CHAPTER 4

Weighted estimates for the one-sided dyadic fractional

maximal function

4.1 Introduction

We devote this chapter to study a dyadic version of one-sided fractional maximal function,
J\/l:[’d( f) for 0 < p < 1 on R™ We introduce dyadic Muckenhoupt type weight and Sawyer’s
testing type condition and applying the weight classes we obtain two weighted weak and
strong type inequalities respectively for ./\/l:[’d. We also prove one weighted strong type in-
equalities using Muckenhoupt type condition.

Let I" denotes a dyadic cube with all the sides parallel to the coordinate axes. The cubes
[T and I'", related to I' are defined as T'" = 31,201 — ) X [f2, 282 —2) X . .. X [, 20, — o)
and I'™ = [2aq — 1, a1) X [2ag — P, a2) X ... X [20, — B, vy), where I' = [041, B1) X |ag, B2) X

X [an, By) is any dyadic cube in R™ with vertices o, ; € R, 1 <@ < n.

We assume the function f to be locally integrable in R™. For 0 <y < 1, let us define the

dyadic one-sided fractional maximal function, M}“(f) at any point t € R" as

MM(A() = su / dy,
a (f)() tel, Ffl)yadlc ‘F’l ’ F+‘f‘ Y

where the supremum is considered over each dyadic cube t € I with all the sides of I' are
parallel with the respective coordinate axes. Similarly the backward maximal function is
defined as

M0 = sp iy | 151y

where the supremum is considered similarly as in the earlier case. The results for forward

This chapter is based on the published work A note on one-sided dyadic fractional mazimal function on
R™ by D. Chutia and S. Pal [13].
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and backward maximal functions are similar and can be obtained from the other with a
slight modification in the corresponding weight class.

For e > 0, we construct two more cubes I'“" and I'“~ associated with I" as ' = [y, aq +
e(fr—ar)) X [ag, as+e(fa—az)) X ... X [y, n+€(Br—ay)) and TS~ = [B1 —e(B1 —aq), B1) X
[Ba—€(Ba— g), 52) X ... X [Bn — €(Bn — ), Bn), where I' = [aq, 1) X [z, 52) X ... X [, Bn)
is any dyadic cube similar to the previous case. From the above constructions, we have the

following remarks.

(i) 07 = || = [I| = emm[ret

— €—n|1“e,—

(ii) If I'y and Iy are any two cubes with I'f € I'J, then I'y ¢ I'>™.

Next, we introduce two classes of weight A; ;Id and 8; ;Zd to prove the main results. The
conditions .A; ;Jd and S ;Jd are also called as the dyadic version of one-sided Muckenhoupt

weight and Sawyer’s testing type condition respectively.

Definition 4.1.1. Suppose ¢ > p with p,q € (1,00) and we define pu = % — é. Then the pair
of weights (o, ¢) verifies the A;’qd condition if for each dyadic cube I' the following

(mfo) (o) e

holds for a positive constant C.

Definition 4.1.2. Suppose ¢ > p with p,q € (1,00). Then the pair (o, ) satisfies the S;féd
condition if

q

) < 00 and /FUI‘+ (M:’d(iﬁXN))qa < C’(/F+ 7?);7

rur+

hold for each dyadic cube T with f(r—) o < 0o, where ¥ = <b_p%1.

-ur-

The chapter is arranged as follows. In Section 4.2, we discuss the weak type result. In
Section 4.3, we establish the two weighted strong type result using Sawyer’s condition and

also establish the one weighted strong type result using the A; ;Id condition.

4.2 Weak type result

We now state the two weighted weak type estimate.

Theorem 4.2.1. Suppose ¢ > p with p,q € (1,00) and we define p = ~ — é. Then for vy >0

1
P
we have the following equivalent statements.

4.2. Weak type result
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. . . 7d ey
(a) The pair of weights (o, ¢) verifies the Al condition.

(b) M;’d satisfies the weak (p,q) inequality. More precisely, we have

q
4 q
n . +,d - n+2 p P
o({t e R s MEAS)(E) > 1Y) < c(7> 2 (/Rn 119)
for some suitable constant C' > 0.

It is sufficient to consider the function f to be non-negative and locally integrable on R™.

For each A > 0 we consider the set O, as
Oy = {t ER™ : MPA(f)(t) > )\}.

Thus we get a family of dyadic cubes {I'y} having pairwise disjoint property and satisfying

1
_ , for k € N.
T / /

We rearrange(rename) the collection of cubes {I'y }r>1 satisfying the following order

O)\ = nglrk and A\ < fk»ll =

Ly < Ly, forall k>1, where Ly = Tl

We construct Fy, a collection of indices k, for which A < f; , < 2\ is hold.
Based on the ideas from [49], we now state a lemma which is the key ingredient for proving
Theorem 4.2.1.

Lemma 4.2.2. Let the pair (o,¢) € AT4 1 < p < q<oo. If for each A > 0, {T}rer, is a

p,q

family of disjoint dyadic cubes, then

q
2 :
[ e=c(3) () i)
Uker Tk A UkeJ:)\F;:

holds for a suitable constant C' > 0.

Proof. For I € NU {0}, let us define a subcollection j; of F) as
g1 ={k € Fy:Jexactly 1 cubes I')" such that '} C '} with r € F, }

and we define
pr = Uke;, I}

Then the following are valid.

(i) Clearly, F\ = U>oj:. Also {I';}i¢j, are mutually disjoint.

4.2. Weak type result
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(ii) For any integer 0 < m < [ with i € ji;1(l > 0), we get an unique i,, € j,, satisfying
I c T} . This follows that p;4q C pi.

(iii) For a fixed Iy, we choose ko € ji,. Now if 'y C '}, then k € j for all I > y. Also
Fk - (Fk0)2’+.

As the collection {I';} is disjoint, thus we obtain
27
Uisto Ygkegurtery, y Tk © (Te) ™

Thus, we obtain

S Tk 2Tl

I>ly {kejl:rgcrjo}

Now, we have

SO omeey Y

I>lo {kej: T cTf I>lo {kej: T cTf
E~" kg k=" kg

< (L%)uz >, In

1>ly {kejl:rjcrﬁo}

S ézn’r‘k’oyl_u7
N Ly \*
here C' = ( ) :
where L
We have
Z/ + f - Z Z + f
>0 Y PNT 1>l {kejl:FZCrzO} b
< 2)\2 Z |Fk|1*,u
I>lo {kejirf Ty}
< 20C2" Ty, M+
F:O
Thus
lo+2"+
f<C2tt |
. +
I=lo+1 7Pk, Ho

From this relation we get an integer [,ly + 1 <1 < Iy + 2", such that

C
f<5 | T
/plmrgo 2 T

4.2. Weak type result
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Since pir1 C py, thus

[ i<]
pl+1ﬁF§0 PlﬁF:O

2
& | < . /
Fkomplo+2n+2 Fko
2
C F;Lo\plo+2"+2 FZO

Thus from the last inequality we obtain

2
—C|Fk i #/F f. (4.1)

kg \plo+2n+2

For ky € j,, we have

Using the assumption (o, ¢) € A9, estimate (4.1) and Holder inequality we obtain

P
Y o)=Y > o)
kEFx 1=0 kejy
5 )7 ] q
(&) 22 () (i ...
2 \' & 1 1,1 !
(&) Sz ) (e o)
4 q de-l)
2 ! ) g
(&) 25 () U)o ) " i)
4 o q a(p—1) q
2 1 1 p » p
(&) £ (i) (o) (L) ™ (L)
< C<z> q i / fpgb) g, [ for some positive constant C/|
A 1=0 Pl\P1+27L+2
2\ "= »
=Cf =z fro
<A> mzz:o lz(; </pm+zzn+2\/’m+(l+1)2"+2 )
2\ "Lt
-c|2 76
()2 (L)
(1)

U

Thus we obtain the result.

4.2. Weak type result

q
P
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Proof of Theorem 4.2.1.
Suppose the condition (a) holds, i.e. the pair (o, ¢) € A;;]d. For ~v > 0, we define a set

0, = {t e R": ./\/l:’d(f)(t) > ”y}.
Thus we obtain a family of dyadic cubes {T';}; having disjoint property and satisfies
97 = Uka

and for each integer k, we have f;, > .

Further, we construct a family of indices 7,, for each fixed non-negative integer m as

Y = {k (2" < frﬁ < 2m+1fy}.

Now we use Lemma 4.2.2 for the collection {I'; }e,, by taking A = 2™~ and we obtain

q

zemsezm) (L)

S

Hence

o(6,) =) o(l%)

k

S IPILY

m=0 kEvym,
g

- l ! n+2 !
<% (o) (L)
% ' n+2 %

(L)

We now prove the remaining part ((b) — (a)) of the theorem using the method
of [23, pp. 390]. For a fixed dyadic cube T and for a non-negative function f, we have

fro SMEY(fxr+)(x), foreachz el

and suppose that
1
= — t)dt .
oo = iy [ S0t >0

4.2. Weak type result
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Thus for each v with 0 < v < fr+, we have
I cQ ={zeR": M>(fxr)(z) >} (4.2)

From the weak (p, q) estimate of ./\/l;:’d and applying (4.2), we obtain

o)< S( [ sarona)

fyq
for each v with 0 < v < fr+. Thus

q

(fre) oy < Nf(t)%(t)dt)p- (4.3)

For m € N, we define {B,}m>1 as B, = {z € I'" : ¢(z) > L}. Putting f = gbfp%l)(gm in
the estimate (4.3), we get

<\F!+—“ /Bm ¢(t)—ﬁdt)qa(r) go( . ¢(t) - ldt)g'- (4.4)

Rewriting the inequality (4.4), we obtain

<\F!/ dt !F|/ S(t) T dt 1<c (4.5)

It is possible to write in the above form due to the assumption that p = 5 . As the
sequence {B,,} is monotonically increasing, thus passing the limit as m — oo in (4.5),

get

(i from)'  fsor=ra)™ <c w0

Hence the proof is complete.

4.3 Strong type results

Next we prove the one and two weighted strong type (p,q) inequalities. We first state the
two weighted result with the help of testing type condition S éd.

Theorem 4.3.1. Let o and ¢ be two weights on R™. Then we obtain the following equivalent

conditions.

(a) (0,9) € S7.

4.3. Strong type results
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(b) For q > p with p,q € (1,00) the following strong (p,q) estimate

( / (Mj’d( f))qadt>‘1] < G( /R n fpgzﬁdt)’l’ (4.7)

R

holds for a suitable constant C' > 0.
Proof. First assume the condition (a) holds. Let us consider the set
_ n . +,d m
Q= {t e R" : MP(f)(t) > 2™, m € Z}.

Thus for each t € Q,,, there exists a dyadic cube Iy, such that [T}, |'"7#2™ < [, f. We
’ t,m

choose a maximal disjoint collection {I';,, };>¢ such that
(i) Q= Usolim,
(i) 270, 10 < foe .

Next we define
Opm = {t € i 0 2™ < MPA(f)(2) < 271

Now,

<29 Z o(Opm) <ﬁ /F;rm f>q
=21 Z U(Ol,m) <_¢(;?:m_) /Ffm f)q < |Fl7ri|1_’“‘ /F;rm @D)q

lm

=213 GmG(fU), (4.8)
Im

where (;,,, and the operator G are defined by

1 q
Gm = U(OZ,m)(m /F+ 1/1)
’ l,m
and

g(h) = w(rlr >/r+ -

lm

4.3. Strong type results
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First we prove that G satisfies the weak (1, %) estimate with respect to the measures (;,, and
1 defined respectively in Z x Z and R". From the collection of dyadic cubes {Flfm}, let us
extract a maximal collection {T'}'} with respect to the property G(h) > 7. For t € O,

ﬁ/r ¢<M+d(@/}><r+ )(t).

l,m

Now, we have

D {GmiG(h) >4} < Z/ o (M (Wxrs )
Im
<> / o (M (Wxry )" (4.9)

koot crf

l,m

Again from the relation F;“m - F,j, we observe that O, C I'y U I’;“. Thus

SEREOELEDS [ o))"

FkUF

<oy (f v
§C<;/¢¢ '
< (%/mw). (4.10)

Thus G satisfies strong type (p, ¢) with respect to ;. and ¢. Hence from (4.8), we obtain
/ (M:’d(f))qadt < C’( fpwl_pdt);, for some constant C' > 0
n R
=C( [ frodt)’, as =gt
R"L

(b) = (a). Suppose the condition (b) holds. If [, ., ¥ = oo, then we choose f suitably
such that [, f?¢ < oo and [, ., f = co. Thus for t € I U(I'")~ we have M} 4(f)(t) = oo,

which contradicts (b). For the second part we consider f =1, . . ]

The next result is about the equivalence relation between the conditions S;f ;Id and .A; ;Jd in
the case of equal weight and thus we obtain the one weighted strong type result using A; ’qd

condition.

Theorem 4.3.2. Suppose q > p with p,q € (1,00) and we consider = é — %. Suppose o be

a weight on R™ and we define € = 0. Then we obtain the following equivalent statements.

4.3. Strong type results
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(a) The pair of weight (07, 0%) € Al

(b) M;’d satisfies the following strong (p, q) estimate

(/ (fMZ"’(,f)(t>a(zt>)th)é < C(/ (f(t)a(t))pdt)‘l’ (4.11)

Rn

for a constant C' > 0.

Proof. (a) = (b). We first assume that the pair of weight (07, o”) satisfies Al condition.
Because of Theorem 4.3.1, it is sufficient to prove that the pair (0%, %) € Sf7.
Let us denote & = o7 Now, if fFu(F—)— 0% > 0 then from the assumption (a), we obtain

that [ . & <oco. Fort el we have
1
M t) = sup ——— / :
o (§X1—‘+)( ) ig}l{) |R|1,u Bt le"+
As the two cubes have to satisfy Rt NT'" # ¢, thus we have R = I". Thus we obtain

M (Exrs)(t) = 3

|F|1 #Jr+

/M+ cwro < (o) (i [ )]
<o ( [ )7 ([
(]

1
+.d —
M,u (£XF+)(t> ilellg |R|1_“ /R+ fXF""

Again we have RNTT # ¢ and RT NT'" # ¢. This implies RU R C I'*. Thus

1 1
R~ /R X = R / &

Now using the condition (0%, %) € Al we have

Thus

(4.12)

If t e I't, then

1
ol

(o [ &) =cmpmi( [ o) B
(s [ <cmwenn ([ o)

4.3. Strong type results

Thus we get

/
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— C|RVtra /Uq Ed
(| o)
1 p'+ug
:O{—p,/a—qxp+a‘1} . (4.14)
()75

Thus from (4.14), we obtain
M Exre ) (1) 10(t) < OMyga(a™"xr+) (1) 0%(t), (4.15)

and

where r = p’ + ugq, ,r/—]'_p+uq

My 1)0) =500 [ 1710

ter fr 0'q

Integrating (4.15) over I'" and using the boundedness of M, ,¢ from L*(c9) to L"(c?) with

n = % — %, we obtain

/r+ M:’d(fxm)(t)qaq(t)dt <C M, 5o (o™ xr+) ()" 0(t)dt

T+

:C</ §(t)dt>p. (4.16)

Thus from (4.12) and (4.16), we obtain

/FUF+ M:,d(éxﬁ)(t)ng(t)dt <C ( /F+ g(t)dt> :

This implies that the pair (0%, 07) € S ;ld and hence using Theorem 4.3.1, we obtain (b).
Conversely, suppose the condition (b) holds. By Theorem 4.3.1, the pair (04, 0?) € 84

P.a
thus
[ Mt <c( [ €)' (4.17)
Ift €T, then
+ d

4.3. Strong type results
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Thus combining the inequalities (4.17) and (4.18), we get

(/Faq)(m%/ﬁ)qgc(/ﬁg)z'

That is

(L)' (o) =am

This implies (07, o?) € A;;Jd. Hence the proof is complete.

4.3. Strong type results
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