CHAPTER 5

On weighted estimates of mixed type for the modified

integral Hardy operators

5.1 Introduction

We present weighted integral inequalities of mixed type for the modified integral Hardy
operators. We provide a suitable relation on the weights w, p, ¢ and 1 to hold the following

weak type modular estimate.
Ut / U )<v—1(/mv0 )
( (w)p < i ( Iflcb)w
{IZf1>7}

where Z is the modified integral Hardy operators defined below. We also establish the

following extra-weak type integral inequality.

(g e ([ (E2),)

Further, we discuss the above two inequalities for the conjugate of the modified integral
Hardy operators. It will extend the existing results for the Hardy operators and its integral
version.

We define the modified integral Hardy operators, Z for a measurable function, f > 0 as

Zf(t) = h(t)/o K(t,z)f(z)w(z)dz, (5.1)

where both the functions h and w are measurable and take positive values on R. Let us
assume the following conditions for the kernel K defined on {(¢,z) : 0 < z < ¢}.

This chapter is based on Weighted integral inequalities for modified integral Hardy operators by D. Chutia
and R. Haloi [14], to appear in Bulletin of the Korean Mathematical Society.
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Chapter 5. On weighted estimates of mixed type for the modified integral Hardy operators

(i) K(t,z) is non-negative.

(i) K(t1,2) < K(ts,2) for 0< z < ; < t,.
(ill) K(t,21) < K(t,29) for 0 < 29 < 2z < t.
(iv) For 0 < x < z <'t, we have

K(t,x) < M[K(t,z) + K(z,x)] for some M > 1. (5.2)

For K = 1, the integral operator (5.1) is reduced to the modified Hardy operators of the

follwoing form,

Haf (1) / 1z (5.3)

Martin-Reyes and Salvador [43] characterized the pair of weights (p,%) for the following

estimate.

( / yqp(t)dt) = C( / h f(t)%(t)dt) l<p<q<oco  (54)
{t€(0,00):Hp f(t)>7} 0

We study the inequality (5.4) in the Orlicz space setting for the operator (5.3) and its
conjugate Hj,, defined by

Haf (1) / e (5.5)

Among the various equivalent generalization of the estimate (5.4) we will consider the fol-

lowing integral inequality

wi( [ u(eo)on) v [Tv(erwen)eot), 6o

{te(0,00)Hp f(t)>}
where U and V are N-functions and w, p, ¢ and v are positive weights on R. The techniques
of Bloom and Kerman [7], used for the Hardy operator do not work for the modified Hardy
operator as it does not possess monotone property for non-increasing h. Using the methods of
Salvador [50], we establish the estimate (5.6) for the integral operator (5.1) and its conjugate
operator Z, defined by

= w(t) /too K(z,t)f(2)h(2)dz. (5.7)

Also, our plan is to discuss a weaker version of (5.6), that is of the form
o t)o(t
w ({t € (0,00) : Huf(t) > 7}) <UoV! </ V<M)w(t)dt> : (5.8)
0

5.1. Introduction
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We also discuss (5.8) for the operators (5.1), (5.5) and (5.7). The inequality (5.8) is known
as the extra weak type mixed integral inequality as it follows from (5.6) but not contrariwise.
In Section 5.2, we discuss some basic definitions and results associated with N-functions.

The weak and extra weak type results are proved in Section 5.3 and Section 5.4 respectively.

5.2 Preliminaries

In the context of our discussion, let us now briefly state the definition of N-function and some
elementary properties shared by it [31]. A convex continuous function ¢ defined on [0, c0) is
said to be an N-function provided ¢ (0) = 0 and @ — 0 (and oo) when t — 0 (and o0). It
is always possible to write an N- function I in the integral form as, U(t) = f(f u(y)dy, where
u(> 0) is increasing and right continuous at each point and satisfies u(0) = 0, u(s) > 0 for
s > 0 and u(s) increases to infinity as s increases to infinity. The complementary function u
corresponding to a given N-function U is defined by U(t) = sup,so(tT — U(7)) also verifies
properties of N-functions. For a, 8 > 0, the pair (U,U) satisfies the following relations [7].

af <U(a) +U(B), (5.9)
u(z’%) < U(a), (5.10)
U(a) < aula) <U(2a). (5.11)

Next, we state a result, which was used by Martin-Reyes and Salvador [43]. Let the

function h be monotone on R, then

inf A(x) = inf h(z), (5.12)

zeQ z€(a,b)
where ) is a bounded set in R and a = inf Q,b = sup ). In general, the equality (5.12) is
not true. We assume that the function h(-)K (-, y) satisfies that

inf h(z)K(x,y) = inf h(z)K(x,y) (5.13)

e z€(inf Q,sup Q)

and the function w(-)K (y, -) satisfies that
inf K = inf K 14
inf w(z)K(y,2) = (im}gﬁsupmw(x) (y,2) (5.14)

for all bounded set €2 and all y.

5.3 Weak type results

We now state the results of weak type for the operators (5.1), (5.3), (5.5) and (5.7).

5.2. Preliminaries
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5.3.1 Statement of the results

First we state the result for the modified integral Hardy operators, Z.

Theorem 5.3.1. Let V stands for the complementary N - function of an N- function V. We
assume that the function U 1is positive and strictly increasing such that V oU™! is countably
sub-additive. Let the function h be monotone on R and the function h(-)K(-,y) satisfies the
condition (5.13). Suppose that the weights w, p, ¢ and ¥ are positive and locally integrable

on (0,00). Then we have the following equivalent results.
(a) Suppose that v >0 and C' > 0 be a constant such that
U‘1< / U(w(y))p(y)dy) < V‘l(/ V(Cf(y)cb(y))w(y)d’y) (5.15)
0

{t€(0,00):Zf(t)>~}

holds for all non-negative functions f.
(b) For 0 <t < a and~y >0, we have

/tfj (inf .0y B) K (t, y)w(y)n(y;t, a)
0 Cyo(y)v(y)

for some constant C > 0. Also for 0 < £ <t < «, we have

/5 | (nfyea) B K (Y, )w(m)n(v:t, o)
0 Cro(T)y(r)

for some constant C > 0, where

n(vit,a) = (V OUfl) (/taZ/l(’yw(T))p(T)dr).

If we consider K = 1, then the conditions (5.16) and (5.17) are the same and reduced to

]@b(y)dy <n(yt, @) (5.16)

]#}(T)dT <n(y;t, @) (5.17)

the following.

/t v (inf(t,a) h)w(y)n(v;t, a)
0 Cyo(y)(y)

We now state the weak type estimate for the modified Hardy operator.

]¢(y)dy <n(v;t, a).

Corollary 5.3.2. LetU,V, V.Vold ' and h satisfy all the assumptions stated in Theorem

5.53.1. Then we have the following equivalent statements.
(a) If v > 0, then
u_l( “ d)—V_1< (o d) 5.18
/ (ret)otan) <V ([ v(crmom)ewin) 619

{te(0,00)Hp f(t)>7}

holds for all non-negative functions f and for some constant C > 0.

5.3. Weak type results
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(b) For each 0 <t < a and v > 0 the following inequality

t~
[V
0

holds for some constant C' > 0, where

wbitia) = (Vout) ([ uswtn)stin)

Next, we state the weak type result for the conjugate of the modified integral operator.

(inf h)w(y)n(v;t, o)
Cyo(y)v(y)

]w(y)dy <n(y;t, @) (5.19)

Theorem 5.3.3. Let U, V.,V and V o U™ satisfy all the assumptions stated in Theorem
5.3.1. Suppose that the function w be monotone on R and the function w(-)K(y,-) satisfies

the condition (5.14). Then we obtain the following equivalent conditions.
(a) Suppose that v > 0 and C > 0 be a constant such that

M‘1< / U(vw(y)>p(y)dy) < V‘l(/OOOV(Cf(y)Qﬁ(y))w(y)dy) (5.20)

{t€(0,00):Zf(t)>7}

holds for all non-negative functions f.

(b) Let 0 < e <t <o and~y >0 such that

/a | (nfen W) Ky, )hy)n(yie t)
: Cyo(y)¥(y)

and for 0 < e <t <& < a the following inequality

]w(y)dy <n(y;et) (5.21)

/a v (infye(en w(y) K& y))h(T)n(v:€,t)
¢ Cyo(r)i(T)

]w(f)df <n(y;et) (5.22)

hold for some C' > 0, where

n(y;et) = (V ou‘1> (Ztu<7w(7))p(7)d7>.

Again the result for the conjugate of the modified Hardy operators can be obtained from
the Theorem 5.3.3 by considering K = 1.

Corollary 5.3.4. LetU,V, Y and Vold~* satisfy all the assumptions stated in Theorem 5.5.1.

Let the function w be monotone in R. Then we have the following equivalent conditions.

5.3. Weak type results
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(a) Suppose that v > 0 and C' > 0 be a constant such that

U‘l( / U(w(y)>p(y)dy> < V‘l(/OOOV(Cf(y)¢(y))¢(y)dy> (5.23)
{t€(0,00)Hn 1 (1)>7)

holds for all non-negative functions f.

(b) Let 0 < e <t <a and~y >0 such that
(inf(en w)h(y)n(y;e 1)

/t v Cyo(y)i(y)

holds for a suitable constant C > 0.

]@b(y)dy <n(v;et) (5.24)

Next we state the proof of the results.

5.3.2 Proof of Theorem 5.3.1

Proof. (b) = (a). Following the argument from [42], we assume that f is non-negative
with support (0, L) for L > 0. We define a decreasing sequence {(y, }m>0 with the iteration

(o = L and given (,,, we consider
Cm
P((n) = i K(Gn, 2) f(R)w(z)dz = (M +1)"™P(Co). (5.25)

Now, using the inequality (5.2) and (5.25) we have
P(Gn) = (M + 1)*P(Gn2)
Cm+2
— 01+ 17 [ K (G ) ()
0

— (M +1)? /0 A /< CW}K@W,Z) F(2)w(z)dz

< or+ | [ MK G G+ KD} + [ K z>] fu(z)dz

Cm+3

[ Cm+3 Cm+2
<M+ 0P [ KGueanGusa) [ o)+ [ K<cm+2,z>f<z>w<z>dz]

CerS

) Cm+3
+ MM + 1)2/0 K (G, 2)f(2)w(2)dz. (5.26)

From the construction of P((,,), we have

Cm+3
/0 K (Gnys, 2) f(2)w(2)dz = P(Gnys) = (M +1)"" 9 P(G) = (M + 1) P(G).

5.3. Weak type results
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Thus (5.26) implies that

P(Gn) < (M +1)°

Cm+3 Cm+2
K(Guas o) [ () + /C K<<m+2,z>f<z>w<z>dz].

(5.27)

For k = 1,2, we define 0y, = inf Oy, and By, = sup Ok, Where

Cm+3 0l
Oim = {x € (Cmr1,Gm) h(x)K(Cm+2,Cm+3)/O f(R)w(z)dz > m}

Cm+2 ~
Oom = {y € (Cma1,Gm) h(y)/c K (G2, 2) f(2)w(2)dz > m}

Thus inequalities (5.25) and (5.27) give

(V o U*) (/{ﬂf(tm}U(W(@/))ﬂ(y)dy) <> { (V o bfl) (/ol,m U(W(@/))ﬂ(y)dy)

u(wy))p(y)dy) }

+ (V ow1> (/O
(5.28)

Next, we use the idea developed in [38, Lemma 1, pp. 654] to estimate the first sum of (5.28).

2,m

For this, we define a cover sequence {t;} for the interval (0, L) with the iteration ¢, = L and

Then {t;} is decreasing and satisfies

ty te+1
/ fw = 4/ fw.
0 teto

From the sequence {¢;}, we construct a subsequence {t/,} with the iteration ¢, = t, and
if tpy1 < Gn < i, then ¢, = t341, otherwise we delete the term t;4; and continue the
process. Thus, we get a subsequence {t/} of {t;}. Let 51771 = inf (7)17,1 and BM = sup (7)17”,
where @Ln = U{m:t;+1§<m+s<t;}01,m' Now, if ty41 = 1,1 < (s < T, then by construction
Gnes <t and ¢, 5 < tpyo. Suppose that Oy, # ¢, then for t € O, ,, we have

Cm+3 tr
ST 1) < h(t)K(Cm+2,Cm+3)/0 f(Rw(z)dz < h(t)K(@gmH)/D F(2)w(z)dz.

(5.29)

5.3. Weak type results
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As the estimate (5.29) holds for each ¢ € @M, thus

’
tn+1

¥ E8OL D O (1) [ S0 ), (5.30)

’
tn+2

where the infimum is considered over the interval (Sl,n, Bln) Let us denote

N(; 61,0, Brn) = <V o U_1> (/(:in U(vw(z))p(z)dz) .

We use (5.9) and (5.30) to obtain

’
tn+1

(inf h(t)K(t, Cm+3))w(y)77(’y; 51,717 Bln)
Cvo(y)¥(y)

20(7; 01y Bim) < / [16(M+ 1)4Cf(y)¢(y)] [ ]w(y)dy

/
tn+2

</ V(16001 + 1) CF )00 )ty

n+

. / f,[(infh(t)K(t, Gnt3)) 0 ()13 010, Brn)

1oy () ]W)d‘”‘ 31

n+2

Since K(t,y) is non-increasing in y, from (5.17) we get

/tz+1 o [ (nf RO, Gns)) 0 ()03 810, 1)
’ Cyo(y)v(y)

Combining (5.31) and (5.32), we have

]w(y)dy < 0(7; 01, Brn)- (5.32)

’
n+2

(ou)( [ b)) < [ (1600 + Crmsw) e 63

n+2
Applying the sub-additivity of ¥V o/~!, we obtain

2 (V Ouil) </<91 u(”“’(y))p(y)dy) <> (V Oufl) (/@lmu(w(y))p(y)dy)

< [ v (1504 1 C o) vy, (530

We now estimate the second part of (5.28). Let us denote

n(Y; 02,m, Bam) = (V OU_l) (/jszx{(WW(z))p(z)dz)

2,m

If t € Oy, then we have

ol Cm+2
QM+ 1)t h(t) /< » K2, 2) f(2)w(z)dz. (5.35)

5.3. Weak type results
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As the estimate (5.35) holds for each t € Oy, thus

Cm+2
VSAMHA it () / K(Coe, ) f(2)w(2)d. (5.36)
2m:B2,m Gt

Now, applying (5.9) and (5.36) we have

0o o) < [ [HM 4 11O )00 w(r)dr

<m+3

(inf 2(t)) K (Grsa T)w(T)0(Y; 02,5 Bom)
Cyo()¢(T)

< [TV 4 110500 )uirrar

Cm+3
( inf h(t))K(Cer?n T)w(T)n(7; O2,m, /82,771)]
)

Cmt2
N /¢m+3 v e W(r)dr. (5.37)

AS Gnya < 62m < Bam, from the condition (5.16) we have

/C‘Cm+2 fj [ ( inf h(t))K(CerZ, T)w(T);](’Y; 62,m7 ﬁQ,m)] w(T)dT < 77(,}/7 (52,m, ﬁlm)' (538)

Cyo(r)y(r

Combining (5.37) and (5.38), and then summing up in m, we obtain
3 (vowl) ( /O 2mu<7w(7)>p(7)d7'> < /0 OOV(4(M+ 1)4Cf<7)¢(7))¢(7)d7. (5.39)

Thus from (5.28), (5.34) and (5.39) we obtain (5.15) with constant 32(M + 1)*C.
(a) = (b). Let 0 <t < a and for each N € N we consider the set

En={0<s<t: —=<K(ts),w(s) <N}

==

Applying f)(s) < s0(s), we obtain

= Ainf h)K(t, y)w(y) Y(y) +1/k P )
/ENV(<¢<y>+1/Z><¢<y>+1/k:>)( N ) S NG OGN < o0

where the infimum is considered over (¢, ). We choose A > 0 suitably such that given u > 0,

we have

=(  A(inf h)K(t, y)w(y) U(y) +1/k
/EN V(<¢<y> TNy + 1/kz>) ( X

We define the function f as

_ Lo/ Minfh)K(t, y)w(y) U(y) +1/k
) = V((¢(y) W)+ 1/k>) Nt W R gywly) W)

)dy = (1+ p)C.

5.3. Weak type results
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where C'is the constatnt in the etimate (5.15). Let t < 5 < a, then

1~ A(inf h) K (¢, y)w(y) Y(y) +1/k
=000 [0 2 sy ) (G e o (o
)

1/k
E/EN Cﬁ(((b(A()erf?/l Z)ljr(l/k> Py l/k)

=1 +u)y >

This implies that
(t,a) C{y: Zf(y) >}
Thus using (5.10) and (5.15) we obtain

ity = (Vourt) ([ u(otn) stusan)
< (Vou‘l) (/{Im}u(vw(y))p(y)dy)
~ inf , Y)W
S/ENV<"<< ) Rk gfw@))m))“y)dy

L AGERE( y)wly)
S/ V(( o) + 100 <>+1/k>)“y)dy

= (14 p)Chy.

As V(s)/s increases with s, we have
Nt @) Yly) +1/k
o+ ) S
w(y

/9( (inf h) K (t, y)w(y)
Bx  \(1+w)Cy(o(y) +1/1)

- Ninf h)K (t, y)w(y) V) +1/k
S/ENV<(¢( ) +1/D) (% (y)+1/k)>(1+u)CMd =

By the Monotone Convergence Theorem, we have

/ )}( (inf 2) K (2, y)w(y)n(v; L, @) > U(y)

dy < 1.

(T+w)Cv(e(y) +1/DY(y) ) (vt @)

Letting [, N — oo and p — 07, we get

/tf, (inf R) K (t,y)w(y)n(v;t, a)
0 Cyo(y)v(y)

Thus we obtain (5.16). Next we prove (5.17). For 0 < ¢ <t < a and N € N, let us consider
the set Fiy as

)w(y)dy <n(v;t,a).

FN—{0<S<§2%§U)(S)§N}.

5.3. Weak type results
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For k > 0 we choose ™ > 0 such that

- w(infh(y)K(y,f))w(z) W(z) +1/k L )
/FNV((é(Z)Jrl/l)(w(z)+1/k;))( r )d = (1+r)Cr,

where C' is the constant of (5.15) and [, k € N. Let us consider the function f as

15 m(infyeta) M(Y) K (y, §))w(2) W(z) + 1/k .
CV( (0(z) + 1/0)((z) + 1/k) )W(infye(m)h(y)K(y,g))w(z)XFN( )-

If z€ Fy and t < 7 < o, then K(7,2) > K(7,&), which implies

f(z) =

Mr)K(r,z) = inf h(y)K(y,).

yEe(t,a)

Let t < 7 < a, then

o (_m(inf h(y) K (y, §))w(z) U(2) + 1/k
V((aﬁ( ) +1/D(W(2) + 1/k:)) T K @, 8)w(e) P

> (14 k)Y > 7. (5.40)

This implies that
(t,a) € {=: Tf(z) > 7).

The rest of the proof proceeds similarly. Hence the proof is complete. n

5.3.3 Proof of Theorem 5.3.3

Proof. (b) = (a). We consider the function f to be non-negative having support (0, c0).

Let {¢m}m>0 be a sequence defined by the iteration {, = 0 and given (,,, we consider
Q) = [ K f0b(r)dr = (01 +1)"Q(G). (.41
C’!?L
Using (5.2) and (5.41), we have

Q(Gn) = (M +1)°Q(Cmr2)

oo

= (M +1)? K(7, Gra2) f(T)R(T)dT

C’m+2

(011 /; /C K (7, Guo) f(r)h(r)dr

< (M +17 /j K(r G+ [ M{KGr <m+3>+K<<m+3,<m+2>}]f<f>h<f>df

5.3. Weak type results
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Cm+3 00
< (M +1)° /c K(7, Gni2) f(T)R(T)dT + K (Cnts Gnra) i f(T)h(T)dT]
+ M(M + 1) COO K(7,(ms) f(T)R(T)dT. (5.42)

From the construction of Q((,,), we have

o

K (7, Gu3) f(DR(T)dT = Q(Grs) = (M +1)""Q(G) = (M +1)7°Q(Gn)-

<m+3

Thus (5.42) implies that

Q(Gm) < (M +1)°

Cm+3 o)
/ K(7, Gny2) (1) (T)dT + K (G, Gm2) f (T)h(T)dT] :

Cm+2 Cm+3

(5.43)

For k = 1,2, we define 0y, = inf Oy, and By ,,, = sup Ok, Where

Cm+3 v
Oi1m = {m € (Gms Gm1) w@)/C K (2, Cmy2) f(2)R(2)dz > m}’

Oz,m = {1/ € (Cm, Cm+1) : w(y)K(§m+3, Cm+2) CZ3 f(z)h(z)dz = m}

From the construction of Q((,,) and (5.43), we have

(V o U‘1> (/{tjf(tm} U(w(y)>p(y)dy> <>y { <V o u—1> (/Om U(w(y)>p(y)dy>

rout) ([ u(wm)oma) }

2,m

(5.44)

We now estimate the first sum of (5.44). Now, if ¢t € Oy ,,, we then have

r‘)/ <m+3
—— < w(t K(1,(m h(T)dr. 5.45
SOy <O | K G ) (5.45)
Since the inequality (5.45) is valid for each t € Oy ,,, we have
Cm+3
yS2M A1 nf wlo) / K (. Cosa) f(F)h(7)dr- (5.46)
1,m,Pl,m <m+2

5.3. Weak type results
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Let us denote

n(7; 01,ms Brm) = (V OU*I) (/Bl’mU(ﬁ/w(T))p(T)dT).

61,m

Applying (5.9) and (5.46), we obtain

o0 i ) < [ (40 4 11O )00

Cm+2

</ (40 + 1) ol

Cm+2
G | (inf w(t)) K (7, Guya) 2 (T)0(; O1.ms Brm)
L Cro(r)) ]

AS Gni2 > Bim > 01m, thus from (5.21) we get

/Cm+3 v [ ( inf w(t))K(Tu Cnt2) R(T)1(; 01m,s ﬁl,m)]
Cm+2 )

o(r)dr

(inf w(t)) K (7, G2 )2 (T)0(V; 61,5 Brm)
Cyo(T)(7)

W(r)dr. (5.47)

Cro(r)(r ()T < 0(Y; Orm, Brm).  (5.48)

Combining (5.47), (5.48) and then summing up in m, we get

3 (vou—l)( /O u(w(f))p(f)df) < /0 OOV<4(M+1)4Cf(7)¢(7)>1/z(7)d7. (5.49)

m>0

For the second sum of the inequality (5.44), we define a sequence {t} on (0,00) with the

iteration ¢ty = 0 and given {t;}, we define {t;;1} as

/ fh=2[ fn
tg tr41

Then {t;} is increasing and satisfies

00 tkt2
/ fh=4 / fh.
tr lkt1

From the sequence {t;} we define a subsequence {t/,} with the iteration as t;, = t, and
if tp < Gn < tggr then t, | = gy, otherwise we delete the term ¢4, and continue the
process. Thus, we get a subsequence {t'} of {t;}. Let 0y, = inf Oy,, and fy,, = sup Oy,
where (’jm = U{m;t%<<m+3§t;+1}02’m. Now, if ty41 = t, 1 > (s > 1, then by construction
Gnes >ty and ¢, o > tpyo. If £ € Oy, we then have

ST < M OK G G [ @Y < 400K G ) [ S0

(5.50)
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As the estimate (5.50) holds for each ¢ € @Qm, thus

TS A inf WK G ) /tt"”ﬂy)h(y)dy. (5.51)

(52,n752,n) ;1+1
Let us denote .
~ ~ BQ,TL
n(7; 62,n; Ban) = (V o L{_1> (/5 U(vw(y))p(y)dy) .

Applying (5.9) and (5.51), we have

inf w(t) K (Gnys, t))h(y)n(v; 52,71, Bm)
Cyo(y)(y)

!
n+1

20 Bam fa) < | " 16001 + 1 C w0t [( ]wy)dy

</ V(1600 + 1C o))l

n+1

N //t%+2 5 [ ( inf w(t) K (s, t))h(y)n(v; 52,m B2n)

Cyo(y)v(y) ] vl 55

n+1

Since the kernel K is increasing in the first variable, from (5.22) we have

/tm 5| (it w(®) K (G, ) ()1(7: D20, Bo)
\ Cyo(y)v(y)

Combining (5.52) and (5.53), we obtain

]w(y)dy < 0(Y: 02,0, Ban). (5.53)

’
n+1

our)( [ ulww)omar) < [*v(1600 0'0rmow o 65

OQ,n n+1
Thus, we have

3 (vou1)</o

m>0 2,m n>0

< / TV(I6(M + 1'CHW)6W) )0y, (5.55)

() ptoiin) < X (Vo) ([ u(outn)otma)

02,77,

Thus from (5.44), (5.49) and (5.55) we obtain (5.20) with constant 32(M + 1)*C.
(a) = (b). Let 0 < e <t < a. For each m € N, let us define the set

< K(y,t), hly) <m}.

1
Em:{ye(t,a):—
m

For A > 0 and [, k € N we have

- )\(infw)K(y,t)h(y) Y(y) + 1/k 200 — 1) inf w)3 i) < oo
[ o imer s m) (FER ) < e =t w) ot ) < o
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where the infimum is considered over (e,t). Given u > 0 we choose A > 0 suitably so that
the inequality
~ Alinfw) K (y,t)h 1/k
[ oADK Y (0 U1
w o \(0(y) +1/D)(0(y) + 1/k) A
holds for the constant C' of (5.20). Let us define the function f by

1 ~( )\(infw)K(y,t)h(y) ) U(y) + 1/k
(o(y) + 1/D)(¥(y) +1/k) ) A(inf w) K (y, t)h(y)

fly) = XEm ()-

If e < B <t, then
>\ mfw Y) V(y) +1/k
/ K. (¢(y +1/l( U(y) +1/k)> A(infw) K (y, t)h(y)
1 -

. / (@ <(>lfi”/z o) (5 )

= (L+nu)y>7.

] h(y)dy

This implies that
(e.t) C{y: Zf(y) >~}
Thus applying (5.10) and (5.20) we obtain

) (/ u (7w<y>)p<y>dy)
) (V O ujl) ( /{fm} “ (W(y)> p(y)dy)

o ( A(infw) K (y, t)h(y) Y(y) + 1/k
: /Em g (V((cb(y) +1/D(W(y) + 1/k)> A(inf w) K (y, t)h(y)¢(y)> vly)dy

-/ A(infw) K (y, t)h(y)
</, . V(w(y) T T 1/k>>¢(y)dy

= (14 p)Chy.

Since V(s)/s increases as s increases, we have
/ f)( (infw) K (y, )h(y)n(y; €, 1) ) Yy) +1/k
w NI R)CY(o(y) + 1D (y) +1/k) ) nly;et)

- Ainfw)K(y,t)h(y) \ ¢y)+1/k
< / : V((d)(y) D) + 1/k>) e ™ =

Using the Monotone Convergence Theorem, we obtain

- ( inf w)K(% Hh(y)n(v; e t) b(y)
/m V((l + 1) Cy(o(y) + 1/l)¢(y)> N6 ) dy < 1.
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Letting [,m — oo and u — 0%, we thus obtain

/ta . ( (infw) K (y, t)h(y)?(% 6 1) ) Y(y)dy < n(vy;et).

Cyo(y)y(y

Thus we obtain (5.21). Next we state the proof of (5.22). Let 0 < e <t < ¢ < « and for
m € N we define the set F}, as

% < h(s) < m}.

Fn,={s€(&a):

Given k > 0 we choose ™ > 0 such that

- W(infw(y)K(é,y))h(s) W(s) +1/k - )
/mv((qﬁ(s)+1/l)(¢(s)+1/k))( - )d = (1+r)C, (5.56)

where C'is the constant of (5.20) and [, k € N. Let us define the function f by

= Ly (infen wy)K(E y)h(z) U(2) + 1/k .
e= CV( (6(2) +1/D)(¥(2) + 1/k) )w(inf(e,t)w(y)K(g,y))h(z)XFm( )

If z€e F,, and 0 < e < < t, then

inf w(y)K(&,y) < w(B)K(zf). (5.57)

y€(et)

Now, combining (5.56) and (5.57) and for 0 < € < 5 < t, we have

/ K(z Vh(2)dz

> (14+k)y > 7.

This implies that
(e,t) C{x: If(x) >~}

The rest of the proof proceeds similarly. Hence the proof is complete. O

5.4 Extra-weak type results

Next, we discuss extra-weak type results for the modified integral Hardy operators and its
conjugate operators. We also state the results for the modified Hardy operator and its

conjugate operator.
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5.4.1 Statement of the results

We first state the extra-weak type results for the modified integral Hardy operator.

Theorem 5.4.1. Let V stands for the complementary N- function of an N- function V. We
assume that the function U is positive and strictly increasing such that V oU™! is countably
sub-additive. Let the function h be monotone on R and the function h(-)K(-,y) satisfies the
condition (5.13). Suppose that the weights w, ¢ and ¥ are positive and locally integrable on

(0,00). Then we have the following equivalent results.

(a) For each non-negative function f and v > 0 the following

/{te(O,oo):Zf(t)>'y} wy)dy < (U ° V_l) (/OOO V(M)?ﬁ(y)@) (5.58)

holds for some C' > 0.

(b) Let 0 <t < a and y > 0 such that
/t 5 (inf 0y R) K (t, y)w(y)o(t, o)
0 Co(y)v(y)
and for 0 < £ <t < a the following

/£ )} (infye(t,a) h(y>K(y> f))w('Z)e(tv O‘)
0 Co(2)y(2)

lw(y)dy <0(t,a) (5.59)

]¢(z)dz <0(t,a) (5.60)

hold for some C > 0, where

o(t,a) = (voz,rl) (/taw(z)dz)

Corollary 5.4.2. Let U, V,V,V ol and h satisfy all the assumptions stated in Theorem

5.4.1. Then we obtain the following equivalent conditions.

(a) For each non-negative function f and v > 0 the following

/{tE(O,oo):th(t)>v} wy)dy <Uo V™ < /OOO v <%)¢(y)) w(y)dy) : (5.61)

holds for a suitable constant C' > 0.

(b) For each 0 <t < « the inequality

/Otfz [(inf ) g;;;ig ftaw(y)dy) ] U(y)dy < <V ou_l) (/tQW(y)dy)

(5.62)

holds for a suitable constant C' > 0.

5.4. Extra-weak type results
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Next, we state the extra-weak type result for the conjugate of the modified integral

operator.

Theorem 5.4.3. Let U,V,V and V o U™ satisfy all the assumptions of Theorem 5.4.1.
Suppose that w be monotone on R the function w(-)K(y,-) satisfies the condition (5.14).

Then we obtain the following equivalent statements.

(a) For each non-negative function f and v > 0, the following

-1 = Cf(y)aﬁ(y)) )
dy < (UoV VW——— d 5.63
/{ te(om)jf(tm}w(y) y < ( )( /0 ( ; U(y)dy (5.63)
holds for some C' > 0.

(b) Let 0 <e<t<aandy >0 such that

/ “ 5 | (0fien w) K (y, )hy)0(e, 1
t Coly)i(y)
and for 0 < e <t <& < a, the following
/a v (inf e (e w(y) K (& y))h(2)0(e, t)
¢ Co(z)v(z)

]w(y)dy < 0(e,t) (5.64)

]w(z)dz < O(e, t) (5.65)

hold for some C' > 0, where

B(e,t) = (V oZ/{_1> (/Etw(T)dT)

Similarly, the extra-weak type result for the modified Hardy operator follows from Theo-
rem 5.4.3 by considering K = 1.

Corollary 5.4.4. Let U, V,V, and V o U™ satisfy all the assumptions stated in Theorem
5.4.1. Suppose the function w be monotone on R. Then we obtain the following equivalet

results.

(a) For each non-negative function f and v > 0, the following

-1 =L Cf (y)cb(y)) )
dy < (UoV V| ——= d 5.66
/{te(ovoo)ﬂ:[hf(t)>’7} W(y) v= ( ) (/0 ( y 7W/J(y) Yy ( )
holds for some C' > 0.

(b) For each 0 < e <t < a, the inequality

/ta 5 [(iﬂfw) w)h(y) (V Ou_1> (ﬁ“(y)dy) ] b(y)dy < (V oz/r1> (/:w(y)dy)

Co(y)v(y)
(5.67)
holds for a suitable constant C > 0.

Next we prove the results.
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5.4.2 Proof of Theorem 5.4.1

Proof. (b) = (a). We consider the function f is non-negative and measurable function
with support (0, L) in R. Next we consider a decreasing sequence {(, }m>o with the iteration

(o = L and given (,,, we define

Cm
P(Gn) = ; K (G, 2) f(2)w(2)dz = (M + 1)7" P(o)- (5.68)

We have already proved that

P(Gm) < (M +1)*

Cm+3 Cm+2
K(Guaosa) [ fuies + K(€m+2,2)f(2)w(2)dZ]~

Cm+3

(5.69)

As similarly in the weak type result we consider the set as

Cm+3
O1m = {f € (Gmt1,Cm) : h(x)K(Cm+2,Cm+3)/0 f(z2)w(z)dz > #)4}7

Cm+2 ¥
Ogm = {y € (Gnt1,Gm) h(y)/C K (G2, 2) f(2)w(z)dz > m}

Now, from (5.68) and (5.69) we obtain

o) (f ) < Z{ o) (], )

m>0

n (v ou-l) (/Om w(z)dz) } (5.70)

Next, we consider the first sum of (5.70). For this, we construct a decreasing sequence {¢;}

on (0, L) with the iteration ¢, = L and for each ¢, we define t;,; as

Thus we obtain a decreasing sequence {t;} with the following property.

ty te+1
/ fw = 4/ fw.
0 teto

Again we consider a subsequence {t/} from {t;} with the iteration t;, = ty and if t51 <
(m < tx, then t| 41 = tg41, otherwise we delete the term ¢34, and continue the process.

Thus, we get a subsequence {t'} of {t;}. Let 6,,, = inf Oy, and 3, = sup Oy, where

5.4. Extra-weak type results
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Orn = Ugmet!,  <cmis<t,}Orme Now, if tipq = 17,1 < Guas < ¢, then by construction

Gnes <t and ¢, 5 < tpyo. If we consider t € @M, then

Cm+3
S < MO GG [ JEwla)d < R i) [

(5.71)
Since the inequality (5.71) is valid for each t € Oy, we have
tn+1
VESOLED! it WOK(Gu) [ S (5.72)
(61,7“61,’”) tﬁz+2

Let us denote

0, i) = (Vou) ( /6 f:nw(T)dT).

Using the estimates (5.9) and (5.72) we obtain

L b 116(M + 1)*Cf (1) o(7)7 | (inf R(£) K (¢, Gnrs) ) w(T)0( )0(01.0, Brn)
20(51.0, ) s/t [ . }[ A ]W)dT
< /t/n+2 V<16(M + 1)70]0(7—)¢(T)>¢(7')d7'
) / 5 [ (inf h<t>K(t’éZ{f)%(>T>0(5w 517”)] b(r)dr. (5.73)

Using non-increasing property of the kernel K with respect to its second variable, from (5.60)

t;t-&-l ~
Vv
t/

n+2

we get

(inf h(t)K (t, Gurs) ) w(T)0(B1, Brn)
Co(r)i(r)

Combining (5.73) and (5.74), we obtain

(Vou_1>(/@ w(T)dT> < Lt%+1v<16(M+1)10f(7)¢(7)>¢<7)d7. (5.75)

]w(f)df < 0(01,0, Brn)- (5.74)

Using the sub-additivity of ¥ o4 ~!, we obtain

3 (V oZ/fl) (/om w(T)dT> < HZZO (v ou*) </@an(7)d7)

m>0

)w(r)dr (5.76)
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Next, we estimate the second part of (5.70). For this, let us define ds,, = inf Oy, and

Ba.m = sup Os,, and denote

O(Sa.ms Bam) = (V 0 u-l) ( /5 e w(r)dr).

Letting t € O ,,, we then have

¥ Cm+2
m = h<t> /Cm+3 K(Cm+2’7—)f<7-)w(7—)d7—. (577>

As the estimate (5.77) is valid for each t € O, ,,, we have

Cm+2
V<M int ) / K (G, 7) f ()00 (7)dr (5.78)

(62,m7ﬁ2,m <m+3

Now, using the condition (5.9) and from (5.78) we have

Cm+2 4 T)o(T in m+2, T )W\T 2,m> P2,m
ba ) < /< A 7Cf< )0(r) [( fh(t))K(chs(T)fp ( T<)>0<5, o >] .
mt2A(M 4+ 1) Cf(T)o(7)
s/{m% v( . Jur)ds
ez o [ (inf h(H) K (Gnia: 7)0 ()0 B2m, Boom)
+/<m+3 V[ Co(r o) ]¢(T)dr. (5.79)

AS Gni2 < d2.m < Bam, from the condition (5.59), we have

/<m+z 5 (inf h(2)) K (Cmaz, T)w(T)0(V; O2im, Bo,m)
- Co(r)y(T)

]w(f)dT < 0(d2,m, Bam)- (5.80)

Combining (5.79), (5.80) and then summing up in m, we obtain

> (vou) ( /O z’mw(T)dT> < /0 Oov(4(M “):Cf “W(T))w(f)dr (5.81)

m>0

Thus from the estimates (5.70), (5.76) and (5.81) we obtain (5.58) with constant 32(M+1)*C.
(a) = (b). For each N € N, we define Ey as

Ey={0<s<t: % < K(t,y),w(y) < N}.
We have
- A(infh)K (¢, y)w(y) V) +1/k o e g )
L. PG s ) (" i S NG RGN < o
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for each [,k € N and A > 0. We choose A > 0 such that
= Ainf h) K(t, y)w(y) Yy) +1/kY
Lo oy o) (4 Jar=oeme

where C' is the constant in (5.58). For each v > 0 we consider

Vo Alinf R)K (¢t y)w(y) U(y) + 1/k
Jw= CV((¢(y) +1/D)(¥(y) + 1/k)> Ninf h) K (¢, y)w(y) o~ (¥)-

If t < 8 < «, then

A(inf h) K, y)w(y) Uly) + 1/k
=000 [0 2 sy ) (Tt G e o

s /E (@ <>1nf e ) (#0 + k)a

= (14 p)y > 7.

Thus we obtain
(t,o) C{y : If(y) >}

Thus using (5.10) and the assumption (5.58) we obtain

oty < (vou) ([t )dy)
U ( )
If>7}
- A(inf h) K (t, y)w(y) Dy) +1/k
<V<< oy) + 1/1)(1/1(1;)+ 1/k )>(A(infijf((t,y)w@))d)(y))w(y)dy
~ A(inf h) K (t, y)w(y)
= /ENV<(¢(2/)+1/1)( U(y )+y1/k)>w(y)dy
< (14 p)CA.

IN
—~
<
O

A
5
<

Using the increasing property of f)(s) /s corresponding to s, we get
- (inf h) K (t, y)w(y)o(t, @) Y(y) +1/k
/];N”((l 35w e 1) ey
= AMinfh)K(ty)wly) \vly) +1/k
= /EN V((cb(y) +1/0)((y) + 1/k)> (14 p)CA W=t
By the Monotone Convergence Theorem

- (mf h)K(t,y)w(y)@(t7a) w(y
/EN V((l +p)C(o(y) + 1/z)¢(y)) dy < 1.

5.4. Extra-weak type results



Chapter 5. On weighted estimates of mixed type for the modified integral Hardy operators

Letting [, N — oo and p — 07, we thus obtain

/Otf} ((infh)K(t, )C ;(y)(;(;)u )(L )) b(y)dy < (Vou1>( /t“w@)dy).

We skip the proof of (5.60) as it proceeds similarly. Hence the proof is complete. O

5.4.3 Proof of Theorem 5.4.3

Proof. (b) = (a). Let f be non-negative and measurable with support (0,00) in R. We
define an increasing sequence {(, }m>o with the iteration {, = 0 and given (,,, we consider

o0

Q(Cm) = i K(7,Gm) f(T)h(7)dT = (M +1)""Q(Co)

We have already established that

Cm+3
QGn) < (M + 1) / K (7, Csa) FOR() T + K (Gt Cnr)

Cm+2 Cm+3

For k = 1,2, we define 0y, = inf O, and Sy, = sup O, Where

Cm+3 ¥
Otm = {y € (G Gmi1) = w(y) /C K (7, Gu2) (1) h(7)dr > m}

OQ,m - {Z c (Crm <m+1> : ’LU(Z)K(CerSa Cm+2) e f(T)h(T)dT > m}

Now from the construction of Q((,,) and (5.82) we have

)y 208) {0 00
+(vou) (/om w(t)dt) } (5.83)

Next, we estimate the first part of (5.83). Let us denote
/Bl,m
001 Brm) = (Vou™) ( / w(T)dT).
61,m
Now, if t € Oy 4, then

v Cm+3
m < w(t) /Cm+2 K(7,Gny2) f(T)h(T)dT. (5.84)
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Since the inequality (5.84) holds for each ¢t € Oy, thus we have

Cm+3
Y20+ D w() /C K (7, Coea) f(1)B(7)dr (5.85)

Applying the condition (5.9) and the inequality(5.85), we obtain

Cm+3 4(M + 1)4Cf(7—)¢(7-) (infw(t))K(T, (m+2)h(7')9(51,m7 61,m>
20(81,m, Brm) < /CW [ > ][ Cor () ]¢<7)d7
s A(M 4+ 1)1C f(7)(7)
s/w v( . )ulr)dr
Gmrs | (inf w(t)) K (7, Gnia)M(T)0(S1m, Bim)
+ /<+ v[ Cotmo() lw(T)dT. (5.86)

AS (nto > Bim > 01m, thus the assumption (5.64) gives
/Cm”’ 7 (infw(t))K(T, Cnt2) D (T)8(61,m5 Brm)
Cmto Co(m)y(r)

Combining (5.86) and (5.87) we get

3 (voz,rl) ( /O ww) < /0 wv("‘(M el (T)(b(T))w(’r)d’r. (5.88)

m>0 v

]%D(T)dT < 0(01,m, B1m)- (5.87)

Let us estimate the second part of (5.83). For this we define an increasing sequence on
(0, 00) with the iteration tq = 0 and

/ fh=21{ fh
tg tr41

Then {t;} is increasing and satisfies

00 tkt2
/ fh=4 / fh.
tg lkt1

Next, we extract a subsequence {t/} from the sequence {t;} with the iteration t{, = t, and
if tp < (n < tpi1, then t;lH = ty1, otherwise we delete the term ¢;,; and continue the
process. Thus, we get a subsequence {t'} of {t;}. Let 0y, = inf Oy,, and fy,, = sup O,
where (’N)M = U{m:t%<<m+3§t/n+1}02’m. Now, if 341 = t, .1 > (s > 1, then by construction
Gt >ty and ), 5 > tpyo. Suppose that O, # ¢. If t € Oy, then

STy < POK G Gns) :O PR < AWK e, ) /:fmh(ﬂdf

(5.89)
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As the estimate (5.89) holds for each ¢ € @Qm, thus

tn+2

VESOLE D! it WK (Grent) [ HIMR (5.90)
(62,7“62,’”) t;z-&-l

Let us denote

0B, o) = (Vou ) ( /6 j:’nw(T)dT).

Now, using (5.9) and (5.90) we obtain

6(M + 1)*Cf(T)¢(r)7 | (inf w(t) K (Cnas t))A(T)0(O2.0, Bo,n)
Ol o) < / 3 | [ Cor)i) ]‘”WT
(18 + 110/ motr)
</ S )w(T)dT
. /tjvrlnfw( K <<g;z,;§>%<;>e<az,n,m)] . (5.91)

Since the kernel K is non-decreasing in the first variable, thus using (5.65) we obtain

/t'/n+2 N [ ( inf w(t)K(<m+37 t)) h(T)e(SQ:”’ BZn)

Co(r)(7)

n+1

]wmch < 002, Pon)- (5.92)

Combining (5.91) and (5.92),

(vou) ( /O Q’nw(T)dT> < /t mv(m(M +1)in (TWT))w(T)dT. (5.93)

> (veu) ( /O mw(f)dT) <3 (vou) ( /O 27nw(7)d7)

< n/zgo V<16(M + 1)in(T)¢(T)

Thus we obtain (5.63) with constant 32(M + 1)*C.
(a) = (b).
Let 0 <€ <t < a. For each m € N, we define the collection E,, as

B, ={z¢(t.a): % < K(z0).h(z) < m}.

As,

- Ainfenw)K(y, t)h(y) \ (¢(y) +1/k 2 A (b ) e it ) < o
[ oGt e s 17m) (FER ) < e =t w) oot ) <
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for each [,k € N and A > 0. Thus for each g > 0 we can choose A such that
- Ainf.pw)K(y,t)h 1/k
/ V< (inf(e w) K(y )(y)><¢(y)+/)dy:<1+ﬂ)a
w \(0) +1/D)((y) + 1/k) A
We consider the function f as

_ o Ainfw)K(y, t)h(y) D(y) + 1/k
fu) V((Cb(y) +1/0)(¥(y) + 1/k)) )\(inf w)K(y, t)h(y

- )XEm(?J)-

For e < 8 < t, we have

- B v - A(inf w) K (y, t)h(y) U(y)+1/k
20 =69 | 509 (G <y>+1/k>)A(infw)my,t)h(y)]h(y)dy
o+ A(inf w) K (y, t)h(y)
> [ (o U+ o) (0 + 1k
= (1+p)y>n.
This implies that
(e,t) C {y:Tf(y) >}
Thus, using (5.10) and the assumption (5.63) we obtain
(mu—l)(/ﬁ ()dy> (vou )(/IM ()dy)
A(inf w) K (y,t)h(y) U(y) +1/k
(V (o( -l—l/l 1/k:)) (1nfw)K(y,t)h(y)¢(y>> vy)dy
- A(inf w) K ( h( )
</ o Fmetr £ 17m) o

< (14 p)CAy.
As V(s)/s increases with s, thus
- (inf w) K (y, t)h(y)0(e, t) v(y) +1/k
/mv((lJru) Clo(y) + 1/5)(¢(y)+1//€)) 0(e, 1) W
- A(inf w) K (y, t)h(y) U(y) +1/k
< [ V(G £ m) 1 me =
By the Monotone Convergence Theorem

/ )}( (inf w) K (y, t)h(y)0(e, )) v 4
o N1+ u)Clo(y) +1/0v(y) 9(6>t)

y<1
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Letting [,m — oo and u — 0%, we obtain

/ta l><(infw)K(y,t)h(y) (Vou) (fe w) )w(y)dy ) (v Owl) ([My)dy).

Co(y)v(v)

We skip the proof of (5.65) as it proceeds similarly. Hence the proof is complete.
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