(17, 2) = —396022 +
11282 + 144 < 0, B4(19, 2) = —568022 + 1488z + 160 < 0, 84(21,2) = —783222 + 18962 + 176 < 0
and B35(23, 2) = —104642% + 2352z + 192 < 0. Therefore,

z2(z—3)+2, form=3&z>1

ma( z )+3m222+6m 2+5mz2 —36mz+8m—+2z>2 +6z+8
4(m+1)

By

form>5&z>1.
We have

| m322 + 3m22%2 + 6m2z + mz%2 — 28mz + 8m — 322 + 142+ 8

BQ:Z‘(Z—Q) ACN 4(m+1)

CCC

Let ) (m, z) 322 4+ 3m?222 + 6m?z + mz2? — 28mz + 8m — 322 + 14z + 8. Then B)(m, z) =
—8m(z — 1) — 1dz(m — 1) + (8 — 6mz — 32%) — ™2 (mz — 18) — ™= (m? — 3) — ™= (;m — 9) < 0
for m > 19. Tt can be seen that 84(3,z) = 32 — 16z = 16 or < 0 according as z = 1 or z > 2;
B4(5,2) = 242(1—-22)+48 = 24 or < 0 according as z = 1 or z > 2; 84(7, 2) = —19222+1122+64 < 0;
B1(9,2) = —48022 + 2482 + 80 < 0; B4(11,2) = —9602% + 4322 + 96 < 0; £,(13,2) = —16802% +
6642 + 112 < 0; B4(15, 2) = —268822 + 944z + 128 < 0 and B4(17, z) = —403222 + 12722 + 144 < 0,

as z > 1. Therefore,

—m32243m2224+6m2z+mz2—28mz+8m—32°> +14Z+8 form=3.5&z=1
B A(m+1) ’
=
3,2 2,2 1
_ —m®z%43m?2% 4 6m? z+zzf+b28mz+8m 322414248 (therwise.

Hence, by (2.1.b), we get

1
LEgN(F:CC(G)) =1 xBi+§(mz—z—2) X By+1x B+ (2—1) x B

0, form=3,5&z=1
4(z — 1)(z — 2), form=3&z>2
- —(m_5)2((7:;31))(m+3), form>7&z=1
(m=3)(m &ff;nﬂz 6 otherwise.
Hence the result follows. O

As a corollary of the above Theorem we get the following results.
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Corollary 4.2.2. The CN-spectrum, CNL-spectrum, CNSL-spectrum, CN-energy, CNL-

*

energy and CNSL-energy of T'%..(Dap) (where m > 3) are as given below:

(a) If m is odd then

(i) CNSL-spec(Lie.(Dam)) = {[0]1» [%(m = 3)(m — 5)] g E(m - 5)2} §(m—3)} and

(m —5)(m —3)(m + 3).

LE(N (Tece(Dam)) =

ccce

(b) If m is even then

(i) CN-spec(I'i..(Dam)) = {[0]27 {_%(m B 6)} 5(m—4)

() ONLespec(T (Do) = {07 [5m = 2)0m =]} ona

3(m —6)(m—4)(m — 2).

LECN(F:CC<D2m)) = Q(m + 2)

(iii) CNSL-spec(T':..(Dap)) = {[0]27 [%(m —4)(m — 6)] 1 ’ H(m B 6)2} i(m4)} and

P ?, form =28
LECN(FCCC(DQW)) = (m—6)(m—4) (m—2)
) , form #8.

Proof. We know that Z%;"m) = DQX% or Dy, according as m is even or odd. Therefore,
by Theorem we get the required result. O
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Corollary 4.2.3. The CN-spectrum, CNL-spectrum, CNSL-spectrum, CN-energy, CNL-
energy and CNSL-energy of T'%..(Quan) (where n > 2) are as given below:

(a) CN-spec(I'f..(Qan)) = {[—(n —3)]®™2 [(n —2)(n— 3]}, [0]2} and
ECN(F:CC(QML)) = 2(77' - 2)(” - 3)

(b)  CONL-spec(T..(Qan)) = {[0]3, [(n — 1)(n — 3)]" "2} and

6(n—3)(n—2)(n— 1)'
n+1

LECN(F:CC(Q4H)) =
(c) CONSL-spec(I(Qun)) = {[0] —2)(n = 3)]",[(n —3)*]""*} and

% forn =4
LE—iC_N( ccc(Q4n)) =

4(n73)(:—;12)(n71)’ forn # 4.

Proof. We know that Z(Q = = Day,. Therefore, by Theorem |4.1.1f (for the case n = 2) and

Theorem [4.2.1) we get the required result. O

Corollary 4.2.4. The CN-spectrum, CNL-spectrum, CNSL-spectrum, CN-energy, CNL-
energy and CNSL-energy of I'%..(Usn) (where n > 2) are as given below:

(2) ON-spec(Tiee(Ugn)) = {[=(n = P, [(n = 1)(n — 2P} and
Bon(Dee(Usn)) = 4(n = 1)(n = 2).

(b) ONLespec(Iiee(Usn)) = { [0, [n(n — 2)]2=D} and
LECN (Tiee (Uon) = 4(n = 2)(n — 1).

(¢) ONSL-spec(Tiee(Usn)) = {[2(n = 1)(n = 2), (1~ 2°PV } and

LEéN( ccc(Uﬁn)) = 4(” - 2)(n — 1)

Proof. We know that EJG" y = = Dsy3. Therefore, by Theorem we get the required

result. O
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Corollary 4.2.5. The CN-spectrum, CNL-spectrum, CNSL-spectrum, CN-energy, CNL-
energy and CNSL-energy of U't..(Uinm)) (where m > 3 and n > 2) are as given below:

(a) If m is odd then

(i) CN—SpeC (cmc(U(n,m))) = {[_(n - 2)]n—17 [ n—
mn—n—4

[—%(mn—n—él)} ( ),[

(n—1)(n—2)]",
1
%(mn—n—2)(mn—n—4)} } and

N|=

Eox (e Um)) = 5 (mn —n = 2)(mn —n —4) +2(n — 1)(n —2)

(ii) CNL-spec (Tiee (Ugnm))) = {[0]27 [n(n — 2)]" 1, [i(nm —n)(nm—n — 4)} ;(nm—n—2)}

and

4(n —1)(n —2), form=3&n>2

((m—1)n—2) ((mf?)) (m+1)n2+((mf6)m+17)n74(m+1))
2(m+1) )

LECN (FCCC(U(n7m))) - h
otherwise.

(iii) CNSL-spec (Dice(Ugn,my)) = {[2(n — 1)(n = 2)]1, [(n — 2)]" 71, 1
{%(nm —n—2)(nm—n— 4)} ! 7 [i(nm —n— 4)2} z(nmn2)} and

P 4(n—1)(n —2), form=3&n>2
LECN(FCCC(U(TL,TYL))) =
(m—3)(m—1)n?(mn+n—6)

1) ,  otherwise.

(b) If m and % are even then
() CNespeelTie (U my)) = {[(n — 20, [(n — 1(n — 2).

1

b — 20 g€

, |7(mn —2n —2)(mn — 2n — 4)}} and

Eon(Te (Upnm)) = %(mn —on — 2)(mn — 20 — 4) + 4(n — 1)(n —2).

(ii) CNL-spec (T'tee(Ugnmy)) = {[0]37 [(n — 2)n]2(n71) 7

L (mn—2n—2
[%(m —2)n((m —2)n — 4)} 2 )} and
. (U ") 6(n—1)(n—2), form=4&n>2
Een((Téee (Unm)))) =
((m—2)n—2)(an(Zn—;;’L—f;r)L@nQ—&—fin—l-l)+44n—8) . otherwise.
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(400 — 20— )(mn — 20~ 2)) .

(mn—2n—2)

(iii) CNSL-spec (Tie(Ugnm))) =

—

H(mn —2n — 4)2} : [2(n—2)(n — 1)), [(n— 2)2]2(n—1)} and

6(n—1)(n—2), form=4&n>2
LEéN(F:CC(U(n,m))) = 24 n?(4n — 3), form=8&n>2
(m_4)(m;3; (mn=6)  ,therwise.

(c) If m is even and g is odd then

(i) CN-spec(I'%..( = {[-2(n —1)*" 1 [2(2n — 1)(n — 1)},

ccc

{—%(mn—2n—4)}%(mn 2n-2) [1

, [7(mn —2n — 2)(mn — 2n — 4)}} and

(mn—n—2)(mn—n—4)4+4(2n—1)(n —1).

N =

ECN (F:CC(U(n,m) )) =

(ii) CNL-spec (P:CC(U(n’m))) = {[0]2’ E(mn — 20 — 4)(mn — 2n)} 1 (mn—2n-2) ’

[4(n — 1)n]?" 1} and

8(n—1)(2n—1), form=6&n > 2

((m=2)n—2)(m2n(2n+1)—4m(2n+3n+1)—24n?+68n—8)
2(m+2) ’

LEcN (cmc (U(n,m) )) =

otherwise.

(ii) CNSL-spec (I'tee(Ugn,m))) = { B(mn —2n —4)(mn — 2n — 2)} ! ,

E(mn —2n — 4)2} 1 (mn—2n-2)

4(n — 1)(2n — 1)1, [4(n — 1)2]2n—1} and

LE+ (" (U ) 8(n—1)(2n —1), form=6& n>2
cNWeeeYnm))) = (m_ﬁ)(m—Qn);fQ((m—i-Z)n—G)? otherwise.

Unm) . - . . .
Proof. We know that Z(U((n,'ni)) is isomorphic to DQX% or Dy, according as m is even or

odd. Therefore, by Theorem [£.2.T] we get the required result. O

Corollary 4.2.6. The CN-spectrum, CNL-spectrum, CNSL-spectrum, CN-energy, CNL-
SDsy,) (where n > 2) are as given below:

CCC(

energy and CNSL-energy of I’
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(a) If n is even then
(i) CN-spec(Tiec(SDsn)) = { [~ (2n — 8)]"=2 [(2n - 2)(2n - 3)]%, (02} and

Eox (Do (SDsn)) = 2(2n — 2)(2n — 3).

(ii) CNL-spec(I'%..(SDsy)) = {[0]>,[(2n — 1)(2n — 3)]*" 2} and

CCC

12(n — 1)(4(n — 2)n + 3) .

LE
on(I om+ 1

SDg,)) =

CCC(

(iii) ONSL-spec(T}..(SDsy)) = {[0]%,[2(2n — 2)(2n — 3)]%, [(2n — 3)?]*"~2} and

ccc

N 28 forn =2
LECN( CCC(SD8n)) =

8(n71)(321?)(2n*1), forn > 4.

(b) If n is odd then
(i) CN-spec(Tiee(SDsn)) = {[=(2n = 4)]"=%),[(2n — 3)(2n — )], [-21?, [6]! | and

Bon (T (SDsn)) = 2(2n — 3)(2n — 4) + 12.

(ii) CNL-spec(I':,.(SDsy)) = {[0] [(2n — 2)(2n — 4)]>"3} and

CCC

24, forn=3
LECN( ccc(SDSn)) =

An=8GEInt)  p > 5

(iii) CNSL-spec(I'%..(SDsy,)) = {[2(2n — 3)(2n — 4)]}, [(2n — 4)?]>" 73, [12])}, [4)3} and

CCC

24, forn =3

LEéN( ccc(SDgn)) -
16(n—3)(n—1)(2n—1) for n > 5.

n+1 )

Proof. We know that Z( S D ) is isomorphic to Dsxa, or Do, according as n is even or odd.

Therefore, by Theorem we get the required result. O

Corollary 4.2.7. The CN-spectrum, CNL-spectrum, CNSL-spectrum, CN-energy, CNL-
energy and CNSL-energy of I'%..(Vsy,) (where n > 2) are as given below:
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(a) If n is even then
(i) CN-spec(Ite(Van)) = {[=(2n — 4], [(2n = 3)(2n — 4)]", [0]'} and

ECN( ccc(‘/sn)) - 2(271 - 3)(2n - 4)

(ii) CNL-spec(I'%..(Van)) = {[0)%,[(2n — 2)(2n — 4)]*"~3} and
. ~20(n —2)(n —1)(2n — 3)
LECN(FCCC(‘/STL» - n+1 ’
(iii) ONSL-spec(T.(Vsn)) = {[0]*, [2(2n — 3)(2n — 4)]1, [(2n — 4)]*" 3} and

16(n —2)(n —1)(2n — 3)
n+1 '

LEgN(F:CC(‘/Sn)) =
(b) If n is odd then
(i) CN-spec(Tiee(Van)) = {[~(2n — 3)]*2), [(2n — 2)(2n — 3)]*, (0]} and
Eon(Teee(Van)) = 2(2n — 2)(2n - 3).

(ii) CNL-spec(I'%..(Van)) = {[0]3,[(2n — 1)(2n — 3)]*"~2} and

LEcn (T (Van)) = 12(n — 1)(4(77, — 2>n + 3) '

cce 2n + 1
(i) CNSL-spec(Tie.(Van)) = {[0]%, [2(2n — 2)(2n — 3)]', [(2n — 3)*]*"2} and

Proof. (a) If n is even then by 1.2.24, we have '} .(Vsy,) = Kop—2 U 2K5.
(i) By Theorem 2.2.2, we get

CNLespec(Thee(Van)) = {[0]7, [(2n = 2)(2n — 4)]2"~2}.

Here |v(T%..(Van))| = 2(n+ 1) and tr(CNRS(T..(Vsn))) = 4(n — 2)(n — 1)(2n — 3). So,

ccc

ACN( CCC(‘/sTL)) - 2n 2)(Z+1)(2n 3) . We have

bl

2(n—2)(n—1)(2n—3)’ 2(n—2)(n—1)(2n — 3)
Li:=]0-A D))= 1— =

1 |0 CN( CCC(‘/8 ))’ ’ n+1 n+1

since —2(n—2)(n—1)(2n—3) < 0,asn >2,s02n—3>0,n—2>0and n—1 > 0. Also

10(n —2)(n —1)
n+1

Ly :=|(2n —2)(2n — 4) — Acn(Tiec(Van))| = ‘
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10(n —2)(n —
= (n )(n 1), as n > 2.
n+1

Therefore, by (2.1.a), we get

20(n —2)(n —1)(2n — 3)

LEcN(Tece(Ven)) = 5 x L1 + (2n — 3) x Ly = -

(ii) By Theorem 2.2.2, we get
CNSL-spec(I'%..(Van)) = {[0]4’ 2(2n — 3)(2n — 4)]*, [(2n — 4)2]2n—3} '
We have

Bl = ‘0 - ACN(F:CC(‘/SH)” = L17

Ba 1= [2(20 - 3)(2n — 4 - Ao(Tie(Van))| = 22D

2(n — _
_ (n—=2)(n+3)(2n 3)7 as > 2,
n+1

and

By i= (20— 4 — Ao (T (Vi) =

ccc

2(n —2)(3n — 7)' _ 2(n—2)(3n—=17)
n+1 n+1

i

asn > 2,50 2(n—2)(3n —7) > 0. Therefore, by (2.1.b), we get

16(n —2)(n —1)(2n — 3)

LEéN(Ficc(%n» =4x By +1xBy+ (2n—3) x By = .

(b) If n is odd then by Result 1.2.24, we have I'} . (Vz,) = Kop—1 U2K; = I} (Daxan)-
Hence, the result follows from Corollary O

4.3 Some consequences

In this section, we discuss some consequences of the results obtained in Sections
Looking at the CN-spectrum, CNL-spectrum and CNSL-spectrum of I'}.(G) for the

cce

groups considered in Sections we get the following result.
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Theorem 4.3.1. Let G be a finite non-abelian group with center Z(G). Then I'..(G) is
CN-,CNL- and CNSL-integral if

(2) zay = Zp % Zp-
G ~

(c) G is isomorphic to Dom, Qan, Usn, Unmy, SDsn and Vgp.

Now we shall determine whether I'}.(G) are CN-, CNL- and CNSL-hyperenergetic

for these groups.

Theorem 4.3.2. Let G be a finite non-abelian group and % = Zp X Ly. Then 'l (G)
is not CN-,CNL- and CNSL-hyperenergetic.

Proof. Let |Z(G)| = z. Then z > 2 and |[v(T'}..(G))| =np+n = (pQ%)Z.

By Theorem and (2.2.a), we get
Eon (Kju(rz,.(a)) = Bon(Feee(G))
=2np+n—1)(np+n—-2)—2(n—1)(n—-2)(p+1)
= 2n°p + 2p(n’p — 2) > 0,

since p > 2 and n is a positive integer. Hence, '}, (G) is not CN-hyperenergetic.

By Theorem and (2.2.a), we get

4((p—2)p(2p§+?—2)+4)7 forp>2& 2 =2
P
LEoN(Kju(rz.. (o)) = LEox (Teee (@) = 1 16, forp=2&z=3
2p322—2p?22 —dp®—2p2? 4222 4y e
P ’ '

Let fi(p) =4 ((p—2)p (2p* +p—2) +4) and fa(p, 2) = 2p>2% — 2p?22 — 4p? — 2p2? + 222,
where z > 3. Then f1(p) > 0. Also, fa(p, z) = 2(p—3)p?22+3p* (pz? — 6)+3 (p* — 3) pz*+
222 > 0 for p > 3. For p = 2 we have fa(p, z) = 62> —16 > 0. Hence, LEcN (K y(rs__(c))]) —
LEcn(T%..(G)) > 0. By Theorem we also have LEcN (Tl (G)) = LE{ N (Ti(G))-
Therefore, LE{y (K| (5 (G))]) — LE N (T%.(G)) > 0. Hence the result follows. O
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An immediate corollary of the above theorem is given below.
n—2 .

Corollary 4.3.3. Let G be a non-abelian group of order p" and center |Z(G)| = p
Then T'%..(G) is not CN-,CNL- and CNSL-hyperenergetic.

Theorem 4.3.4. Let G be a finite non-abelian group and % = Doy, (where m > 3).
Then T?..(G) is

ccc

(a) not CN-hyperenergetic. In particular CN-borderenergetic if and only if G = Dg.
(b) CNL-borderenergetic if m = 3,11 & z = 1.

(¢c) CNL-hyperenergetic except form =4,6 & z=2;m=4& 2=3; m=4 & z=4;
m=3&2>2,m=5"79&z=1andm=5& z=2,3.

(d) CNSL-borderenergetic form =3 & z = 1.

(e) CNSL-hyperenergetic except for m = 4 & z = 2,3,4,5; m = 6,8 & z = 2; m =
6&z2=3;,m=5&z2z=1,m=3&z2>2,m>7(misodd) & z=1;
m=579&z2=2andm=>5 & z=3,4.

Proof. We have

(m+1)z, form is even

N[ =

[0(Teee(G))] =
(m+1)z, for m is odd.

N[ =

Case 1. m is even
By Theorem and Result 1.1.20, we get

. mz oz mz oz
Eon (Ko@) — Eon(Ieeo(G)) = (2 t5 - 1) (2 t5- 2)
2.2 2
3
_<m2z —mz2—3mz+§—3z+12>

=2%(2m —1) -8 >0, sincem >3 and z > 2.
In this case z > 2. By Theorem and (2.2.a), we have

LEoN (Kjo(rz, (@) — LEeN(Teee(G))
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—m323 4+ 3m?223 + 12m222 — 2m2z3 — 18m22 — 24mz + 1222 + 122
2(m+1) ’

Let fi(m,z) = —m32% + 3m?23 + 12m222 — 2m2® — 18m2? — 24mz + 1222 + 12z. Then
fi(m,z) = Im?23(6 — m) + $m?2%(24 — mz) — 2m2® 4+ 622(2 — 3m) + 122(1 — 2m) < 0
for m > 6 and z > 4. We have fi(m,2) = 8m?(9 — m) + 72 — 136m < 0 for m > 10.
Also f1(4,2) = 168, f1(6,2) = 120 and f1(8,2) = —504. Therefore, fi(m,2) > 0 or < 0
according as m = 4,6 or m > 8. We have fi(m,3) = 27m?(7 —m) + 144 — 288m < 0 for
m > 8.

Also f1(4,3) = 288 and f1(6,3) = —612. Therefore, f1(4,3) > 0 or < 0 according as
m =4 or m > 6.

Now we need to check for m = 4 and z > 4. We have fi(4, z) = 122%(11 —22) — 842 < 0
for z > 6. Also f1(4,4) = 240 and f;(4,5) = —120. Therefore, fi(4,z) > 0 or < 0 according
as z =4 or z > 5. Hence, LEcN(K|y(rz_(G))]) — LEcN(Tiee(G)) > 0 for m = 4,6 & 2z = 2
and m =4 & z = 3,4. Otherwise, LEoN(Kjy(rz _(@))) — LEeN(Teec (G)) < 0.

ccc

By Theorem and (2.2.a), we also have

LESN (Kjo(rs. (@))) — LEGN (Teee(G))

%, form=4&z=2

= 52 (—2422 + 1612 — 150) + 4, for m=4& 2 >3

—m3234+m3224+3m2234+9Im222—6m22—2mz3 —15mz2 —12mz+8m+1322—62+8

St 1) , otherwise.

Let fo(z) = 152 (—242% + 1612 — 150) +4 and f3(m, z) = —m®2® +m?2% +3m223 4+ 9m?2? —
6m?z—2mz3—15mz? —12mz+8m+1322—62+8. Then f(z) = 152 (2 (161 — 24z) — 150)+
4 > 0 or < 0 according as z = 3,4,5 or z > 6. Also, f3(m,z) = %m3(3 - 2)22 + %(9 —
m)m?z3 + 1m?2%(27 — mz) — 6m?z + 22(13 — 2mz) + (8m — 15mz?) + (8 — 12mz) — 62 < 0
for m > 10 and z > 3.

We have f3(m,2) = 4m?(12 — m) + 48 — 92m < 0 for m > 12. Also, f3(6,2) = 360,
f3(8,2) = 336 and f3(10,2) = —72. Therefore, f3(m,2) > 0 or < 0 according as m = 6,8
or m > 10.

We have f3(6,2) = 22(463 — 1202) — 294z + 56 < 0 for z > 4. Also, f3(6,3) = 101.
Therefore, f3(6,2) > 0 or < 0 according as z = 3 or z > 4. We have f3(8,2) = 22(981 —
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336z) — 486z + 72 < 0 for z > 3. Therefore, f3(m,z) > 0if m = 6,8&z = 2 and m =
6 & z = 3. Otherwise, f3(m, z) < 0. Hence, LE (K jy(rs._(c)))) —LE&N (Diee(G)) > 0if m =
4& z=2,3,4,5:m=06,8& z=2and m =6 & z = 3. Otherwise, LE{\ (K |y(r=__(c))) —
LE N (Téee(G)) < 0.

Case 2. m is odd

By Theorem [4.2.1{ and Result 1.1.20, we get

. mz oz mz  z
Ecn(K oz (a))) — Bon(Ieee (G)) = 2 <2 + 5 1> (2 + 5 2)
2.2 2
B —mz2—3mz+5i—3z+8
2 2
=22%(m —1) — 4.

We have
=0, form=3,z=1
> 0, otherwise.

Hence the result follows.
By Theorem and (2.2.a), we have

LEoN (Kju(rz. (@) — LEoN(Teee(G))
0, form=3&z=1

= {422 — 4, form=3&z>2

24z—24mz+122%2—24m2z24+12m222—323+mz3+3m223 —m323

S(mT1) , otherwise.

Clearly 422 —4 > 0 for z > 2. Let fy(m,z) = 24z — 24mz + 1222 — 24mz? + 12m?22 —
323 +mz3 +3m?2% —m323. Then fi(m,z) = tm?23(9 —m) + tmz3(3 —m?) + 1m?2%(36 —
mz) — 323 + 1222(1 — 2m) + 242(1 —m) < 0 for m > 9 and z > 4. We have fy(m,1) =
m2(15 — m) + 33 — 4Tm < 0 for m > 15. Also, f4(5,1) = 48, fu(7,1) = 96, f4(9,1) = 96,
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fa(11,1) = 0 and f4(13,1) = —240. Therefore,

=0, form=11
fa(m, 1) >0, form=5,7,9
<0, form >13.
We have fy(m,2) = 8m?(9 —m) + 72 — 136m < 0 for m > 9, f4(5,2) = 192 and £4(7,2) =
—96. Therefore, fq(m,2) >0 or < 0 according as m =5 or m > 7.
We have fi(m,3) = 27m?(7 — m) + 99 — 261m < 0 for m > 7 and f4(5,3) = 144.
Therefore, fi(m,3) > 0 or < 0 according as m =5 or m > 7.
Again, we have f4(5,2)=4822(4 — 2) — 962 < 0 and f4(7,2) =482%(9 — 42) — 1442z < 0
for z > 4. Therefore,
=0, form=11&z=1
fa(m,2)$>0, form=579&z2=1;m=5&z=3

<0, otherwise.

Hence

LEcN (Kjo(rz,.(a)))) — LEen(Teee(G))
=0, form=3,11&z=1
>0, form=3&z>2;

m=>579&z=1, m=5& 2=2,3

< 0, otherwise.

By Theorem and (2.2.a), we also have

LE N (Kju(rs. @))) — LESN (Thee(G))
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0, form=3&z=1
4, form=5&z=1
= {422 - 1), form=3&z>2
"ﬂﬁiﬁ_m, form>T7&z=1
—m3z3+m322+3m2z3+9m2z2—6m222—|(-$i31;21m22—12mz+8m—323+19z2—6z+8’ otherwise.

Clearly 4(22 — 1) > 0 for z > 2 and m? + 4m — 21 > 0 for m > 7. Let fs(m,z) =
—m323 +m322 4+ 3m223 +9m?2% — 6m2z + mz3 — 21m2? — 12mz +8m — 323+ 1922 — 62 + 8.
Then f5(m,z) = 1m32%(4 — 2) + 1m?23(12 — m) + Im?222(36 — mz) + Im23(4 — m?) —
21mz% + (8m — 12mz) — 6m?z + 22(19 — 32) + (8 — 6z) < 0 for m > 13 and 2z > 7.
We have f5(n,2) = 4n?(12 —n) +48 — 92n < 0 for n > 13. Again f5(5,2) = 288,
f5(7,2) = 384, f5(9,2) = 192 and f5(11,2) = —480. Therefore, f5(m,2) > 0 or < 0
according as m = 5,7,9 or m > 11.

We have f5(m,3) = 18m?(8 — m) + 80 — 190m < 0 for m > 9. Again, f5(5,3) = 480
and f5(7,3) = —368. Therefore, f5(m,3) > 0 or < 0 according as m =5 or m > 7.

We have f5(m,4) = 24m?(13 — 2m) + 96 — 312m < 0 for m > 7. Also, f5(5,4) = 336.
Therefore, f5(m,4) > 0 or < 0 according as m =5 or m > 7.

We have f5(m,5) = 10m?(57 —10m) + 78 —452m < 0 for m > 7. Also, f5(5,5) = —432.
Therefore, f5(m,5) < 0.

We have f5(m,6) = 36m?2(26 — 5m) + 8 — 604m < 0 for m > 7. Also, f5(5,6) = —2112.
Therefore, f5(m,6) < 0.

Now we shall check for m = 5,7,9,11 and z > 7. We have f5(5, z) = 242%(11—22)+48—
2162 < 0, f5(7,2) = 162%(41—122)+64—384z < 0, f5(9,2) = 82%(161—602)+80—600z < 0
and f5(11,2) = 962%(23 — 10z) + 96 — 8642 < 0, as z > 7. Thus, f5(m,2) > 0if m =5,7,9
& z=2and m=5 & z = 3,4. Otherwise, f5(m,z) < 0.

Hence

LEEN (Ko (6))) — LEER (Tiee (@)
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=0, form=3&z=1
>0, form=5&z=1, m=3& 2>2;

m>7&2=1, m=5"79&2=2, m=5& 2=3,4

< 0, otherwise.
Hence the result follows. O
As a corollary of the above theorem we get the following results.
Corollary 4.3.5. I'}..(Usyn) (n > 2) is not CN-, CNL- and CNSL- hyperenergetic.
Corollary 4.3.6. Let G = Doy, Qap, Ugn, SDsg, or Un,m)- Then

(a) I'%..(GQ) is not CN-hyperenergetic.

(b) I't..(G) is CNL-borderenergetic if and only if G = Dg and Das.

(¢) Ti..(G) is CNL-hyperenergetic if and only if G = Day, for m > 13; Quy for n > 7;
SDsgp forn >4 and Uy, except form =3&n>2, m=5&n=2,3, m=4&n >
2, m=8&n=2andm=6&n > 2.

(d) T'i..(G) is CNSL-borderenergetic if and only if G = Ds.

(e) T'i..(G) is CNSL-hyperenergetic if and only if G = Day, for m is even and m > 20;
Qan for n > 10; SDs;, for n > 6 and U,y except for m = 3&n > 2, m =
5,7,9&n =2, m=5&n=3,4, m=4&n>2, m=8&n=2, m=6&n > 2 and
m=10&n = 2.

Corollary 4.3.7. I'}..(Vsn) (n > 2) is not CN-hyperenergetic but CNL-hyperenergetic for
n > 6 and CNSL-hyperenergetic for n > 4.

Proof. Case 1. n is even

We have |v(T%..(Vsn))| = (2n 4+ 2). By Theorem and Result 1.1.20, we get

ECN(K|1;(I‘* (VSn))|) — ECN(F:CC(‘/Bn)) = 4n(2n + 1) - 2(2n - 3)(2n — 4).

cce
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Since n > 2 we have 4n(2n + 1) — 2(2n — 3)(2n — 4) = 8(4n — 3) > 0. Therefore,
Eon (Kju(rs . (vin))]) > EoN(Tiee(Van)) and so I'z..(Vsy,) is not CN-hyperenergetic.

ccc

By Theorem and (2.2.a), we get

N 120 — 32(n — 4)(n — 2)n >0, for2<n<4
LEcN (Kju(rs,. (ven)))) — LEoN(Tiee(Van)) = —

cce

<0, formn >6.

6(n —1)(n(5n —19) +16) | >0, forn=2
n+1

LEEN (Ko, (ven))) — LEGN (Tece(Ven)) = —
<0, forn>4.

Thus, T .(Vs,) is not CNL-hyperenergetic if n = 2,4 and T'},.(Vg,) is CNL-hyperenergetic if

n > 6. Also, it is not CNSL-hyperenergetic if n = 2 and T'}.(Vs,,) is CNSL-hyperenergetic if n > 4.
Case 2. n is odd
We have T (Vsn) = Kop—1 U 2K; = Teee(Daxan). Then, by Corollary we have that
I'*..(Vs,) is CNL-hyperenergetic if n > 4 and CNSL-hyperenergetic if n > 5. Hence, the result

follows. O

4.4 Comparing various CN-energies

In this section, we compare CN-energy, CNL-energy and CNSL-energy of I'}..(G) of the

groups considered in Sections

Theorem 4.4.1. Let G be a finite group such that |Z(G)| = z > 2 and % = Zp X L.
Ifp=2&2=3 0rp>3&2=2 then

Ecn(Teee(G)) < LEon(Tiec(G)) = LE¢N (T (@)
For all other cases, Ecn(Tiee(G)) = LEcn (T (G)) = LE N (Thee(G)).

Proof. In view of Theorem [{.1.1] it is sufficient to compare Ecn (I (G)) and LEcn (T (G)).
By Theorem [£.1.1] we have

3, forp=2&2=3
LEcN(Teee(G)) — Eon(Teee (G)) = W, forp>2&z=2
0, otherwise.
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Clearly, 8(p—2)(p+1) = 0 or > 0 according as p = 2 or p > 2. Hence, the result follows. [
As a corollary to Theorem [#.4.1we have the following result.

Corollary 4.4.2. Let G be a non-abelian p-group of order p™ and |Z(G)| = p"~2, where p
is a prime and n > 3. Then Ecn(Ti(G)) = LEcN (T (G)) = LE (T (G)).

Theorem 4.4.3. Let G be a finite group and % = Doy (m>3). Ifm=3&z>1 or
m=5&z =1 (where |Z(G)| = z) then

EcN(Teee(G)) = LEeN (T (G)) = LEdN (T (G)).
For all other cases, Ecn(Tiee(G)) < LE{(Ti(G)) < LEon (Tiee(G)).

Proof. Case 1. m is even

In this case z > 2. By Theorem we have

LE N (Tiee(G)) — Eon(Teee (G))

utoo

, form=4&z=2

2 _ —
2% (242 91%(—){-150z 1207 form=48& 2 >3

(m—2)(m—1)mz3—(m(m(m+5)—17)4+15) 22 +6(m+1)%22—24(m+1)
2(m~+1) ’

otherwise.

Let fi1(z) = 2%(24z — 91) + 150z — 120 and fa(m, 2) = (m — 2)(m — 1)mz® — (m(m(m +
5) — 17) +15)22 + 6(m + 1)%z — 24(m + 1). Then fi(z) > 0 for z > 4. Also, f1(3) = 122,
Therefore, fi(z) > 0 for z > 3. It can be seen that fa(m,2) = tm?(z — 3)z% + 1(m —
9)m?z% + tm?2%(mz — 15) + 6 (m?z — 4) 4+ 2m2> + (17m — 15)22 + 12m(z — 2) + 62 > 0
for m > 10 and z > 3. Also, fa(m,2) = 4(m — 2)(m — 3)% > 0 for m > 6. We have
f2(6,2) = 2%(120z — 309) + 294z — 168 > 0 and f2(8, z) = 2%(336z — 711) + 4862 — 216 > 0

for z > 3. Therefore, fa(m,z) > 0 for m > 6 and z > 2. Hence,
LE{N (Teee(G)) — Eon(Teee (G)) > 0.
Again
LE iy (Teec(G)) — LEen(Téee(G))
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—%, form=4&z=2

— —2(2921—066)—40’ form=4&z>3

_ (m((m—3)m+3)+1)Z22(;?_(F(17;‘_2)m+3)z+8(m+1) , otherwise.

Clearly, —2(29z — 66) — 40 < 0 for z > 3. Let f3(m,2) = —((m((m — 3)m + 3) + 1)22 —
6((m—2)m+3)z+8(m+1)). Then f3(m,z) = —3(m—6)m?22 — Im?z(mz—12) —3mz? —
6(2m — 3)z — 8m — 22 — 8 < 0 for m > 6 and z > 2. Therefore,

LE N (Tiee(G)) — LEen (T (G)) < 0.

Hence, ECN(FzCC(G)) < LEgN(F:cc(G)) < LECN(cmc(G))
Case 2. m is odd

By Theorem we have

LEJCFN (FZCC (G)) - ECN (F:cc (G))

0, form=3,5&2=1
0, form=3&z>2
%&”_3), form>7&z=1
z((m—3)(m—l)(m+1)z2—(m(m(m+5)—21)+23)z+6(m+1)2)—16(m+1)

ST 1) , otherwise.

Clearly (m —5)(m —3) > 0 for m > 7. Let fy(m,2) = z((m —3)(m —1)(m + 1)2*—
(m(m(m +5) — 21) +23)z + 6(m + 1)?) — 16(m + 1), where m > 5 and z > 2. Then
fa(m, 2)=tm3(z=4)22+ 1 (m=12)m?23+1 (m? — 4) m23+Im?2%(mz—20)+2 (3m?z — 8)+
(21m — 23)2% +4m(3z — 4) + 323+ 62 > 0 for m > 13 and 2z > 4. We have fy(m,2) =
4m —2)(m — 3)2 > 0 as m > 5; fi(m,3) = 18m?*(m — 6) + 182m — 124 > 0 for
m > 7; and f4(5,3) = 336. Therefore, f4(m,3) > 0. Further, for z > 4 we have
f1(5,2) = 2422(22 — 7) + 2162 — 96 > 0; f4(7,2) = 1622(122z — 29) + 384z — 128 > 0;
f1(9,2) = 822(60z — 121) + 600z — 160 > 0 and f4(11, z) = 19222(52 — 9) + 8642z — 192 > 0.
Therefore, fy(m,z) > 0. Thus,

o i =0, form=3&z>1;m=5&z=1
LECN(PCCC(G)) - ECN(FCCC(G))

> 0, otherwise.
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Again
0, form=3&z=1
0, form=3&z>2
LE&LN(F:cc(G)) — LEon(Teee(G)) = 0, form=5&z=1
7%» form>7&z=1
s T ) i

Clearly, —(m—5)%(m—3) < 0 form > 7. Let fs(m,2) = —(mz+2—4)((m—4)m+7)z—2(m+1)).
Then f5(m,z) = —4(m — 6)m?2% — im?z(mz — 12) — 3mz? — 6(2m — 5)z — 8m — 72> — 8 < 0 for
m >Tand z > 2. For z > 2 we have f5(5,2z) = —24(z — 1)(3z — 2) < 0. Therefore, f5(m,z) < 0.
Thus,

N =0, form=3&z>1;m=5&z=1
LE(N (Iéce(G)) = LEen (I'eee (G))

cce ccc
<0, otherwise.

Hence, Eon(Io(@)) = LEEN (Tee(@)) = LEon (T (G)), if m =3& 2> 1 or m =5& 2z = 1. For

CcccC

all other cases, Eon (I (G)) < LEfy (T (G)) < LEen (I (G)). This completes the proof. [

Using Theorem we have the following corollary.
Corollary 4.4.4. Let G = Dam, Qan, Usn, SDsn, Van o1 Uy ). Then

(a) ECN(F* (G)) = LE3N<F* (G)) = LECN<F* (G)) Zf and only lf G = D6,D8, Dl(),

ccc ccc Cccc

D12, Qs, Q12, SD24, Vig, Usp for n > 2 and Uy for m = 3,4,6 and n > 2.

(b) Ecn(Tiee(G)) < LEN(Ti(G)) < LEcn(To(G)) if and only G is not among the

ccc ccc

groups listed in (a).

We conclude this chapter by showing the closeness of various CN-energies of I'}..(G)

if G = Doy, Qan, Ugn, SDgy, Vs, and U, (n,m) graphically in the following figures.
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CN-energies of I'}.. (D2 ) —

(Qan) =

*
cce

CN-ennergies of I"

CN-energies of '’ (SDgp) —

150
100 H
50 [
o | |
5 10 15 20
m (odd) —
Figure 4.1: CN-energies of
T'ic(D2m), m is odd
1,500
1,000 H
500 |-
o \ |
5 10 15 20
n —

Figure 4.3: CN-energies of 't (Qan)

4,000
2,000
0 |
5 10 15 20
n (even) —

Figure 4.5: CN-energies of

I'sce(SDsgy), n is even

(D2m) —

*
cce

CN-energies of I"

(Ua,m)) =

*
cce

CN-energies of I"

(SDgn) —

*
cce

CN-energies of I"

6,000

4,000
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Figure 4.2: CN-energies of

Técc(D2m), m is even

—=— Ecn
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— +
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m (odd) —

Figure 4.4: CN-energies of

Iécc(Ua,my), m is odd

. ECN
LEcnN

— +
LECN

n (odd) —

Figure 4.6: CN-energies of

F:CC(SDsn), n is odd
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T 6,000 . T 6,000
> ) =
~ ]
+8 4,000 . LS 4,000
~ =
B 8
g 1 g
£ &
5] 2,000 | g 2,000
=1 I~
9 9
Z. | Z
o o]

0 2 0

n (even) — n (odd) —
Figure 4.7: CN-energies of Figure 4.8: CN-energies of
Tiee(Van), n is even Tic(Van), nis odd

Considering the group G = Doy, Qun, U, (n,m)> Van and SDsg,, in [16], Bhowal and
Nath compare E(I'}..(G)), LE(I';..(G)) and LET(I'%..(G)). We observe that E(I'..(G)),
LE(I'%(G)), LET (I (G)) and Ecn (Tiee (@), LEoN (Tiee (G)), LE¢ N (oo (G)) satisfy sim-
ilar (sometimes different) inequalities for the above mentioned groups. Comparing our

results and the results obtained in [16], we get the following results.
Theorem 4.4.5. Let G = Do, Quan, Unm)s Van and SDs;,. Then

(2) B(Tée(G))= LE(Tee(G)) = LE* (Tt (G)) as well as Box (Téee(G)) = LES N (Teee (G))

= LECN(FzCC( )) Zf and OTLly ZfG = D6,D8, Dlg,Qg, ng, ‘/16, SD24 and U(n,m) fOT’
m=3,4 and n > 2.

(b) E(F:CC(G)) < LE+(F:CC(G)) < LE(F:CC(G)) as well as ECN(FzCC(G)) < LE (cmc( ))
< LEcn (T (G)) if and only G = D14, D16, D1g, Dan(n > 11), Q16, Q24, Qam(m >
8), Uy (n > 4), Upmy (m > 7 and n > 3), Uy my(m > 8 and n > 2), Vgu(n > 3),

SD16 and SDgn(TL Z 4)
Theorem 4.4.6. Let G = Doy, Qun, Un,m) Van and SDg,. Then

(a) LEY (I (G)) < B(T¢e(G)) < LE(T%ee(G)) and Eon(Teee(G)) < LELN(Teee(G)) <

LEoN (Tt (G)) if and only if G = Dag, Q20, Uz 5y and Uz 5.

(b) LE+(cmc(G)) < E(F:CC(G)) < LE(cmc(G)) and ECN(FCCC(G)) = LESN(F:CC(G)) =

LEcN(T:..(GQ)) if and only if G = Ug6)-
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(¢) E(Tec (G)) and Ecn(Tee(G)) < LESN(Tiec(G))

< LEcN(I'%c(G)) if and only if G = Qas and Uy 7).

ccc

(G)) = LET(T

cce

(@) < LE(I™*

cce

(d) E(T¢e(G)) < LE*(Tte(G)) = LE(Tie(G)) and Ecn(Ttee(G)) = LE(N(Tee(G))

ccc ccec ccc

= LEcn(T%..(@)) if and only if G = Dyyp.

ccc

(€) E(Iee(G)) = LE(I(G)) = LEF(Ie(G)) and Ecn(Tiee(G)) < LELN(Tie(G))

ccc ccc ccc ccc

< LEoN(I'6ec(G)) if and only if G = Uy, 2)-

() E(Te(G) < LEF(Ie(G)) < LE(I(G)) and Een(Tie(G)) = LE{N (T (G))
= LEcN(Ieec(G)) if and only if G = Uy, 6y (n > 3).
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