CHAPTER O

Mixed type weighted integral inequalities for the
Hardy-Steklov integral operators

6.1 Introduction

In this chapter, we characterize the weights w, p, ¢ and v for which the integral operator of

Hardy-Steklov type satisfies the following weak type mixed modular inequality

([ ute)e) < ([viero)

{Zf>~}

for some constant C' > 0. We also prove the following mixed integral inequality of the extra-

weak type under appropriate conditions on the weights w, ¢ and .

w({zf>}) guw%/v(@)w).

Further, we discuss the above two integral inequalities for the adjoint of the integral operator
of Hardy-Steklov type.
We consider the Hardy-Steklov integral operator Z, defined for a measurable function

with values in [0, c0) by

o(t)
Zf(t) = h(t) /C(t) R(t,2)f(2)w(z)dz, (6.1)

where (,0 : (a,b) — R are continuous and increasing functions satisfying ((z) < o(z) for
each z € (a,b) with —oco < a < b < oo, the functions h and w are measurable with values
in (0,00) and the kernel R(¢, z) defined on {(¢, z);((t) < z < o(t)} satisfies the following

conditions.

This chapter is based on Mized type weighted integral inequalities for the Hardy-Steklov integral operators
by R. Haloi and D. Chutia [28], communicated in Mathematical Inequalities & Applications.
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(a) R(t,z) is non-negative.
(b) R(t1,2) < R(ta, z) for t; < ts.
(c) R(t,z1) < R(t, 2) for zo < 2.
(d) There exists a constant M > 1 for which
R(z,y) < M|R(z,0(2)) + R(z.y)| (6.2)
holds, where z < z and ((z) <y < o(2).

For R = 1, the operator (6.1) is reduced to the Hardy-Steklov operator defined by

()
Sf(t) = h(t) o f()w(z)dz. (6.3)

From (6.3), it is observed that the Hardy-Steklov operator extends the notion of the
Hardy operator to the dynamic limits. Weighted weak as well as strong type estimates for
the operators of Hardy-Steklov type and its integral version have been studied substantially
by several authors [5,6, 10,24, 59]. In [5], characterization of weights p and 1 has been
established such that

[

</{t€(a,b)11f(t)>'y} R (y)dy)é = C( i (:) f (y)%(y)dy); (6.4)

holds for a suitable constant C' > 0 and for the exponents 0 < ¢ < p, 1 < p < oo with
w = 1. Our first goal is to study the inequality (6.4) in the Orlicz space setting for the
Hardy-Steklov integral operator and its adjoint, Z defined by

5 ¢H®)
TE() = w(t) / | REDIEACE (6.5)

Among the various equivalent generalization of the estimate (6.4) in to the Orlicz space

setting, we will consider the following form.

a(b)
([ u(ew)ewar) <ve ([T v(ermem)sma). 6o
{te(@b)Tf(1)>7) ¢
where 7 > 0;w, p, ¢ and 1) are weights and the conditions on &/ and V will be set down later.
The second objective of this study is to obtain the following weaker version of (6.6), that

wly)dy <Uo v-l( /C " V(M)W@), (6.7

{te(ab) T (t)>} @

We arrange the chapter as follows. In Section 6.2, we state a lemma which will be used

18

later. Weak type results are discussed in Section 6.3. Extra-weak type inequalities for the

operators (6.1) and (6.5) are considered in Section 6.4.

6.1. Introduction
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6.2 Preliminaries

In this section, we state the following lemma [6, pp. 278], which has significant contribution

in the remaining sections.

Lemma 6.2.1. Let I' = {z € (a,b) : ((2) < 0(2)}. Then there exists a countable collection
of open intervals {(am, by)} such that T' = Uy, (am, by) and

(a) (((ak)aa(bk)) N (g(am),a(bm)) = ¢ form # k,

(b) for each m, there exists a sequence of real numbers {&"} satisfying

(Z) (amabm) = Uk(f?a&]ﬁ-l) a.e. fOT‘ all m,

(ii) am < & < &y < by, for each m and k,

(iii) C(&0%) < o(&0") for eachm, k and also, C(E,) = o (&7"), if am < & < &%) < b

6.3 Weak type results

Weak type inequalities for the integral operator of Hardy-Stkelov type and its adjoint are
discussed in this section. Following theorem is about the weak type result for the integral

operator of Hardy-Steklov type.

Theorem 6.3.1. Let V be the complementary function corresponding to an N -function V.
Suppose that V o U™ is countably sub-additive, where U is strictly increasing and positive
with U(0) = 0. Let the function h be monotone on R and let the function h(-)R(-,y) satisfies
that

inf h(z)R(x,y) = inf h(z)R(z,y)

xeQ) z€(inf Q,sup Q)

for all bounded set 2 and all y. Then we have the following equivalent conditions.

(i) There exists a positive constant C' such that

(] uCem)n) < v ([ (esmon)von) o)

{te(a,b):2f(t)>~}

holds for all functions f > 0 and each ~v > 0.

6.2. Preliminaries
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(i) There exists C > 0 such that

O | (infy W)R(E, s)w(s)m(v;t, 7)
: d ; .
and
o) _ (Hlf(t T) h(y)R(y7 O'(Z)))UJ ’77t T
: s)d :
/C(T) V[ Cro(s)0(s) ] Yds < w(vy;t,T) (6.10)
hold, where a < z <t <1 < b satisfying ((1) < o(z2) < o(t) and

w(it7) = (Vou )( /t u(w(z)) p(z)dz).

Proof. (ii) = (i).
Letting {7} be the sequence given by Lemma 6.2.1, we then have

veu'( [ ulww)sn) sXveut ([ ulew)sma).

{te(ab):Tf(H)>} ok {te(em e ) Tf (>}

(6.11)
Now for t € (&, &), we use Lemma 6.2.1 to break the integral (6.1) as
51€+1 o‘(ék a(t)
If(t) = bt / o TRED @ (612
§k+1) U(&}T)
=T f(t) + Tof (t) + Lsf(t). (6.13)

Thus from (6.13), we observe

3
voul( / U<7w(y))p(y)dy) <>V 0“1( / u<7w<y>)p(y>dy>'
[e(Er &7 )T (0>} = e &) Tl (0>3)
(6.14)

We will first estimate Z; f. Applying the inequality (6.2), we now break the kernel R as

C(&R1)

Tuf () = hit) /C ROy

Cég ) CER L)
<M h(t){R(t,a(f,T)) / + /C R(é?,y)}f(y)w(y)dy]

0 (t
— M [L,l F(8) + s f(t)] .

6.3. Weak type results
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Thus

Vou‘l( / U(w@))r)(y)dy) < ZVOM‘I( / U(W(y))p(y)dy)-
{te(r & )T f(HD> 1) ‘ (e & ) Trif (0> 5

(6.15)

To estimate 7, ; f, we define a sequence {z;} as zo = &} and for each z;_; let z; be the number

given by ff((f’““) f e xj) fw. The sequence {z;} increases and satisfies f((g“) fw

f o (@j+2) fw. Let us con81der the set

Zji1)

' Y
Q{,l = {t S (.Tj,l'j+1) :Il,lf(t> > m}

We define 5{’1 = inf Q{,l and 6]1"1 = sup 9]11 Ifze Q{,p then
((zj+2)

,y m
L < ()R, o 6)) /< e (6.16)

As the estimate (6.16) holds for each x € Ql 1, thus

C(zj42)
v <24M( inf h(x)R(w,a(f,T)))/c f(2)w(z)dz. (6.17)

(61 15¢1 1) (xj41)

Let us denote m(v; 67 1, €] ) = (V oL{_1> <f;j’1 Z/{(”VW(T))ﬂ(T)dT). Using (5.9) and (6.17),

1,1
we obtain

o g C@st2) Nl (infh() (z,0(& ))) (2)m N
ot < [ [uOr >][ ey ]w )
((zj+2)
V(48MCf(z)p(z 2)dz
< [ v(suereee)ve)
Cwivz) _f (inf h(z)R(z, o(§)))w(z)w Ndo
+ /C o v( OB )w( )dz. (6.18)

As ((e1) < Claj) < Clajre) < CER) < ol(ér) < a(a;) < (6] ,), from (6.10), we have

/<<m]-+2> 5 (inf h(z)R(z, o (&) w(z)n
; Cro(2)i(2)

Combining (6.18) and (6.19), we obtain

)¢(z)dz < 7T(’7§5{,1>€{,1)- (6.19)

(zj+1)

(Voul>( /Q j u(yw(7)>p<7>d7> < /C C(xm)V<48MCf(z)¢(z))w(z)dz. (6.20)

(zj+1)

6.3. Weak type results
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Summing up over j and applying the sub-additivity of V o U™}, we get

(vou) ( /{te(fm . 1f(t)>v}l/l('yw(z))p(z)dz> < /C :f“)v(48MCf<z)¢<z))¢<z)dz.
(6.21)

To estimate Il 2, we define a sequence {y,} as yg &' and for each y;_; let y; be the num-

ber given by fC( Ch) R, 2) f(2)w(z)dz = fC( R(&", 2) f(z)w(z)dz. Then {y;} increases
and satisfies fC ng R 2) f(2)w(z)dz =4 [, yyff)R(f’k ,2) f(2)w(z)dz. As in the previous
case, we define QLQ = {t € (yj,yj+1) - Tiof(t) > 6M} with 5{ , = inf Q! 2 and €l 9 = sup Ql 2

For z € Q] ,, we have

T 4h(a) /C(W)R@m V(2 (6.22)
— c2) f(2)w(2)dz. .
6M C(yj1) ‘

As the estimate (6.22) holds for each = € Q{’Q, thus

C(yj+2)
v <ouM( i h(x)) /< R(EM, ) f(2)w(2)dz. (6.23)

(81 20¢1 2) (yj+1)

We denote m(7; 81 5, €] ) = (V oU~ ) (f;m U(yw(ﬂ)p(r)dT). Applying (5.9) and (6.23),

we get

C(yj+2)
rsdlada) < [ V(IR vi:
e ( (inf HYR(EP, 2)h(2)m
1% ) )
+/C(yj+1) ( C’yqﬁ(z) <Z> ) ( ) (6 24)
As C(€] 5) < C(yj+1) < C(yj42) < 0(8],), thus (6.9) gives
Cwit2) _ (inf h)R(SL”,z)h(z)w T
/C(yjH) V( Cro(2)0(2) )¢(z)dz <m(v; 51,2a 51,2)- (6.25)

Combining (6.24) and (6.25), we have

<V oZ/{fl) (/QJ L{(yw(z))p(z)dz) < /CC(yjH) V<48MC’f(z)¢(z)>¢(z)dz.

(Yj+1)

Summing up in j and applying the sub-additivity of V o /™!, hence we obtain

<V Ou_1> </{t€(€m )T zf(t)>”}u<7w(2)> p(z)dz> = /c;(jﬂ) V<48Mof(z)¢<z))¢<z)dz'
(6.26)

6.3. Weak type results
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Arguing similarly as in the previous case, we have

o (&)
<Vou‘1> ( / u(w(z))p(z)dz) < / V<48MC’f(z)gb(z)>¢(z)dz.
{t€(£?:£?+1):22f(t)>%} <(££n+1)
(6.27)
For Z3 f, we consider zy = &, and define a decreasing sequence {z;} as
(25) .
L(z;) = / Rz, 7)f(T)w(r)dr = (M + 1)/ L(20).
o (&)
Now, we have
L(zj) = (M +1)°L(2)12)
o(zj+2)
= (M + 1)2/ R(zjt2, 7)f(T)w(T)dT (6.28)
o (&)

_ (M . 1)2 [/U( (2j+3) N /Ua(zj+2) }R(zj_i_% T)f(T)w(T)dT

&) (2j+3)

o(2j43) o(zj+2)
US| o MR o)+ R / o R(Zmﬁ)] J(ryw(r)dr
o (& o(zj+3
0(2j43) o(zj42)
< (M+ 1>3{R<zj+2,o<zj+g>> / T / R(Zmﬁ)}f(f)w(f)df
a(&) o(zj+3)
o(zj+3)
+ M(M + 1)2/ R(zjts, 7)f(T)w(T)dr. (6.29)
(&)

From the construction of the sequence {z;}, we have

o(2j+3) .
/(ém) R(zj43, 7) f(T)w(T)dT = L(2j43) = (M + 1)_(]+3)£(ZO) = (M + 1)_3£(zj).

Thus (6.29) implies

L(z) < (M +1)*

{mw? 7(e11a) | oy / Y Ry y)}f(y)w(y)dy] |

o (&) o(zj+3)

Next, we define 5%,1 = inf le and Eé,z = sup Q?);J for [ = 1,2, where

(zj+3)
‘ i
Q, = {y € (211, %) - h(Y)R (2142, 0(2513)) / ey DT> m}

‘ (zj+2)
Qf, = {z € (zj41,%) t h(2) /( R(zjt2,7) f(T)w(T)dT > m}

o(zj+3)

6.3. Weak type results



Chapter 6. Mixed type weighted integral inequalities for the Hardy-Steklov integral
operators

Thus

(V oU‘l) (/{mm»g}U(w(y)>p(y)dy> <> { (V OU_1> (/Q

J
>0 3.1

+ (VOU_I) </Q U(w(y)>p(y)dy) }

3.2
(6.30)

U (w(y)> p(y)dy>

For the first part, we define a decreasing sequence {d;} in (§,&7,) with the iteration

dy = &1 and
o(d;) G
/ f)w(z)dz =27 /( f(2)w(z)dz.

o(&y") o(&7)
We define dy = djy and if d; > z; > d;_ | then d,;1 = d;,, otherwise we delete the term d_,
and continue the process. Thus, we get a subsequence {d,} of {d;}. Let d3, = inf 3, and
€§f’1 = sup le, where le = U{j;dn>zj+32dn+1}9é’1- Now, if dfi+1 = dyp+1 < 2zj43 < dp, then
Zjvs < dj and dpyo < d,,. We have

o(2j+3) o(dy) o(di,q) o(dn+1)
z)w(z)dz Z)w(z)dz =4 zZ)w(z)dz < 4 z)w(z)dz.
[ Semzs [ s =a [ e <a [ 7 et

o) o) o) o(dn2)

(6.31)
Now for z € Q3 1, We obtain
i h(z)R i d
— <4 ; . .32
STy < HERE o) [ s (6.32)
As (6.32) holds for each z € le, thus
o(dnt1)
vy<24M +1)* _inf  (h(x)R(z,0(2j13))) / f(r)w(r)dr. (6.33)
(651,65 1) o(dn+2)

We denote m(7; 53 1,€31) = (V oU~ ) (f > Ll( >p(7‘)d7‘>. From (5.9) and (6.10) we
obtain

- o(dn+1)
an(iln g < [ V(8004 DACHR) ) ilrdr

o(dn+2)

. /U(dn+1) o [inf (h(ZIJ)R(x> U(Zj+3)))w(7)7r

o 1o ]‘”WT

o(dn+1) -
< [ (s 4 1 s urdr + (B8 (63

o(dn+2)

6.3. Weak type results
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Thus

(V o Z/{_1> (/53',1 U(’YW(T)>p(T)dT> < /:(dnﬂ) V(48(M + 1)4C'f(7)¢(7')>w(7')d7'.

051 (dn2)

That is

(vou—1> (/Q

Summing up over n and then applying the sub-additivity of ¥V o /™!, we obtain

3 (wu*)(/ﬁ

n
n>0 3,1

U((r)) p(T)dT) < /U U(dn+1)v<48(M+ DACT(r)6(r) ) lr)dr.

5‘,1 (dn+2)

U(’Yw(z))p(z)dz) < / :;jﬂ)V(ZLS(MJr DICF(2)0(2) ) (2)dz

This implies

> (veu) (/Q

320

Zx[(fyw(z))p(z)dz) < /(, U(%)v<48<M+1)4Cf(z)¢(z))w(z)dz. (6.35)

&)

J
3,1

Next, for Q} , working as similar to the previous cases and thus we have

3 (vou1>(/Q

>0

U (yw(2)) p(z)dz) < / U(£?+1)V(12(M+ DICH()8(2) ) (=)dz.

(349

J
3,2

(6.36)

Combining (6.14), (6.15), (6.21), (6.26), (6.27), (6.30), (6.35) and (6.36) we obtain

<V ’ u—1> </{t€(€m e ):zf(t)>v}U(W(z)>p(z)dz) = /40(%1) V<96(M * 1)4Of(z)¢(z)>¢(z)dz'

(39!
(6.37)

Summing up (6.37) over m and k we obtain the estimate (6.8) with constant 96(M + 1)*C.
(1) = (ii). Conversely, let us assume t < 7 so that {(7) < o(t). Corresponding to each
N € N we consider the set Ey = {((1) < s < o(t) : + < R(t,s),w(s) < N} has finite

measure. We have

- )\(inf h)R(t, y)w(y) U(y) + 1/k 9 . . 9.
Lo Gt o) (TR ) < VBt sk n ) < o

for each [,k € N and A > 0. Given p > 0 we choose A suitably such that

o A(ER)R(Eywly) N\ () + 1k
[ENV((¢(Q)+1/Z)(¢(y)+1/k))( X )dy—<1+u)0%

6.3. Weak type results
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where C'is the constant in (6.8). We consider

1o/ A(infA)R(t,y)w(y) YY) +1/k
fy) = V<<¢<y> 1)+ 1/k:>) (it ) R(t, g)w(y

For t < x < 7, we have

)XEN (y)

- 1~ A(inf R)R(t, z)w(2) ¥(z) +1/k
i) =hiz) | R(z2)g V(( O 1/5)(¢<z>+1/k>> A(inf R)R(#, 2)w(z)

>/ (G gliflh/)w(m +<1>/k>> (v k)

=1 +p)y >

w(z)dz

This implies
(t,7) C{x: Zf(z) >~}
Thus using (5.10) and (6.8) we obtain

)
w(itr) = (Vou-?) ( / Tu(wy))p(y)dy)
)(

- A(inf A)R(t,y)w(y) Wly) +1/k
= [E Y (V(w(y) 1/ () + 1//@)) (it )R, y>w<y)¢<y>>¢<y>dy

- A(inf h)R(t, y)w(y)
S[J(( o) + /D0 T 1/k>)¢(y>dy

< (14 p)Chy.

Since V(r)/r increases as r increases, we obtain
o (infh)R(Ly)w(y)n(y: 1)\ gly) +1/k
L (arieee T 7m) =6 e
o A(ER)REywly) \ v +1/k
= /ENV<<¢< ) H /D) + 1/k>><1+u>cmdy‘
By the Monotone Convergence Theorem, we have

- (inf h)R(t, Y)w(y)m(vy;t,7) b(y)
/EN V( (14 p)Cy(o(y) +1/1)3(y) ) TSt

Letting [, N — oo and p — 0%, we obtain

70 - (inf h)R(t, y)w(y)m (v;t,7) '
/cm V( Croly) e (y) )My)dy <m(%it,).

6.3. Weak type results
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Next, we prove the inequality (6.10). Let a < z < t < 7 < b satisfying {(7) < o(2).
For each m € N we consider the set E,, = {((7) < s < 0(2) : = < w(s) < m} has finite

measure. We have

- )\(infh(y)R(y,o(z)))w(s) W(s)+1/k  — o
[Emv< <¢<s>+1/w<w<s>+1/k>>( ) )d <

for each [,k € N and A > 0. Given p > 0 we choose A suitably such that

- (A(inf h(y)R(y, 0 (2)))w(s)\ [(s) +1/k -
tAMV<(¢@>+1ﬂX¢@)+1Mﬂ)( 2\ )d = (14 p)C,

where C' is the constant in (6.8). We define

o= L1y A(inf 2(y)R(y, o(2)))w(s) U(s) 4+ 1/k .
10 = (o + U000 T 178 ) St R e o
If s€ F,, and t <z < 7, then R(z,s) > R(x,0(z)). Thus for t < x < 7, we obtain
W s /\(mf (z)))w(s) W(s)+1/k w()ds
i) = 6) [ Rt e (GG U ) SR 2 e

L~ )\(mfh(y) (y,a(z)))w(s) ) .
= /Em C/\V( (p(s) + 1/D)((s) + 1/k) )(@Z)( )+ 1/]{:)d

=(1+p)y >
This implies
(t,7) C{z: Zf(x) >~}

The rest of the proof proceeds similarly. Hence the proof is complete. n

Remark 6.3.2. For R = 1, estimates (6.9) and (6.10) are equivalent and reduced to the

following form

o® | (infy ) h)w(s)m(y;t, 7)
% ’ ’ P(s)ds < w(vy;t, 7). 6.38
[, [ Crolyit | = TEbT) (639
Thus (6.38) characterizes the estimate (6.8) for the operators S f(t) fc z)dz.

Theorem 6.3.3. Let U, V.,V and Vold" satisfy all the conditions stated in Theorem 6.3.1.
Suppose that w is monotone on R and and let the function w(-)R(y,-) satisfies that

inf w(z)R(y,z) = inf w(z)R(y, )

z€QN z€(inf Q,sup Q)

for all bounded set 2 and all y. Then we obtain the following equivalent statements.

6.3. Weak type results
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(i) There exists a positive constant C' such that

([ uGew)ewar) v ([ v(erwon) )

/ ~1(a)
{te(ab) Zf(1)>7)
(6.39)

holds for all functions f > 0 and each ~v > 0.

(i1) There exists C > 0 for which

B CIELGRRS
o 1(r) Cro(s)i(s)

]w(s)ds < m(y;t, T), (6.40)

and

O [ ntyen wwRE (). p)h(s) el 1,7) .
/o—1<z> V! Cro(s)i(s) ]@”(S)d%f(%w (6.41)

hold for each a <t < 1 < z < b satisfying o~ (7) < o7 (2) < (TH(t), where

w(y:t,7) = (v ou*) ( /t Tu(w(z))p(z)dz).

Proof. (ii) = (i). Let {&"}(after renaming) be the sequence given by Lemma 6.2.1 for
the limits (~*(¢) and o~ (¢), and thus (6.11) holds for the adjoint operator Zf. We write Z f

for t € (&, &%) as

. ¢
Zf(t)=w(t) /_1(t) R(s,t)f(s)h(s)ds

:w@)[ / T / . /C C_l(t))]R(s,t) F(s)h(s)ds (6.42)

) “HE) e

=T f(t) + Lof (t) + s f (D). (6.43)

Thus from (6.43) we obtain

Vou? ( /{te(g,gn,ggl - U <fyw(z)) p(z)dz) < g Vol ( / U (’yw(z)> p(z)dz) .

{te(g;ﬂ 75]’rcn+1):i-if(t)> %}

(6.44)

We will first estimate the integral Zsf. Applying (6.2) we obtain

¢ ¢l

R(s. 611 F()h(s)ds + w(tR(o (€. 1) [

“HE ¢HEM

T, 1 (1) < M[w(t) /< f(s)h(s)ds]

6.3. Weak type results
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= M|y f(t) + Ty f(t)]

Thus

veu( | ()l
{te(€ &) I f(t)>%}

2
< Z Vou! (/ ) U <7w(y)> p(y)dy) : (6.45)
i=1 {te (€& ) Tai f()> 537

61
We define a sequence {z;} as xg §k ", and for each x;_; let ; be the number given
by fc (IJ R(s, &) f(s)h(s)ds = fc (@ 1)”R( & 1) f(s)h(s)ds. Then the sequence {z;}

decreases and satisfies

¢ (zj) ¢ H@jqr)
/ o R G (0)hls)ds = / R(s, €0\ 1) f(s)h(s)ds.

&™) ¢Hzjr2)

We define 03, = inf 2}, and €}, = sup Q},, where

j = 8
%, = {t € @) T f®) > - )
For x € ngl, we have
v (zj+1)
6L < dw(z )/ R(z, &) f(2)h(2)dz. (6.46)
QECIREY
As the estimate (6.46) holds for each = € Qé’l, thus
l(xJJrl)
v <ouM( inf w(e)) / Rz &) f(2)h(2)d-. (6.47)
(63,1,63,1) ¢H(zj42)

Let us denote m(7v;d3,,€},) = <V o Z/{_1> <f€312/{< >p(7’)d7'>. Using (5.9) and (6.47)
we obtain

“Hajt1)

I P M (Y ERE) BT

(Tl(zjt2)
i) (infw)R(z, &8 )h(z)7
dz. 4
+/ _ V( CroGuz) ) 68
As oM e,) <o Eny) < CHEN < ¢CMHay) < ¢TH8Y,), thus (6.40) gives
9”]+1 ~ f ) )
V( s wcws &71% (Z)W>¢(Z)dzSw(mg”“%’l)' (049
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Combining (6.48) and (6.49) we have
¢ H@jr)
(v oL{—1> ( /Q glu(w(f))pmm) < /g ) v(48Mc f(z)¢(z))¢(z)dz. (6.50)

Summing up in j and applying the sub-additivity of V o U™}, we get

(vou) ( /{te(gm } )jglf(tw}u(w(z)) p(z)dz) < /C i:f“)v(48Mof(z)¢(z))¢(z)dz.
(6.51)

To estimate j:g 2, we consider a decreasing sequence {yj} deﬁned as yo = &}, and for each y;_,
let y; be the number glven by fc (y] f(s)h(s)ds = fg 1(y ) 5=1) £(s)h(s)ds. From the definition
of {yj} we obtain fc gm) f( Vh(s)ds = 4f< y”l) f( Jh(s)ds. We define 5%72 = inf ng and

€%5 = Sup Q3 5, Where

i = 7
X, = {t € (Yj+1,v;) : Lsaf(t) > W}

For x € Qé,Qa we have
~ . ¢ Hyiv1)
7 < WERE ) [ ke (6.52)
¢ (Yjt2)
As the estimate (6.52) holds for each z € Qég, we have
“Hyj+1)

¢
7324M( inf w(x)R(a_l(f,TH),x))/c ( f(2)h(z)d=. (6.53)

(83,2:€% 5) “L(yj42)

Considering 7(; 6} 4, €55) = (Vo U~ )<f6327/{( 7))p (T)dT), (5.9) and (6.53) we have

Clyg+1)
27(7; 6.9, €4.) /C 48M0f(z)¢(z)>w(z)dz

1 y3+2)
i) (inf w(z)R(e™ (&), ) h(z)m N
+/ e V( 07¢< J(z) >w< e 65
As 07 (ehy) S oM (ER) < CHED) < CHyy) < CTH03), thus (6.41) gives
i) (infw(x)R(ail(ﬁﬁl),x))h(z)ﬂ T
/c—l(yj+2) V( Crol2)0(2) >¢(z)d2 < (75039, €35)- (6.55)

Combining (6.54) and (6.55) we have

(vou1)< /Q j L{(’yw(T))p(T)dT) < /C C:(W)v(481\4(,7(z)¢(z))z/;(z)dz. (6.56)

“yj42)
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Summing up in j and applying the sub-additivity of V o™, we get

<Vou—1>< /{te(gm . f(t)>7}u<7w(z)>p(z)dz) < /C Cl(l:j?l)V<48M0f(z)q5(z)>z/)(z)dz.
(6.57)

Arguing similarly we obtain

(V o L{_1> (/{te(gm P, U(vw(z))p(z)dz) < /;1(51?) V<48M0f(z)¢(z)>@/z(z)dz

“HE)
(6.58)
For Z,, we consider z, = £ and we define an increasing sequence {z;} as
071(5?4_1) .
L(z;) = / R(7,z;) f(r)h(T)dT = (M + 1)/ L(20).
o= (z5)
We use the condition (6.2) to estimate the following.
0_1(5?4,1)
L(z) = (M + 1)2/ R(T, zjs2) f(T)h(T)dT (6.59)
o= (2zj42)

—or 2] | T / T R, 2y F

o1 (zj42) o= (zj+3)

< (M +1)?

o (zj+3) (Y
[ Rem e [ iR ) +R<ol<zj+3>,zj+2>}] F (s

“(zj42) o= (zj+3)

X o (zj+3) ) o M)
<O+ [ R )+ RO )z [ ()
o7 zj+2) o~ (zj+3)
0_1(52-11)
+ M(M + 1) / R(T, zj13) f(T)h(T)dT. (6.60)
o~ (2zj+3)

From the construction of {z;}, we have

L (34)) .
[ ROz ST = L) = (M + 1)L (z0) = (M + 1)L ().

o1 (zj+3)

Thus (6.60) implies that

{ /G_l(zj+3) R(T, 2j42) + R(07 (243), Zj42) /0_1(&%) }f(y)h(y)dy] .

o 1(zj42) o7 (zj43)

,C(Zj) S (M + 1)4

Next we consider 6], = inf Q] ; and €] , = sup Q] , for I = 1,2, where

U_l(Zj+3)
‘ 7
le,l = {y & (Zj7 Zj+1> : w(y) /Ul(zj+2) R(T7 Zj+2)f(7—>h(7-)d7— > 6(M + 1)4 }’
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o=t (f?ﬁrl)

9{72 = {z € (25, 2zi11) : w(2)R(07 (2j23), Zj12) /1( . f(r)h(r)dr > m}

Thus the estimate for Z; f is reduced to the following form.

(vou) ( /{ tiIlf(M}u(w(z)) p(z)dz) < Z{(Vol/l—1> ( /Q

Jj=0

+ (Voz,1—1)</Q

Arguing similarly as in the previous cases, we observe that

Z(V‘)“l)(/g

320

u(w<z>)p<z>dz)

J
1,1

U(Ww(z)>p(z)dz> }

(6.61)

J
1,2

u(w(z))p(z)dz> < /U U_l(gkm+1)v<12(M+1)4Cf(z)¢(z))¢(z)dz.

—HED)

(6.62)

For the second part, we define an increasing sequence {d;} in (&, & ;) with the iteration

d) = & and
o (&) o e )
/ f(2)h(z)dz = 2 / f(2)h(z)dz.

~1(dj) o= (diyy)
Next we define a subsequence {d,} as dy = dj, and if d] < z; < d;,, then d,41 = di,
otherwise we delete the term d;,, and continue the process. Thus, we get a subsequence
{d,} of {d}. Let 5’1172 = inf Q’f’z and €, = sup Q’f’Q, where Q?}Q = U{jzdn<zj+3§dn+1}9{72. Now,
if di., = dny1 > zj43 > dy then by construction z;,3 > d; and dn4o > dj,,. From the

construction of {d;} and {d,}, we have
o (E) o (€ ) o= (d] ) o~ (dnt2)
/ < / _y / <4 / . (6.63)
o (zj+3) o~ H(dy) o (diyy) o~ (dn+1)

Now for z € 2} ,, we have

o (dnt2)
v ~1 /
———— < dw(x)R(c” " (zj13),x f(r)h(T)dT. 6.64
ST < ORE ) [ ) (6.64)
As (6.64) holds for each z € (NZ’IL’Q, we obtain

o~ (dn+2)
v <24(M +1)* inf (w(x)R(J_l(zj+3),x))/ f(r)h(T)dr. (6.65)

(07 2567 2) o~ dnt1)
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Let us denote m(7; 5?72, €ry) = (VoU™) <f~§,?’2U(’yw(T))p(T)dT>. Now applying (5.9) and
1,2
(6.64) we obtain

U_I(dn+2)
2m(i ) < [ V(4800 + DO )uirdr

“Hdn+1)
o Hdnt2) _ | ipf (w(m)R(ail(szrg),x))h(T)ﬂ
A V! Cro(r)o(r)

]1/1(7')d7’

o™ dnt2)
< [1 T (a0 4 0T ) ol + B )

“Hdn+1)

Thus using the condition (6.41), we have

ou)( [T urm)oeir) < [ (s s yesmom)oan

S “Hdnt1)

Summing up over n and then applying the sub-additivity of ¥V o/~!, we obtain

3 (voufl) ( /Q ) u(wT)) p(T)dT) < /0 01:;?1)1/(48(M+ 1)4Cf<7)¢(7))¢(7)d7.
: | (6.66)
Thus
> (vou) ( /Q () p(T)dT) < /, U:(ljn+l)V(48(M+ DICF(7)(r) ) (r)dr.
" | (6.67)
Combining (6.44), (6.45), (6.51), (6.57), (6.58), (6.61), (6.62) and (6.67) we obtain
(V o Lkl) (/{tewwﬂ)jﬂt)w}U(%}(Z))P(z)dz>
< / o V<96(M 1)t f(z)gb(z))w(z)dz (6.68)
S ‘ '

Summing up (6.68) over m and k we obtain the estimate (6.39) with constant 96(M + 1)*C.

(i) = (i1).Conversely let us assume ¢t < 7 such that o=*(7) < (7!(¢). For each N € N
we consider the set, Fy = {0_1(7') < s < CHE) s < R(s,7),h(s) < N} has finite
measure. As the integral

-~ A(infw)R(y, 7)h(y) U(y) +1/k 2 NP 2,
L Gt i s ) (P25 Y < i3 inf )tk inf ) < o
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for each [,k € N and A > 0. Given p > 0 we choose A suitably so that

- )\( inf w)’R(y, T)h(y) W(y)+1/k B

L G s i) (05 Jar= e
where C' is the constant in (6.39). We consider

lfj( A(inf w)R(y, 7)h(y) ) Y(y) +1/k
C\(o(y) + 1/D)(@(y) + 1/k) ) A(inf w)R(y, 7)h(y)

fly) = XEy (Y)-

For t < x < 7, we have

. — wla ) 1 A(inf w)R(y, 7)h(y) Y(y)+1/k
21 =wte) [ R0 (o1t = 1) Mot w)R(g, k() Y
1 - )x(infw)R(y,T)h(y)
> [ (it i) (00 + 1)
= (14 p)y >~
This implies that
(t,7) C{x: j’f(x) > v}
Applying the condition (5.10) and the assumption (6.39), we get
wtiter) = (vou) ([ (s )otay )
< (veu)( /.. }u(wy))p(y)dy)
- Minfw)R(y,7)h(y) P(y)+1/k
<)V <V<<¢<y> ) s ) Wt R T>h<y>¢(y)> vy
- A(inf w)R(y, 7)h(y)
< [ V(G Tty s 1m) Vo
< (14 p)Chy.

As V(r)/r increases as r increases, we obtain
o (infw)Ry, nh(y)r(vit, 1) \ely) +1/k
/EN V<(1 +)Cy(o(y) +1/D(¥(y) + 1/’6’)) m(7;t,7) w

. )\(inf w)R(y, T)h(y) W) +1/k
< /EN V<<¢(y) +1/D)((y) + 1/@) (1 +/~L)C/\7dy =1.

By the Monotone Convergence Theorem

_((infw)R(y, D)hy)m(v: 6,7\ ¥(y)
/EN V( (1+ p)Cy(o(y) + 1/D)w(y) ) Ty : t,T)dy <1
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Letting [, N — oo and p — 0%, we obtain

'O _ ((inf w)R(y, T)h(y)m(v;t,7) ‘
/a—lm V( Cro(y)(y) )w(y)d‘y <7(%it.7).

Next we prove the estimate (6.41). Let a < ¢t < 7 < z < b such that o~ !(7)
¢7(t). For each m € N we assume the set FE,, = {a 2) <s<(Ht): = <

has finite measure. Now for each [,k € N and A\ > 0 we have

/ f)(A(infw(y)R(a‘l(Z),y))h(S)) (1/)(5‘) + 1/"‘?>d$ < oo,

(0(s) + 1/1)((s) + 1/k) A

where the infimum is considered over the interval (¢, 7). Given p > 0 we choose A suitably
so that

- )\(infw(y)R(a_l(z),y))h(s) W(s)+1/k
/ m"( @(s) + /D (@(s) + 1/F) )( X

where C' is the constant in (6.39). We define

1{,(A(mfw< YR(r- 9(s) + Uk
C (p(s)+ 1/1) (v —l—l/k A(inf w(y)R(o—(2),y))h(s)

If s€ E, and t <z < 7, then R(s,z) > R(c7'(2),z). Thus for t < z < 7, we have

o 1 O (i w() R (), 9)As) W)+ 1/k
Liw) = wl@) | Ris) V( <<>+1/Z>ws> 170 >A(infw<y>7z<o—1<z>,y>)h<s>

)ds = (14 p)C,

fls) =

XE, (5)-

— h(s)ds
[ R (5

2/5”(“@(&;1)17;() +1/k ( )1k

=1 +p)y >

This implies that
(t,7) C {x: Tf() > 7).

The rest of the proof proceeds similarly. Hence the proof is complete. O

Remark 6.3.4. In the case of the adjoint if we consider R = 1, then estimates (6.40) and
(6.41) are equivalent and reduced to the following form
(lnfw) (s)m(y:t,7)

/C‘l(t)
Y
o= 1(7) (S)w(s)
Thus (6 69) characterizes the estimate (6.39) for the adjoint of Hardy-Steklov operators
81(t) = w(t) [ F(2)h(=)dz

]¢(s)ds < m(y:t,T). (6.69)
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6.4 Extra-weak type results

We also prove extra-weak type integral inequalities and the results are as follows.

Theorem 6.4.1. Let U, V,V,Vold~t, h and the function h(-)R(-,y) satisfy all the conditions

stated in Theorem 6.5.1. Then the following assertions are equivalent.
(i) There exists a positive constant C' such that

[ st uov ([T ) e

~
{te(a,b):Zf(t)>7}
holds for all functions f > 0 and each ~v > 0.

(i) There exists C > 0 such that
a(t) _
[ v

¢(7)

/U(z) ]} (inf(w) h(y)R(y, O'(Z))w<5)/€<t’ T)
- Co(s)9(s)

hold, where a < z <t <1 < b satisfying ((1) < o(2) < o(t) and

K(t,7) = (v oZ/{_1> (/tTw(z)dz).

Proof. (i1) = (i). Let {&"} be the sequence given by Lemma 6.2.1, then

({te (a,b) : Zf(t >7}) Zw({te(g,:",g,:gl) Tf(t >’y}> (6.73)

m,k

]zﬁ(s)ds < k(t,T) (6.71)

and

]w(s)ds < k(t,T) (6.72)

Now for t € (&, &;1), we use Lemma 6.2.1 to break the integral (6.1) as

TF(t) = h(?) { / e / ) / 7 } F(2)w(z)dz (6.74)

— T f(t) + o (1) + T f (D). (6.75)

Thus from (6.75), we have

VoZ/{_l( / w(y)dy) < évou—l( / w(y)dy). (6.76)

{te(em e ) TF (>} = {te(er e ) Tif(H)> 1)
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We will first estimate Z; f. Applying inequlity (6.2), we now break the kernel R as

C(&51)

Tuf(t) = ht) /C L, REIGE:

no{Ri.ote) | R / R Z)}f(Z)w(Z)dZ]

(®) ®)

<M

M [Imf(t) + Il,2f<t>:| :

Thus
2
(ou)( coir) < (o) [ wwan),
(e & )T 0> F) = (e &) T (0> 547}
(6.77)

To estimate 7, ; f, we define a sequence {xz; } as xy = " and for each z;_; let z; be the number
given by fg((f;c)ﬂ fc (z;) .y fw. The sequence {z;} increases and satisfies Cc((fj{c)ﬂ) fuw =

4 4(57:2) fw. Let us consider the set

j v
le,l = {t € (Q?j,l’jJrl) IILlf(t) > W}
We define 5{’1 = inf Q{l and e{l = sup 9]11 Ifze Q{vl, then

Clzj42)

T <4 R(x,o(&" 2)w(z)dz. 6.78
a7 < S@R@oE) [ st (6.78)

As the estimate (6.78) holds for each = € Q{’l, thus

C(zj42)
v <24M( inf h(x)R(x,a(ﬁ,T)))/c f(2)w(z)dz. (6.79)

(5{,175{,1) (j41)

J
611

Let us denote m(é{ . el )= <V oU~ ) <f€i’1 w(z)dz). Using (5.9) and (6.79), we obtain

; : C(zj+2) "
20 (8] 1, €l 1) < /<<. | 48M0f ” (inf h(e c;((f;»)w(z)m] o
Sest2) 48M(Jf
< V< )w
/C(%'H)
C(mj42) _ (mf h(x )'R 2, 0(EM))w(2)k
+/<<xj+1> V( Co (z)w(z) )WZ)dZ- (6.80)
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As ((e]1) < C(wj41) < C(@ja2) < CER,) < o(&) < olay) < o(5],), thus from (6.72), we
have

C(xj+2) _ (infh(x)R(x,U(ﬁ,T)))w(z)/g o
/«w V( Co2)4(2) )w(z)d“““lv“%>- (6.81)

Combining (6.80) and (6.81), we obtain

(V oZ/{_1> (/Q{,l w(z)dz) < /:(IHQ) V<48MC{Y<Z)¢(Z)>@/J(Z)CZZ. (6.82)

(Tj41)

Summing up over j and applying the sub-additivity of V o U™}, we get

<Emy)
(Voul)( / w(z)dz) < / ' v(48MOf (z)¢<z))w(2)dz. (6.83)
{te(er&r )T f()> 5 er) v

To estimate Z; 5, we define a sequence {y]} as yo = &' and for each y;_; let y; be
the number given by fC( Gl » R(E™, 2) f(2)w(z)dz = fc((yyj ) R(E 2) f(2)w(z)dz. Then {y;}
increases and satisfies fC(ng R(EM, )f( ) (2)dz = 4fC yyflz R(EM 2) f(2)w(2)dz. As in
the previous case, we define € 2= {t € (Y5, Yyj+1) 1 Liaf(t) > W} with (5{'72 = inf 9{72 and
e{’z = sup Ql, For z € ¢ 2, We have

o~ C(yj+2)
6 < Ah(x )/ RET, 2) f(2)w(z)dz. (6.84)
C(yj+1)

As the estimate (6.84) holds for each z € Q{,Q, thus

C(yj+2)
v <24M( inf hiz)) /C R(EM, ) F(2)w(z)dz. (6.85)

(6] 0¢] 2) (Yj+1)

We denote (07 25 €l 2) = <V olU~ ) <f;1’2 w(z)dz). Applying (5.9) and (6.85), we get

j
1,2

i Cwivz) - ASMC f(2)¢(2)
26(01 9, €15) < /C(yj+1) V( ~ >¢(z)dz
Cwiv2) [ (inf B)R(E, 2)h(2)k
dz. .
o V( Col:)00) )W : (050
A5 C(el) < Clurn) < Cysra) < 0(Fy), from (6.71) we obtain
Cwiv2) [ (inf R)R(E, 2)h(2)k
/C(yHl) V( Col)0(2) )1/1( Ydz < m(ém, 6]1 2)- (6.87)
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Combining (6.86) and (6.87), we have
(V oL{_1> (/Q w(z)dz) < /CC(yjH)V(48Mof(z>¢(z>>w(z)dz.

(Yj+1) v
Summing up in j and applying the sub-additivity of V o4~!, hence we obtain

(&%)
(VOL{_1>(/ w(z)dz) g/ : V<48Mcf(z)¢<z))w(z)dz. (6.88)
{te(Er & )T f(H)> 3 <Em v

Arguing similarly as in the previous case, we have

<V ’ wl) (/{te(£$,£?+1):zgf(t>>g} w(z)dz> : /cg(ém V<48Moi(2)¢(2))¢<z)dz' (6:89)

(€41

J
1,2

For Z3 f, we consider zy = &, and define a decreasing sequence {z;} as
o(z5) ,
£(z) = / Rz, 1) f(ryw(r)dr = (M + 1)L (=).
o (&)
Now, we have

L(z) = (M +1)*L(z)42)

o(zj+2)

=014+ [ R ) ()i
a (&)
(2j+3) (zj+2)
= (M +1)? R(zj42,7)f(T)w(T)dT
[ [ R )

o(zj+2)

< (M +1)

o(zj+3)
Lo M{RE o)+ RE )+

&) o(2j+3)

RA(zj+2, T)] f(r)w(r)dr

o(zj43) o(zj+2)
< (M + 1)3{R(Zj+2,0(zj+3))/ +/ R(ZH?»T)}f(TW(T)dT
a (&) o(zj+3)
o(2j+3)
+ M(M + 1) / R(zjes,7) f(F)w(r)dr. (6.90)
o(em)

From the construction of the sequence {z;},

(zj+3) ‘
/(gm) R(zjts, 7) f(T)w(T)dr = L(2j13) = (M + 1)*(j+3)£(20) = (M + 1)*3£(zj).

Thus (6.90) implies

[»(Zj) S (M + 1)4

{R(zm, oziea)) [ Ty / :(M R(zjso, T)}f(f)w(f)dT] .

o (&) a(2j+3)
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Next, we define 5§l = inf Qél and egl = sup le for [ = 1,2, where

| (zj+3)
0, = {y € (241, %) - h(Y)R(2j42,0(2j43)) /@m) f(rw(r)dr > m}’

o(zj42)
‘ Y
Q%,Z = {Z c (Zj+1,zj) . h(Z) /O'(Zj+3) R(Zj+277—)f(7—)w(7—)d7— > 6(M + 1)4 }
Thus

w(y)dy)

o) ([ 200) S (o) (

Jj=0

+ (V ou—l) </Qg w(y)dy> } (6.91)

For the first part, we define a decreasing sequence {d;} in (£,&7,,) with the iteration

dy =&, and
o (dy) o o)
/ f()w(z)dz = 2_1/ f(R)w(z)dz.
o (&) o (&)

We define dy = djy and if d; > z; > d;_ | then d,;; = d;_;, otherwise we delete the term d_,

J
3,1

and continue the process. Thus, we get a subsequence {d, } of {d.}. Let 5;1 = inf Q;l and
€3, = sup Qg,p where le = U{j:dn>zj-+32dn+1}9§,1‘ Now, if di,; = dny1 < 2j43 < dp, then
Zjvs < dj and dpyo < dj,,. We have

U(Zj+3) O'(d;) U(dr/H»l) O'(dn+l)
/ < / =4 / <4 / : (6.92)
o(&r) o(&) o(diy o) o(dn+2)

Now for z € le, we obtain

o(dn+1)
v
GaI+ 1) < Ah(x)R(z,0(zj+3)) /U(dnﬁ) f(nw(r)dr. (6.93)
As (6.93) holds for each z € Qg"l, thus
o(dnt1)
vy<24M+1)* _inf (h(x)R(z,0(2j13))) / f(r)w(r)dr. (6.94)
(051,63 1) o(dn+2)

We denote k(05 ,, &) = (V OL{’1> <f~€§1 w(7)d7‘>. From (5.9) and (6.72) we obtain

n
031

) < [<dn+)l> V(48(M+ 1)4C’f(r)¢(7)>¢(7)d7

Tn ~n
2“(53,17 €31) >
(dnyo Y
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o) _Vinf (h(z)R(x,0(2j13)))w(T)k
L V[ Cori(r) ]WW
< | (d()) p(BOLED IOy yar o+ w699
Thus
[« [ L
That is

w(T)dT) . /Ua(dn+1) V(48(M -~ 1)i;Cf<T>¢(T)>w(T)dT.

(dn+2)

(vou) (/Q

Summing up over n and then applying the sub-additivity of V o/}, we obtain

Z (VoL{”) </Q w(r)dr) - /(70(5?+1)V<48(M+ 1);Of(7—)¢(7))¢(7')d7.

n>0 &)

n
3,1

31
This implies

Z(V"“_l)(/g

320

() dT) - /"<€?+1>V<48<M+ 'Cf(T)é(7)

<L . )¢(T)d7’. (6.96)

J
3,1

Next, for Qéz we may proceed similarly to the previous cases, obtaining

Z(Vou—l)(/Q

J=0

w(z)dz) < /U 0(%)v<12(M+1)40f (Z)¢(Z)>w(z)dz. (6.97)

G0 g

J
3,2

Combining (6.76), (6.77), (6.83), (6.88), (6.89), (6.91), (6.96) and (6.97) we obtain

(V ° Ufl) </{te(52"152"+1)11f(t)>v} W(Z)d2> = /:(g;nﬂ) V(96<M : 1>:;Cf(2)¢<z>>w(z>dz.

(39!
(6.98)

Summing up (6.98) over m and k we obtain the estimate (6.70) with constant 96(M + 1)*C.
(i) == (i1). Conversely, let us assume ¢ < 7 for which ((7) < o(t). Corresponding to
each N € N we consider the set Ey = {((7) < s < o(t) : + < R(t,s),w(s) < N} has finite

measure. We have

-~ A(infh)R(t, y)w(y) U(y) + 1/k 2 PSR 2,
L Gt it s ) (P25 Yo < v nt psuea ) < o
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for each [,k € N and A > 0. Thus for each p > 0 we choose A such that

o (A D) R(E y)w(y) by)+ 1k,
/EN V((aﬁ(y) +1/1) (v (y) + 1/k)> ( \ >d?/ = (14 p)C,

where C' is the constant in (6.70). For each v > 0 we consider

_ vy AR R y)w(y) U(y) +1/k
hy) = OV(@(Q) +1/0) (W (y) + 1/@) A(inf R)R(2, y)w(y)XEN

(y)-

For t < x < 7, we have

fy - )\ mfh)R( y)w(y) W(y) + 1/k w
Th(e / Ria (( o) + 100 <>+1/k>>x(mfh>n<t,y>w<y> W)y
(mfh) (t,y)w(y)
>/EN 0A"<< o)+ 1/z><w<y>+1/k>>(w<y)“/ k)dy

=1 +py >
This implies
(t,7) C{x: ITf,(x) >~}
Thus using (5.10) and (6.70) we obtain

5 (A R)R(E y)w(y) U(y) + 1/k
<) (V(wy) T 175 ) R y>w<y>¢(”> vty

)
-/ A(inf ) R(t, y)w(y)
: /E O ICOR: 1/k>>w(y)dy

< (14 p)CA.

Since V(r)/r increases as r increases, we have

) (inf ) R(¢, y)w(y)s(t, 7) Yy) +1/k
/ENV<(1+M)C( $y) +1/D)(¥ ()+1/k)) s

- AMinfh)R(Eywly) \e@) +1/k,
S/ENV((cé( )+ /D (y>+1/k)> Grmon™ =t

By the Monotone Convergence Theorem, we obtain

- (inf h)R(t, y)w(y)s(t, 1)\ p(y)
/ENV((lJru) Clo(y) + 1/1) ())H( T)dygl'
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Letting [, N — oo and p — 0%, we obtain

/U(t) . < (inf h)R(t, y)w(y)x(t,T) ) Y(y)dy < K(t, 7).
¢

() C¢(?J)¢(y)

Next, we prove the condition (6.72). Let a < z <t < 7 < b satisfying {(7) < o(z2).
For each m € N we consider the set E,, = {{(7) < s < 0(2) : £ < w(s) < m} has finite

measure. For each [,k € N and A > 0 we have

/ l~}</\(infh(y)72(y,U(Z)))W(S)) (¢(8) +1/k

(p(s) + 1/1)(2p(s) + 1/k) \ )ds < 00,

where the infimum is considered over the interval (¢, 7). Given p > 0 we choose A suitably
such that

- )\(infh(y)R(y,a(z)))w(s) W(s) + 1/k -
/mv( (o(s) + 1/D) (W (s) + 1/k) )( h\ )dS— (14 p)C,

where C' is the constant in (6.70). For v > 0 we define

f1(s) = %ff(A(infh(ym(y"’<2>>)w(s>

) ¥(s) +1/k o (5)
(6(s) +1/D)(W(s) + 1/k) ) A(inf h(y)R(y, o(2)))w(s) """

If s€ B, and t <z < 7, then R(x,s) > R(x,0(z)). Thus for t < x < 7 we have

(s Ry )\(infh(y)R(y,a(z)))w(s) U(s)+1/k ol M

Thiw) =hie) | Riz, (T 2 ) At ()R, o)) wis)
Ry )\(inf h(y)R(y,a(z)))w(s) ; )

- /Em C)\V( (6(s) + 1/0)(0(s) + 1/k) )(w< )+ 1/k)d

=(1+u)y >
This implies

(t,7) C{zx:If,(x) >~}

The rest of the proof proceeds similarly. Hence the proof is complete. n

Theorem 6.4.2. Let U, V,V and V old~! satisfy all the conditions stated in Theorem 6.3.1.
Let the function w be monotone on R and and let the function w(-)R(y,-) satisfies that

inf w(z)R(y,z) = inf w(z)R(y, x)

e z€(inf Q,sup Q)

for all bounded set 2 and all y. Then the following assertions are equivalent.
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(i) For all functions f > 0 and each v > 0, the estimate

w({t e (a,b): Tf(t) > 7}> <Uo v—l(/:((j) V(Mﬂ(y)dy), (6.99)

holds for an arbitrary constant C' > 0.

(i1) There exists C > 0 such that

/4_ ®) 5 [(infw)R(S, T)h(s)k(t, T)

i) Co(s)d(s) ]w(S)ds < k(t,7), (6.100)

and

/clm 5 [(inf w(y)R(o7(2),y)) h(s)k(t, T)

1) Co(s)i(s) ]@Z)(s)ds < k(t,T) (6.101)

hold for each a <t < T < z < b satisfying o' (7) < o7 1(2) < ("(t), where

s(t7) = (Vou™) (/tTw(z)dz)

Proof. (ii) = (i). Let {£*}(after renaming) be the sequence given by Lemma 6.2.1 for
the limits (~*(¢) and o~ (¢), and thus (6.11) holds for the adjoint operator Zf. We write Z f

for t € (6,67, as

5 ¢
THE) = w(t) / ) REDIA)s

o€ CHEM) ¢H(Y)
= w(t) / +/ +/ R(s,t)f(s)h(s)ds
o-1(t) ey, Jeien)

=T f(t) + Tof (t) + Isf(1). (6.102)

Thus from (6.102), we have

3

<V ’ u—l) (/{te@zﬁs;ﬁl):if(t)w} w(y)dy> <2 <V ’ wl) ( / w(y)dy> '

=1 -
{te(§r & ) Tif (>3}

We will first estimate the integral Zsf. Applying (6.2) we obtain

¢

R(s. 614 F()h(s)ds + w(tR(o (€2).1) [

“HE ¢HEM

T, 1 (1) < M[w(zﬁ)/C
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- M [ig,l F(t) + Ty f(t)} .

Thus

(V oL{_1> (/ i w(y)dy) < Z (V oL{_1> (/ ~ w(y)dy).
fre(ep e ) Ta (0> 7} ~ (e &7y )T i (0> 51}

(6.104)

We define a sequence {z;} as x fk %, and for each x;_; let x; be the number given

by fc (xj R(s, &) f(s)h(s)ds = fc 1(57 V) R(s,&" 1) f(s)h(s)ds. Then the sequence {z;}
decreases and satisfies

¢ Hzj) ¢ Hajr1)
/C ) RS (s)ds = 4 [ RGgfones

NG 1 (ayea)
We define 5%71 = inf Qéyl and eg,;’l = sup le, where
O, = {t € (@) Toaf(t) > - )
For z € Qél, we have

T < qu() / 1(%)73(2 €m ) f(2)h(z)dz (6.105)
6.M ¢ H(zj42) ok . .

As the estimate (6.105) holds for each = € le, we have

1(x3+1)
v<24M( inf w(z)) / R(z,&00) f(2)h(z)dz. (6.106)

(631,€3.1) ¢ Hzjq2)

J
63,1

Let us denote /4;((53 13 63 )= (Voi/{ ) (feg’l w(T)dT), then using (5.9) and (6.106) we obtain

¢ Hajen) 48M0f( )9 (2)
31,631 /1(xj+2 ~ >¢(2’)dz
Hwjt1) 1Ilf21))7—\’,(2,gﬂkl)h('z)’i
+/< . < oo )w(z)dz. (6.107)

As oY () < o7 (En) < CTHE) < M ay) < ¢TH0E,), thus (6.100) gives

/Cl(xﬂl) 5 ( inf w)R(Z, f}?fu)h(z)’%
Co(2)y(2)

>¢(2)d2 < “(5:%,1’ 6%,1)- (6.108)

¢ l(zj42)
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Combining (6.107) and (6.108) we have

(Vou-1> ( /Q j w(T)dT) < /< 41:%)1)1)(481\40{; <Z>¢(2)>w(z)dz. (6.109)

Summing up in j and applying the sub-additivity of V o™, we get

¢y
(Vou1)</ w(z)dz) S/ v V(48Mof(z)¢(z>>w(z)dz.
{te(er&r ) Is 1 f()> 55} ¢HEM v
(6.110)

To estimate f372, we consider a decreasing sequence {y;} defined as yy = &, and for each
yj—1 let y; be the number given by ffil(yj) f(s)h(s)ds = f<471(§/y7')_1)f(3)h(3)d5. From the
definition of {yj} we obtain fc ) f(s)h(s)ds = 4fC () ) f(s)h(s)ds. We define 5, =

HEr H(yj+2)
inf Q3 o and €3, = sup Q3 5, Where

Qg,Q = {t € (Yj+1,95) 3i3,2f(t) > 6LM}

For = € Q) ,, we have

~ . ¢ Hyjt)
L < ()R E), ) / F(2)h(2)dz. (6.111)
¢ Hyj+2)
As the estimate (6.111) holds for each z € Qég, thus
¢ Hyi)
v<ouM( inf w@)RO ), ) / F(2)h(2)dz. (6.112)
(63,2:€3,2) ¢ Hyj+2)
Considering /{(5572, eé’Q) = (VolU™) (j:;é’2 w(T)dT> and from (5.9) and (6.112) we have
i) 48MC’f
327532 / V( )>7/’(2)d2
(Yj+2)
i) (inf w(z)R(e™HER ), 2)) h(2)k
+ Y s U(2)dz. 6.113
/< " ( () ) (O113)
As 07 (e]) < o) < CHE) < (M yy) < ), (6.101) gives
i) _ (inf w(z)R(c™H(En,), ) h(2)k o
1% A P(2)dz < k(634,65 ,). 6.114
L ( e ErE (e < KW ca) (6114)
Combining (6.113) and (6.114) we have
¢ Hyjt1)
(VOL{l)(/V w(T)dT) §/ V<48Mcf(z)¢(z)>z/}(z)dz. (6.115)
Q35 ¢ (yj+2) v
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Summing up in j and applying the sub-additivity of V o™, we get

(348
(Vou_l) (/ w(z)dz) S/ - V(48Mcf(z)¢(z)>1/1(z)dz.
{te(Er e ) Ts 2 f (1)> g } ¢HEm v

6M

Arguing similarly we obtain

<Vou_1> (/{te(£m eI f(t)>ﬁ}w(z)dz) : /:1(6?) V<48MC];(Z)¢(Z)>¢(2MZ' (6:117)

“HE)

For 7;, we consider zy = £* and we define an increasing sequence {z;} as

o Em ) )
L(z;) = /_1( ) R(7,z;) f(r)h(T)dT = (M + 1) L(20).

We use the condition (6.2) to estimate the following.

oM &M )
L(z) = (M + 1)2/ R(T, zjs2) f(T)h(T)dT (6.118)

o7 (zj12)

= (M + 17 / T / 0_1(%)}7@(7, 2yu2) f(T)(7)dr

o= (zj42) o7 1(zj43)

< (M +1)?

o M (zj+3) oM &)
[ Rem e [ u{RE ) +R<al<zj+3>,zj+2>}] F(r)h(r)dr

“(zj42) o= (zj+3)

X o (zj+3) . oM &)
<O [ R ) RO ) ) [ LR
o~ (zj+2) o1 (zj+3)
0_1(5?4,1)
+ M (M + 1)2/ R(T, zj13) f(T)h(T)dT. (6.119)
o~ (2zj+3)

From the construction of {z;}, we have

071(57&1) .
/ R(T, i) f()P(T)dT = L(2545) = (M +1)"IL(z0) = (M +1)7L(z;).

o= (zj+3)
Thus (6.119) implies that

‘7_1(62’;1)

o~ (zj43)
/ R(7, 2340) F()R(T)dr + R(0~ (2515), 122 /

“1(zj42) o= (zj+3)

L(z) < (M +1)*

f(T)h(T)dT] .

Next we consider 07, = inf ], and €], = sup ), for [ = 1,2, where

U_l(Zj+3)
‘ 7
le,l = {y & (Zj7 Zj+1> : w(y) /Ul(zj+2) R(T7 szrQ)f(T)h(T)dT > 6(M + 1)4 }’
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. oM ER)
_ v
o, = { € ) s wCIRE ns) ) [ FONGY > }
Thus the estimate for Z; f is reduced to the following form.

o) ([ 0) <S40 ()

Jj=0

n (V ou—1> (/% w(z)dz) } (6.120)

Arguing similarly as in the previous cases, we observe that

> (vou) ( / w(z)dz> - /"‘l“m (L2 DCIEI
Q o

>0 —LeEm Y

o(:)d:)

J
1,1

)1/1(z)dz. (6.121)

J
1,1

For the second part, we define an increasing sequence {d;} in (&, & ;) with the iteration

diy = & and
o (&) o e )
/ f(2)h(z)dz = 2 / f(2)h(z)dz.

~(d}) o= Hdjq)

Next we define a subsequence {d,} as dy = dj, and if d] < z; < d;,, then d,41 = dl,,
otherwise we delete the term d;,, and continue the process. Thus, we get a subsequence
{d,} of {d.}. Let sz = inf 0?72 and €, = sup sz, where Q?,Q = U{j:dn<zj+3§dn+1}9]i,2- Now,
if dj,, = dny1 > zj43 > dy then by construction zj;3 > d and d,qo > d;,,. From the

construction of {d;} and {d,}, we have
o (E) o (€ ) o= (d] ) o~ (dnt2)
/ g/ :4/ < 4/ . (6.122)
o1 (z545) o=1(dl) o1l ) =1 (dns1)
Now for z € Q’f,z, we have

o=t (dn+2)

v _
ST < R (09).) / LT (6.123)
As (6.123) holds for each z € Q{L,Q, thus
o (dn+2)
v<24M +1)* inf (w(z)R(o™(z13), 7)) / f(m)h(r)dT. (6.124)
(07 2,€7 2) o~ (dn+1)

Let us denote /{(5?2, éry) = (Yol (f;f’z w(¢)d7'>. Now applying (5.9) and (6.124) we

obtain

o N dnv2) AR(M 4+ 1)AC f(7)(T)
( ;

20(F 1) < [

o~ (dn+1)

)w(T)dT
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~1(dn+1) C¢(T)¢(T)
< /Ul(dn+2) V<48(M + l)j;Cf(T)Qb(T))

~ Jo ds)

o o [mf (w(@)R(0 (223), w))h(ﬂn] (r)dr

(7)dT + K(6] 4, €L).

Thus using the condition (6.101), we have

pou)(fy, wonr) < [ oSO o

oy Y

Summing up over n and then applying the sub-additivity of ¥V o/~!, we obtain

Z(Vou—1>< / wde) . /"‘1<5'?”+1>V<48<M+1>4cf<7>¢<7>
Q o

>¢(T)d7'. (6.125)

n20 12 (30 Y
Thus
_ oM ER) A8(M + D)ACf(T)é(7)
(] 1 ' |
; (V “ ) (/Q wde) = /U_l(gm V( ~ >¢(T)d7 (6.126)

Combining (6.103), (6.104), (6.110), (6.116), (6.117), (6.120), (6.121) and (6.126) we obtain

(V o L{_1> (/ w(z)dz)
{te(€r & ) Zf (6)>7}

/C1(§1T+1) V<96(M + 1)4Cf(2)¢(2)
o-1(Ep) 7

<

>1/)(z)dz. (6.127)

Summing up (6.127) over m and k we obtain the estimate (6.39) with constant 96(M +1)*C.
(i) = (ii). Conversely let us assume ¢ < 7 such that (1) < (7'(t). For each N € N

we consider the set, Ey = {0*1(7) < s < M)+ < R(s,7),h(s) < N} has finite

measure. As the integral

- A(infw)R(y, 7)h(y) U(y) +1/k 2 P 2,
L Gt i s ) (25 Yo < i3 nfw)oakaint ) < o

for each [,k € N and A > 0. Given u > 0 we choose A suitably so that

o A(infw)R(y,mh(y) N\ (@) +1/kY
/EN V((aﬁ(y) +1/1) (v (y) + 1/k)> ( \ >dy = (14 p)C,

where C'is the constant in (6.99). For each v > 0 we consider

v AMinfw)R(y. m)h(y) by) + 1/k
= CV(((b(y) +1/D((y) + 1/k:)> A(inf w)R(y, 7)(y)

6.4. Extra-weak type results
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Ift <x <7, then

h(y)dy

If,@) =) | R.)k f/(( ¢((1an> m)h(y) ) ( G(y) + 17k

y) + 1/ ()+1/k) A(infw)R(y, 7)h(y)

R )\(mfw) (y, 7)h(y)
= /E OAV(w(y) T + 1/kz>) (W) 1 ’“) %
= (1+p)y>n.

This implies that

(t,7) C {x: Tf(x) >~}
Applying the condition (5.10) and the assumption (6.99) we get

5.
s(t7) = (Vou- >(/tTw(y)dy)
<(veu)( [, om)

- A(inf w)R(y, )h(y) v(y) +1/k
= /ENV<V((¢( )+ 1/D(W(y) + 1/’f))A(ian)R(?/’T>h<y)¢(y)>¢(y)dy

- )\( inf w)R(y, T)h(y)
</ PG ) )
< (1L+p)CA

As V(r)/r increases as r increases, we have

- (infw)R(y, 7)h(y)x(t, 7) Uly) +1/k

/J;NV((1+M)C(¢( )+ 1/D((y) + 1/k)) K(L,7) W
- A(inf w)R(y, 7)h(y) Y(y) + 1/k
< [ (Gw it im) 0

By the Monotone Convergence Theorem, we get
- ((inf w)R(y, T)h(y)(t, 1)\ ¥(y)
[ V(T acea s v et <

Letting I, N — oo and p — 0%, we obtain

'O (infw)R(y, T)h(y)k(t, 7)
/0-1(7) V( Co(y)o(y) >¢(y)dy < k(7).

Next we prove the estimate (6.101). Let a < t < 7 < z < b such that o~ 1(7
¢~!(¢). For each m € N we consider the set, E,, {0 12y <s< CHY) -
has finite measure. Now for each [,k € N and A > 0 we have

(AT w(y)RO(2).9)h(s) (6(s) +1/k
/mV( (6(s) + 1/ (W (s) + 1/k) )( 3 >d8<oo7

dy = 1.

6.4. Extra-weak type results
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where the infimum is considered over the interval (¢, 7). Given p > 0 we choose A suitably
so that

Y /\(infw(y)R(o_l(z),y))h(s) W(s) +1/k B
/mv( (6(s) + 1/1)(1)(s) + 1/k) )( N )dS—(Hu)C,

where C' is the constant in (6.99). We define

o) — s )\(infw(y)'R(a*l(z),y))h(S) ¥(s)+1/k )
h) V( ((s) + 1/1) (W (s) + 1/k) >A(infw(y)R(U—l(Z)’y))h(S>XEm( )-

- C
If s€ E,, and t <z < 7, then R(s,z) > R(c7(z),z). Thus for t < z < 7 we have

Fe (N — ol ) A(inf w(y)R(e7(2),y))h(s) W(s)+1/k
Thiz) = wle) | Rls, W( <<>+1/z>ws> /%) )A(infw<y>R<0—1<z>,y>)h<s>

2 & (e i) (s0 )

=(1+p)y>7.

h(s)ds

This implies that
(t,7) C{x ffv(x) > v}

The rest of the proof proceeds similarly. Hence the proof is complete. n

Similarly, the extra-weak type integral estimates for the operator of Hardy-Steklov type

and its adjoint follow directly from the above two theorems by considering R = 1.

6.4. Extra-weak type results



(1)

Future Plan

The integral operator of Hardy type is defined as

xT

K(f)(x) = / k(o) () dy, (6.128)

—00

where k(> 0) is defined on the set D = {(x,y) € R* : y < z}. For k = 1, the integral

operator is known as the Hardy operator and it is defined as
2@ = [ Sy

We refer to [1,29] for the weighted estimates for the integral operator (6.128). In [9,33],

the authors defined a bilinear version of Hardy operator as

9w = [ [ feais

and they characterized the positive measurable functions w,w; and wy such that the

inequality

</Z v g)(x)qw(x)dm> < < /. ﬂx)ﬂwl(z)dw) i </Z g<x>p2w2<x>dx> *

(6.129)

holds for some positive constant C' and for any pair of nonnegative measurable function
(f’ g) with q,p1,P2 > 1.

We plan to consider a bilinear integral operator of Hardy type, and want to characterize
the weights w, wy,wy such that the inequality (6.129) holds for the bilinear integral

operator.

In [20,25,32], the autors considered Hardy type operators involving suprema, and es-
tablished weighted estimates for such operators. We plan to study weighted inequalities

for the Hardy-Steklov type operators involving suprema.

We also plan to study weighted estimates for maximal operators and integral operators

in Sobolev spaces.
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