CHAPTER 3

Weighted estimates for a one-sided fractional minimal

function

3.1 Introduction

In this chapter, we define a fractional version of one-sided minimal function, m: for 0 <
1 < oo on R. We prove weighted weak and strong type norm estimates for m:[ by defining
two new weight classes. We also establish an equivalence relation between the two weight
classes.

Let us consider a measurable function f on R. We denote the one-sided fractional minimal

function for f of order 0 <y < oo by m:[ and is defined as

1
£>0

z+§
(@) = inf o [0l

Considering the limits x — £ to x, we obtain an another version of one-sided minimal function

as follows ' )
m,, (f)(z) = gg = /_glf(t)|dt.

For y1 = 0, we get the usual one-sided minimal function m™ defined in [16]. Thus m; is
a generalization of m™. Some authors use forward minimal function for mlf and backward
minimal function for m,. As like maximal functions, the results of forward and backward
minimal function can be interchangeable with a little modification in the corresponding
weight classes.

Corresponding to a non-negative locally integrable function w and a measurable subset

I' of R, we consider the w measure of I as w(I') = [, wdy. Given 1 < p < co, we consider

This chapter is based on the published work Weighted inequalities for one-sided fractional minimal
function by D. Chutia and R. Haloi [12].
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p satisfying p~! + (p')~! = 1. Throughout this chapter U and V will denote two weights on
R and we define w = VP! for 1 < p < oo. The letter C refers to an arbitrary positive
constant not necessarily same in all cases.

The structure of the chapter is of the following form. The weight classes W7, and (W, )*
are defined in Section 3.2. We prove the weak and strong type results in Section 3.3 and

their equivalence relation is given in Section 3.4.

3.2 Preliminaries

We state a basic lemma required in proving the main results. For the proof we refer [18].

Lemma 3.2.1. Let T' be an interval in R. Let {P,}, be a collection of subintervals of T such
that given a function w and for 0 < pu < oo the relation fPa wdx < C|P,|*** holds for each
a. If A = U, P,, then [, wdz < C(2|A])'*.

We define the weight class W;“ , corresponding to the weak (p, ¢) estimate for m:j.

Definition 3.2.2. Let p,q € (0,00) with ¢ > p and p € [0,00). Then the pair of weights
(U, V)eW), if

1
1+3)q

1 C 1 "
o v [
|F_| - |F|1+(u‘_;)q |F| T
holds for each interval I' = [, 5] in R with 2|~ | = |I'| and I'™ = [a, A].

For i = 0 and p = ¢, W, coincides with W, defined by Cruz-Uribe et al. [16]. Thus

W, is a generalized form of W,". In this definition, we consider two intervals '~ and I" with

common left end point such that 2|I'"| = |I'|. We generalize the Definition 3.2.2 to improve

the condition 2|I'~| = |I"|. To do this, we consider any subinterval I'~ of I" with common left
|

end point such that 0 < < 1.

r-
Definition 3.2.3. Let I'" = [, A] be any subinterval of I' = [, 8]. We set m = T such

Tl
that 0 <7 < 1. For 0 < pu < oo, the pair (U, V) € Wi _if

(1+3)q
1 U< ¢ i i/vpil
=] Je- m(1 — ) tma| D= \ Ty

holds for some constant C' > 0 and 0 < p < q < o0.

We need a decomposition of a finite interval in R to relate the weight classes W;f , and

W, which is known as plus-minus decomposition, introduced by Cruz-Uribe et al. [16].

3.2. Preliminaries
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Definition 3.2.4. Let us consider the finite interval I' = [a, 8] in R. We define a sequence

{Km }m>0 recursively from the interval I' as, set ko = a and for each m > 1 we define

/8+/{m—1
Ry = —————.
2

Form > 1, we construct three subintervals of T’ from the sequence {k,,} as A, = [Km—1, Km)], A,

[Kms Kma1] and Ny = [Km—1, Km+1). From the construction itself I' = U,,>o/,,,.

Next, we define a weight class similar to that of Sawyer’s testing type condition and use

this condition to obtain the strong (p, ¢) estimate for the minimal function, m:j.

Definition 3.2.5. Let 0 < p < g < oco. If

/FWSCU&)F

holds for each interval I' in R and for some constant C' > 0, then (U, V) € (W, )*.

3.3 Weak and strong type results

In this section, we prove the weak as well as strong type weighted estimates for m:. The

following lemma will be used to prove the weak and strong type results.

Lemma 3.3.1. Suppose q > p with p,q € (0,00) and w € (0,1). Then (U, V') belongs to W,
if and only if (U, V) lies in Wi

p,q,7"
Proof. Let (U, V) e W, .,
that (U, V) € W .

For the converse part, we break the proof into two parts depending on 7.

0 <7 < 1. If we choose ™ = %, then it follows from the definition

Case I. The case when 0 < 7 = ‘fF\‘ < 1, withT = [, f] and '™ = [« 6]. Suppose A = [a, A]
be a subinterval of " with 2|A| = |[']. By the definition of W, , we have
(p+1)q

C|A| 1/ g
Ug— Vp+1 . 3.1
/A INE <|F| ) o

Since 2|A| = '] > 2|I'7|. Thus I'" C A. From the inequality (3.1), we have

(141
/ CIA| L/w /p)a
IF | F* =7 Tt \ T e

3.3. Weak and strong type results
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c 1 / (1+1/p)q
(1 — o)+ \ [T ‘
Thus (U, V) € W

pgm 0 < T < %
Case II. The case when 2 < 7 = Ll < 1. We choose the smallest My € N such that

2 Ir
T<l1l-— As M, is the smallest, so

2M0

l—-7m<

S (3.2)

Let {A,,}.n be a collection of subintervals of T' formed by the plus-minus decomposition of
the interval I'. We have,
I~ cuM A, (3.3)

From the definition of WJ o We have

fovs g G
A (2IA ) Q\A |
(14+w)g (p+1)q
I 1 1 1 P
I~ _ | — P+l . .
=¢l '(2|A |> [ml+m—;>q<|r|/pv*) ] 34

|I’ -1
< gm=1 )

Using the estimates (3.2), (3.3), (3.4) and (3.5), we obtain

(p4+1)g
1 1 1 1 1 P
— E VT ,
I |r1 / =72 w(l—w) [mH (m/ ) ]

We prove the two weighted weak type estimate for m:[ in the following theorem.

(p+1)q

For m > 1, we have

Theorem 3.3.2. Suppose q > p with p,q € (0,00) and p € [0,00). Then the following

statements are equivalent.
(i) The pair of weights (U,V') € W.

(ii) For~ > 0 the following estimate

U({t eR:m)(f)(t) < %}) =

holds for a suitable positive constant C.

(3.6)

|
N
 —
=
~__—
SRS

3.3. Weak and strong type results
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Proof. (i) = (ii). We prove the statement for the function f with % having compact
support and the result for any measurable f follows due to the method developed in [16].
We assume that (U, V) € Wi

P
O, ={teR:mJ(f)(t) < %} Since the minimal function is upper semi-continuous and %

0 <p<gq< . For each v > 0, we denote the set

has compact support, so we get a disjoint sequence of bounded and open interval {I';}r>1

such that O, = Uy>1I'x. Also by the plus-minus decomposition of I';,, we have

1 gt
A [ / i 0

Using (U, V) € W, and the inequality (3.7), we get

(p+1)g

1+u)qo L) (8|A+|) 1+wq \ !
U = / VP+1
/rk Zl: A Z | A |(1+” ( ) ( Ja 1
C / vV’
< = o
v~ ( A [TTP
C % v .
¥<Z/Amw> (since p < q)
< g / L for each k.
v\ Jr, [fIP

C A
U(0,) = U(UiTy) ZUFk <Z </rk|f!p) S%(/n&W)

(i1) = (i). Let T' = [a, B8] be a finite interval in R. Let I'™ = [o, 0] and T'" = [4, 5] be two
subintervals of I with [I'"| = |I'*|. For f = VP%/XF and t € I'", we obtain

+ # ="
mt (F)(t) < |F+’1+”/FV | (3.9)

Thus

hSHTS]

We choose v > 0 such that

1 1 1
= | Ve, 3.9
v IF+I1+“/F (3.9

Incorporating the estimates (3.8) and (3.9) in the inequality (3.6), we get

q

U < U({t eR:m(f)(t) < %}) < Q(/ V‘;)P
(p+1l)g
_ I )
=g </V )

3.3. Weak and strong type results

Thus (U,V) € W, and completes the proof.

U
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We obtain the two weighted strong type (p, q) estimate using (W, )* condition as follows.

Theorem 3.3.3. Let us assume q > p with p,q € (0,00). Then we have the following

equivalent statements.
(i) The pair of weights (U, V) € WV, )*.

(ii) The strong (p,q) holds for the fractional one-sided minimal function, that is

L=< L)

Proof. (i) = (ii). For each k € Z, we define

Q.= {teRm()(1) < 2i}

Thus we get a disjoint sequence of bounded open intervals {I'; . }; with Q, = U,;I'; ., and
for each t € I'; ., = (0, €i i)

/ ]S 2 g — ] (3.10)
t

We construct another pairwise disjoint set €2; ,, for each integer ¢ and & as

1
Qi,n = {t S Fi,n : m:(f)(t) 2 2/4—4—1 }

Then

_v v (v +1)q
/ (i ()" Z/ (7 Z/ ar

—q
1 €i,k
(2+n) - -
< a2+ Z/Q (’%_ﬂw/t |f|> .

Let n stand for usual Lebesgue measure and ( represent the counting measure defined re-

spectively in R and Z. Using the argument in [55], we consider a measure v on Z = Z xZ xR

as ( x ( x n. Let p be a weight on Z defined by

—q

oi, k1) = (; / wdy> Xo., (DU ().

|€i,n _ t|1+u

We define two operators £ and G by

] 1
L(g)(i, k,t) = XQi,K(t)m
t

€i,k ) 1 €i,k
/ Wdya g(g) (7'7 K, t) = X (t)€z,ﬁ— / QWdy
¢ f wdy Jy

t

3.3. Weak and strong type results
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Using Holder’s inequality with exponent s and s’ for s > 1, we have

s—1
1 €i,k 1 €i,k 1 €i,k ,
[ gwdy J, " gwdy S wdy \
1 o s—1
L
e s od
( W(/ .y y))

L(9)(i, 5,t) < (G(g" )i, k1)) (3.11)

We first assume the strong (ﬂ, Z—z) inequality of the operator G with respect to the weights w

This implies that

and pdv in R and Z, respectively. Considering s =1 —l— L and the estimate (3.11), we have

»

q

Qq(zm/ <|f!) pdy<2‘J(2+“)</ (<%>5/1)gw>5xﬂ gC(/%)Z.
zZ R R

Hence the result follows. Now, it is left to establish the boundedness of G. As the operator
G satisfies the strong type (00, 00), thus applying Marcinkiewicz interpolation theorem, it is
sufficient for us to establish the weak type (1, %) of G. That is we need to show that

/ odt < C'(l /gwdx)
{1G(9)1>~} v

Let 0;.(y) = inf & .(y), where & .(v) = {t € Q. : G(g)(4, k., t) > v} and Ay, = Ai(y) =

[0i(7), €ir)- Then
1
T w /A gw =7y
Ai,€ 1K

and either A; ., N A; x, = ¢ or one is contained in the other.
Let {A;} be the maximal elements of the family {A;,} so that A;’s are disjoint. Thus

—q
1
odr = / - Udt
/{Q(g)>7} Z Ei(y) |€i — t[1

Kyl

—q
;< > /mw('%—t'”) o

N CA; }

SXJ:/ W/XA dt

<oy () <o (3], o)

7 J

hSESY

LSRN

SC(E/gwdt)p.
7Y JRr

3.3. Weak and strong type results
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This proves that H is weak (1, %) and hence it concludes the proof.

(11) = (i). We take, f = w/xr,w = V#1 and hence it follows immediately.

3.4 Relation between weak and strong type estimates

The following result is quite interesting as it gives the equivalence between the two weight

classes W and (W, )*.

Theorem 3.4.1. Suppose that ¢ > p with p,q € (0,00). Then the weight classes W, and
W) are equivalent, that is a pair (U,V) satisfies the W= condition if and only if it

satisfies the condition (W )*.

We prove Theorem 3.4.1 using the following two lemmas. Next, we state these two lemmas

and the equivalence between W and (W, )* follows immediately.

Lemma 3.4.2. Let the pair (U, V) € Wi,
I' = [a, B] in R. Then

/ﬁﬁc(/)

holds for T~ and T't, where I'™ = [, 0] and Tt = [§, \] with 2|T'~| = || = 4|T"*|.

0 <p<q<oo. We consider any finite interval

Proof. Let v > 0 and consider Q, = {x e I'™ : mf(w/xr)(z) < %} Thus we obtain a

sequence of intervals {I';} that are disjoint and that satisfy Q. = U,I';. Also, we have

U /°° _
———dr = TUQ))dy =1 + I,
| apte = [, V@ =t

where Iy = ¢ [; 7" 'U(Qy)dy and I, = q [ 47 'U(§,)dr, for some € > 0 and the value of €

to be specified later. Now, we obtain
L = q/ FU(Q,)dy < U(F_)q/ At = U(7)el. (3.12)
0 0

For a fixed interval {I';}, we construct two sequences of intervals {A,,} and {A}} as the

plus-minus decomposition of the interval I';. Then

B () 3|A,| (1+1/p)q
U(Fj):ZU(Am) <3 #GCZW</A w) (3.13)
’I’I’LZl m

m>1

3.4. Relation between weak and strong type estimates
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1 (1+1/p)q . 1 (1+1/p)q .
<Ccy (- AT < O - 0, (3.14)
v ot ’

m>1

Using the disjoint decomposition of 2, and the inequality (3.14), we thus obtain

(p4+1)g
oo [o.¢] 1 D q
=g [ v@a sq [T (2) T e
€ € ")/
N7 s
<C({-| [I'] P, (3.15)
€
We choose € such that .
(W ur))e
€l = T (3.16)
As the pair (U,V) € W, we have
B 3L+(1+n)g| P | . (et
Ul ) < 02|F— O T+ (w(F ur ))
C (p+1)g

From the inequality (3.16) and (3.17), we obtain

1) 7 C _ z
(E) §|F_|(—1+M)Z<(JJ(F UF+)>. (3.18)

Using the inequality (3.12), (3.15), and (3.18), we conclude that
Iy, Ty < (™ UTH))e,
Hence the proof is complete. O]

Lemma 3.4.3. Let {K;};>0 be a decreasing sequence of nested intervals with the property
that |K;| — 0 as | — oo. Then for the pair (U, V) € W

g0 <P < g < oo, we have

fim [ 0
=oe S myf(w/xi)T

Proof. As the sequence {K;} is decreasing, thus for 0 < u < oo, m: satisfies

m:(w/X’Cl) < m:(w/XlCz+1)7 k > 0.

Also, letting I — oo, we have 1/m}(w/xx,) = 0 a.e. on K.

3.4. Relation between weak and strong type estimates
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We set '™ = Ky and by the Lemma 3.4.2, we obtain

U
Ko T (W/ Xico)

Using the property K;;1 C K; and from the dominated convergence theorem, we have

lim/ L < lim L =0
=00 Ji, m:(w/X’Cz) e Jig, m;—t(w/X/CJ '

Hence the result holds. O

Proof of Theorem 3.4.1. Clearly (W, )* implies W,,. We only need to establish the
other part.
Let (U, V) € W, For a interval I' = [, ] in R, we establish the inequality

hSES

U
/ oy < C0d)

for any arbitrary C' > 0. Suppose {A!,} be a sequence of intervals defined by A/ = [k, ] for

each m > 1, where {k,,} is the sequence constructed to form the plus-minus decomposition,
A, and A} of the interval I'. Then I' = A7 U A} and thus we have

/Fmﬁ/ﬁ/g

q

fsclos)

For the second integral, we write A} = Ay U A} and we repeat the process. Continuing this

From the Lemma 3.4.2

process up to [ many times, we get
U ’ U
—_<C (w(Am)) + ——.
/r mt(w/xr)? mZ:1 ap e (w/xag)
Using Lemma 3.4.3, we obtain

U

— 3 0asl— o0
Ay (w/xng)9

Now, letting [ — oo and by the relation % > 1, we obtain

m=

Hence the proof is complete.

3.4. Relation between weak and strong type estimates
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