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Chapter 1 

GENERAL INTRODUCTION 

1.1 Introduction 

Ecology is the branch of science that. deals wit.h t.he relat.ionships of life forms willI 

each other and with their surroundings. The basic unit in ecology is the ecosystem 

which is a fairly self contained system of plant.s and animals living in a particular kind 

of environment. E\"(~ry ecosystem has four componen't.s: 

1. The nonliving environment: This includes sunlight, wat.er, oxygen, minerals, and 

dead plant and animal matter. 

2. Producers: These are green piaIHs which range in size from the microscopic 

phytoplankton to giant redwood t.rees. They havc the uniquc ability to absorb 

the sun's energy and use it to produce foods. 

3. Consumers: The:ie are animals: bot.h herbiYores, which feed on plants and carni­

vores, which eat other animals. 

4. Decomposers: These include bacteria. fungi, and insect.s t.hat break down dead 

plants and animals. In the process they release energy into the environment and 

return matter to the soil. The matter pro\"idcs nomishll1cnt t.hat is absorbed by 

green plants and staned through the c~'c1e again. 



In theory the ecosystem is a closed cycle. But in practice ecosystems are seldom 

in a state of balance. Natural changes, which gradually shift the COlli position of the 

ecosystem, occur continuously. An ecosystem that supports many kinds of green plants 

and animals is not likely to be disrupted by such changes. If one species is lost, many 

others remain to continue the cycling of materials and energy. On the other hand, an 

ecosystem with only a few species may collapse if the environment changes suddenly, 

killing one or two species. Throughout the biosphere same principle applies; wherever 

diversity is lacking, ecosY5tems tend to be unstable and fragile. 

Air pollution has been a problem ever since fire was discovered by cave dwellers. V/ith 

the Industrial Revolution, the intensive burning of coal and oil in centralized locations 

began. The problem was compounded because the population of the Earth had also 
, 

been rapidly growing. The addition of motor \·ehicles caused more and 11I0re serious 

problems, until finally a series ~f dangerous air pollution episodes occurred. The three 

most notorious episodes were all associated with light winds and reduced vertical mixing 

that persisted for several days. NIany deaths were recorded in 19~0 in the Meuse Valley 
I 

in Belgium, in 1948 in Donora, Pennsylvania, and in 1952 in LQndon. 

One of the important problems that society faces today is the pollution of our environ­

ment affecting the quality of life in the form of diseases, epidemics etc. The abnormal 

level of green house gases in the atmosphere is affecting the climate, which has already 

changed to a considerable extent due to deforestation and manmade projects, bringing 

prolonged drought, abnormal temperature in one region and occurrence of floods in the 

other (Treshow, 1968; vVoodwell, 1970; Da\"is, 1972; l\/laugh, 1979; Smith, 1981; Reish 

et al., 1982; Reish et al., 1983; Kormondy, 1986; Parry and Carter, 1988; VCClllilll, 

1988; 'Woodman and Cowling, 1987; Sahani, 1998). 

The depletion of resources such as forestry, fisheries, fertile topsoil, crude oil, minerals, 

etc. is causing great concern for the mankind. These resources are being depleted 

due to rapid industrialization, fast urbanization and rising population. These factors 

have deteriorated our ecology and em·ironment to such an extent that if concrete steps 

are not taken soon to conser\"e these resources, many undesira.ble effects will occur 
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leading to disastrous consequences for the mankind (Frevert et al., 1962; DetwyJer, 

1971; Smith, 1972; Pimental et al., 1976; Annon, 1977; Oas, 1977; Gadgil and Prasad, 

1978; Karamchandani, 1980; Brown, 1981; Gadgil et al., 1983; Larson et al., 1983; 

Repetto and Holmes, 1983; Brown and \Volf, 1984; Haigh, 1984; Gadgil, 1985; Waring 

and Schiessinger 1985; Bisw3s and Biswas, 1986; Khoshoo, 1986; Munn and Fedorov, 

1986; Shukla et a1., 1987; Gadgil, 1987; Shukla et al., 1988; Gadgil and Chandran, 

1989; Shukla et al., 1989; Banerjee and Banerjee, 1997). 

Forests playa very important role in maintaining the .environment and in supplying 

the essential requirements of people. But forests are suffering rapid depletion due to 

diversion of forest lands to ot.her uses such as industrialization and cultivation, the 

inadequacy of protection measures and the attitude of our people to look upon forests 

as revenue earning resource (Singh, 1993). There are many ecologically unstable regions 
, 

around the world and the Ooon Valley in the northern part of Uttar Pradesh in India 

is one such example where the main reasons for the depletion of forest biomass are 

limestone quarrying; growth of wood based industries and associated pollution, growth 

of human and .livestock populations, etc. (Munn and Fedorov, 1986; Shukla et al., 

1989). Other ecologically unst.able areas include uplands of \;\,'estern Amazonia, the 

Atlantic Coast of Brazil, the !vladagascar Islands, the Malaysian rain forest zones etc., 

(\,Yilson, 1989). 

It is, therefore, absolutely essential to study the effects of various factors such as 

illdustrializatioll, pollutioll alld populatioll rcspol1silJlc for tllC dcplctioll of rCSOtlrCCS 

so that appropriate measures for conservation are taken and the desired level of the 

resource biomass can be ma.intained wit.hout harming our ecology and environmellt 

(Ghosh and Lohani, 1972; Pathak, 197-1; Das, 1977; Karamchandani, 1980; to/lartino, 

1983; Khoshl)o, 1986; Lamberson, 1986; Ivlunn and Fedorov, 1986; Shukla ct al., 1987, 

1988, 1989). 

In the following an account. of the literature related to pollutant difrusion and migration 

of the species and its effects on t.heir evolution and co-existence is presented. 
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1.2 Effect of Diffusion 

Air pollutants, such as sulphur dioxide, carbon dioxide, etc., are dispersed in the envi­

ronment by the process of molecular diffusion which arises due to changes in concen­

tration and depends upon various factors such as types and number of sources, stack 

.... heights, meteorological conditions and the topography of the terrain. A great deal of 

attention has been devoted to study the molecular diffusion process by using the well 

known Fick's law of diffusion and these have been well documented by Sutton (1953), 

Pasquill (1962), Scorer (1968), Stern (1968), Deininger (1974) and Crank (1975). Due 

to environmental factors such as overcrowding, anticlimate, predator chasing prey and 

more importantly due to resource limitation in the habita,t and other related effects 

biological species living in a habitat has a tendency to migrate to better suited regions 

for their survival and existence (Rosen, 1974, 1975; Verma, 1980). 

The evolution and existence of species has been the subject of scientific investigation 

since the days of Darwin. Earlier studies were mainly concerned with experimental 

observations and it is only in the beginning of twentieth century that attempts have 

been made to predict the evolution and existence of species mathematically. The first 

major attempt in this direction is due to Volterra and Lotka which constitute the main 

basis of the deterministic theory of population dynamics in theoretical Biology even 

today. Over the last fifty years, many complex models for two or more interacting 

species have been proposed on the basis of Lotka and Volterra models by taking into 

account the effects of crowding, age structure, time delay, functional response, switching 

etc. (Holling, 1965; Rescigno, 1968; Rosen, 1970; May, 1971; Maynard Smith, 1974; 

Gomatam, 1974; Freedman, 1976; Cushing, 1976; Brauer, 1977; Harada and Fukao, 

1978; Tansky, 1978; Freedman, 1979; Gopalsamy, 1980, 1981). 

It may be noted that Lotka-Vol terra model focuses on population interactions at a 

point in space ignoring lIIovement (migration/diffusioll) which means a perfect mixing 

of the species in a given region. ~lat.hematically, this is equivalent to assuming that the 

dispersal rates are sufficiently high and the population in the habitat are well mixed. 
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Without assuming so, one ignores the essential aspects of species response to environ­

mental and ecological changes it encounters in the habitat. Thus, Lotka-Volterra type 

models describe the situations which correspond to only laboratory conditions rather 

than real situatiOns arising in natural environment. It may be noted here that even 

in the laboratory spatial variations may be essential for the coexistence of the species 

(Huffaker, 1958, 1963). 

In recent years many researchers have studied the effect of diffusion in ecological mod­

els. The classical Volterra model for the evolution of two interacting species ignores the 

effects of migration which may arise due to environmental and ecological gradIents in 

the habitat. These may be studied by taking into account the dispersive and convective 

migration terms in population models. Skellam (1951) was probably the first to study 

thc effects of dispersive migration on the growth of populations. Later, scveral inves­

tigators studied this effect by considering various models (Lalldahl, 1959; Segal and 

Jackson, 1972; Levin, 1974; Hadeler et al., 1974; Comins and Blatt, 1974; Hadcler a&tt 

Rothe, 1975; Chow and Tam, 1976; Freedman and \;Valtman, 1977; Gopalsamy, 1977; 

Rosen, 1977; Mdvlurtrie, 1978; Caisson, 1978; Fife, 1979; Okubo, 1980; Cohen and 

Murray, 1981; Nallaswamy and Shukla, 1982; Cosner and Laser, 1984; Bergerud et al., 

1984; Anderson and Arthur, 1985; Freedman et al., 1986; Takeuchi, 1986; Bergerud 

and Page, 1987; Freedman, 1987; Cantrell and Cosner, 1987, 1989; Freedman and 

Shukla, 1989; Shukla et al., 1989; Freedman and \"TU, 1992; Angulo and Linares, 1995). 

It has been pointed out that an unstable equilibrium state may become stable with 
. 

dispersion under certain conditions (Levins and Culver, 1971; Smith, 1972; Gopalsamy, 

1977). The importancc of dellsity dcpcndcnt dispersal cocfficicnts in thc ca . ..,e of sillgle 

species model has also been studied (Gurney and Nisbct, 1975). 

The cvolution of interacting specics in a certain cllvironment depcllds on thc' naturc 

of their interactions, the age structure, the size of the habitat and the environmental 

gradients which might induce thc cOI1\'ccti\"c and dispcrsi\"c migrations in the 5pecies. 

In recent years, the effects of e(1\"ironmental gradients on thc intcract.illg specics have 

becn studicd by taking disper5ion into account (Levins and Culver, 1971; Vandcrmecr, 
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1973; May, 1974; Roff, 1974; Chewning, 1975; Curtin and MacCamy, 1977). McMur­

trie (1978) surveyed the effects of diffusion on some prey-predator systems, and it has 

been noted that diffusion of interacting species stabilized the otherwise unstable equi-

. librium states (Levins and Culver, 1971; Smith, 1972; Vandermeer, 1973; May, 1974; 

Roff, 1974). However this is not always true, and in certain cases diffusion can make 

a stable equilibrium state into an unstable one (Segel and Jackson, 1972; Levin, 1974; 

Chewning, 1975). This case is known as diffusive instability which may not be a rare 

event specially in prey-predator systems (Levin. 1976; Casten and Holland 1978; Wo)­

lkind et al., 1991; Timm and Okubo, 1992; Chattopadhyay et al., 1996; Raichaudhury 

et al., 1996). But, this analysis is applicable only to systems with unbounded domain. 

In fact, the boundedness of the domain and the nonlinearity cannot be negligible. In 

model with reservoir type boundary condition proposed by Copalsamy (1977), bound­

edness of the domain is necessary for the coexistence of competing species, which is 

unstable without diffusion. Moreover, Levin (1974) showed boundedness of the domain 

and nonlinearity are requisite for the coexistence of the competing species. 

In this thesis we have noted the stabilizing effect of diffusion on the system. It has 

been shown that an unstable equilibrium can be made sta.ble by illcreasillg diffusioll 

coefficients to sufficiently large values. 

1.3 Objectives of the Thesis 

The main objective of this thesis is to study the survival of biological species dependent 

on resource, which is being depleted due to industrialization and pollution, using math­

ematical modelling. Specifically the following types of problerhs have been proposed 

and analysed in this thesis usillg mathcmatical modcls. 

1. Al1clopathic effect on two competing plant species. 

2. Survival of species dependent on resource in industrial and polluted environments. 

3. Effect of time delay on the depletion of forestry resources and their conservation. 
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4, Effect of pollutants formed by precursors in the atmosphere on population. 

I~ the following we give an overview of the relevant literature so that the research work 

carried out in the thesis related to above mentioned problems can be seen in its proper 

perspective. 

1.3.1 Allelopathic effect on cOlnpeting plant specIes 

The discovery that many plants and some animals contain or secrete chemicals injuri­

ous to competitors or natural enemies has led to development of the study of allelopa­

thy; the chemicals are called allelochemics or allelochcmicals. This phenomenon - the 

suppression of some higher plants by chemicals released by' another higher plant has 

been extended to include chemical defenses of plants against herbivores, phytophagous 

insects against predators, and the resistance of hosts to parasitoiels. 

Two types of allelopathy arc distinguished: (1) the production and release of an alle­

lochemical by one species inhibit.ing the growth of only other adjacent species, which 

may confer competitive ach-antage for t.he allelopathic species; and (2) autoaJlelopa­

thy, in which both the species producing the allelochemical and unrelated species are 

indiscriminately affected. 

Examples of plant-ta-plant antibiosis based on allelochemicals include the chaparral 

plants, whose toxic phenolic secretions are washed by rains into the soil, where thcy 

inhibit the germination and growth of herb seeds close enough to provide compcti­

tion. The black walnut tree (Jugia71s mgra) produces a potent allclochcmical, juglonc 

(5-hydroxynaphthoquinone) that inhibits many annual herbs. Tomato and alfalfa UIl­

der or near black walnut trees wilt and die. For plants growing in habitats with 

extreme climates, such as a desert, competition for the limited resources is critical, 

and allelopathy may ha\'e survival \'alue. Desert shrubs are, often surrounded by a 

bare zone; thu~, all the Illoi~turc of that zonc rcmaill"; avail;~ble to t.he ~hrllb allel is 

not shared with other plants. In the fl'lojave Desert of California incienso (Encelza 

Jarinosa) inhibits the growth of desert allnuals. From the decomposing leaf litter, 5-
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acetyl-1-2-methoxybenzaldehyde is released and persists in the desert soil, functioning 

as an allelochemical. Incienso is apparently not affected by its own toxin (Rice, 1984; 

Thompson, 1985; Putnam and Tang, 1986; \Valler, 1987). 

To study such type of interactions among biological species using mathematical mod­

elling, Maynard Smith (1974) proposed a mathematical model in which he considered 

two competing species and assumed that each species produces a sllbstallce toxic to 

the other, but only when the other is present. Then Chattopadhyay (1996) analysed 

the above lllodel under the same assulllpt.ions. He cOllsidered lillcar growth rates of 

the two competing species and their carrying capacities as constants. He showed that 

stability of the system depends upon the ratio of the two toxicants. 

In view of the above in chapter 2, we have proposed and analysed a mathematical 

model to study the allelopathic effect on two competing plant species. The growth 

rates and carrying capacities of the competing species are taken as nonlinear functions. 

Further, the effect of diffusion is also incorporated in the model. 

1.3.2 Survival of species dependent on resource In industrial 

and polluted environlnents 

The rapid industrialization, rising population and increasing energy requirements have 

caused a great concern to mankind. The depletion of various resources such as forestry 

biomass, oil and natural gas, fisheries, fertile topsoil, minerals etc. due to their over 

exploitation at an alarming rate has caused a great concern in both developed and de­

veloping coulltries. It is, therefore, import.ant to study the effects of iIH.lustrializatioll 

and environmental pollution on ecosystem so that appropriate measures for conserva­

tion of resourccs and to control the environmental pollution are taken and the desired 

level of the resource biomass can be maintained. 

Some investigation have been made t.o st udy t.he effect of polluta.Jlts on biological species 

using mathematical models (Hallam and Clark, 1982; Hallam et. al., 1983; Hallam and 

De Luna, 1984; De Luna and Hallam, 1987; Freedman and Shukla, 1991; Huaping 
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and lvla, 1991). In particular, Hallam et. al. (1983b) studied'the effects of toxicant 

on a directly exposed population using mathematical modelling. Hallam and Dc Luna 

(1984) further proposed a model and discussed the effects of a toxicant on a population 

when exposed via environmental and food chain pathways. They focused mainly on 

effects of the toxicant on a population and found persistence and extinction criteria. 

De Luna and Hallam (1987) also proposed and analysed a mathematical model to 

study the effect of a toxicant on population and showed that if the population exhibits 

a potential for growth and if there is a input of resource, then the population will 

persist. Shukla et. a1. (1989) proposed a mathematical model to study the cUlTlula.tive 

effect of industrialization and pollution on depletion of resources and have shown that if 

the pressures of industrialization and population increase without control, the resource 

will not last long. However, if appropriate measures for conservation are taken, the 

resources can be maintained at a desired level even under the sustained pressure of 

industrialization and population. Huaping and tvla (1991) proposed a mathematical 

model to study the effects of toxicant.s on naturally stable two species communities. 

They studied the persistence-extinction thresholds for populations in toxicant stressed 

Lotka-Volterra model of two interacting species. In the above investigations, the growth 

rate of population density depends linearly upon the concentration of toxicant in the 

population and the effect of environmental concentration of toxicant on the carrying 

capacity of the population has not been considered. 

It may be noted here that in the above studies the concentration of toxicant was defined 

with respect to the biomass of the t.otal population. Freedman and Shukla (1991), 

however, felt that if the biomass of the population, toxicant uptaken by the population 

and toxicant in the environment are defined with respect to mass or volume of tlie total 

environment in which the population liyes, the model becomes more visible. Keeping 

this in view, Freedman and Shukla (1991) proposed models to study the effect of a single 

toxicant on single-species and predat.or-prey systems. In case of single species growth 

thcy found cOllditions for local as wcll as global stability and in CII.'>C of prcdat.or­

prey systems, they determined t.he exist.ence of steady states for a small constant 

influx of toxicant. Chattopac\hyay (1 99G) proposed a model to study the effect of toxic 
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substances on a two-species competitive system. He considered the linear growth rate 

of the competing species and their carrying capacities as constants. Shukla and Dubey 

(1996a) studied the effect of two toxicants, when one is more' toxic than the other, 

on the growth and survival of a biological species. Shukla and Dubey (1997) studied 

the depletion of resources in a forest habitat due to the increase of both population 

and pollution. Dubey (1997a) proposed a mathematical model to study the depletion 

and conservation of forestry resources which is affectcd by a toxicant. Du bey (1 997b) 

investigated a mathematical model in which two species share a common resource, 

and one of the species is itself an alternative food for the other. But in the above 

investigation the survival of the species population dependent on resource which is 

affected by a toxicant has not been considered. 

Keeping in view the above literature survey, in Chapter 3, we have proposed and 

analysed a mathematical model t.o st.udy thc survival of a singlc species pOPlllation 

dependent on resource which is affected by a pollutant present in the environment. 

It is assumed that the population depends partially or wholly 011 the resource or just 

predating on the resource. 

Chapter 4 of this thesis is devot.ed to study the survival of two biological species COlJl­

peting for a single resource under industrialization pressure with and without diffusion. 

Chapter 5 of this thesis deals with the interact.ion of two biological species in a polluted 

environment. Three types of interaction between the two species have been considered, 

namely, competition, cooperation and predator-prey. The effect of diffusion on the 

system is also studied. 

Chapter 6 of thb thesis is de\'oted to st.udy the effects of industrializatioll and pollution 

on forestry resources in a diffusi\"e syst.em. 
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1.3.3 Effect of tiu1e delay on the depletion of forestry re-

sources and their conservation 

Time delay systems are those systems in which time delays exist between the appli-
, 

cation of input or control to the system and their resulting e~ect on it. They arise 

either as a result of inherent delays in the components of the system or as a delIberate 

introduction of time delay into the system for control purposes. Time delays occur 

in various systems including biological and chemical systems. The mathematical for­

mulation of a time delay system results ill a system of delay-differential cquatiolls. A 

particular class of these equations, the integro-differential equations, was first stud­

ied by Volterra (1959) who deyeloped a theory for them and investigated time delay 

phenomena in different systems. Others have made significant contributions to the 

development of the general theory of functional differential cquations of Volterra type 

(Krasovskii, 1957; DriYcr, 1961, 1962; Hale, 1961, 1962, 1963, 1964; Lakshmikantham, 

1962, 1964, 1987). 

Several investigations related to ecological models with delay effccts can be found in 

the literature (vVangersky and Cunningham, 1957; Caswell, 1972; May, 1973; Cushing, 

1976; McDonald, 1976, 1977, 1978; Brauer, 1978; Leung, 1979; Burton, 1983; Frecdman 

and Rao, 1983; Erbe et al., 1986; Freedman and Gopalsamy, 1986; Stepan, H)8G; Lellng 

and Zhou, 1988; Rao and Si\·asundaram, 1988; Gyori and ladas, 1991; Gopalsamy, 1992; 

Rao and Pal, 1992; rvlurakami and Hamaya, 1995; Cavani and Avis, 1995; \;Yang and 

Yi, 1995; Dubey, 1997c). In particular, Rao and Pal (1992) proposed and analysed 

a general model for grazing a grassland on the pattern of a prey-predator system 

by considering the effect of delay in the growth rate of a cattle population. They 

discussed linear and nonlinear systems and found sufficient conditions for asymptotic 

stability of a positive equilibrium of these systems. \,Vang and Yi (1995) studied the 

global asymptotic stability of Volterra-Lotka systems with infinite delay togethcr with 

global exponential stability of Volterra-Lotka systems with bounded delay. Crit.eria. for 

stability arc also obtained. Dubcy (I997e) proposcd a matllcmatieal model with delay 

to study the cumulative effect of industrialization and population on the degradatIon 
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of forestry resources .. He obtained criteria for local stability, instability and global 

stability of the system and showed that it is worthwhile to incorporate the time delay 

factor for the friendly technology of industrialization dependent on forestry resources. 

The effect of time delay on depletion of forestry resources in a polluted environment 

does not appear in the above investigations. In chapter 7, we therefore, propose and 

analyse a mathematical model to study the effect of environmental pollution on forestry 

resource biomass with time delay in a diffusive system. 

1.3.4 Effect of pollutants fonned by precursors in the atillo-

sphere on population 

The menace of environmental pollution is well known. As pointed out in section 1.3.2, 

some investigations have been conducted to study the effect of environmental poliution 

on biological species using mathematical modelling. But in these studies, the role 

of a precu~sor pollutant has not been taken into account. However, some attempts 

have been made to study the effect of a precursor pollutant (Rescigno and Richardson, 

1907; Forrester, 1971; Meadows, 1972; I3orsillillo and Torre, 1974; Ilesigllo, 1977). III 

particul~r, Rescigno (1977) studied the general properties of the equations describing a . . 

single species living in a limited environment in the presence of its own pollutant. The 

effect of pollutants formed by precursors in the atmosphere on population with diffusion 

does not appear in the above investigations. In chapter 8, therefore, we propose and 

analyse a mathematical model to study the effect of a pollutant on a population which 

is living in an environment polluted by its own activities. Effect of diffusion is also 

incorporated in the model. 

1.4 Mathematical tools used in the Thesis 

In this thesis the followillg two methods have been used to allalyse the mathematical 

models. 

12 



method of Characteristic roots 

The conclusion regarding asymptotic stability of the systems depend on the eigenvalues 

of the variational matrix, a Jacobian matrix of first order derivatives of interaction­

functions. As this Jacobian is determined by Taylor expansion of the interaction­

functions and neglecting nonlinear higher order terms, this method studies only the 

local stability of the system in the neighbourhood of its equilibrium state. Routh­

Hurwitz criterion (Sanchetz, 1968) and Gershgorin's theorem (Lancaster and Tisman­

etsky, 1985) are very useful to study the local stability of wide range of systems in 

homogeneous environments. This method establishes stability only relative to small 

perturbations of the initial state. Hence it is called local stability'.' An eigenvalue analy­

sis is only a small initial step in understanding the dynamical bcl1avior of an ecosystem 

model. 

1.4.2 Liapunov's Direct rVIethod 

In the previous section, we ha\'e described methods which are mainly related to the 

study the linearized version of nonlinear models. But to get the real insight of problems, 

the nonlinear system as a whole must be investigated. In the real world ecosystems 

are subjected to large perturbations of the initial state and system dYllamics. The 

most powerful analytical method for st.udying stability relative to finite perturbations 

of the initial state of an ecosystem model is the direct method of Liapunov (LaSalle 

and Lefschetz, 1961; Rao, 1981). This method requires the cOllstruction of certain 

functions called Liapunov functions. For a physical system the direct method of Li­

apunov generalizes the principle t.hat a system, which continuously dissipates energy 

until it attains an equilibrium, is st.able. The two basic 'theorems on stability can be 

found in La Salle and Lcfschetz (1961), This method has also been used even to study 

the linear stability of the equilibrium st.ate of interacting systems (Gatto and Rinaldi, 

1977). 

In population dynamics, to st.udy the nonlinear stability ofic~r~9l!~MlJ~~lP,tfP.lte Li-

ACC. NO ............................. , 
, 
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apunov's second method has been used by several investigators (Gilpin, 1974; Goh, 

1976, 1977; Jorne, 1977; Jorne and Carmi, 1977; Goh, 1978; Hastings, 1978; Hsu, 

1978; Takeuchi et al., 1978; Harrison 1979; Goh, 1980; Shukla et al., 1981). In par­

ticular, the nonlinear stability of diffusive Lotka Volterra system has been carried out 

by Jome and Carmi (1977), Gopalsamy a.nd Aggarwalla (1980) and it has been shown 

that the otherwise stable system remains stable with positive dispersion coefficients 

under zero flux boundary conditions. Harrison (1979) has given a Liapunov function 

which generalizes the functions used by Goh (1976, 1977) and Hsu (1978) and can be 

used to study the nonlinear stability of various types of models even with functional 

response. 

1.5 Summary of the Thesis 

The thesis consists of eight chapters. 

Chapter 1 contains a general introduction with releva.nt litera.ture which provides a 

necessary background required for the forthcoming chapters. 

In chapter 2, a mathematical model has been proposed and analysed to study the 

interaction of two plant species competing for nutrients. It has been assumed that 

each plant species produces a toxicant., which reaches to the other through diffusive 

process and affects its growth. 

In the case of no diffusion, it has been shown that the two competing plant species 

settle down to their respective equilibrium levels, the magnitude of which are lower 

than their corresponding initial density independent carrying capacities. In the case 

when the two plant species do not produce any toxicant, it has been shown that the two 

plant species again settle down to their respective equilibrium levels, the magnitudes 

of which are higher than their corresponding values in the case when they produce 

toxicant. To illustrate the above facts a numerical exnmp)e has also bccll prcscll'Lcd in 

this chapter. It has also been found that the rate of decrease in the growth rates of 



plant species is faster in the case when each plant species produces a substance toxic 

to the other. 

By incorporating diffusion in the system it has been shown that diffusion is playing the 

general role of stabilizing the system. It has been shown that if the interior equilibrium 

of the system with no diffusion is globally asymptotically stable, then the correspondillg 

uniform steady state of the system with diffusion must be globally asymptotically 

stable. Further, an unstable steady state in t.he absence of diffusion can be made stable 

by increasing diffusion coefficients sufficiently large. In a particular case of rectangular 

habitat it has been shown that stability is more plausible in the case of diffusion. 

In chapter 3, a mathematical model for the survival of a single-species population 

dependent on resource biomass which is affected by a pollutant present in t.he enviroll­

ment has been proposed and analysed. The rate of introduction of pollutant into the 

environment has been considered to be constant, instant.aneous or periodic. It has been 

assumed that the population depends partially or wholly on the resource or just pre­

dating on the resource. It has also been assumed that the growth rate of the population 

increases as the density of the resource biomass increases while its carrying capacity 

increases with the increase in the densit.y of t.he resource biomass, and decreases with 

the increase in the environmental concentration of the pollutant. It has been further 

assumed that the growth rate of the resource biomass decreases as the uptake concen­

tration of the pollutant a.nd the density of the population increase while its carrying 
" 

capacity decreases as the environmental concentration of the p,ollutant increases. 

In the case of no diffusion t.he model has been analysed using stability theory of 01'­

dinary differential equations. \Vhcn the population depends partially on the resource, 

it has been shown that in the case of constant introduction of pollutant into the envi­

ronment, both the population and t.he resource biomass settle down to their respective 

steady states. The magnitude of the equilibrium level of the population dc<.:reascs us 

the equilibrium level of the resource biomass density decreases and the environmental 

concentration of the pollutant. increases. The magnitude of t.he equilibriulIl level of the 

resource biomass decreases as t.he equilibrium levels of the population, the pollutant 
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present in the environment and in the body increase. It has also been noted that the 

resource biomass may tend to zero for large influx of the pollutant into the environ­

ment affecting the survival of the species. In the case of instantaneous introduction 

of toxicant into the environment similar results have been found. In particular, it has 

been noted that the population and the resource biomass after initial decrease in their 

densities will settle down to their respective steady states but after a long time if the 

washout rate of the pollutant is small. In this case magnitudes of densities of the 

population ami the resource biomass are larger thall their respective dellsities ill the 

case of constant introduction of pollutant. In the case of the periodic emission of the 

pollutant into the environment it has been found that a periodic behavior occurs ill 

the system for a small amplitude of the influx of the pollutant. 

The equilibrium levels of the population and t.he resource biomass have been compared 

in three different cases: (1) when the population partially depends upon the resource, 

(2) when the population wholly depends upon the resource, and (3) when the popula­

tion is predating on the resource. It has been noted that the density of the populati~n 

is maximum in the partially dependent case and minimum in the predating case, COII­

sequently the density of the resource biomass is minimum in the partially dependent 

case and maximulll in the predating case, keepillg other parameters sallie ill the sys­

tem. Thus, an increase in the density of the population will also lead to decrease in 

the density of the resource biomass. It has also been noted that the survival of the 

population will be threatened e\'en in the partially dependent case if the continuous 

emission of pollutant into the environment is not controlled. In the wholly dependent 

case the population will doom to extinct.ion if the environmental concentration of pol­

lutant reaches at a threshold yalue. In case of predation it IHis been noted that the 

survival of the lJopulation is highly threatened. 

In the case of diffusion, a complete analysis of the model has been carried out. It 

has been shown that if the posit.ive equilibrium of the system with 110 diffusion is 

globally asymptotically stable, then it remains globally asymptotically stable in the 

case of diffusion. Further, if the positiYe equilibrium of the system with no diffusion 
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is unstable, then the unstable equilibrium can be stabilized by increasing diffusion 

coefficients to sufficiently large values. Thus, it has been concluded that in the case of 

diffusion, solutions of the ~ystem approaches to the equilibrium state faster than the 

case of no diffusion. 

A model to conserve the resource biomass and to control the undesired level of envi-

ronmental pollutants has also been proposed and analysed. It has been shown that if 

suitable efforts are made, an appropriate level of the resource biomass can be main­

tained. 

In chapter 4, a mathematical model has been proposed and analysed to study the sur­

vival of two biological species competing for a single resource under industrializaLioIl 

pressure with and without diffusion. The competing species are assumed to qe either 

partially dependent, wholly dependent or predating on the resource. In the partially 

dependent case, criteria for survival and extinction of competing species have been de­

rived. It has also been shown that the resource biomass settles down to its equilibrium 

level, the magnitude of which depends upon the equilibrium levels of the competing 

species and the industrialization pressure. This magnitude decreases as the densities 

of the competing species and the pressure due to industrialization increase and may 

driven to extinction if these factors increase without control. It has also been noted 

that the competing species may coexist even in the absence of the resource biomass in 

the partially dependent case, whereas in the wholly dependent case the two species will 

die out in the absence of the resource biomass. In the case when the competing species 

are predating on the resource, similar results have been found. It has been noted that 

the damage of the resource biomass density is maximum in partially dependent case, 

and is minimum in the predation case. This has also been established by numerical 

examples. 

A model to study the effect of diffusion on the system under consideration has also 

been proposed and analysed. It has been found that diffusion has stabilizing effect on 

the system. 
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By analysing the conservation model it has been shown that if suitable efforts are made 

to conserve the resource biomass and to control the undesired level of the industrial­

ization pressure, a desired level of the resource biomass can be maintained and the 

survival of the competing species may be ensured. 

In chapter 5, a mathematical model has been proposed and analysed to study the 

survival of two interacting species in a polluted environment, the mode of interaction 

being competition, cooperation and predation. The model has been analysed with and 

without diffusion. When there is no diffusion it has been shown that in the case of 

constant introduction of pollutant into the environment the competing species settle 

down to their respective equilibrium levels, the magnitude of which depends upon the 

equilibrium levels of washout and uptake rates of pollutant. It has also been noted 

that if the concentration of pollutant increase unabatedly, then the survival of the 

species would be threatened. In the case of instantaneous introduction of pollutant into 

the environment, it has been found that the competing species again settle down to 

their respective equilibrium levels whose magnitude is higher than the case of constant 

introduction of pollutant into the environment. In case of periodic emission of pollutant 

into the.environment, it has been found that a periodic influx of pollutant with small 

amplitude causes a periodic behaviour in the system. 

The effect of diffusion on the' interior equilibrium state of the system has also been 

investigated. It has been shown that if the positive equilibrium of the system without 

diffusion is globally asymptotically stable, then the corresponding uniform steady state 

of the system with diffusion is also globally asymptotically stable. It has further been 

noted that if the positive equilibrium of the system with no diffusion is unstable, then 

the corresponding uniform steady state of the'system with diffusion can be made stable 

by increasing diffusion coefficients to sufi1ciently large values. 

A model to control the undesired level of environmental pollutants has been proposed 

and analysed. It has been shown that the existence of the two interacting biological 

species can be ensured if the undesired level of the environmental concentration of 

pollutant is controlled by some mechanism. 
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In chapter 6, a mathematical model has been proposed and analysed to study the 

effects of industrialization and pollution on forestry resources with diffusion. The rate 

of introduction of pollutant into the environment is considered to be industrialization 

dependent, constant, zero or periodic. The model has been analysed with and without 

diffusion. 

vVhen there is no diffusion in t.he system, it has been shown that in the case of in­

dustrialization dependent introduction of pollutant into the environment the resource 

biolllass settles down to its equilibrium level, whose magnitude depends upon the equi­

librium level of industrialization, influx and washout rates of pollutant present in the 

environment. The magnitude of the resource biomass density decreases as the density 

of industrialization and influx rate of pollutant increase, and even it may tend to zero 

if these factors increase without control. In the case of constant introduction of pol­

lutant, similar results have been found. In the case of instantaneous spill of pollutant 

into the environment, it has been noted that the pollutant may be washed out comll­

peletely and the resource biomass may settle down to a lower equilibrium level than its 

original carrying capacity whose magnitude depends only upon the equilibriulII level 

of the industrialization pressure. Even in t.his case the resource ~iomass may vanish if 

industrialization pressure increase ullabat('dly. In t.he case of per.iodic cmission of pol­

lutant into the environment. it. has been found that a small periodic influx of pollutant 

causes a periodic behaviour in the system. 

Analysing the model with diffusion it has been shown that diffusion has a stabilizing 

effect on the system. It has been concluded that solutions of the system with diffusion 

converge towards its equilibrium state faster than the case of no diffusion. 

A mathematical model to conserve the resource biomass by plantation, irrigation, fcnc­

ing, fertilization etc., and to control t.he undesired levels of industrialization pressure 

and concentration of pollutant in the ellvironment by some mcchanisms has also bccn 

proposed. By analysing this model it. has been shown that if suitable efforts are made, 

an appropriate level of resource biomass densit.y can be maint.ained. 
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In chapter 7, a mathematical model has been proposed and analysed to study the 

effect of environmental pollution on forestry resource biomass with time delay. It has 

been considered that the environment.al pollutant does not affect the forestry resource 

biomass directly, but the pollutant after entering into the biomass gets converted to a 

substance that is toxic to resource biomass, and consequently the growth rate of the 

resource biomass decreases. This conversion causes a time delay in the depletion of 

forest biomass. The model has been analysed with and without diffusion. When there 

is no diffusion it has been shown that in the case of constant emission of pollutant 

into the environment the resource biomass settles down to its equilibrium level, the 

magnitude of which depends upon the washout and uptake rates of pollutant. It has 

further been noted that. if the concent.ration of pollutant increases unabatedly, the 

density of the resource biomass may tend to zero. The effect of time delay due to the 

formation of the chemical pollutants on decreasing the equilibrium level of resource 

biomass is determined by the rate of formation of the chemical pollutants and the 

depletion of the resource biomass. If the delay in formation of the pollutaIlt is large, 

then this may help in reducing over all effect of the pollutant provided other parameters 

remalll same. 

By analysing the diffusion model it. has been shown that an unstable steady state can 

be made stable by increasing diffusion coefficients to sufficiently large values. It has 

been noted that in the case of diffusion the resource biomass converges towards its 

. carrying capacity faster than the case of no diffusion. 

A conservation model has also been proposed and analysed. It ~has been shown that if 

suitable efforts are adopted to conserve t.he resource biomass and to control the uIlde­

sired level of environmental concentrat.ion of pollutant., the forestry resource biomass 

can be maintained at an appropriat.e level. 

In chapter 8, a mathematical model is proposed and analysed to study the effect of 

a pollutant on a population which is living in an environment polluted by its own. 

activities. It has been assumed that t.he pollut.ant ent.ers into the environment not 

directly, but by a preclIrsor produced by t.he population itself. It ha."; beeIl cOllsidered 
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that the larger the population, the faster the precursor is produced, and the larger 

the precursor, the faster the pollutant is produced. The model has been studied with 

and without diffusion. In case of no diffusion it has been shown that population 

density settles down to its equilibrium level, the magnitude of which depends upon 

the equilibrium levels of emission and washout rates of environmental pollutant as well 

as 011 the rate of precursor formation and its depletion. It has been noted that the 

rate of precursor formation is crucial in affecting the population. It has further been 

noted that if the concentration of pollutant increase lI])nbatedly, the slIrvival of the 

population would be threatened. 

The effect of diffusion on the interior equilibrium of the system ha,s also been investi­

gated. It has been found that global stability is more plausible in the case of diffusion 

than the case of no diffusion. 

By analysing conservation model it has been shown that if the formation of the pre­

cursor pollutant is controlled by somc external means, its affect 011 the population call 

be minimised. 

It is hoped that the models irn·est.igated in this thesis will be fruitful in developing 

environment friendly technology for industrialization, methods for control of pollution 

and conservation of resources. Thc work carried out here will also serve as a basis for 

further study of a very important problem of pollution and its effect on ecosystem. 
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Chapter 2 

A MODEL FOR THE 

ALLELOPATHIC EFFECT ON 

TWO COMPETING SPECIES 

2 .1 Introduction 

The decline in the growth rate of biological species is a major cause of conccrn in 

both developed and developing countries due to rapid pace of industrialization and 

associated pollution. In recent decades, some investigations have been made to study 

the effect of toxicant on biological species using mathematical models (Hallam et. aI., 

1983; Hallam and De Luna, 1984; De Luna and Hallam, 1987; Freedman and Shukla, 

1991; Huaping and Ma, 1991; Shukla and Dubey, 1996a; Chattopadhyay, 1996; Dubey, 

1997a; Shukla and Dubey, 1997). In particular, Freedman and Shukla (1991) studied 

the effect of toxicant in a single-species and predator-prey system. In the case of single 

species growth they obtained local and global dynamics of the system, and in the case 
.' 

of predator-prey system, they inycstigated the existence of s,teady statcs for a small 

influx of toxicant. Huaping and ~\'Ia (1991) studied the effects of toxicant on naturally 

~tablc two-spccies communities and obtaincd pcrsistcnce-cxtillction thrcsholds for thc 
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species. Shukla and Dubey (1996a) st.udied the effect of two toxicants, one being more 

toxic than the other, on the growth and survival of a biological species. Chattopad­

hyay (1996) proposed a model to st.udy the effect of toxic substances on a two-species 

competitive system. He considered t.he linear growth rate of the competing species 

and their carrying capacities as constants. Dubey (1997a) proposed a mathematical 

model to study the depletion and consen·at.ion of forestry resources which is affected 

by a toxicant. Shukla and Dubey (1997) investigated the depletion of resources in 

a forest habitat due to the increase of both population and pollution. In the above 

studies the allelopathic effect of toxicant with diffusion on two plant species has not 

been considered. Keeping the above in view in this chapter we propose a mathematical 

model to study the allelopathic effect on two competing pla~t species in which growth 

rates and carrying capacities of the competing species are taken as nonlinear functions. 

Further, the effect of diffusion is also incorporated in the model. In the case of diffusion 

our results agree with those in Shukla and Verma (1981), Hastings (1982), Shukla and 

Shukla (1982), Freedman and Shukla (1989), Dubey and Das (1999). Sta.bility theory 

of differential equations is used to analyse the model (La Salle and Lefschetz, 1961). 

\'Ve assume that all t.he fUllctions utilized in the model are sufficiently smooth so that 

solutions to the initial-boundary value problems exist uniquely and are continuous for 

all positive time. \Vhere there is no confusion, the prime denotes the derivative of a 

function with respect to its arguments. 

2.2 Mathematical Nlodel 

Consider an ecosystem where we wish t.o model the interaction of two plant species 

competing for survival in a closed region D wit.h smooth boundary DD. \Ve also 

consider the allelopathic effect on t.he model where each species produces a different 

toxicant, the concentration of which is a function of its own density. In particular, it 

may be taken as proportional to its own density. It is further assumed that the toxicant 

procluced by olle species decreases the growth rat.e of t.he other. The dYllalllics of tlte 
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system may be governed by the following autonomous differential equations: 

aNI 
at 

aN2 

at 
arl 
at 

BT2 
at 

rlON~ 
N, r, (N2 ) - /(1 (N

2
) - (3'2 N , T21 

r20 Ni 
N2 T2(Nd -:- ](2(N

I
) - (32J N2TJ , 

- a', NI - a'oTJ + DI '\1 2
T11 

'vVe impose the following initial and boundary conditions on the system: 

N, (x, y, 0) = ¢(x, y) ~ 0, N2(x, y, 0) = 1/;(x, y) ~ 0, 

(2.1 ) 

TI (x, V, 0) = ~(x, y) ~ 0, T2 (x, v, 0) = X(x, y) ~ 0, (x, V)f.D (2.2) 

arl BT2 
an = an = 0, (x, y) { aD, t ~ 01 

where n is the unit out,',ard normal t.o aD, 

In model (2.1), \12 = .;; + ~ is t.he Laplacian diffusion operator. NI (x, V, t) and 

N 2 (x, y, t) are the densities of the two species at coordinates (x, Y)f.D and time t ~ O. 

TJ (x, y, t) is the concentration of t.he toxicant produced by the species N), which is 

toxic to the species ,N2 - T2 (x, y, t) is t.he ·concent.ration of the toxicant produced by 

the species N2, which is toxic to the species N I _ DJ and D2 arc the diffusion rate 

coefficients of TI and T2 rcspecti'-ely in D_ 

The functions TI (N2) and 1"2(NI ) are t.he specific growth rat.es of the species of dellsities 

Nl and N2 respectively_ Since the two species are competing with each other, hence 

Tl (N2 ) and T2(Ntl are decreasing functions of their a.rgument.s, i.e., 

and (2.3) 

The functions KI (N2) and J(2(Nd are t.he ma.ximum densities of NI and N2 respectively 

which the environment can support., ](I (N2 ) and J(2(N I ) are decreasing functiolls of 
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N2 and Nl rcspectively, i.c., 

and (2.4) 

In model (2.1), {312 and /hI are the dcplction rate coefficients of N} and N2 respectively 

due to toxicant produced by N2 and NI rcspecti\·ely. 0'1 and 131 are the growth rate 

coefficients ofT} and T2 rcspccti\'cly and 00 and 130 are their respective natural depletion 

ratc coefficicnts. 

2.3 Model Without Diffusion 

In this case we take DI = D2 = 0 in model (2.1). Then the model reduces to 

d N r lro..r2 
_'_I __ J\l (I';) _ )0 I (J 1\] 'T' 
cil .r. "2 J(.(N

2
) - 12)\)12, 

dN2 . • r20 Ni 
- == N 2r2(Nd -" . - ,82 • N2T), 

cit j\2(N)) 
(2.5 ) 

dT! ; dt = Oll\1 - ooTI' 

dT2 f3' n T --;It = . )1\'2 -.vo 2· 

lV1 (0) ~ 0, N 2 (0) ~ 0, TI (0) ~ 0, T2(0)'~ 0, 

It can be checked that model (2.5) has six non negative equilibria, namely, Eo(O, 0, 0, 0), 

EI (/(10,0,0,0), E2(0' /(20, O. O), E3(/{IO, 0, Olo';:lQ, 0), E4 (0, f{20, 0, fh:010) and 

E' (Ni, N;" Ti, Tn· The cquilibria Eo - E-l obviously exist. \"/e shall show the existence 

of E* as follows. 

Here N;, N-i, T; and T; arc thc positi\'c solutions of the following algebraic equations: 

rloiYl = I-() (NZ){rl (N2) - 1312T2], 

i'zoNz = J(2(Ndl r2(Nd - (321 Td, 

(2.6) 

(2.7) 



(2.8) 

(2.9) 

It can be checked that E* exists, provided 

(2.10) 

or 

(2.11) 

hold, otherwise E· docs not exist and if it exists, then it is not in the positive orthant. 

By computing the variational matrices corresponding to each equilibrium it can be 
, 

checked that Eo is a saddle point with unstable manifold locally in the Nl - N2 plane 

and stable manifold locally in the TI - T2 plane. EI is also a saddle point with stable 

manifold locally in the Nl - Tl - T2 space and unstable manifold along the N2 direction. 

E2 is also a saddle point' with stable manifold locally in the N2 - TI - T2 space and 

unstable manifold locally along the Nl direction. E3 is also a saddle point with stable 

manifold locally in the Nl - Tl - T2 space and unstable manifold locally along the N2 

direction (Here T2(KlO) - i32l Q..l.fu.o. is taken to be positive). E4 is also a saddle point 
00 

with stable manifold locally in the N2 - TI - T2 space and unstable manifold locally 

along the Nl direction (Here TI(J(20) - (J12 fh!:o20 is taken to be positive). 

In the following theorem it is shown that EO is locally asymptotically stable. 

Theorem 2.3.1 Let the following mequaltttes hold 

~1° N° 
{ 1("1*) 1("10) TIO! 1 IC(N0) T20 2 IC(N*)}2 

Tl 1 2 + T2 1 1 + Kf(N2) 1 2 + Ki(Nj) 2 1 

4 TIO T20 < ------~ 
9 KI (Ni) J(2(Nj)' 

(2.12) 

(2.13) 

{2.14} 
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where 

1 0'0 rIO 

Cl = "3 O'r Kl (N2)' 

1 f30 r20 

C2 = "3 f3? K 2(Ni)' 

Then E* is locally asymptotically stable. 

Proof: 'vVe first linearize system (2.5) by taking the transformations, 

Then taking the following positive definite function in the linearized form of model 

(2.5), 
1 2 12 . 

{ 
111 '2 2 2 

\I( 71 1,112,Tl,T2) = 2 Nj + N-i + CITI + C2 T2} 

it can be checked that the derivative of V with respect to t is negative definite under 

conditions (2.12), (2.13) and (2.14), proving the theorem. 

To investigate the global stability behaviour of E· we need the following lemma which 

establishes a region of attraction for system {2.5}. The proof of this lemma is easy 

hence is omitted. 

Lemma 2.3.1 The set 

f3 y o < Y. < I \20} 
- 2 - {Jo 

is a regzon of attraction for all solutions initiating in the interior of the positive orthant. 

In the following theorem global stability behaviour of E· is studied. 

Theorem 2.3.2 In addition to assumptions {2.3} and (2·4), let rl (N2 ), r2(Nd, KI (N2) 

and K 2 (Nd satisfy the following conditions in 0 1 

(2.15) 



for some positive constants PI. P2. kh k2 • /( ml and /( m2. Let the foLLowing inequalities 

hold: 

(2.16) 

(2.17) 

(2.18) 

where 

10'0 rIO 

. CI = 3 O'r /(1 (N2) , 
1 {30 r20 

C2 = "3 {3'f j{ 2 ( N i ) . 

Then E· is globally asymptotically stable with respect to aLL solutions initiating in the 

interior of the positive orthant. 

Proof: 'liVe define the following posit.ive definite function around E·, 

Differentiating \/1 with respect to t along the solutions of syst.em (2.5)' a little algebraic 

manipulation yields 

where 

/(IT/l~2) (NI - N~)2 - I<~2J~ii) (N2 - N;)2 - c]o'o(T] - T;)2 - c2(Jo(T2 - 1,;)2 

+{1h(N2) + m(Nd - T IO N l f.I(N2 ) - r20N26(N,)}(N, - N;)(N2 - N;) 

+c,O',(N, - N;)(TI - Tn - {3'2(N, - N;)(T2 - T;) 

Ti(N2)-TI(Ni) 
N2- Ni 
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(2.20) 



T2(N1 )-T2(Ni) 
N1-Nj 

NI = Ni 

From (2.15) and the mean value t.hcorem, we note that 

Now Eq. (2.20) can be written as t.he sum of the quadratics 

-~all (Nl - N~)2 + 012(NI - N~)(N2 - N;) - ~a22(N2 - N;)2 
2 2 

-~all(iVI - Nn2 + 0'13(NI - .NjHTI - Tn - ~aJJ(TI - Tt)2 
2 2 

-~OII(iVI - N~)2 + OI'I(NI - N.O)(T2 - T;) - ~(LH(T2 - T;)2 

-~a22(N2 - N;)2 + 02J(N2 - N;)(TI - T;) - ~aJJ(TI - Tt)2 
2 2 

-~a22(N2 - N;)2 + 02,,(N2 - N;')(T2 - T;) - ~a44(T2 - T;)2, 
2 2 

where 
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Sufficient conditions for ~ to be negative definite are that the following conditions 

hold: 

2 
a 12 < a11 a 22, (2.22) 

2 
a 13 < allal3, (2.23) 

2 
a 14 < all a44, (2.24) 

~3 < a22 a 33, (2.25) 

2 
a 24 < a22 a 44' (2.26) 

By choosing 

I' 

we note that Eqs. (2.23) and (2.26) are satisfied automatically. We also note that 

(2.16) => (2.22), (2.17) => (2.24) and (2.18) => (2.25). Hence VI is a Liapunov function 

(La Salle and Lefschetz, 1961) with respect to E- whose domain contains the region of 

attraction 0 1 , proving the theorem. 

It is interesting to note here that after linearizing the conditions (2.22), (2.24) and 

(2.25), we get conditions (2.12), (2.13) and (2.14) respectively, as expected. 

The above analysis shows that in the absence of diffusion the competing species settle 

down to their respective equilibrium levels under conditions (2.16)-(2.18). The mag­

nitude of each species depends upon the equilibrium level of other species and on the 

concentration of toxicant produced by the other species, and it is lower than its initial 

density independent carrying capacity. It may be noted here that if the competing 

species of density Nl reaches to critical level Nl = N 1a , then the other competitor 

becomes extinct, and if the competing species of density N2 reaches to a critical level 

N2 = N2a , then the first competitor becomes extinct. Further, both competing species 

survive under parametric condition (2.10) or (2.11). 
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2.4 Special Case: When the plant species do not 

produce any toxicant 

In this case, model (2.5) reduces to 

diV\ _ T _ rlON? 
dt - N\T\ (i\2) I<\ (N2)' 

dN2 _ T r _ r20 Ni 
dt -1\2r2(i\.) J(2(N\)' (2.27) 

N\ (0) ~ 0, N2(0) ~ O. 

It can be checked that model (2.27) has four nonnegative equilibria, namely, Eo(O, 0), 

El (I<1O, 0), E2 (0, I<20) and B(IV\, IV2). The equilibria Eo, El and E2 obviously exist. 

In B, we note that IVI and IV2 are the positive solutions of the following algebraic 

equations: 

rlON\ = r\ (N2)I<\ (N2), 

T20N2 = r2(N.)I<2(N1). 

(2.28) 

(2.29) 

It can be checked that £ exists, provided condition (2.10) or (2.11') is satisfied, otherwise 

£ does not exist and if it exists, then it is not in the positive quadrant. 

By computing the variational matrix corresponding to each equilibrium it can be 

checked that Eo is locally unstable in the N\ - N2 plane. El is a saddle point with 

stable manifold locally in the N\-direction and unstable mallifold locally in the N2-

direction. £2 is also a saddle point with unstable manifold locally in the N 1-direction 

and stable manifold locally in the N2-direction. 

In the following theorem it is shown that E is locally asymptotically stable. The proof 

of this theorem follows from Routh-Hurwitz criteria and hence is omitted. 

Theorem 2.4.1 Let the following ineqrw.lity hoLds: 

, - TlO N\, (r\f } { , i\T) T20N2 '-)} rlOT20 
{Tl (N2) + I<?(N2) J(l 1 2 T2(1 1 + J(j(N) J(2(N1 < I<\ (N2)I<2(Ntl· (2.30) 

Th.en it is locally asymptotically stable. Also it is unstable if inequality (2.30) is re­

versed. 
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To investigate the global stability behaviour of E we need the following lemma which 

establishes a region of attraction for the system under cOllsideratioll. The proof of this 

lemma is easy and hence is omitted. 

Lemma 2.4.1 The set 

attracts all solutions initiatmg in the interior of the positive quadrant. 

In the following theorem global stability behaviour of E is studied, the proof of which 

is similar to the proof of Theorem 2.3.2 and hence is omitted. 

Theorem 2.4.2 In additioll to a.<;.mmptlOns {2.3} an.d {2.4}, let TJ (NJ, T'2(N J ), J(J (N'2) 

and J(2(N1) satisfy the following conditions in O2 

(2.31) 

fOT some positive constants Ph 1>2, kl' K"2, 1?ml and lCn2. If the following condition 

holds 
{_ _ rlO/(lOkl T20J(20k2}2 4rlOr;r.w 
PI + P2 + /(;'1 + [(;'2 < /(1 (N2)I~2(Nd' (2.32) 

then E is globally asymptotically stable with respect to all solutions initiating in the 

positwe quadrant. 

2.5 Model With Diffusion 

In this section we consider the complete model (2.1)-(2.2) and state the main results 

in the form of the following theorem. 

Theorem 2.5.1 {i} If the equilibri.um E' i.s globally asym,ptotically stable, then the 

corresponding u.niform steady state of the initial-boun.dary value problems {2.1 }-{2.2} 

is also gLobally asymptotically stable. 
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(ii) If the equilibrium E· is unstable, then the uniform steady state of the initial­

boundary value problems (2.1}-(2.2) can be made stable by increasing diffusion coeffi­

cients appropriately. 

Proof: Let us consider the following positive definite function 

where VI is given in equation (2.19). 

We have, 

! r {alfl aNI + aVI aN2 + aVI aTI + aVI aT2 }dA 
} D aNI at aN2 at aTI at aT2 at 

II + 12 , 

where 

(2.33) 

Vie Bote the following properties of \II. namely, 

aVI] aVI] 
aTI aD = aT2 aD = 0 

and for all points of D, 

'vVe now consider 12 and determine t.he sign of each term. \Ve utilize the following 

formula known as Green's first identity in the plane, 

where ~~ is the directional derivat.ive in t.he direction of the unit outward normal to 

aD and s is the arc length. 
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Then with F = ~ and G = T I , we get 

Now 

Hence 

similarly 

i.e., 

h ~ O. (2.34) 

Thus we note that if II ::; 0, i.e., if the interior equilibrium E* of model (2.5) is globally 

asymptotically stable in the absence of diffusion, then the uniform steady state of the 

initial-boundary value problems (2.1)-{2.2) also must be globally asymptotically stable. 

This proves the first part of Theorem 2.5.1. 

'liVe further note that if ~ > 0, i.e., if II > 0, then E· will be unstable in the absence 

of diffusion. But Eqs. (2.33) and (2.34) show that by increasing diffusion coefficients 

DI and D2 sufficiently large, ~ can be made negative even if II > O. This proves the 

second part of Theorem 2.5.1. 

'liVe shall explain the aboye theorem for a rectangular habitat D defined by 

(2.35) 

in the form of the following theorem. 

Theorem 2.5.2 In addition. to the assumptions {2.3} and {2·4} let TI (N2), T2(N I ), 

[(1 (N2) and [(2(Nd satisfy the tnequalit.i.es in {2.15). If the followmg mequaltttes hold: 

{ 
1'10[(101.:, 1'20 [(20k2 }2 4 rIO 7'20 

PI + P2 + 1<';1 + [('/n2 < "9 [(I (Ni) f{2(Nj) , (2.36) 
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(2.37) 

(2.38) 

where 

and 
1 1 T20 D27r

2 (a2 + b2
) 

C2 = "3!3? J(2(Ni) {!3o + a2b2 }, 

then the uniform steady state of the initial boundary value problems (2.1}-(2.2) is glob­

ally asymptotically stable with respect to all solutions initiating in the interior of the 

positive orthant. 

Proof: Let us consider the rectangular region D given by Eq. (2.35). In this case 12 

can be written as 

12 = - D 1 I r (a2 

VI ){ ( orl )2 + (aTI )2} dA _ D2 I r (a2 
VI ){ ( aT2 ) 2 + (OT2) 2} dA. 

iD or? ax ay iD aT:] ax oy 

From Eq. (2.19) we get 

and 

Hence 

II {( aTI 2 aTI 2} II aT2 2 aT2 2 . 12 = -DICl ~) + (-a) dA - D2C2 {(~) + (~) } dA. 
D uX y /J u:C uy 

Now 

Let z = !., then a 
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Now utilizing the inequality (Denn (1975), pp. 225) 

we get 

Similarly, 

Thus, 

h ~ - Dlcl7T
2
(a

2 
+ b

2
) I r (Tl _ T*)2dA _ D2c27T2(a

2 + b
2
) I r (T2 - T.*)2dA 

a2b2 ) D 1 a2b2 } D 2 

Now from (2.20) and (2.33) we get 

dV2 If { riO (N r-"r.)2 T20 (N N*)2 dt < D Kl (Ni) 1 - 1 1 - K2(Nj) 2 - 2 

[ . D\c\,,2(a
2 + b2

)](T T·)2 
-C\ 00 + a2b2 I - I 

_ [(3 D2c2,,2(a
2 + &2) )('7' _ T.*)2 

C2 0 + 2&2 J. 2 2 .a 

+{ 7]\ (N2) + 7J2(Nd - rION\E.\ (/"2) - T20 N26(Nd }(N\ - N;)(N2 - N;) 

+c\ol(Nl - N~)(TI - Tn - {3\2(N1 - N;)(T2 - Tn 

-{321(N2 - N;)(T\ -Tn +C2fJ\(N2 - N;)(T2 - Tn},dA, (2.39) 

Now Eq. (2.39) can be written as the sum of the quadratics 

If {-~bll (N\ - Nn2 + b\2(N\ - N~)(N2 - N;) - ~b22(N2 - N;)2 
D 2 2 

-~b\I(NI - N\o)2 + b13 (N I - N;)(T\ - Tn - ~b33(T\ - Tt)2 

-~bll(N\ - N~)2 + b\.,(N\ - N~)(T2 - Tn - ~bH(T2 - T;)2 

-~b22(N2 - N;)2 + b.23 (N2 - N;)(T\ - Tn - ~b33(TI - Tt)2 

-~b22(N2 - Ni)2 + ~.,(N2 - N2)(T2 - T;) -:,~b4'1(T2 - T;)2}dA, 
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where 

bll -
2 rIO 2 r20 

"3 J( I ( N 2 )' b22 = "3 I< 2 ( N i )' 

b33 -
DI7r2 (a2 + b2 ) D27r

2 (a2 + b2
) 

CI {no + 2b2 }, bH = C2{.60 + 2b2 }, 
a. a 

bl2 TIl (iV2 ) + Th(N.) - TION\6 (N2) - r2oN26(N.), 

bl3 

Sufficient conditions for ~ to be negative definite are that the following conditions 

hold: 

b~2 < b11 b22 , (2.40) 

bi3 < bll b33 , (2.41) 

bi.1 < bllbH , (2.42) 

b~3 < b22 b33 , (2.43) 

b~.1 < b22 b4.\. (2.44) 

By choosing 

and 

we note that conditions (2.41) and (2.4.1) are sat.isfied automatically. VYe also note t.hat. 

(2.36) => (2.40), (2.37) => (2.42) and (2.38) => (2.43). Hence V2 is a Liapunov functioll 

with respect to E* whose domain contains the region of attraction 0 1 , proving the 

theorem. 

It may be noted here that. if Dl = D2 = 0, then Theorem 2.5.2 reduces to Theorem 

2.3.2. \Ve further note that inequalit,ies (2.37) and (2.38) may be satisfied by increasillg 

D\ and D2 to sufficiently large values. This implies that stability is more plausible in 

the case of diffusion. 
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2.6 Numerical Examples 

In this section we present numerical examples to illustrate the results obtained ill 

sections 2.3 and 2.4 by choosing the following particular form of functions in model 

(2.5): 

TI(N2 ) = TIO - TIIN2 , 

T2(Nd = T20 - 7'2I N I, 

[(I (N2 ) = [(10 - [(IIN2 , 

[(2(N1) = [(20 - [(21 N I , 

(2.45) 

where all coefficients are positi\'e. \Ve now choose the following values of the parameters 

in equation (2.45): 

TID == 10.0, Til = 0.03, T20 = 12.0, T21 = O.Otl, 

[(10 = 30.0, [(II = 0.05, [(20 = 32.0, [(21 = 0.08. (2.46) 

Example 1 In this example we consider system (2.5). In addition to the values of 

parameters given by Eq. (2.46), we choose the following values of the parameters in 

model (2.5): 

f312 = 0.10, f321 = 0.13, Ctl = 0.80, 

,61 = 0.90, 0'0 = 0.60, (30 = 0.70. (2.47) 

vVith the above vallles of the parameters, it can be checked that condition (2.10) for 

the existence of E· is satisfied, i.e., 

[(10 = 30.00 < N 10 = '100.00 {J7I(J I{20 = 32.00 < N 2n = GOO.OO. 

Thus, the interior equilibrium E· exists and is given by 

N~ = 20.00705, N; = 19.58694, T{ = 26.67606, T; = 25.18320. (2.48) 

It can also be checked that conditions (2.12)-(2.14) in Theorem 2.3.1 are satisfied, 

which shows that E" is locally asymptot.ically st.able. 
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Further, by choosing f{ml = 15.0 and f{m2 = 20.0 in Theorem 2.3.2, it can be veri­

fied that conditions (2.16)-(2.18) are satisfied and hence E* is globally asymptotically 

stable. 

Example 2 In this example we consider the model when the plant species do not 

produce any toxicant. \Vc take thc same set of functions as givcn in Eq. (2.45) and 

the same set of values of the parameters as given in Eq. (2.46). 

It can bc chcckcd that E cxists and is givcn by 

lV I = 26.29291, j\r2 = 27.27633. (2.49) 

It can also be checked that condition (2.30) in Theorem 2.4.1 is satisfied, which shows 

that E is locally asymptotically stable. 

By choosing ]{ml = 15.0 and f{m2 = 20.0 in Theorem 2.4.2, it can be verified that 

condition (2.32) is sati~fied showillg global stability character of ft. 

Comparing Eqs. (2.48) and (2.49) wc note that the values of !VI and !V2 are considerably 

highcr than thcir prcviolls valucs N.· and N;. This shows that the cquilibrium levels 

of the plant species, whcn they producc toxicant, are lower than thc case when they 

do not producc toxicants. 

2. 7 Conclusions 

In this chapter, a mathematical modcl has becn proposed amI allnlysed to st.udy t.he 

intcraction of two plant specics competing for nutricnts. It has becn assullled that each 

plallt specics produccs toxicant, which reaches to the other throllgh diffusive proce~s 

and affects its growth. 

In the case of no diffusion, it has bccn shown that the two compctillg plallt species 

settle down to their respective equilibrium levels, the magnitude of which are lower 

than their corrcsponding initial dcnsit.y indepcndent carrying capacities. In the case 

when the two plant species do not. produce any toxicant, it has been shown that the two 
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plant species again settle down to their respective equilibrium levels, the magnitudes 

of which are higher than their corresponding values in the case when they produce 

toxicant. To illustrate the above facts a numerical example has also been presented in 

this chapter. It has also been found that the rate of decrease in the growth rates of 

plant species is faster in the case when each plant species produces a substance toxic 

to the other. 

By incorporating diffusion in the system it has been shown that diffusion is playing the 

general role of stabilizing the system. It. has been shown that if the interior equilibrium 

of the system with no diffusion is globally asymptotically stable, then the corresponding 

uniform steady state of the system with diffusion must be globally asymptotically 

stable. Further, an unstable steady state in the absence of diffusion can be made stable 

by increasing diffusion coefficients sufficiently large. In a particular ca.'ie of rectangular 

habitat it has been shown that stability is more plausible in the case of diffusion. 
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Chapter 3 

MODELLING THE SURVIVAL 

OF SPECIES DEPENDENT ON 

RESOURCE IN A POLLUTED 

, ENVIRONMENT 

3.1 Introduction 

Variolls kinds of illdll~tria! discharges lIlId chelllica! spills ill t.he fOrlll of smokes, POI­

sonous gas fumes, hazardous wast,es have polluted the air and contaminated the streaI~'ls, 

rivers, lakes and oceans with \"cuieties of chemicals and toxicants such as arsenic, cad­

mium, lead, zinc, copper, iron: mercury etc. causing damage to both terrestrial and 

aquatic environment (.Jensen ancl ,,!arshall, 1982; Nelson, 1970). 

In recent years some invest.igat.ions have been made to study the effect of toxicants on 

biological species (Chattopadhyay: 1996; De Luna and Hallam, 1987; Dubey, 1997a; 

Freedman and Shukla, 1991; Hallam and Clark, 1982; Hallam et. al., 1983; Hallam 

and De Luna, 1984; Huaping and !\,!a, 1991; Shukla and Dubey, 1996a; Shukla and 

Dubey, 1997). In particular, Freedman and Shukla (1991) studied the effect of toxicant 
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on a single-species population and predator-prey systems. They showed that if the 

emission rate of the toxicant into the environment increases, the equilibrium level of 

the population decreases, the magnitude of which depends upon t~e influx and washout 

rates of the toxicant. Huaping and 1vla (1991) also studied the effect of toxicant on 

naturally stable two species communities and found the persistence and extinction 

criteria for populations. Shukla and Dubey (1996a) studied the effects of two toxicants 

when one is more toxic than the other, on a single species population. Chattopadhyay 

(1996) studied the effect of toxic substances on a two-species competitive system and 

showed that toxic substances have some st.abilizing effect on a two-species competitive 

system. Dubey (1997a) proposed a model for control of toxicant and conservation of 

forestry resources. The surviyal (growth and existence) of resource biomass dependent 

species in a forested habitat, which is being depleted due to industrialization pressure, 

has also been studied (Shukla et al., 1996). Shukla and Dubey (1997) studied the 

depletion of a forestry resource in a habitat, which is caused by increase in population 

density and pollutant emission into the environment. The pollutant elllission rate 

is either population dependent, constant, periodic or instantaneous. But in the above 

investigations the survival of species populat.ion dependent on resource which is affected 

by pollutant has not been considered. Further, in the above studies the effect of 

diffusion has not been cOIl~idered, Recently, Dubey and Das (1999) studied the survival 

of wildlife species dependent on resource in an industrial environment with diffusion, 

They showed that the increasing industrialization may lead to decrease in the density 

of resource biomass and consequently the survival of the species may be threatened, 

but diffusive migration may preyent extinction of the species, 

Keeping the abo\'e in yiew, in this chapter, a mathematical model is proposed and 

analysed to study the sUITi\'al of a single-species population depelldent Oll resource 

which is affected by a toxicant present in the environment with diffusion. It is assumed 

that the population depends partially or wholly on the resource or just predating on 

the resource, Stability theory of ordinary differential equations (La Salle and Lefchetz, 

1961) is used for the model analysis to study the equilibrium levels of the species 

population and the resource biomass density by taking into account the constant, 

42 



in~tantaneous or periodic emission of toxicant into the environment. 

3.2 Mathematical Model 

We consider an ecosystem where we wish to model the survival of a biological species 

dependent on resource which is affected by a pollutant present in the environment in 

a closed region D with smooth boundary aD. It is assumed that the growth rate 

of the biological species increases as the density of the resource biomass increases 

while the carrying capacity increases as the resource biomass density increases and 

decreases as the concentration of the environmental pollutant increases. It is further 

assumed that the growth rate of the resource biomass decreases as the density of 

the species population and the uptake cOllcelltmtioll of the polluta.nt. illcrease but it.s 

carrying capacity decreases only with the increase in environmental concentration of 

the pollutant. following Freedman and Shukla (1991), Huaping and Ma (1991) and 

Dubey (1997a), the system is assumed to be governed by the following differential 

equations: 

aN r N 2 

- = r(B)N - 0 + D j v 2 N at [«(B,T) , 

aB _ . T 7"/Jo B2 2 at - 1 D(U, 1\)B - [{D(T) + D2V B, 

or at = Q(t) - ooT - a'BT + Ojo\U + 7fI/BU + D3 y2T, (3.1) 

~~ = /3B + OoooT - o\U + aBT - l/BU, 

o ~ 00, 01, 7f ~ 1. 

vVe impose the following initial and boundary conditions on the system: 

N(x, y, 0) = ¢(x, y) 2 0, B(x, y, 0) = w(x, y) 2 0, 

T(x, y, 0) = ~(x! Y) 2 0, U(x, y, 0) = x(x, Y) :::: 0, (x, Y)f.D (3.2) 
aN aB aT 
-8 = -a = -8 = 0, (x, y) E aD, t :::: 0, 

n. n. n 

where n is the unit outward normal to aD. 

43 



In model (3.1), \72 = ::2 + ::2 is the Laplacian diffusion operator. N(x, y, t) is the den­

sity of the biological species, B(x, y, t) the density of the resource biomass, T(x, y, t) the 

concentration of pollutant present in the environment and U(x, y, t) the concentration 

of pollutant uptaken by the population at coordinates (x, Y)f.D and time t 2: O. Q(t) 

is the rate of introduction of pollutant into the environment which may be constant, 

zero or periodic. 00 is the depletion rate coefficient of pollutant from the environment, 

perhaps from biological transformation, chemical hydrolysis, volatilization, microbial 

degradation or photosynthetic degradation, and a fraction eo of it may reenter into 

the resource biomass with the uptake of pollutant. 6) is the natural depletion rate 

coefficient of U(t) due to ingestion and depuration of pollutant, and a fraction fh of it 

may reenter into the environmcnt duc to recycling. Also the uptake concentration of 

the pollutant may decrease with the rate coefficient v due ·to resource biomass and a 

fraction 7r of which may reenter into the environment. 0: is the depletion rate coefficient 

of the pollutant present in the environment due to its uptake by the resource biomass. 

{3 is the net intake of the pollutant by the resource biomass via food chain. D1, D2 

and D3 are the diffusion rate coefficients of N, Band T respectively in D. 

In model (3.1), the function r(B) denotes the specific growth rate of the biological 

species which increases as the density of the resource biomass increases. The function 

r(B) may satisfy the following conditions: 

r(O) > 0, r'{B) > 0 forB 2: O. (3.3) 

In this case the species depends partially on the resource biomass i.e., B(x,y,t) may be 

thought of as an alternati\'e resource for the population N(x,y,t). 

r(O) = 0, r'(B) > 0 forB 2: O. (3.4) 

In this case the species depends wholly on the resource. 

'1'(0) < 0, r'(B) > a forB 2: 0, 

and there exists a. B = Bo such that r(flo) = O. (3.5) 

In this case N(x, y, t) acts as a predator 011 the resource. 
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The function ]((B, T) denotes the ma..-ximum density of the species population which 

the environment can su'pport in the presence of the resource biomass and the environ­

mental pollutant. It increases as the density of the resource biomass increases, and 

decreases as the environmental concentration of pollutant increases, i.e., 

a/( a/( " 
]((0,0) = /(0) 0, aB > 0, aT < 0, for B ~ 0, T ~ O. (3.6) 

The function r B (U, N) denotes the specific growth rate of the resource biomass which 

decreases as the uptake concentration of the pollutant and the density of the population 

increase, i.e., 

arB(U, N) arB(U, N) 
rB(O,O) = r!]O > 0, au < 0, aN < 0, for U ~ 0, N 2: O. (3.7) 

The function /( B (T) denotes the ma..-ximum density of the resource biomass which 

the environment can support in the presence of the pollutant and it decreases as the 

environmental concentration of the pollutant increases, i.e., 

/(B(O) = /(no > 0, /(~(T) < 0 for T 2: 0, 

and there exists a T = Ta such that /(B(Ta) = O. (3.8) 

We analyse model (3.1) for three different values of Q(t), namely, Q(t) = Qo > 

0, Q(t) = 0, and Q(t) is periodic in three different cases (3.3), (3.4) and (3.5). 

3.3 Model Without Diffusion 

In this section we take Dl = D2 = D3 = 0 in model (3.1). Then the model reduces to 

dN roN2 
- = r(B)N - ---
dt K(B,T)' 

dB = r (U N)B _ rno B2 

dt n I ](n(T) ' 

dT 
ill = Q(t) - 60T - frBT + (}16 j U + 1fIlBU, (3.9) 

dU 
dt = ,6B + Oo6oT - 6j U + frBT - IIBU, 

N(O) 2: 0, B(O) 2: 0, T(O) 2: 0, U (0) 2: O. 
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Case I: When the species partially depends on the resource 

In this case the function T(B) satisfies (3.3). \Ve first analyse this case when the 

rate of introduction of pollutant into the environment is constant i.e., Q(t) = Qo 

is a positive constant. It is noted here that model (3.9) has four nonnegative equi­

libria, namely, Ell (0,0, cSo(lg0ood' cSd?~~~Od)' E I2 (Nc, 0, Tc, Uc)", E 13 (0, B, T, 0), and 

EI4(N*,B*,T*,U*). It may be noted that in equilibrium E 12 , Nc, Tc and Uc are 

given by 
Qo BoQo 

Nc = J((O, Tc), Tc = 00(1 _ OoOd' and Uc = 01 (1 - OoOd 

Here we shall show the existence of E14 only, and the existence of E 13 can be concluded 

form the existence of E 14 • 

To establish the existence of E 14 , we note that N*, B·, T* and U* are the positive 

solutions of the system of following algebraic equations: 

where 

Taking 

N = hl(B), 

T BoB = r B(g(B), hi (B))J( B (h(B)), 

T = h(B), 

U = g(B), 

hl(B) = T(B)J((B, h(B)) 
TO 

h(B) = Qo + (6l I (>t + 1fvB)g(B) 
00 + o:B ' 

(B) = f3B(oo + o:B) + Qo(Oooo + o:B) 
9 J(B) , 

(3:10) 

(3.11) 

(3.12) 

(3.13) 

I(B) = 0001(1- OoOd + 010:(1 - OdB + vOo(1- Oo7r)B + vo:(1 - 7r)B2. 

(3.14) 

we note that F(O) < 0, F(K BO ) > O. This shows that there exists a B* in the interval 

o < B* < f{ 80 such that F( B*) = O. For BO to be unique, we must have 

arB dg ar B dh l aJ( B dh 
TBO - f{B(h(B))( au dB + aN dB) - TB(g(B), h1(B)) aT dB > o. (3.15) 
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Thus knowing the value of B", the values of N°, To and Uo can be computed from 

(3.10), (3.12) and (3.13) respectively. 

It may be noter! here that if ~ :> 0, ~~ > 0 and ~ > 0, then inequality (3.15) is 

automatically satisfied. 

By computing the variational matrices (Freedman, 1987b) corresponding to each equi­

librium it can be seen that Ell is a saddle point whose unstable manifold is locally in 

the N - B plane and whose stable manifold is locally in the T - U plane. E12 is also 

a saddle point with stable manifold locally in the N - T - U space and with unstable 

manifold locally in the B-direction. E 13 is unstable in the N-direction. 

In the following theorem the local stability behavior of E14 is studied. First we write 

the following notations: 

'(B") + roN' DK(13" ,r) 
T K2(8" ,r) DB 

CI = - crB(U' .N') > 0, 
aN 

2 ~ r No 2 [)f((n° T°) 
C2 = 0 { '}2 > 0 

<50 + o:B" ](3(Bo, To) 8T ' 
C crB(U' ,N') 

C3 = - 1 au > o. 
(J + o:To + vUO 

Theorem 3.3,1 Let the following inequalities hold 

TsoBO 8](B(TO) ° ° 2 4 TBO ° 
{Cl f(1(To) &T + c2(aT + 'ifvU)} < gC1C2 f(B(To) (00 + o:B ), (3.16) 

{c2(81<5 1 + 7rvBO) + c3(80 <50 + o:Bo)}2 < ~C2C3(00 + o:BO)(OI + vBO). _ 3 (3.17) 

Then EI4 is locally asymptotically stable. 

Proof: Linearizing system (3.9) by substituting 

N = N" + n, B = BO + b, T = TO + T, U = UO + u, 

and using the following positi'·e definit.e function 

(3.18) 
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it can be checked that the deriyative of V with respect to t along the solutions of (3.9) 

is negative definite under conditions (3.16)-{3.17), proving the theorem. 

The following lemma establishes a region of attraction for all solutions initiating in the 

interior of the positive orthant. The proof of this lemma is similar to Hsu (1978a), 

Shukla and Dubey (1997) and hence is omitted. 

Lemma 3.3.1 The set 

is a region of attraction for all solutions initiating in the interior of the positive orthant, 

where 

Nc = r(I(BO)I((I<BO, 0), 
ro 

Q 
_ Qo +- (JI(IJO 

c - J ' 

J = 11Iin{6o{I - 00 ),61(1 - Ol)}. 

In the following theorem global stability behaviour of EI4 is studied. 

Theorem 3.3.2 In addition to the assumptions (3.3), (3.6)-(3.8) let r(B), I((B, T), 

rB(U, N) and I( o(T) satlsfy the following conditions in r11 

O<r'(B)<p o<_aro(U,N) < O<_arB(U,N)< 
- - 1, - au - 0, - aN _ P3, 

I(ml:::; I((B,T):::; 1((I<oo,O), I(m2:::; l(o(T):::; Koo, (3.19) 
aK{B, T) aI{{B, T) 

o :::; BB :::; /\'1, 0 :::; - aT :::; /\'2, 0:::; -K~(T) :::; /\'3, 

for some posiltve constants PI, P2, P3, /(ml, /(m2, /\'1, /\'2 anci 1\.3. Then if the following 

inequalitzes hold: 

(3.20) 

(3.21) 

(3.22) 
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2 2 rBO * 
{P2 + (3 + (a + v)Qc} <"3 1(B(T*) (61 + vB ), (3.23) 

{0060 + 0161 + (a + iiV)B*}2 < ~(60 + O'B*)(61 + vB*), (3.24) 
3 . 

E14 is globally asymptotically stable with respect to all solutions initiating in the interior 

of the positive orthant. 

Proof: Consider the following positive definite function around E14! 

VI = N-N*-N*ln(1~.)+B-B*-B*ln(:.)+~{(T-T*)2+(U-U*)2}. (3.25) 
" 

Differentiating VI with respect to t along the solutions of system- (3.9), a little algebraic 

manipulation yidds 

where 

TO (N _ N*)2 _ rao (B _ B*)2 
1((Bo, To) 1(B(T") 

-(60 + aB*)(T - T*f - (61 + vB*)(U - U")2 

+[7]I(B) + 1J3(U O

, N) - roN6 (B, T)](N - N*)(B - B*) 

+[-1'oN6(BO, T)J(N - N°)(T - TO) 

+[-TBOB6(T) - aT + 7tvU](B - B")(T - T") 

+[(3 + TJ2(U, N) + aT - vU](l3 - BO)(U - UO) 

+[0060 + 0161 + (0' + 7tv)B"](T - T*)(U - U*), 

r(B)-r(B") B -J. B" 
B-B·' r 

r'(B·), B = BO 

ro(U.N)-ro(U· .N) U -J. U" 
u-u· r 

Gro(U· ,N) 
au 
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U = U· 

(3.26) 



rn(U" ,N)-rnJU" ,N") N -I- N' 
N-N" , r 

&rn(U" ,W} 

IJN • 
N= N' 

6(B,T) 

- Kl(~" ,T) ~~ (B', T). B = B' 

6(B', T) 

I {)K (BO TO) 
- K'l(B" ,T") IJT • I 

T = T' 

T= T' 

From (3.19) and the mean value theorem, we note that 

, '~l 
1771(B) I::; PI. 17J2(U,N) I::; P2, 1773(U IN) I::; P31 16(B,T) Is K~l' 

• ~2 ~3 
16(B I T) IS 1(2 and 16(T) IS 1(2 . 

ml m2 

Now ~ can further be written as the sum of the quadratics 

dl~ 1 1 
--all (N - N*)2 + a12(N - N")(B - B") - -a22(B - B-)2 

dt 2 2 

-~all(N - JV*)2 + a13(JV - N°)(T - T') - ~a33(T - T')2 
2 2 

-~a22(B - B*)2 + Qn(B - BO)(T - TO) - ~a33(T - T*)2 
2 2 

-~a22(B - B*)2 + Q2-1(B - B*)(U - V') - ~a44(V - V')2 
2 2 

-~a33(T - T*)2 + a3-1(T - TO)(V - V') - ~al1(V - V' 1 
2 2 
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where 

TO 2 T BO 2 * 
all = J((B*, T*)' a22 = 3 J( B(T*)' a33 = 3(00 + aB ), 

a44 = 01 + vB·, a12 = 1]1 (B) + 1]3(U·, N) - ToN6 (B, T), a13 = -ToN6(B·, T), 

a23 = -T BoB~3(T) - aT + 1ivU, a24 = f3 + 1]2(U, N) + aT - vU, 

a34 = 0060 + 0101 + (a + 1iv)B·. 

Sufficient conditions for ~ to be negative definite are that the following conditioiJs 

hold: 

2 a12 < alla22, (3.27) 

2 al3 < all a33, (3.28) 

2 a23 < a22a33, (3.29) 

2 a24 < a22 a44, (3.30) 

2 a34 < a33 a44· (3.31) 

It is noted here that (3.20) => (3.27), (3.21) => (3.28), (3.22) => (3.29), (3.23) => (3.30), 

and (3.24) => (3.31). Hence \11 is a Liapunov function with respect to E14 whose domain 

contains the region of attraction n1, proving the theorem. 

The above analysis shows that when the pollutant is emitted into the environment 

with a constant rate, the biological species and the resource biomass settle down to 

their respective equilibrium levels. The magnitude of the species depends upon the 

equilibrium level of the resource biomass and the concentration of environmental pol­

lutant, which decreases as the equilibrium level of the resource biomass decreases and 

the concentration of environmental pollutant increases. The magnitude of the resource 

biomass depends upon the equilibrium level of the species, the' environmental and the 

uptake concentrations of the pollutant which decreases as these factors increase, and 

even may tend to zero if the environmental concentration of pollutant becomes very 

high. It may be noted here that the survival of the species will be threatened if the en­

vironmental concentration of the pollutant is very high and the density of the resource 

biomass is very small. 
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Remark 1 'When Q(t) = 0, i.e., in the case of instantaneous emission of pollutant into 

the environment, the corresponding r~ults can be obtained from case I by substituting 

Qo = O. In particular it is noted t.hat the resource biomass and the population settle 

down to their respective equilibrium le\'els under certain conditions whose magnitudes 

are greater than their respective magnitudes in case 1. 

3.4 Periodic introduction of pollutant into the en-

vironment, i.e., Q(t) = Qo + c¢(t), ¢(t + w) = ¢(t). 

In this case, model (3.9) can be writ.ten in the vector matrix form as 

where 

Xl 

X2 
X= 

X3 

X·I 

A(x) = 

dx 
dt = A(x) + EC(t), x(O) = Xo 

N N(O) 0 

B B(O) 0 
- I Xo = , C(t) = 

T T(O) ¢(t) 

U U(O) 

( 
roxl 

r X2)Xl - 1\( I) 
X2,X3 

( ) 
r nox~ 

r13 XII Xl X2 - Kn(Z3) 

Qo - 60 X 3 - QX2X3 + 0) <5) X4 + 7T VX2X4 

[3X2 - Oo<50X3 - <5 I X4 - QX2X3 - VX2X4 

0 

Let Ai" be the variational matrix corresponding to the positive equihbrium 

(3.32) 

El,,(N·, n·, T·, U·). Then under an analysis similar to Freedman and Shukla (1991), 

we can state the following two theorems. 

Theorem 3.4.1 If 1\1· has 110 eigenvalues wtth zero real parts, then system {3.9} wzth 

Q(t) = Qo + E¢(t), ¢(t + w) = <f>(t) has a penodtc solutwn of penod w, 

(B(t,E), T(t,E), U(t,c), \V(t,c)) stich that (B(t,O), T(t,O), U(t,O), lV(t,O)) 

= (N", E", TO, U·). 
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Theorem 3.4.2 If Pd' has no eigenvalues with zero real parts, then for sufficiently 

small c, the stability behaviour of system (3.9) is same as that of E'. 

Moreover, a periodic solution up to order c can be computed as 

where I is the identity matrix. 

The above results imply that a small periodic influx of pollutant causes a periodic 

behaviour in the system. 

Case II: When the species wholly depends on the resource. 

In this case, the function r(B) satisfies condition (3.4). In the case of constant emission 

of pollutant into the environment it can be seen that model (3.9) has three nonnegative 
.. . 9 go - - - •.•• 

equillbrla, namciy, E21 (0,0, clo(IJoO.) cll(1:0~0.))' E 22 (O, n, T, U) alld E 23 (N, 13, T, U). 

The equilibrium £23 exists under the same condition (3.15) as discussed in case I 

by replacing E I ,\ by E23 . The model can be analysed in the similar way as in case I 

and the corresponding theorems can be deduced. In particular, it may be noted here 

that if the environmental concentrat.ion of the pollutant approaches to a critical level 

T = Ta , then the density of the resource biomass may tend to zero and thus the species 

will be driven to extinction. 

Case III: When the species is predating on the resource. 

In this case, the function r(B) satisfies condition (3.5). Here model (3.9) has again 

three nonnegative equilibria, namely, E31 (0, 0, Oo(lg~oOI) 01 (?:~~Ol))' E32 (0, B, T, U) and 

E:J3 (N, 13, T, U). The eqllilibrium £33 exist.s ullder the same cOllditioll (3.15) a.s dis­

cussed in case I by replacing EI.J by £33' The analysis can be carried out in the similar 

fashion as ill ca~e I. In particular, it. is noted here that. the survival of the species in 

this case is highly threatened. 

remark 2 If Nil' Ni2 and NiJ be the equilibrium levels of the population in ca.se I, case 

II and case III respecti\'ely, then from (3.10) it follows that Nil> N;2 > N;3' Further 
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in case III, it is also noted that the species population will survive only if B > Bn , where 

Ba is defined in (3.5). Now if Bil' Bi2 and Bi3 be the equilibrium levels of the resource 

biomass in case I, case II and case III respectively, then from (3.11) it follows that 

under same environmental and uptake concentration of the toxicant, B~1 < B~2 < B~3· 

Thus if the density of the population increases, the density of the resource biomass 

decreases. 

3.5 Model With Diffusion 

In this section we consider the compeletc modcl (3.1)-(3.2) and state the main results 

in the form of the following theorem. 

Theorem 3.5.1 (i) If the equilibrium EI4 is globally asymptotically, then the corre­

sponding uniform steady state of the initial-boundary value problems {3.1}-{3.2} is also 

globally asymptotically stable. 

{ii} If the equilibrium E1<\ is unstable, then the uniform steady state of the initial­

boundary value problems (3.1}-(3.2) can be made stable by increasing diffusion coeffi­

cients appropriately. 

Proof: Let us consider the following positive definite function 

V2(N(t), B(t), T(t), U(t)) = f fD VdN, B, T, U)dA, 

where VI is given in equation (3.18). 

We have, 

_ f r {aFI aN + aFl aB + aFl aT + aFl au }dA 
} D aN at DB at aT at. DU at 

- II + 12 , (3.34) 

where 

/1 elFI 
II = -ciA 

D elt 
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Vie note the following properties of \1\, namely, 

and for all points of D, 

82 V\ [J2 V\ 82 \1\ 82 V\ Ej2 V\ 'Ej2 \1\ 
8N8B = 8NoT = oN8U = 8B8T = 8B8U = 8T8U = 0, 

82 V\ 82 V\ 82 V\ [)2 \1\ 
8N2 > 0, 8B2 > 0, [)T2 > 0 and DU2 > O. 

We now consider 12 and determine the sign of each term. 

Under an analysis similar to Chapter 2, it can be seen that 

i.e., 12 ~ O. 

Thus we note that if 1\ ~ 0, i.e., if the positive equilibrium E\4 of model (3.9) is 

globally asymptotically stablc, then the uniform steady state of the initial-boundary 

value problems (3.1 )-(3.2) also must be globally asymptotically stable. This proves the 

first part of Theorem 3.5.1. 

\Ve further note that if ~ > 0, i.e., if I, > 0, then E\4 will be unstable in the absence 

of diffusion. But Eqs. (3.34) and (3.35) show that by increasing difrusion coefficients 

D\, D2 and D3 sufficiently large, ~ can be made negative even if 1\ > O. This proves 

the second part of Theorem 3.5.1. 

'vVe shall explain the abovc theorem for a rectangular habitat D defined by 

D= {{x,y): O~xS;a, OS;yS;b} (3.36) 
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in the form of the following theorem. 

Theorem 3.5.2 In addition to assumptions {3.3}, {3.6}-{3.8} let r(B), K(B, T), rs(U, N) 

and ]{s(T) satisfy the inequalities in {3.19}. If the following inequalities hold: 

(3.37) 

(3.38) 

(3.39) 

(3.40) 

(3.41 ) 

then the uniform steady state of the in.itial boundary va.lue problems {3.1}-{3.2} i.s glob­

ally asymptotically stable with respect to all solu.tions initiating in the interior of the 

positive oT"lhant. 

Proof: Let us consider the rectangular region D given by Eq. (3.36). In this case 1
2 , 

which is defined in Eq. (3.34), can be written as 
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From Eq. (3.25) we get 

fJ2F1 N" 
aN2 = N2' 

a2 \11 B' 
aB2 = B2' 

alld 

Now 

Letting z = ~, it can be seen under an analysis similar to chapter 2 that 

Thus, 
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Now from (3.26) and (3.34) we get 

J r [-{ TO + DIN'if2(a
2 + b2

)}(JV _ JVo)2 
JD I«B*,T*) a2 b2 JV; 

_{ rOO D2B'if2(a~ + b2
) }(B _ B')2 

Ko(T') + a2b2Kbo 

-{IS + B' + D3if2(a
2 

+ b
2
) }(T _ T')2 

o a 02b2 

-(01 + vB')(U - U')2 

+{ 1]1 (B) + 173(U', N) - TOJV(I (B, T)}(JV - JV·)(B - BO) 

+{ -roN6(B', T)}(N - JVO)(T - TO) 

+{ -T oo B(3(T) - aT + TivU}(B - BO)(T - TO) 

+{ d18j3 + rh(U, N) + aT - vV}(B - BO)(V - VO) 
QI 

+{8000 + 0,0, + aBo + iTvBO}(T - TO)(V - V'))dA, (3.43) 

where 1]1(B), 1]2(U,N), 1]3(UO,N), (I(B ,T) 6(BO,T) and (3(T) are defined in Eq. 

(3.2G). 

Now Eq. (3.43) can be written as the sum of the quadratics 

J r {-~bll(N - No)2 + b12 (N - JV')(B - BO) ~ ~b22(B - B·)2 
Jo 2 2 

-~bl1(N - No)2 + b13 (N - JVO)(T - TO) - ~b33(T - T')2 
2 2 

-~b22(B - Bo)2 + ~3(B - BO)(T - TO) - ~b33(T - T·)2 
2 2 

-~b22(B - B')2 + b21 (B - n')(V - V') - ~b14(V - V')2 
2 2 

-~b33(T - To)2 + b13 (T - TO)(U - UO) - ~b'14(U - UO)2}dA, 

where 

"0 D I N'Ti 2 (a 2 + 62
) 

b = + -----:-,:--~ 
11 K(B',Y') a2b2N;' 

TOO D2BoTi2(a2 + b2) 
622 = /(o(T') + a2 b2 /{;30 ' 

b - IS B' ...L D3Ti
2
(a

2 + b2
) 

33 - 0 + Q , a262 ' 

b44 = 81 + vBO) b12 = JlI(B) + 7J3(V',N) - 7'oN(\(B,T), 
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b13 = -To N6(B·, T), ~3 = -TBo B6(T) - aT + 1rvU, 

b24 = (J + T}2(U, N) + aT - vU, 

Sufficient conditions for ~ to be negative definite are that the following conditions 

hold: 

bi2 < bllbn , (3.44) 

bi3 < bll b33 , (3.45) 

b~3 < ~2b33, (3.46) 

b~4 < ~2b44' (3.47) 

b~1 < b33 b'14 . (3.48) 

We note that (3.37) => (3.44), (3.38) => (3.45), (3.39) => (3.46), (3.40) => (3.47) and 

(3.41) => (3.47). Hence \'2 is a Liapunov function with respect to E14 whose domain 

contains the region of attraction 0" proving the theorem. 

From the above theorem we note that inequalities (3.37)-(3.41) may be satisfied by 

increasing D1 , D2 and D3 to sufficient.ly large values. This implies that in the case of 

diffusion stability is more plausible than the case of no diffusion. Thus in the case 

of diffusion the resource biomass converges towards its carrying capacity faster than 

the case of no diffusion, and hence the survival of resource dependent species may be 

ensured. 

3.6 Conservation Model 

It has been noted that uncontrolled environmental pollution may lead to the extinction 

of resource biomass. Therefore, some kind of effort must be adopted to conserve the 

resource (Munn and Fedorov, 1986; Huttl and ''''isniewski, 1987; Lamberson, 1986; 

Shukla et al., 1989; Reed and Heras, 1992; Shukla and Dubey, 1997; Dubey, 1997a). In 

this section a mathematical model is proposed to conserve the resource biomass by some 
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efforts and by controlling e[wironment.al pollution by some mechanism. It is assumed 

that the effort applied to COllsen'e the resource is proportional to the depleted level of 

the resource from its carrying capacity, and effort applied to control the environmental 

pollution is proportional to its ulldesired le\"e\. Following Shukla et al. (1989), Dubey 

(1997a) and Shukla and Dubey (1997), differential equations governing the system may 

be written as 

aN r 1\f2 
at == r(B)N - I<ts,T) + DI\1

2
N, 

aB . rooB2 2 
at == TO(U, lY)B - I<B(T) + rlFI + Dz\J B, 

~~ == Q(t} - c50T - 0131' + Oldl V + 7WIJU - T2F2 + D:J \J2T, 

a;: == /3B + 0080T - DIU + oBT - vBU, 

aFI B 
- == PI(1- - .. -) - vIFI , at l\ 00 

aF2 
at = pz(T - Tc)Ji(T - Tc) - //2 F2, 

o ~ 00 , 0" It :::; 1. 

The following initial and boundary condit.ions are imposed on the system: 

lV(x, "V, 0) = ¢(x, y) ~ 0, B(:r:, y, 0) == tb(x, y) ~ 0, 

T(x, V, 0) == ~(x, y) 2 0, U{x, y, 0) = x(x, v) 2 0, 

FI (x, "V, 0) = XI (Xt y) 2 0, F2 (.1:, V, 0) = X2(X, V) ~ 0, (x, y)tD 
aN aB aT -a :::: -a == -a = 0, (x,y) (: aD,t 2 0, 

Tl n n 

where n is the unit outward normal t.o aD. 

(3.49) 

(3.50) 

In model (3.49), FI (x, "V, t) is t.he densit.y of effort applied t.o conserve the resource 

biomass and F2 (x,"V, t) the densit.y of effort. applied t.o control t.he undesired level of 

environmental pollutants. rl is t.he growt.h rat.e coefficient of the resource biomass due 

to effort F\ and r2 is the depletion rat.e coefficient. of T(x, y, t.) due to effort F2 • J-LI and 

J-L2 are the growth rate coefficients of FI and F2 respect.ively and VI and V2 are their 

respective depreciation rate coefficients. Tc is t.he crit.ical level of the environmental 

pollutant which is assumed to be harmless to t.he resource biomass. H (t) denotes the 
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unit step function which takes int.o account the case when T ~ Te· Vve shall analyse thc 

conservation model (3,49) only for the case when the rate of introduction of pollutant 

into the environment is constant. 

3.7 Conservation ivlodel Without DHfusion 

In this case we take Dl = D2 = D3 = 0 in the model (3.49). Then the model (3.49) 

has only interior equilibrium E{!\i,B,T,U,F\,F2), where N B, T, 0, F\ and F2 are 

the positive solutions of the following algebraic equations: 

ToN T(B)1((B, It (B)) = h(B), (say) 

TaoB { 
'-JF. -' 

1'a(/3(B)'h(8)) + B}Aa(J!(B)) 

T -
QOI/2(01 + vB) + /3J12B(BI61 + 7mB) + T2/J,2(61 + //B)Tc 

u 

It may be noted here that. for PI to be posit.ive we must have 

1(80 > B. 

It is easy to check that. E exists if and only if t.he following inequality holds at E, 

Tao -

(3.51) 

In the following theorem it. is shown t.hat. t is locally asymptot.ically stablc, the proof 

of which is similar to Theorem 3.3.1 and hence is omitted. 
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Theorem 3.7.1 Let the following inequalities hold: 

where 

TBOB - - - 2 
{Cj J(1(T) J(~(T) + c2(rrvU + aT)} < CI C2 {TBO_ Tlf'l} x 

4 J(B(T) + B2 
(80 + aB), ' 
1 '- -
-C2C3(6"0 + aB)(6"j + vB), 
2 

'(B-) + ro]\1 lJK 
T Kl(1J,'J') lJIJ 

Cj = - 0 > 0, 
~ aN 

3 Toj\T2 aJ( 2 

C2 = 6
0 

+ oB ](3(B, T) (aT) > 0, 

c~ 
1 au 

C3 = - f3 T U > O . . +0' +v 

Then equilibrium E is locally asymptotically sta.ble. 

(3.52) 

(3.53) 

In the following lemma, a region of attraction for system (3.49) without diffusion is 

established. The proof of this lemma is similar to Lemma 3.3.1 and hence is omitted. 

Lemma 3.7.1 The set 

o ~ N ~ /\Te, 0 ~ B ~ Re, 0 ~ T + U ~ Qe, 

o ~ F j ~ ~, 0 ~ F2 ~ ~L2 Q e} 
v) [12 

is a region of attraction for all solutions initia.ting in the interior of the positive orthant, 

where 

~f _ rU<e)J((J{e,O) 
J\e - , 

TO 

{( e = J( 130 {I + 1 + 'h~~ I J 1 } , 

2 v) J\ BOra 

() = Qo + (3I<e 
':e b' 

c5 = min{ c5o{l - eo), 8) (1 - e))}. 

The following theorem gi\'es criteria for E to be globally asymptotically stable, whose 

proof is similar to Theorem 3.3.2 and hence is omitted. 
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Theorem 3.7.2 In addition to the assumptions (3.3), (3.6)-{3.8) let r(13), J((D,T), 

r B (U, N) and J< B (T) satisfy the following conditions in O2 

, _ arB(U, N) _ arJJ(U, N) < -
O~r(B)~PllO~- au ~P2'0~- aN _P3, 

J<ml ~ J«B, T) ~ J«Rc, 0), J<m2 ~ J<B(T) ~ KB?? (3.54) 

8K(B, T) _ 0 < _ 8[((B, T) < - a < -[(' (T) < K-a ~ 8B ~ 1\.1, - 8T - 1\.2, -, B_3, 

for some positive constants PI, 1>2, P31 j( ml, j( m2, K-I, K-2 and K-3· Then if the following 

inequalities hold: 

(3.55) 

(3.56) 

(3.57) 

(3.58) 

(3.59) 

then E is globally asymptotically stable with respect to a.ll solutions imtiating in the 

interior of the positive orthant. 

Theorems 3.7.1 and 3.7.2 show that ifsuitable efforts are llIade t.o conserve the resource 

biomass and'>to control undesired level of environmental pollution, an appropriate level 

of the resource biomass density can be maint.ained and consequently the survival of the 

species may be ensured. 

3.8 Conservation Model With Diffusion 

'vVe now consider the case when D; > 0(; = 1,2,3) in model (3.49). \Ve shall show that 

the uniform steady state N(x, y, t) = N·, B(x, y, t) = B·, T(x, y, t) = T·, U(x, y, t) = 

U·, Fl (x, y, t) = Fj and F2 (x, y, t) = Fi is globally asympt.otically stable. For litis, we 

consider the following positi\·e definite function 
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where 

;\{ "'.-. i\-' I N B B* B* I B l\-H _JI n-+ - - o-
N" B* 

+~(T - T"f + ~(U - U*)2 + Cl (Fl - F*)2 + C2 (F2 - F;? 
2 2 2 1 2 

and 
rl J< BO r2 

Cl = - C2 = -
PIB ' /12 

Then as earlier, it can be checked t.hat if ~ < 0, then ~ < O. This implies that if 

E* is globally asymptotically st.able for syst.em (3.49) without diffusion, then the cor-
\ 

responding uniform steady state of syst.em (3.49)-(3.50) is also globally asymptotically 

stable with respect to solutions such t.hat ¢(x, y) > 0, V;(x, y) > 0, ~(x, y) > 0, ((x, y) > 

0, (l(X, y) > 0, (2(X, y) > 0, (x,y) f D. 

3.9 Numerical Examples 

In this section we present a numerical example to explain the applicability of the 

results discussed in section (3.3) and (3.7). \Ve take the following particular form of 

the functions in model (3.9): 

1"(B) = r(O) + TIB, 

J«B, T) = f{o + f{jB - f{2T, 

(3.60) 

l(il(T) = KilO - ]{mT. 

We take the following "allies of the various parameters in model (3.9) and in equation 

(3.60): 

TO = 2.0, 'rBO = 1.51 , f{o = 60.0, Qo = 2.0, 60 = 0.21, 

a = 0.01, 01 = 0.03, <5 1 = 3.50, 7i = 0.03,1/ = 0.039, 

,6 = 0.01, 00 = 0.3, 1", = 0.09, ](1 = 0.02, 1(2 = 0.03, (3.61) 

rBI = 0.04, Tm = 0.01, 1<..']30 = 3.0, f{131 = 0.05, 
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Example 1 In this example we consider the case I, i.e., when the species depends 

partially on the resource. In this case we take r(O) = 2.0. Then with the above set of 

parameters given in (3.61) it can be verified that the interior equilibrium 

Eil (Nil , Bil,Ttl' Uil) exists, and is given by 

N~l = 63.68792, B;l = 1.46093, T;l = 8.99959, U;l = 0.20047. (3.62) 

It can be checked that conditions (3.16) and (3.17) in Theorem 3.3.1 are satisfied. This 

shows that E~l is locally asymptotically stable. 

By choosing J(ml = 50.0 and J(m2 = 2.0 in Theorem 3.3.2 it can be checked that 

conditions (3.20)-(3.24) are satisfied showing the global stability character of Eit. 

Example 2 In this example, we consider the case II, i.e., when the species wholly 

depends upon the resource and we take r(O) = O. Then with the set of values of 

parameters in (3.61), it can be seen that the interior equilibrium E~2(Nt2' B~2' Ti2,"Ut2) 

exists, and is given by 

N~2 = 6.57022, B;2 = 2.44197, T;2 = 8.63140, U;2 = 0.21667. (3.63) 

It can also be verified that Ei2 is globally asymptotically stable. 

Example 3 In this example, we consider the case III, i.e., when the species is predating 

on the resource and we take r(0)=-0.15. Then with the same set of values of parameters 

in (3.61), it can be checked that t.he interior equilibrium Ei3(Ni3' Bi3' Tt3' Ui3) exists, 

and is given by 

Ni3 = 2.28523, B;3 = 2.51599, T;3 = 8.60484, U;3 = 0.21783. (3.64) 
" 

It can also be seen that Ei3 is globally asymptotically stable. ' 

Comparing (3.62), (3.63) and (3.64)' we note that Ntl > Nt2 > Nt3 and Bil < Bi2 < 

Bi3' which supports our result in Remark 2. 

Example 4 In this example, we consider the consen'ation model without diffusion. 

Here we have considered only one case, namely, when the species depends partially on 
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the resource. In addition to the values of parameters given in (3.61), we choose the 

following values of parameters in model (3.49) with no diffusion: 

TI = .10, T2 = 0.03, J-LI = 3.14, 111 = 0.06, 

J-L2 = 3.30, 112 = 0.06, Tc = 1.5. (3.65) 

Then it can be checked that condition (3.51) for the existence of the interior equilibrium 

E is satisfied, and E is given by 

N = 66.49411, B = 2.41469, t = 2.37838, [; = 0.05767, 

F\ = 10.21035, F2 = 48.31092. (3.66) 

It can easily be verified that conditions (3.52)-{3.53) in Theorem 3.7.1 are satisfied 

which shows that E is locally asymptotically stable. 

Further, by choosing i?ml = 50.0 and i?m2 = 2.0 in Theorem 3.7.2, it can be checked 

that conditions (3.55)-{3.59) are satisfied. This shows that E is globally asymptotically 

stable. 

By comparing equilibrium levels Eil and E in Eqs. (3.62) and (3.66) respectively, we 

note that due to efforts F\ and F2 , the equilibrium level of the resource biomass has 

increased whereas equilibrium levels of the concentration of pollutant in the environ­

ment and in the resource biomass have decreased. As a consequence of increase in the 

resource biomass, the equilibrium level of the species has also increased, ensuring the 

survival of the species. 

3.10 Conclusions 

In this chapter, a mathematical model for the survival of a single species population 

dependent on resource biomass which is affected by a pollutant present in the envi­

ronment has been proposed and analysed. It has been assumed that the population 

depends partially or wholly on the resource or just predating on the resource. It has 

also been assumed that the gro,,·th rate of the population increases as the density of the 
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resource biomass increases while its carrying capacity increases with the increa.se in the 

density of the resource biomass, and decreases with the increase in the environmental 

concentration of the pollutant. It has been further ac:;sulllcd that the growth rate of the 

resource biomass decreases as the uptake concentration of the pollutant and density 

of the population increase while its carrying capacity decreases ac:; the environmental 

concentration of the pollutant increases. 

In the case of no diffusion the model has been completely analysed using stability the­

ory of ordinary differential equations. \Vhen the population depends partially on the 

resource, it has been shown that in the case of constant introduction of pollutant into 

the environment, both the population and the resource biomass settle down to their 

respective steady states. The magnitude of the equilibrium level of the population 

decreases as the equilibrium leyel of the resource biomass density decreases and the 

environmental concentration of the pollutant increases. The m(lgnituclc of the eqllilib­

rium level of the resource biomass decreases as the equilibrium levels of the populatioll, 

the pollutant present in the em'ironment and in the body increase. It has also been 

noted that the resource biomass may tend to zero for large influx of the pollutallt 

into the environment affecting the sun'ival of the species. In the case of instantaneous 

introduction of pollutant into the em'ironment similar results have been found. In 

particular, it has been noted that t.he population and the resource biomass after initial 

decrease in their densities settle down to their respective steady states but after a long 

time if the washout rate of the pollutant is small. In this case magnitudes of densities 

of the population and the resource biomass are larger th(ln their respective densit.ics ill 

the case of constant introduction of pollut.ant.. In the c(lse of the periodic emission of 

the pollutant into the em'ironment it has been found that a periodic behaVIOr occurs 

in the system for a small amplitude of the influx of the pollutant. 

The equilibrium le\'els of the population and the resource biomass has been compared in 

three different cases: (i) when the population partially depends upon the resource, (ii) 

when the population wholly depends upon the resourcc, and (iii) when thc population 

is predating 011 the resource. It has been noted that the density of the population 
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is maximum in the partially dependent case and minimum in the predating case and 

consequently the density of the resource biomass is minimum in the partially dependent 

case and ma.ximum in the predation case, keeping other parameters same in the system. 

Thus an increase in the density of the population will also lead to decrease in the density 

of the resource biomass. It has also been noted that the survival of the population 

will be threatened even in the partially dependent case if the continuous emission of 

pollutant into the environment is not controlled. In the wholly dependent case the 

population will doom to extinction if the environmental concentration of pollutant 

reaches at a critical value, T = Ta. In the case of predation it has been noted that the 

survival of the population is highly threatened. 

In the case of diffusion, a complete analysis of the moclel ha<; been carried out. It 

has been shown that if the positi\'e equilibrium of the system with no diffusion is 

globally asymptotically stable, then it remain globally asymptotically stable in the 

case of diffusion. Further, if the positi\'e equilibrium of the system with no diffusion 

is unstable, then it can be stabilized by increasing diffusion coefficients to sufficiently 

large values. Thus it has been concluded that in the case of diffusion, solutions of the 

system approaches to the equilibrium le\'el faster than the case of no diffusion. 

A model to conserve the resource biomass and to control th~ undesired level of en­

vironmental pollution is proposed and analysed. It has been shown that if suitable 

efforts are made an appropriate le\'cl of the resource biomass can be maintained and 

the survival of the species may be ensured. 
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Chapter 4 

SURVIVAL OF TWO 

COMPETING SPECIES 

DEPENDENT ON RESOURCE IN 

INDUSTRIAL ENVIRONMENTS: 

A MATHEMATICAL MODEL 

4.1 Introduction 

In recent years there has been considerable interest in the study of cornpetition be­

tween two or more species using mathematical models (Gomatam, 1974; Hsu, 1978a; 

Hsu and Hubbell, 1979; Gopalsamy and Aggarwalla, 1980; Hsu, 1981 b; Butler ct (\'1., 

1983; Hsu and Huang, 1995). During the last two decades increasing interest has 

been shown to study' the consumer-resource interactions, with the aim to construct 

more theories of interspecies competit.ion. The question of two or more competitors 

living on a single resource has received mllch at.t.ent.ion a.nel has helped to lIndersLa.lld 

competitive processes. l\'lany amhors have t.ried to rt.nswer this question using rnatlte-
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matical models. All these focus mainly on the coexistence of the species with respect 

to their resource utilization (Armstrong and McGehee, 1976; De Jong, 1976; Miller, 

1966, 1976; Armstrong and ~vIcGehee, 1980; Hsu, 1981a; Gopalsamy, 1986; Mitra et 

al., 1992; Shukla et al., 1996). In particular, Goh (1976) found sufficient conditions 

for the global stability of two species. This result was extended for nonlinear two 

species model by Hastings (1978b). Hallam et al. (1979) derived sufficient conditions 

for persistence and extinction of three species in a competitive system. But in these 

studies the effect of resource was not included in the model. In this regard Hsu (1981a) 

developed a resource based competition model with interference. Gopalsamy (1985) 

proposed a resource based competition model and found sufficient conditions for the 

convergence of three-species system to an equilibrium point. SJ1Ukla et al. (1989) pro­

posed a dynamical model to assess the effects of industrializ~tion on the degradation of 

forestry biomass with diffusion. ivlukherjee and Roy (1990) obtained persistence condi­

tions of a two prey-predator system linked by competition. Mitra et al. (1992) studied 

the permanent coexistence and global stability of a single Lotka-Volterra type mathe­

matical model of a living resource supporting two competing predators. Shukla et al. 

(1996) proposed a mathematical model to study the growth and existence of resource 

dependent species in a forested habitat which is being depleted due to the pressure 

of industrialization. Dubey (1997b) investigated a mathematical model in which t.vo 

species share a common resource, and one of the species is itself an alternative food 

for· the other. Recently, Dubey and Das (1999) investigated the survival of wildlife 

species dependent on resource in an industrial environment with diffusion. However, in 

the above investigations the survi\"al of two competing species dependent 011 resollrce 

under industrialization pressure in a diffusive system has not been considered. 

In this chapter we consider a dynamical model in which two species compete with each 

other and depend on a common resource either partially, wholly or predating on the 

resource and the growth of industrialization pressure depellds wholly on the resource. 

The effect of diffusion on the stability of the system is also studied. In presence of 

diffusion our results agree with those in Hastings (1978a), Shukla and Verma (1981), 

Shukla and Shukla (1982), Shukla et al. (1989), Freedman and Shukla (1989). The 
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stability theory of ordinary differential equations (La Salle and Lefchetz, 1961) is used 

to analyse the model. 

4.2 Mathematical Model 

Consider an ecosystem where two biological species are competing for a single resource 

in an industrial environment in a closed region D with smooth boundary EJD. It is 

assumed that the dynamics of the resource biomass and the competing species are 

governed by the generalized logistic type equations. It is also assumed that the growth 

rate of the resource biomass and the corresponding carrying capacity decrease with the 
, 

increase in industrialization pressure. The two competing species are assumed to he 

either partially dependent, wholly dependent or just predating on the resource. The 

growth rate of industrialization pressure is assumed to be wholly dependent on the 

resource and its dynamics is of predator-prey type. In view of these arguments, the 

system is assumed to be governed by the following differential equations: 

(4.1) 

We impose the following initial and boundary conditions on system (4.1): 

B(x, y, 0) = <p(x, y) 2': 0, Nl (x, y, 0) = 1j;(x, y) 2': 0, 

N2 (x, y, 0) = c;(x, y) ~ 0, J(x, y, 0) = X(x, y) ~ 0, (x, y)f.D (4.2) 

aB = aNI = aN2 = aJ = 0 ( ) aD an an an an ,X, Y € , t ~ 0, 

where n is the unit outward normal to aD. 
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In model (4.1), \}2 = ::. + ::2 is the Laplacian diffusion operator. B(x, y, t) is the 

density of the resource biomass, Nl (x, y, t) and N 2 (x, y, t) are dellsities of the competing 

species 1 and 2 respectively and J(x, y, t) the density of industrialization pressure at 

coordinates (x, y) E D and at time t ~ O. D,(i = 1,2,3,4) are the diffusion rate 

coefficients of B(x, y, t), Nl (x, y, t), N 2 (x, y, t) and J(x, y, t) respectively in D. a l ] is 

the interference coefficient measuring the damage effect of species i on species j. f30 is the 

natural depletion rate coefficient of the industrialization pressure, {31 the intraspecific 

interference coefficient of industrialization pressure and f32 the· growth rate coefficient 

of industrialization pressure due to resource biomass. K, is the carrying capacity or 

the species i. 01 and 02 are the depletion rate coefficients of the resource biomass due 

to the species 1 and 2 respectively. 

The coefficients f3o. (3l1 (32. [(I and O. arc strictly positive and a21 and al2 are nonncg-

ative. 

In model (4.1)' the function T(I) denotes the specific growth rate of resource biomass 

which decreases as J increases, i.e. 

1'(0) = TO > 0, r'(I) < 0 for I > O. (4.3) 

The function K(I) is the maximum density of resource biomass which the environment 

can support and it also decreases as J increases, i.e. 

K(O) = [(0 > 0, [('(I) < 0 JOT J> O. ( 4.4) 

The function T\(B) denotes the growth rate coefficient of the species i, which increases 

as biomass density increases. We cOllsider the following tltrce types of conditions 

satisfied by Tl(B). 

(i) T1(0) > 0, r:(B) > 0 Jar B ~ 0, i = 1,2. ( 4.5) 

In this case, -the resource biomass is an alternative resource for the species i. 

(1i) T1(0) = 0, r:(B) > 0 JOT B ~ 0, i = 1,2. (4.6) 

In this case. the species i wholly depends upon the resource. 
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(ttz) T.(O) < 0, T~(B) > 0 JOT B ~ 0, (4.7) 

and there exists a B = B, such that T,(B,) = 0, i = 1,2. 

In this case, the species i is predating on the resource. 

In the next section we analyse system (4.1)-(4.2) without diffusion. 

4.3 Model Without diffusion 

In the case of no diffusion (i.e., when D, = 0, i=I,2,3,4)' model (4.1) reduces to 

dB ToB2 
dt = T(I)B - /((I) - olBN I - o2 BN2, 

dN I TION? -- = TI(B)N\ - -- - 0'21 N\ N2 
dt /(\ ' 

( 4.8) 

dN2 T20 Ni. " -- = T2(B)N2 - -- - 0'12N\N2 
dt /(2 ' 

dI 2 
eft = -{3ol - {31 I + (32 1 B, 

B(O) ~ 0, N\(O) ~ 0, N2(0) ~ 0, 1(0) ~ O. 

Now we shall analyse the above model in three different cases, namely, when the com­

peting species are partially dependent, wholly dependent or predating on the resource. 

Case I: When the competing species partially depend on the resource 

In this case the function T,(B) satisfies condition (4.5) and we take r,(O) = rIO > 0, l = 
1,2. 'vVe note that model (4.8) has tweh·e nonnegative equilibria', namely, Eo(O, 0, 0, 0), 

EI ([(0,0,0,0), E2(0, [(I, 0, 0), E3(0, 0, K 2, 0), E.,(B,]\II, 0, 0), E . .,(B, 0, N2 , 0), 

E6 (B, 0, 0, j), E7 (0, Nip, N2p1 0), Es(Bq, N\q, N2q , 0), Eg(Br, N\r, 0, Ir), E IO (B 5 , 0, N2s , Is) 

and E(B', N~, N;, /"). 

The equilibria Eo - E3 obviously exist. \Ve shall show the existence of other equilibria 

as follows. 
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Here f3 and NI are the positive solutions of the following algebraic equations: 

ToB = ToKo - 0\ KoN\, 

TlONl = J{l TI (B). 

( 4.9) 

(4.10) 

It is easy to check that the isoclines (4.9) and (4.10) intersect at a unique point (H, Nd 

iff 

(4.11) 

The inequality (4.11) gi\·es the necessary and sufficient condition for the survival of 

species 1 dependent on resource in the absence of the species.2 and the industrialization 

pressure. 

Here iJ and JV2 are the positive solutions of the following algebraic equations: 

ToB = roKo - 02KoN2' 

r20 N2 = /{2 r2(B). 

(4.12) 

( 4.13) 

Again it can be verified that isoclincs (4.12) and (4.13) intersect at a unique point 

(iJ, i/2 ) iff 

( 4.14) 

The inequality (4.14) gives the necessary and sufficient condition for the survival of 

species 2 dependcnt on rcso\lrcc in the absence of the species 1 and the indllstrializatioll 

pressure. 

Existence of E6 (B, 0, 0, J): 

Here Band j are the positive solut.ions of the following algebraic equations: 

'·oB = r(1)/{(1), 

fh B = f30 + f31 /. 
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It is easy to check that the two isoclines (4.15) and (4.16) intersect at a unique point 

(iJ,i) iff 

(4.17) 

The inequality (4.17) gives the necessary and sufficient condition for the survival of the 

resource dependent industrialization in absence of the competing species. 

Here 

( 4.18) 

and (4.19) 

The necessary and sufficient conditions for the survival of the two competing species 

are 

(4.20) 

It may be noted here that the two competing species will survive even if both the 

inequalities are reversed in Eq. (4.20). 

Here B q , N 1q and N2q are the positive solutions of the following algebraic equations: 

Substituting the values of Nl and N2 in Eq. (4.21) we get 

Taking 
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(4.22) 

( 4.23) 

( 4.24) 

(4.25) 



we note that 

F(O) = -{TO - 0111(0) - 02h(0)}Ko < 0, 

F(Ko) = {olfl(Ko) + o2h (I(o)} Ko > O. 

Thus there exists a Bq in the interval 0 < Bq < /(0 such that F(Bq) = O. 

For Bq to be unique we must have 

F'(B) = TO + {od~(B) + 621~(B)}/(0 > O. ( 4.26) 

Thus, knowing the value of Bq , the values of N lq and N2q can then be computed from 

Eq. (4.22) and (4.23) respectively. It may be noted here that for NI and N2 to be 

positive either 

(4.27) 

or 

( 4.28) 

must be satisfied. 

Thus E8 exists if condition (4.26) and either (4.27) or (4.28) hold. 

Here BT , NIT and IT are the positive solutions of the system of algebraic equations: 

As in the existence of E8 , it can be sho\\"n that E9 exists iff 
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( 4.30) 
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Here B 3 , N I3 and 13 are the positive solutions of the system of algebraic equatiolls: 

As in the existence of E9 , it can be shown that EIO exists iff 

Existence of Eo (BO N° N° 1°)-, I' 2' -

(4.33) 

(4.34 ) 

(4.35) 

Here B", N~, N;' and I* are the positive solutions of the following algebraic equations: 

It can be checked that EO exists iff 

( 4.37) 

( 4.38) 

(4.39) 

( 4.40) 

ro- ~J h'(B){r(h(B))-olf(B) -029(B)} -I«h(B)){ :; h'(B) -01 1'(B)-029'(B)} > O. 

(4.41) 

and anyone of the conditions (4.27) and (4.28) are satisfied. 

To study the local stability behaviour of equilibr.ia, we firs\, compute the variational 

matrices (Freedman, 1987b) corresponding to these equilibria. From these matrices we 

conclude the following. 

Eo is a saddle point whose stable manifold is locally in the I -direction and unstable 

manifold locally in the B - NI - N2 space. El is also a saddle point with stable manifold 

locally in the B-direction and unstable manifold locally in the NJ - N2 - I space. £2 

is also a saddle point with stable manifold locally in the Nt - I plane and unstable 
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manifold locally in the B - N2 plane (here r20 - (ll2J(1 is taken to be positive). E3 

is also a saddle point with stable manifold locally in the N2 - I plane and unstable 

manifold locally in the B - Nl plane (here T10 - (l2lJ(2 is taken to be positive). E4 

is also a saddle point with stable manifold locally in the B - N} plane and unstable 

manifold locally in the N2 - I plane. E5 is also a saddle point with stable manifold 

locally in the B - N2 plane and with unstable manifold locally in the Nl - I plane. E6 

is also a saddle point with stable manifold locally in the B-1 plane and with unstable 

manifold locally in the N} - N2 plane. E7 is a saddle point with unstable manifold 

locally in the D-direction and with stable manifold locally in the N} - N2 - I space. 

E8 is locally unstable in the I-direction, E9 is locally unstable in the N2-direction and 

E10 is locally unstable in the Nl-direction. 

In the following theorem we show that E" is locally asymptotically stable. 

Theorem 4.3.1 Let the following inequality holds 

( 4.42) 

where 

6} 
C} = r; (Do)' ( 4.43) 

62 

C2 = r2(B*)' ( 4.44) 

Then E" is locally asymptotically stable. 

Proof: By using the transformations 

we first linearize the system {4.8}. Then we consider the following positive definite 

function in the linearized form of model (4.8), 

(4.45) 
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where CI, C2 are given by Eqs. (4.43) and (4.44) and 

It can easily be verified that the derivative of \f with respect t along the solutions of 

model (4.8) is negative definite under condition (4.42), proving the theorem. 

In order to show that E* is globally asymptotically stable, we need the following lemma 

which establishes a region of attraction for system (4.8). The ,proof of this lemma is 

easy and hence is omitted. 

Lemma 4.3.1 The set 

attracts all solutions initiating in the positive orthant. 

In the following theorem global stability behaviour of E· is st.\ldied. 

Theorem 4.3.2 In addition to assumptions (4-3)-(4.5) let r(1), ]((1), rl(B) and 

r2 (B) satisfy the following conditions in n 

o ~ -r'(1) ~ Po, 0 ~ r;(B) ~ PI, 0 ~ r;(B) ~ P2, 0 ~ -]('(1) ~ P3 

and ](m ~ ]((I) ~ ](0, (4.46) 

for some positlve constants Po, PI, P2. P3 a.nd ](m. If thc following incqualilic8 hold: 

(4.47) 

( 4.48) 

then E* is globally asymptotically stable with respect to a.ll solutwns initiating in the 

interior of the positive orthant. 
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Proof: Vve consider the following positive definite function around E*) 

VI (D) N I ) N2) J) = D - B* - B* In( :0) + al (NI - N; - N; fn( ~~ ) 

+a2(N2 - N; - N; In( ~;~) + J - 1* - 1* In( :.). (4.49) 

where al and a2 are positiYe constants to be chosen suitably. 

Differentiating VI with respect to t along the solutions of system (4.8), we get 

Using (4.37)-(4.40) a little algebraic manipulation yields 

where 

7]1 (1) 

ro (B Bo)2 rIO (liT No)2 
-1((10) - -a l 1(I1\I- I 

-Q2 ~~: (N2 - N;)2 - /31 (1 - 1*)2 

+[aI6(B) - od](B - B*)(NI - Nt) 

+[Q26(B) - 02)](B - B*)(N2 - N;) 

+[171 (1) - "oB172(1) + /32](B - BO)(1 - 1*) 

+[QIQ21 + Q2CtI2](NI - N;)(N2 - N;), 
, 

r(1)-r(/") J -I.. J* 
I_I" , r 

r'(J), J = J* 

1=1* 
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Why is it preferred? 
Minimally invasive surgery and hence short stay ensures smaller incision , greater precision , 
faster recovery since it lessens the post-operative complications. 

Benefits of Short Stay Surgery 
It brings down post-surgery compl ications like chances of chest and breathing problems, 

infections , disfigurement of the abdominal wal l and incisional hernia . It reduces blood loss 

and trauma. It allows quicker recovery. The patient can get back home the same day or the 

next morning . It is a nearly scar- less procedure and yields excellent cosmetic result 

Short Stay Surgery (Laparoscopy) 
The advancement in technology have made recovery faster. The stay in the hospital has been 

reduced to 24-72 hours. Your surgery can occur in the morning and you can recover in the 

comfort and convenience of your own home later the same day. The goal of our team of 

professionals is for you to have and excellent experience with the best possible outcome which 

is why our facility will be the first choice if, in the future , you find yourself in need of 

hospital services. 

Narc:-yana Superspeciality Hospital 

~~ 
NiNarayana 
Superspeciality Hospital 

Unit of Narayana Health 

Short Stay 
Surgery 

Minimal Incision. Better Precision 
Faster Recovery. Short Hospital Stay 

Whole spectrum of Minimal Invasive Surgery under One Roof 
Conventional Laparoscopy Surgery. Mini Laparoscopy Surgery (suture less) 

• Single Incision Surgery. Reduced Port Surgery 

MAKING MINIMALLY INVASIVE SURGERY EVEN LESS INVASIVE 

SeNices 
Laparoscopic Upper GI Surgery 

Laparoscopic Hepatobilliary Surgery 

Pancreatic Surgery 

Laparoscopic Colorectal Surgery 

Laparoscopic Bariatric & Metabolic 
Surgery 

Infrastructure 

State-of-the-art dedicated 
Laparoscopic Surgical suite 

High definition Laparoscopic 
Equipments 

Full time team of Laparoscopic & 
GI surgeons, Gastroenterologist 
& Dietetics 

'\" 7 

Nt Helpline 

Near Tutaram Bafna Civil Hospital , Amingoan , Guwahati - 781031, ASSAM 8811 888888 
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r, {8)-q {8") B =I- B* 8-B" , 

(1 (B) -

T~ (B), B = B' 

r2{B)-r2{B") B =I- B* B-B" 

6(B) 

T;(B), B = B* 

From (4.46) and the mean value theorem, we note that 

Irl1(I) Is; Po, 11]2(I) IS; ~~, 1(I(B) IS; PI and 16(B) IS; P2· 
m 

Now ~ can further be written as 

-~all(B - Bo)2 + a12(B - B·)(N1 - N;) - ~a22(Nl - N;)2 

-~all(B - Bo)2 + a13(B - B*)(N2 - N;) - ~a33(N2 - N;)2 

-~al1(B - B·? + a14(B - BO)(I - r) - ~a44(I - r)2 
2 2 

-~a22(NI - N~)2 + a23(N l - N;)(N2 - N;) - ~a33(N2 - N2)2, 
2 2 

where 

2 TO TIO T20 

all = "3 J((Io)' a22 = al J(1' a33 = a2 J(2' a44 = 2/31, 

al2 = al(1 (B) - 01, al3 = a26(B) - 02, 

a14 = Tfl(I) - roB1J2(I) + /321 a23 = -(al(}21 + a2(}12). 

Sufficient conditions for ~ to be negative definite are that the following conditions 

hold: 

2 a12 
2 a 13 
2 a 14 
2 

Q'23 

< 

< 

< 

< 

alla221 

al1 a33, 

all a44, 

a22a33' 

(4.51) 

( 4.52) 

(4.53) 

( 4.54) 

By choosing at = hand a2 = !b., we note that inequalities (4.51) and (4.52) are 
PI P2 

automatically satisfied. Further we note that (4.47) ::::} (4.53) and (4.48) ::::} (4.54). 
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Thus, VI is a Liapunov function with respect to E", whose domain contains the region 

0, proving the theorem. 

The above theorems imply that the resource biomass settles down to its equilibrium 

level, the magnitude of which decreases as the equilibrium levels of competing species 

and the industrialization pressure increa'5e, and even may tend to zero if these factors 

increase unabatedly. It may be noted here t.hat if the interference coefficients Q12 and 

Q21 are zero, then inequalities (4.42) and (4.48) are automatically satisfied. This implies 

that if there is no interference between the two species, then the stability of the system 

1I1creases. 

Case II: \Vhen the competing species depend wholly on the resource. 

In this case, r l (B) satisfies condition (4.6). It may be noted that there exist nine non­

negative equilibria, namely, Eo(O, 0, 0, 0), EI (1<0,0,0,0), E-;.(fl, NI , 0, 0), E.1(iJ, 0, N2 , 0), 

E4 (B, 0, 0, i), E5 (Bp , Nip, 0, Ip), E6 (Bq , 0, N2q , Iq), E7 (B r , N lr , N2r , 0) and 

E' (E' N' N' J') , l' 2 I . 

The existence of the equilibria can be checked in a similar way as in case 1. Further, 

the stability behaviour of the equilibria are similar to the corresponding equilibria of 

case 1. 

Case III: vVhen the competing species are predating on the resource. 

In this case, r l (B) satisfies condition (4.7). It can be checked that there exist nine 

equilibria which are similar to those obtained in case II. Further, the existence and the 

stability behaviour of the equilibria are similar to the correspollding equilibria of ca.se 

1. 

In the above three cases it has been noted that the equilibrium level of the resource 
, 

biomass is minimum in case I, and is ma'(imum in case III. 
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4.4 Model With Diffusion 

In this section we consider the complete model (4.1)-{4.2) and we state the main results 

of this section in the form of the following theorem. 

Theorem 4.4.1 (i) If the equilibrium E* of system (4.8) is globally asymptotically sta­

ble, then the corresponding uniform steady state of the initial-boundary value problems 

(4.1)-({2) must also be globally asymptotically stable. 

(ii) If the equilibrium E* of system (4.8) is unstable, even then the uniform steady 

state of the initial-boundary value problems (4.1)- (4.2) can be made stable by increasing 

diffusion coefficients to sufficiently large values. 

Proof: Let us consider the following positive definite function 

where VI is given in equation (4.49). 

VVe have, 
.' _ J r {avi aB + a \II aNI + aVI aN2 + ~VI aI }dA 

Jo aE at aNI at aN2 at aI at 
- II + 12 , ( 4.56) 

where 

We note the following properties of VI, namely, 

aVI] av) ] 8\1) ] av] ] 
aB aD = aNI aD = oN2 aD = ol aD = 0 

and for all points of D, 

a2v I a2v I a2v I a2\1\ a2v\ 02V\ 
aBaNI - aBaN2 = aBaI = aN\aN2 - aN\aI - aN201 = 0, 
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We now consider 12 and determine the sign of each.term. Analysing in a similar fashion 

as done in chapter 2, we get 

Hence, 12 :s; O. 

Thus, we note that if 1\ :s; 0, i.e., if E" is globally asymptotically stable in the absence 

of diffusion, then the uniform steady stat.e of the initial-boundary value problems (4.1)­

(4.2) also must be globally asymptotically stable. This proves the first part of Theorem 

4.4.1. 

\Ve further note that if ~ > 0, i.e., if 1\ > 0, then E· will be unstable in the absence 

of diffusion. But Eqs. (4.56) and (4.57) show that by increasing diffusion coefficiellts 

Dl sufficiently large, ~ can be made negative even if 1\ > O. This proves the second 

part of Theorem 4.4.1. 

The above theorem shows that the stability in the diffusive system is more plausible 

than that of the no diffusion case. 

'vVe shall explain ,the abO\'e theorem for a rectangular habitat D defined by 

D={(x,y): O:S;x:S;a, O:s;y:S;b} ( 4.58) 

in the form of the following theorem. 

8.1 



Theorem 4.4.2 In addition to assumptions (4.3)-(4.5), let T(1), K(1), Tl(B) and 

r2(B) satisfy the inequalities in (4.46). If the following inequalities hold: 

4 TO DIB'7r2 (a2 +b2
) 

3.6t{ I<(I.) + a2b2 I<~ } x 

D4I* .617r2(a2 + b2) 
{ 1 + a 2 b2 (.62 K 0 - .60)2 } 1 

( 4.59) 

{rIO D2N~T?07r2(a2 + b2)} X 

1(1 + a2b21(?r?(1(0) 

r20 D3N';Tio7r2(a2 + b2) 
{1(2 + a2b21(id(1{0) }PIP20

1
021 ( 4.60) 

then E· is globally asymptotically stable with respect to all solutions initiating in the 

interior of the positive orthant. 

Proof: Let us consider the rectangular region D given by Eq. (4.58). In this case 12 

which is defined in Eq. (4.56), can be written as 

( 4.61) 

From Eq. (4.49) we get 

a2v1 B' 
--aB2 B2' 
a2 v1 N· 1 

. aN? = N?' 
a2v1 N· 2 

aNi Ni' 
and 

a2v1 r 
fJI2 fl' 
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Hence 

Now 

Under an analysis similar to chapter 2 and using the well known inequality (Denn, 

1975, pp. 225) 

11 an 11 (_)2 dx 2: 1T2 n2 d.L, 
o ax 0 

we note that 

I! (aB)2 dA 
D ax 

> :: I ID (B - BO)2dA 

and 

Ij(aB fdA [) ay > :: I h) (B - Bo)2dA 

Thus, 

h < 

( 4.62) 
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Now from (4.50), (4.56) and (4.62) we get 

< II, [- {TO DI B°'JT
2
(a

2 
+ b

2
) }(E _ Bo)2 

D J((I0) + a2b2[(6 
D 1\T" 2 

_ {rIO 2a l IrlO}(N _N")2 
al // + //2.2(/<') 1 1 \1 \1'1 '0 

D N° 2 
_ {T20 3

a
2 2

T
20}(N _ N*)2, 

a2 [(2 + KjTi(Ko) 2 2 

D.,I"/3? }(1 1")2 
- /3\ { l + (/32J(0 - /30)2 -

+{a,6(B) - 6d(B - B')(N1 - Nn 

+{a26(B) - c52}(B - BO)(N2 - Nn 

+{1JI(I) - roBTJ2(I) + /32}(B - B*)(I - 1") 

+{aIQ'21 + a2(X12}(NI - N;)(N2 - N;)] dA, 

wilclC 171(£), II.l(J), ~I(n) cwd ~2(n) alC dcfincd in Eq. (/1.50). 

Now ~ can be written as the sum of the quadratics 

I r [- ~ b II (B - n') 2 + b 12 (n - n')( N 1 - N;) - ~ b 22 (N 1 - N") 2 iD 2 2 I 

-~bll(B - B"f + b13 (B - B")(N2 - N;) - ~b33(N2 - N;)2 
2 2 

-~bll(B - B")2 + b1-l(B - B")(1 - 1") - ~b44(I - 1")2 
2 2 

-~b22(NI - N~)2 + b23 (N I - N;)(N2 - N;) - ~b33(N2 - N2)2]dA, 

where 
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Sufficient conditions for ~ to be negative definite are that the following conditions 

hold: 

bi2 < b]]bn , (4.63) 

bi3 < b]l b33 , ( 4.64) 

bi1 < bll b41 , (4.65) 

b~3 < bn b33 · (4.66) 

By choosing al = hand Q2 = h, we note that inequalities (4.63) and (4.64) are 
PI Pl 

automatically satisfied. Further we note that (4.59) => (4.65) and (4.60) => (4.66). 

Thus \12 is a Liapunov function with respect to E·, whose domain contains the region 

0, proving the theorem. 

4.5 Conservation Model 

It has been noted that uncontrolled growth of industrialization may lead to extinction 

of forestry resources. Therefore, some kind of efforts must be adopted to conserve the 

resource biomass. In this section a mathematical model is proposed and analysed to 

conserve the forestry resources and by controlling the undesired level of industrialization 

by some mechanism. It is assumed that the effort applIed to conserve the resource 

is proportional to the depleted leyel of resource biomass from its carrying capacity, 

and effort applied to control industrialization pressure is proportional to its undesired 

level. Following Shukla et a1. (1989), Dubey (1997a) and Shukla and Dubey (1997) 

difrClclltial equatiolls go\"crIling the systcm may be written (1." 
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We impose the following initial and boundary conditions on the system (4.67): 

B(x, y, 0) = ¢(x, y) ~ 0, NI (x, y, 0) = 'lj;(x, y) ~ 0, 

N2 (x, y, 0) = ~(x, y) ~ 0, I(x, y, 0) = X(x, y) ~ 0, 

FI (x, y, 0) = XI (x, y) ~ 0, F2 (x, y, 0) = X2(:r, Y) ~ 0 (x, Y)ED 
aB aNI ·aN2 aI 
an = an = an = an = 0, (x, y) E aD, t ~ 0, 

where n is the unit outward normal to aD. 

( 4.67) 

( 4.68) 

In model (4.67), F1(x,y,t) is the density of effort applied to conserve the resource 

biomass and F2 (x, y, t) the density of effort applied to control the undesired level of 

industrialization pressure. 81 is the growth rate coefficient of the resource biomass due 

to effort Fl and 82 is the depletion rate coefficient of J(x, y, t) due to effort F2 . /-LI and 

/-L2 are the growth rate coefficients of FI and F2 respectively and III and 112 are their 

respective depreciation rate coefficients. Ie is the critical level of the industrialization 

pressure which is assulllcd to be harmlcss to the resource biomass. H (t) denotes the 

unit step function which takes into account the case when J ~ Ie. Vve shall analyse the 

conservation model (4.67) only for the case when the rate of introduction of pollutant 

into the environment is constant. 
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4~.6 Conservation Model Without Diffusion 

In this case we take Dl = D2 = D3 = D4 = 0 in the model (4.67). Then the model 

(4.67) has only one interior equilibrium £(B, J\rl, J\r2,l, PI, P2), where B NI, N2, J, PI 

and F2 are the positive solutions of the following algebraic equations: 

( 4.G9) 

( 4.70) 

(4.71) 

(4.72) 

(4.73) 

(4.74) 

0, 

It rnay be noted here that for F, t.o be posit.ive we must have 

1(0) B. 

It is easy to check that £ exists, provided the following inequality holds at £, 

TO {T(h(B) - o,J,(B) - 0212(B) + :ll/~ (1 - J~o )}J<:'(J)J~(B) - {T'(J)f~(B) 

OlJ~ (8) - 02J~(B) - BIBP~ }1((h(B)) > O. (4.75) 
VI 

In the following theorem it is shown that E is locally asympt.otically stable, the proof 

of which is ::;imilar to Theorem 4.3.1 and hence is omitted. 

Theorem 4.6.1 Let the JoliOllJing inequality holds: 

( 4.76) 

Then equtlibriu11l E is locally asymptotIcally sl.able. 
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In the following lemma, a region of attraction for system (4.67) without diffusion is 

established. The proof of this lemma is similar to Lemma 4.3.1 and hence is omitted. 

Lemma 4.6.1 The set 

is a region of attraction for all solutions initiating in the interior of the positive orthant, 

where 

1 + _4_B I_f-L_I } 
I/I/(oro 

The following theorem gives criteria for E to be globally asymptotically stable, whose 

proof is similar to Theorem 4.3.2 and hence is omitted. 

Theorem 4.6.2 In addition to assumptions {4.3}-{4·5} let 1'(I), /((I), rl(B) and 

r2(B) satisfy the following conditions in D2 

0::; -r'(I) ::; Po, 0::; r;(B)::; PI, 0::; r;(B)::; P2, 0::; -/('(I) ::; P3 

and Rm ::; /((I) ::; /(0, (4.77) 

for some positive constants Po, PI, />2, P3 and Rm. Then if the following inequalttzes 

hold: 

(4.78) 

(4.79) 

then E is globally asymptotically stable with respect to all SOl1LtlOn.s initiating in the 

interior of the positive orthant. 

Theorems 4.6.1 and 4.6.2 show that if suit.able efforts are made to conserve the resource 

biomass and to control undesired level of industrialization pressure, an appropriate level 

of the resource biomass density can be maintained. 
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4.7 Conservation Model With Diffusion 

We now consider the case when Di > O{i = 1,2,3) in model (4.67). Vie shall show that 

the uniform steady state B(x, y, t) = B") T(x, y, t) = T", U(x, y, t) = U·, W(x, y, t) = 

W", Fl (x, y, t) = Fi and F2 (x, y, t) = F2• is globally asymptotically stable. For this, 

we consider the following positive definite function 

where 

B - B· - B" In ~ + CI (NI - N" - N" In Nl ) 
B" I I Ni 

+c2(N2 - N; - N; In Z~) ~ C3(J - r - r In :") 

+ C" (F _ F")2 + C5 (Po _ F.")2 
211 2 22 ' 

where CjS are positive constants to be chosen suitably. 

Then as earlier, it can be checked t.hat if ~ < 0, then ~ < 0. This implies that if 

EO is globally asymptotically stable for system (4.67) without diffusion, then the cor­

responding uniform steady state of system (4.67)-{4.68) is also globally asymptotically 

stable with respect to solutions such that. ¢(x, y) > 0, 'I/;(x, y) > 0, ~(x, y) > 0, ((x, y) > 

0, (1 (x, y) > 0, (2(X, y) > 0, (x, y) € D. 

4.8 Numerical Examples 

In this section we present numerical examples to illustrate the applicability of the 

results obtained. \Ve take the following form of the functions r(J), K(J), r\ (B) and 

r2(B) in model (4.8): 

r(I)=ro-r\I, 

K(I) = /(0 - qlI, 

TI{B) = 910 + 911 B , 

r2(B) = 920 + 921 B , 
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where the coefficients are assumed to be positive. 

We choose the following values of the paramctcrs in model (4.8) and in Eq. (4.80): 

TO = 15.0, TI = 0.01, ](0 = 50.0, 

ql = 0.02, 911 = 0.5, 921 = 0.48, 

<5 1 = 0.3, <52 = 0.4, riO = 7.0, 

](1 = 6.0, Q"21 = 0.2, T20 = 10.0, ](2 = 8.0, 

012 = 0.1, f30 = 1.0, f31 = 4.0, /32 = 0.45. 

(4.81) 

Example 1. In this example we ha\'e considered the case when the two species partially 

depend on the resource. vVe takc TI(O) = 910 = 7.0 and T2(0) = 920 = 10.0. It can be 

checked that under the abo\'c set of paramcters, conditions for the existence of interior 

equilibrium E~l (B~l' Nil' Nil' Iii) are satisfied and E~I is given by 

B;l = 19.05048, N;, = 11.69945, N;l = 14.37943, 1;1 = 1.89318. ( 4.82) 

Again with the set of parameters gi\'cn in Eq. (4.81) it can be verified that cOllditioll 

(4.42) in Theorem 4.3.1 is sat.isfied which shows that E~1 is locally asymptotically 

stable. 

By choosing J(m = 20.0 in Theorem .. 1.3.2, it can also be checked that conditions (4.46) 

and (4.47) are satisfied which shows that E; 1 is globally asymptotically stable. 

Example 2. In this example we consider t.he case when the two species wholly depend 

on resource. \'Ve take Tl (0) = 910 = 0.0 and T2(0) = 920 = 0.0. It can be checked 

that under the same set of parameters given in Eq. (4.81) the interior equilibrium 

E~2(B~2' N:2, N.il, Ii2) exists and is gi\'en by 

B;2 = 27.09852, N~2 = 9.96648, N;l = 9.60851, 1;2 = 2.79858. ( 4.83) 

It can be seen that conditions corresponding to (4.46) and (4.47) for equilibrium E~2 

to be globally asymptotically stable are also satisfied. 

Example 3. In this example we assume t.hat. t.he two species are predating on the 

resource. 'We take rl (0). = 910 = -7.0 and 1'2(0) = 920 = -10.0. With the sa.llle 
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set of parameters given in Eq. (4.81) it can be checked that the interior equilibrium 

E~3(Bi3' N~3' N23 , J~3} exists and is given by 

B;3 = 35.14338, N;3 = 8.23234, N;3 = 4.83647, 1;3 = 3.70363. (4.84) 

Il can be verified that Ei3 is also globally asymptotically stable . 

. From Eqs. (4.82), (4.83) and (4.84) it may be noted that B~) < B~2 < B~3' N~) > 

N~2 > N~3' N.il > N22 > N23 and J~l < J~2 < Ji3 as expected. 

Example 4 In addition to the values of parameters given in (4.81), we choose the 

following values of parameters in model (4.67) with no diffusion: 

8) = 13.0, 82 = 0.02, 1'.) = 16.0, [/) = 0.03, 

J.12 = 18.0, V2 = 0.0-1, Tc = 0.12. ( 4.85) 

Then it can be checked that condition (4.75) for the existence of the interior equilibrium 

E is satisfied, and E is gi\'en by 

jj ~ 45.27252, /VI ~ 21.34357, Fl2 ~ 23.67716, 1 ~ 1.57328, 

1'1 ~ 50.42648, 1'2 ~ 653.97580. ( 4.86) 

It can easily be verified that condition (4.76) in Theorem 4.6.1 is satisfied which shows 

that E is locally asymptotically stable. 

Further, by choosing k m = 50.0 in Theorem 4.6.2, it can be checked that condit.iolls 

(4.78)-{4.79) are satisfied. This shows that E is globally asymptotically stable. 

By comparing equilibrium le\'els £il and E in Eqs. {4.82} and (3.66) respectively, we 

note that due to efforts Fl and F2 , the equilibrium level of the resource biomass has 

increased whereas equilibrium le\'el of t.he industrialization pressure has decreased. 

4.9 Conclusions 

In this chapter I a mathemat.ical model has been proposed and analysed to study the 

survival of two biological species com pet ing for a single resource ullder industrializaLioll 
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pressure with and without diffusion. The competing species are assumed to be either 

partially dependent, wholly dependent or predating on the resource. In the partially 

dependent case criteria for survival and extinction of competing species and industrial­

ization pressure have been derived. It has been shown that the resource biomass sett~es 

down to its equilibrium level, the magnitude of which depends upon the equilibrium 

levels of the competing species and t.he industrialization pressure. This magnitude de­

crcases as thc densities of the compcting spccies and pressure due to industrialization 

increase and may driyen to extinction if these factors increase without control. It has 

also been noted that the competing species may coexist even in the absence of the 

resource biomass in the partially dependent case, whereas in the wholly dependent 

case the two species will die out in the abscnce of thc resource biomass. In the case 

when the competing species are predat.ing on the resource, similar results have been 

found. It has also been found t.hat if the interference coefficient measuring the damage 

effect of each species on the other is zero (i.e., 0'12 = 0'21 = 0), then stability of the 

system increase3. It has been noted that the damage of the resource biomass density 

is maximum in partially dependent case, and is minimum in the predatioll case. This 

has also been established by numerical examples in scction 4.8. 

A model to study the effect of diffusion on thc systcm under. cOllsidcratioll ha.':i also 

been proposed. By analysing the diffusion model it has been shown that stability of the 

systcm with diffusion is more plausible than t.hat of wit.hollt diffusion. It ha.<; also been 

shown that an unstable steady st,atc in the absence of diffusion can be made stable by 

incrcasing diffusion coefficient.s sufficient.ly largc. This implies that solutions approach 

to the uniform steady state more rapidly as the diffusion coefficients increase. 

A model to conserve the resource biomass and to control the undesired level of indus­

trialization prcssure is proposed and analysed. It has been noted that if suitable efforts 

arc madc, a desired level of rc~ourcc biolJlass can be maillLaillecl. 
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Chapter 5 

MODELLING THE 

INTERACTION OF TWO 

BIOLOGICAL SPECIES'IN A 

POLLUTED ENVIRONMENT 

5 .1 Introduction 

A large amount of pollutants and contaminants released from various industries, mo­

tor vehicles and other manmade project.s enter into the environment affecting human 

population and other biological species seriously. In recent years some investiga.tions 

have been carried out to study t.he effect of pollution on a single-species population 

(De Luna and Hallalll, 1987; Dllbey, 1997a; Freedman and Shukla, 1991; Ha.lIam et aI., 

1983; Hallam and De Luna, 198-1; Hallam and ~vla, 1986; Shukla and Dubey, 1996a). III 

particular, Hallam et al. (1983b) st.udied the effect of toxicallt present in the enviroll­

ment on a single-species population by assuming that its growth rate density decreases 

linearly with concentration of toxicant but the corresponding carrying capacity does 

not depend upon the concent.rat.ion of toxicant present in the environment. Consider-

96 



ing this aspect Freedman and Shukla (1991) studied the effect of toxicant on a single 

species and predator-prey system by taking into account the introduction of toxicant 

from an external source. Shukla and Dubey (1996a) studied th,e simultaneous effect 

of two toxicants, one being more toxic than the other, on a biol,ogical species. Dubey 

(1997a) proposed a model to study the depletion and conservation of forestry resources 

in a polluted environment. 

'vVe know that species do not exist alone in nature. They interact with other species 

in their surrounding for their survival. So it is of more biological significance to study 

two-species systems exposed to a pollutant. In recent decades some investigations have 

been made to study the system of two biological species in a polluted environment (Ma 

and Hallam, 1987; Huaping and Ma, 1991; Chattopadhyay, 1996; Shukla and Dubey, 

1997). In particular, Ma and Hallal'n (1987) studied two-dimensional nonautonomous 

Lotka-Volterra models by the average method and obtained sufficient conditions for 

persistence and extinction of the populations. Huaping and Ivla (1991) investigated the 

effects of toxicants on naturally stable two-species communities and derived persistence­

extinction criteria for each population. But in modelling the system they assumed that 

the individuals of the two species ha\'e identical organismal toxicant concentration, 

which need not be true always in nat.ure. Chattopadhyay (1996) studied the effect of 

toxic substances on a two-species compet.itive system. He assumed that each of the 

competing species produces a substance toxic to the other, but only when the other 

is present. Shukla and Dubey (1997) studied the effects of population and pollution 

on the depletion and conservat.ion of forestry resources. It may be pointed out here 

that the recycle effect of toxicant and the effect of diffusion on the stability of the 

equilibrium state of the system do not. appear in the above literature. 

In view of the above, in this chapter we propose a mathematical model to study the 

effect of environmental pollution on two interacting biological species having different 

organ ism a I pollutant concentration. Three types of intentction between the two species 

have been considered, namely) compet.it.ion, cooperation and prey-predator. The effect 

of diffusion on the stability of the system is also studied. In the absence of diffusion 
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our model is more general than Huaping and Jvla {1991}. In the presence of diffusion 

our results agree with those in Hastings (1978a), Shukla and Verma (1981), Shukla 

and Shukla (1982), Shukla et a1. (1989) and Freedman and Shukla (1989), Dubey and 

. Das (1999). In this chapter, we have also included numerical examples to illustrate the 

applicability of the results obtained. 

5.2 Mathematical Model 

Consider a polluted environment. where two biological species are interacting with 

each other in a closed region D wit.h smooth boundary aD. The variables of the 

model are Xl = Xl (X, y, t) and X2 = X2(X,!I, t}, the densities of the species 1 and 2 

respectively; T = T(x, y, t), the concent.ration of pollutant present in the environment; 

U 1 = U 1 (x, y, t) and U 2 = U 2 (x, y, t), t.he concentration of pollutant in the species 1 

. and 2 respectively at coordinates (x, y) t D and time t ~ O. In modelling the system 

we assume that carrying capacities of the species are constants. Then following Huap­

ing and Ma (1991) and Dubey (1997a) the Lotka-Volterra model of two specics with 

pollutant cffect and diffusion can be written as, 

aXI 2 2 at = TIOX, - l°llX\U\ - allx, - Q'2 X I X 2 + Dj\l ·7.:1, 

aX2 • 2 2 at = T20 X 2 - T2\X2 U2 - Q21 X j X 2 - an X 2 + D2\l X2, 

a;:; = Q(t) - doT + ()\o\U\ + ()2 d2U2 - AIXIT - A2x2T + DJ \12
T, (5.1) 

aUI at = -dlUI + OoooT + AIXIT + (JIXI, 

aU2 at = -02U2 + B'or5oT + A2x2T + f32 X 2, 

o ~ 00 + O~ ~ 1, 0 ::; 01, O2 ::; 1. 

vVe impose the following initial and bOllndary conditions on thc systC1I1 (5.1): 
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Xl(X, y, 0) = </>(X, y) ~ 0, X2(X, y, 0) = '1jJ(X, V) ~ 0, 

T(x, V, 0) = ~(x, y) ~ 0, Ul (x, V, 0) = X(X, y) ~ 0, 

U2(X, y, 0) = 17(X, y) ~ 0 (x, V)ED, 

aXI = aX
2 = aT = 0, (x, V) E aD, t ~ 0, 

an an an 

where n is the unit outward normal to aD. 

(5.2) 

In model (5.1), \12 = ~ + ~ is the Laplacian diffusion operator. Dt(i = 1,2,3) are 

the diffusion rate coefficients of XI (x, y, t), X2(X, y, t) and T(x, y, t) respectively in D. 

TtO, Ttl and ail (ij=1,2) in the first two equations of model (5.1) are constants. rIO is 

the intrinsic growth rate of the species i in the absence of pollutant; Ttl the depletion 

rate coefficient of species i due to organismal pollutant concentration. a12 and a21 

are the interspecific interference coefficients and all, a22 are intraspecific interference 

coefficients of the species 1 and 2 respectively. Q(t) represents ~he rate of introduction 

of pollutant into the environment beyond the initial concentration, which is assumed 

to be positive, zero or periodic. It is assumed that thc pollutrtnt in the environment 

is washed out or broken down with rate 60 , and fractions ()o and ()b of it may again 

reenter into the species 1 and 2 respectivcly with the uptake of pollutaJlt. AI alld A2 

are the depletion rate coefficients of the pollutant in the environment due to its intake 

by species 1 and 2 respectively. 01 and 02 are natural depletion rate coefficients of U\ 

and U2 respectively due to ingestion and depuration of pollutant and fractions ()1 and 

()2 of these may again reenter into the environment. (3\ and (32 are the net uptake of 

pollutant from resource by species 1 and 2 respectively. 

It is assumed that the parameters do, 01 and (h are strictly positive and 01 , 82 , AI, A2, 

{31 and {32 are nonnegative constants. 

The following three cases will be dealt wit.h: 

(i) Competition (rIO> 0, r20 > 0, al2 > 0 and Q21 > 0) 

(ii) Cooperation (rIO> 0, r20 > 0, al2 < 0 and a21 < 0) 

(iii) Prey-predator (rIO> 0,1)0 < 0, al2 > 0 and a21 < 0), assuming Xl as prey and X2 
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as predator. 

5.3 Competition Model Without Diffusion 

We first analyse model (5.1) without diffusion (i.e., D) = D2 = D3 = 0). In such a 

case model (5.1) reduces to 

elI) 2 
- = rlOXl - rllIlUl - allI) - a12 X )X2, 
dt 

dX 2 • 2 dt = r20 x 2 - r2)x2U2 - Q'2)XIX2 - a22 X2' 

dT dt = Q(t) - ~oT + 816\UI + 8262U2 - AIXIT - A2x2T, (5.3) 

dU l ill == -6l U) + 8060T + >qXI T + f3I X l, 

dU2 dt = -62U2 + B'o60T + )..2 X 2T + f32 X 2, 

O:S 80 + £Yo:s 1,O:S 81,82 :S 1, 

Xi(O) ~ 0, T(O) ~ 0, Ui(O) ~ 0, i = 1,2. 

It can be seen that in the case of constant introduction (Q(t) = Qo > 0) of pol~ 

lutant into the environment, model (5.3) has four nonnegative equilibria, namely, 
Q OQ O'Q - ~ - -, ••• 

Eo(O,O'Oo(l_OoO~ -0(02)' 6dl-odOl~~02)' 62(l-0~010-0002))' E(XI' 0, T, U1, U2), E(O, X2, T, U1, U2) 

and E(Xl, X2, T, VI, '02 ). The equilibrium Eo exists if 

(5.4 ) 

\,ye shall show t.he existence of other three equilibria as follows. 

Here Xl, t, [;1 and [;2 arc the posit.i'·e solut.ions of the following algebraic equations: 
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A little algebraic manipulation yields 

Taking, 

we note that F(O) < 0 if 

(5.5) 

and F(!:1!!.) > 0, showing the existence of XI in the interval 0 < Xl < !:1!!.. For Xl to be 
all all 

unique the following condition must be satisfied at E, 

(5.6) 

Thus from the above analysis we note that the equilibrium E exists under conditions 
.' 

(5.5) and (5.6). 

As ill the existence of E, it can be seen that the equilibrium E exists if the following 

inequalities hold: 

rZllYoQo < I'zooz(l - 8081 - 8~82)' 

QO"\2(1 - 82 ) < 8z/3200{l - BoBI - ()~()2)' 

(5.7) 

(5.8) 

Here, Xl, X2, 7', 01, and [;2 are the posit.ive solutions of the following system of algebraic 

equations: 
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where 

T = J(XI, X2), 

UI = g(XI,X2), 

U2 = h(Xll X2), 

It can be checked that E exists if in addition to conditions (5.5) and (5.7), the followillg 

conditions hotd: 

where 

-b + Jb2 - 4ac -&' + Jb'2 - 4a.'c' ' 
> 20 

(5,9) 
2 a.' 

- B + Vr-:.B=2-_-4A~· -=C -B' + JE'2 - 4A'C' 
> 

2A' 
(5.10) 

(5.11) 

(5,12) 

a = Al {allol(l - 01) + TIIJ3I}, 

& = alloool(1- 0001 - 0'002 ) +Tll00J31(1- 0~02) + 1"l1AIQO - AJOITlO(l- 01), 

c = T I1 0060Qo - ooOlrlo(l - 0001 - 0~02), 

a' = Ala2162(1 - Od, 

b' = a210062(1 - 0001 - ~02) + r210~600J/3J - A162T20(1 - OJ), 

c' = r210~c5oQo - c5002r~?O(l - 0001 - 0~02)' 
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A = A2{a2202(1 - fh) + T21.82}' 

B = a220002{1 - BoBI - B~02) + T2Joo/h{1 - oood + r2J),2QO - ),202r2o(1 - O2), 

C = T21B~ooQo - 0002T2o(1 - BoBI - B~(2)' 

A' = ),2aI201(1 - ( 2), 

B' = a120001(1 - BOOI - O~(2) + TllBoooB2(J2 - ),20I r lO(1 - (}2), 

C' = TIIBooOQO - OOOITlO(1- BOOI - B~(2)' 

It may be noted here that E exists even when the inequalities (5.9) and (5.10) are 

reversed. 

To study the local stability behaviour of the equilibria, we first compute the variational 

matrices corresponding to each equilibrium point. From these matrices we conclude 

the following: 

Eo is a saddle point with unstable manifold locally in the Xl - X2 plane and stable 

manifold locally in the T - UI - U2 space. E and E are locally unstable in the X2 and 

Xl directions respectively. 

In the following theorem we have shown that E is locally asymptotica.lIy stable. 

Theorem 5.3.1 Let the following inequalities hold: 

2 4 
(a12 + a21) < g0l1a22. 

{C'IBIOI + c;(Booo + ),IXJ)}2 < 
1 
2c'IC;OI(Oo + )IJXI + ),2 X2), 

1 
2C'IC~02(OO + Alii + A2:[2), 

where 

Then E is locally asymptotically stable. 
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?~. 
Proof: By using the t'tansformations 

... '~ r 

we first linearize system (5.3). Then taking the following positive definite function) 

1 ,,2 v'2 

V {./\ 1 ./\2 I 2 I 2 I 2} 
= - -_- + -_- + CIT + ~UI + C3U2 , 

2 Xl X2 
(5.16) 

it can be seen that the derivative of \l with respect t is negative definite under condi-

tions (5.13)-(5.15), proving the theorem. 

To show that E is globally asymptotically stable, we need the following lemma which 

establishes a region of attraction for system (5.3). The proof of this lemma is easy and 

hence is omitted. 

Lemma 5.3.1 The set 

attracts all solutions initiating in the positive orthant, where 

, 
In the following theorem global stability behaviour of E is studied. 

Theorem 5.3.2 Let the following inequaltttes hold: 

2 4 
(a!2+a2d < gallan ) 

1 
2C1C261 (60 + AIXI + A2x2), 

1 
2c}c362 {60 + A1 XI + ).2 X2), 

where 
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Then E is globally asymptotically stable with respect to all solutions initwting in the 

interior oj the ]Jo.ntive orthant. ' 

Proof: Consider the following positive definite function around E, 

where CI, C2 and C3 are positive constants as defined in (5.20). 

Differentiating VI with respect to t along the solutions of system (5.3), we get 

dVi 

dt 
(Xl - xd[rlO - 1'llUJ - aJlxJ - aJ2 x 2] 

+(X2 - x2)[1'20 - 1'21 U2 - a21 X) - a22x 2] 

+Cl (T - 1')(Qo - ooT + 0) 0) U) + 0202U2 - )'1,Xl T - A2X2T] 

+C3(U1 - U1)[-0,U, + OoooT + A)x)T + /3)xd 

+C3(U2 - U2 )[-02U2 + O~c5oT + A2 X2T + /32X2]. 

After some algebraic manipulations, E{I. (5.22) can be written as 

where 

221 
All = "3all, A22 = "3 a'22 , .433 = 2cJ(Oo + )'lXj + A2X2), 

A'4 = C20" A55 = C3 02, ..4'2 = -(a)2 + a21), AI3 = -CIOI T, 
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A14 = C2()..lT + f31) - Tll, A 23 = -C2)..2T , A2S = C3()..2T + f32) - T21, 

A34 = C10IOl + C2(OOOO + )..lxd, A3S = C10202 + C3(O~OO + )..2 X2). 

Sufficient conditions for ~ to be negative definite are that the following conditions 

hold: 

Ai2 < AllAn, (5.23) 

Ai3 < All A33 , (5.24) 

Ai4 < AllAH, (5.25) 

A~3 < A22 A 33 , (5.26) 

A~s < A22Ass, (5.27) 

A~4 < A33A44, (5.28) 

A~5 < A33 A S5' (5.29) 

Under the suitable choice of constants Cl, C2 and C3 as defined in Eq. (5.20). \Ve note 

that inequalities (5.24)-(5.27) are automatically satisfied and (5.17) =} (5.23), (5.l8) 

=} (5.28), (5.19) =} (5.29). Thus \11 is a Liapunov function with respect to E, whose 
" 

domain contains the region nl , proving the theorem. 

Remark 1 In the case of instantaneous introduction of pollutant (i.e., Qo = 0) into 

the environment, it can be verified that there are four nonncF . ,Ie equilibria, namely, 

Eo(O, 0, 0, 0, 0), E(XI, 0, T, UI , [h), £(0, X2) T, Ul , ( 2 ) and EU, ), T, UI , ( 2 ). Eo exists 

obviou~ly and the existence of the remaining three equilibria can be seen in the similar 

fashion as discussed earlier. In particular, it may be noted that in this case inequlities 

(5.5)-(5.8) are satisfied. Further the stability behaviour of the equilibria is similar to 

the corresponding equilibria as given in the case of constant introduction of pollutant 

into the environment. It has been noted here that equilibrium levels of the competing 

species in the case of constant introduction of pollutant into the environment is lowcr 

than the case of instantaneous introduction, keeping other parameters and functions 

same in the model. 

Remark 2 vVhen Q(t) = Qo+c</>(t), ¢(t+w) = ¢(t), i.e., in the case of periodic emission 

of pollutant into the environmeIlt, it can be verified that the results corresponding to 
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Theorem 3.4.1 and 3.4.2 in chapter 3 remain valid. In particular, it has been found that 

a small periodic influx of pollutant into the environment induces a periodic behaviour 

in the system. 

5.4 Competition Model With Diffusion 

In this section we consider the complete model (5.1)-{5.2) with Q(t) = Qo > 0 and we 

state the main results of this section in the form of the following theorem. 

Theorem 5.4.1 (i) If the equilibrium E of system {5.3} is globally asymptotically sta­

ble, then the corresponding uniform steady state of the initial-boundary value problems 

{5.1}-{5.2} must also be globo_lly asymptotically stable. 

(ii) If the equilibrium E of system {5.3} is unstable, even then the uniju,1n steady state 

of the inztial-boundary value problems {5.1}-{5.2} can be made stable ny increasing 

diffusion coefficients to sufficiently large values. 

Proof: Consider the following positive definite function 

where VI is defined by Equation (5.21). 

'vVe have, 

If {aFI aXI + alii aX2 + aFI aT + aFI aUI '+ alii aU2 }dA 
D aXI at aX2 at aT at aUI at, aU2 at 

II + 12 , (5.31) 

where 

and 

Vve note the foliowing properties of VI, namely, 
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8VI ] 

8T aD 

and for all points of D, 

82 111 [Pili (PVI [P\l1 82 \11 82 111 

8X18x2 8XI0T 8x j 8Uj 8X18U2 8X28T 8X28Uj 

82 Fl 82 \11 82 \11 82 \11 
8X28U2 8T8UI 8T8U2 8U

I
8U2 = 0 and 

82 \11 82 \11 82
\1j 82 \1j 82 VI 

> o. 
8xI 

> 0, EJ2 > 0, 8T2 > 0, 8Uf > 0, 8U:} x2 

Under an analysis similar to chapter 2, we note that 

(5.32) 

(5.33) 

(5.34) 

This shows that 12 ~ 0. 

Thus, we note that if II ~ 0, i.e., if E is globally asymptotiCi:ally stable in the absence 

of diffusion, then the uniform steady state of the initial-boundary value problems (5.1)­

(5.2) also must be globally asymptotically st.able. This proves the first part of theorem. 

'vVe further note that if ~ > 0, i.e., if 11 > 0, then E may IJc unstclble in the 

absence of diffusion. But Eqs. (5.31) and (8.25)-{5.34) show that by increasing diffusion 

coefficients D, to suffiCiently large values, ~ can be made negative even i[ II > O. This 

proves the second part of the theorem. 

The above theorem shows that. the stability in the diffusive system is more plausible 

than that of the no diffusion case. 

'vVe shall explain the abO\'e theorem [or a rectangular habitat D defined by 

D={(x,y): O~x~(I,O::;y~b} (G.3G) 

111 the form of the following theorem. 
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Theorem 5.4.2 Let the followiT}.g in,equalities hold: 

( )
2 4{ DJxJaiJ7i'2(a2+b2)}{ D2X2a~27f2(a2+b2)} 

a12 + a21 < -g all + 2 2b2 a22 + 2 2b2 ' 
T\Oa T20a 

(5.36) 

1 D 7f2(a2 + b2) 
{c1B101 + c2(Booo + /\lxd}2 < 2CIC201{OO + AIXI + A2X2 + 3 a2b2 }, (5.37) 

I _ 2 1 __ D37f2(a2 +b2) 
{c1B202 + c3(Booo + A2X 2)} < 2CIC302{OO + )'1 Xl + A2X 2 + a2b2 }, (5.38) 

then E is globally asymptotically stable wtth Tespect to all 'solutwns initiatmg m the 

mterior of the positive octant. 

Proof: Let liS cOllsider the rectangular region D givell by Eq. (S.3G). In this case 12 , 

which is defined in Eq. (5.31), can be written as 

12 = 

From Eq. (5.21) we get 

Hence 

Now 

Substituting z = ~, it can be seen under similar analysis to chapter 2 that 

liD (~:I ) 2 
d A > :: liD (x 1 - i 1 ) 

2 
dA 

and 
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Thus, 

Now from (5.22) and (5.31) ~ can be written as the sum of the quadratics 

where 

Sufficient conditions for d~;~ to be negative definite are that the following conditions 

hold: 

B~2 < B II E 22 , (5.40) 

B~3 < Bll B33 , (5.41) 

B~4 < B II D44 , (5.42) 
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B~3 < 
~ 

B221333 , (5.43) 

B~5 < B22 B55 , (5.44) 

Bi4 < B33 B44 , (5.45) 

Bj5 < B33 B55· (5.46) 

'vVe note that inequalities (5.41)-(5.44) are satisfied automatically and (5.36) => (5.40), 

(5.37) => (5.45), and (5.38) => (5.46). Thus \12 is a Liapunov function with respect to 

E, whose domain contains the region 0 1, proving the theorem. 

It may be noted here that inequalities (5.36)-(5.38) will be satisfied if we increase 

D1 , D2 , and D3 to sufficiently large values. This implies that for a given rectangular 

region, by increasing diffusion coefficients sufficiently large, an unstable steady state in 

the absence of diffusion can be made stable. Thus, we conclude that in the presence of 

diffusion the competing species converge towards their respective carrying capacities 

faster than the case of no diffusion. 

5.5 Cooperation Model 

In this case we have TlO > 0, T20 > 0, al2 < 0 and a21 < o. There exist four nonnegative 

·l·b . I E (0 0 90 0090 0090 ) eqUll na, name y, 0 , , .s0(1-0001-0pOl)' .s1(1-0001-0p02)' ,5)(1-00 01-00°1) , 

Ee(xle, 0, 'fe, U1e , U2e ), Ee(O, X2c, Te, UIc , U2c ) and Ee(Xle, X2e, Te, Ole, 02c). 

Eo exists if 1 - 0001 - 0~02 > O. Existence of Ee. Ec nne! Ee can be checked as Il1 

competition model in section 5.3. 

Local stability behaviour of Eo, Ee and Be are similar to the corresponding equilibria 

of section 5.3. The following theorem shows the local stability character of Ee, the 

proof of which i~ similar to Thcorcm 5.3.1 and hence is olllitted. 
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Theorem 5.5.1 Let the following inequalities hold: 

2 4 
(a12 + a2d < galla22, 

1 
{k~eI61 + k;(eo6o + AIXIc)}2 < 2k~k;61(6o + AIXlc + A2X2c), 

1 
{k~e2(h + k~(lro6o + A2X2c)}2 < 2k~k~62(6o + AIXlc + A2X2c), 

where 

k ' _ Tll 
2 - - , 

AITe + PI 
, T21 

k3 = A2 Te + !h 1 

then Be 2S Locally asymptotically stable. 

(5.47) 

(5.48) 

(5.49) 

In order to show the global stability of Ec, we need the following lemma whose proof 

is easy and hence is omitted. 

Lemma 5.5.1 The set 

attracts aLL soLutions mitiatl11g in the positive orthant, where 

1 
L2 = 8 {Qo + f3I X loo + f32 X 2oo} 

6 = min{6o(1- eo - e~),o\(l- ed,02(1- ( 2)}. 

The following theorem shows the global st.ability of Ee whose proof is similar to Theo­

rem 5.3.2 and hence is omitted. 

Theorem 5.5.2 Let the following inequalittes hold: 

2 4 
(a12 + a21) < gQII Q22, (5.50) 

1 
{klOlal + k2(0000 + AIX\e)}2 < '2klk20\(00 + A\Xle + A2:C~c), (5.51) 

{kle262 + k3(fIoc5o + A2X2c)}2 < ~klk3c52(60 + AIXle + A2X2e), (5.52) 
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where 

Then Be is globally asymptotically stable with respect to all solutions initiating in the 

interior of the positive orthant. 

It lIlay be lIoted here that conditions in Theorem 5.5.1 a.re silllila.r to Theorelll 5.3.1, 

and conditions in Theorem 5.5.2 are similar to Theorem 5.3.2 where the equilibrium B 
has been replaced by Ee. 

Remark 3 Effect of diffusion in the case of cooperation model can be studied in a 

similar way as that of competition model given in section 5.4. It may be noted here 

that the results of Theorem 5.4.1 are also valid in the case of cooperation. 

5.6 Prey-Predator Model 

'vVe consider XI and X2 to be prey and predator respectively. Then in this case we have 

rIO > 0, r20 < 0, al2 > 0 and 021 < o. 

In this case there exist three nonnegative equilibria, namely, Eo(O,O, 6o(I-O~~ -O~02)' 
o Q O'Q - - - - - - - -

'h(I-0;Ol~Oo02)' <l2(I-O~Ol:0002»)' Ep(XIP' 0, Tp, VIp, V 2p ) , and Ep(xIP' X2p, Tp, Vip, V2p). 

Eo exists if 1 - BoBI - BbB2 > O. Existence of Bp, and Ep can be established in a similar 

way as in the competition model. 

Local stability behaviour of Eo, and Ep can also be studied in a similar way as in the 

cOlllpetitioll Illodel. 

The following theorem shows that Ep is locally asymptotically stable. The proof of 
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J 

this theorem is similar to Theorem 5.3.1 and hence is omitted. 

Theorem 5.6.1 Let the following inequalities hold: 

1- -
< 2"klk2bdbo + AI.i 1p + A2.i 2p), 

1- -
< 2"klk3b2(bo + AIXlp + A2 X2p), 

where 

- TIl 
k2 = -~--

AITp + fi1' 

k
-:-. _ al2 T21 

3 - . 
b21 A2Tp + fh 

Then Ep is locally asymptotically stable. 

(5.53) 

(5.54) 

In order to show the global stability of BpI we need the following lemma whose proof 

is easy and hence is omitted. 

Lemma 5.6.1 The set 

attracts all solutions initiating in the positive orthant, where 

L3 = ~ rlO La l + ~fh}, 
<5 all Q22 

<5 = min{<5o{l- 00 - O~),bl(l- Od,b2(l - 02)}. 

In the following theorem we are able to write down conditions for Ep to be globally 

asymptotically stable. The proof of this theorem is similar to to Theorem 5.3.2 and 

hence is omitted. 
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Theorem 5.6.2 Let the following inequalities hold: 

1 ~ ~ 

< "2klk261(60 + )qXlp + A2 X 2p), 

1 ~ ~ 
< 2klk362(6o + AIXlp + A2X2p), 

where 

(5.55) 

(5.56) 

Then Ep is globally asymptotically stable with respect to all solutions initiating in the 

interior of the positive orthant. 

Remark 4 Effect of diffusion in the case of prey-predator model is found to be similar 

to the competition model given in section 5.3. In particular, the results of Theorem 

5.4.1 remain valid in this case. 

5.7 Conservation Model 

In the previous sections it has been noted that if the environmental pollution increases 

without control, then the suryiyal (growth and existence) of the two interacting bio­

logical species may be threatened. Therefore, some kind of efforts must be adopted 

to control the undesired level of the pollutant present in the environment so that the 

survival of the species may be ensured. Keeping this in mind, in this sectioll a mathe­

matical model is proposed and analysed to control the undesired level of the pollutant 

present ill the ellvironment. It. is assumed that the effort applied to control pollllta.nt is 

proportional to its undesired level. Following Shukla et al. (1989), Dubey (1997a) and 

Shukla and Dubey (1997) differential equations governing the system ma.y be written 

as 
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Q(t) - boT + BlblUI + B262U2 - AlxlT - A2x2T 

-o:F + D3 V 2T, 

vVe impose the following initial and boundary conditions on the system (5.57): 

Xl (x, y, 0) = ¢(x, y) ~ 0, X2(X, v, 0) = 7jJ(x, V) ~ 0, 

T(x, y, 0) = c;(x, y) ~ 0, UI (x, y, 0) = (I (x, y) 2: 0, 

U2(x, y, 0) = (2(X, y) ~ 0, F(x, y, 0) = x(:r, V) ~ 0 (:c, y)(D 

aXI aX2 aT - = - = - = 0, (x, V) ( aD, t 2: 0, an an an 
where n is the unit outward normal to aD. 

(5.57) 

(5.58) 

In model (5.57), F{x, y; t) is the density of effort applied to control the undesired level 

of environmental pollutant. Q" is the depletion rate coefficient of T(x, y, t) due to the 

effort F. jJ. is the growth rate coefficients of F and v is its depreciation rate coefficient. 

Tc is the critical level of the environmental pollutants, which is assumed to be harmless 

to the species. H(t) denotes the unit step function which takes into account the case 

when T ~ Tc. 

V-Ie shall analyse the consen'ation model (5.57) assuming that the interaction between 

the two species is of competition type and the introduction of pollutant into the envi­

ronment being constant, i.e., Q(t) = Qo > O. 

116 



5.8 Conservation Model Without Diffusion 

In this case we take Dl = D2 = D3 = 0 in the model (5.57). Then the model (5.57) 

has only interior equilibrium E·(xi,X2,T·,V~,V2,F·). Existence of E" can be shown 

in a similar fashion as E. In the following theorem it is shown that E" is locally 

asymptotically stable, the proof of which is similar to Theorem 5.3.1 and hence is 

omitted. 

Theorem 5.B.1 Let the following inequalities hold: 

where 

2 4 
(a12 + a2d < 9a11Q22, 

;d;d;OI(Oo + )'lx~ + A2X;), 
o 

~d'ld;02(OO + AIX~ + A2X;), 

d' _ . {Qll(00+AIXi+A2Xi) 
1 - mm 5(AIT*)2 , 

a22(00 + Alxi + A2Xi)} 
5(A2T*)2 ' 

d' _ Tll 

2- /\I T "+{31' 

I
, T21 

( -----
3 - A2T ' + {32 

Then equilibrium E' is locally asymptotica.ily stable. 

(5.59) 

(5.60) 

(5.61) 

In the following lemma, a region of attraction for system (5.57) without diffusion is 

established,. The proof of this lemma is similar to Lemma 5.3.1 and hence is omitted. 

Lemma 5.8.1 The set 

riO r20 o ~ Xl ~ -, 0 ~ X2 ~ -, 0 ~ T + VI + U2 ~ L I , 
Q·11 a22 

o ~ F ~ !:!.L l } 
1/ 

attracts all solutwns initwting in the positive orthant, Whe7"e 
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The following theorem gives criteria for E· to be globally asymptotically stable, whose 

proof is similar to Theorem 5.3.2 and hence is omitted. 

Theorem 5.8.2 Let the following inequalities hold: 

4 
(a12 + a2d2 < galla22, 

where 

{dlf}IOI + d2(f}000 + Alxi)}2 < ~dld201 (00 + Alxi + A2X;), 

{d\f}262 + d3(f}~60 + A2X;)}2 < ~dld362(OO + Alxi + A2X;), 

a22(6o + Alxi + A2X;) } 
5(A2L\F ' 

(5.62) 

(5.63) 

(5.64) 

Theorems 5.8.1 and 5.8.2 show that if suitable effort is made to control the undesired 

level of environmental pollutants, then the survival of the two competing species may 

be ensured. 

5.9 Conservation Model With Diffusion 

Vve now consider the case when Di > O(i = 1,2,3) in model (5.57). We shall show that 

the uniform steady state Xl (X, y, t) = xi, X2(X, y, t) = xi, T(x, y, t) = T-, UI (x, y, t) = 
Ui, U2 (x, y, t) = Ui and F(x, y, t) = F· is globally asymptotically stable. For this, we 

consider the following positi\'e definite function 

where 
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The constants c;s are to be chosen suitably. 

Then as earlier, it can be checked that if ~ < 0, then ~ < O. This implies that if 

E· is globally asymptotically stable for system (4.67) without diffusion, then the cor­

responding uniform steady state of system (4.67)-(4.68) is also globally asymptotically 

stable with respect to solutions such that 4>(x, y) > 0, 1jJ(x, y) > 0, ~(x, y) > 0, ((x, y) > 

O,(l(X,y) > 0,(2(X,y) > 0, (x,y) € D. 

5.10 Numerical Examples 

In this section we present numerical examples to explain the C;lpplicability of the results 

discussed in sections 5.3, 5.5, 5.6 and 5.8. \Ve choose the following values of the 

parameters in model (5.3). 

Til = 0.05, T21 = 0.04, all = 0.22, an = 0.26, 

Qo = 15.0, 60 = 6.7, 61 = 15.5, 62 = 10.4,' 

01 = 0.02, O2 = 0.03, 00 = 0.01, O~ = 0.04, 

Al = 0.06, A2 = 0.09, /31 = 0.25, and (32 = 0.3. 

(5.65) 

Example 1 In this example, we consider the case when the two species are competing 

with each other. In addition to the values of the parameters given in Eq. (5.65), we 

choose the following parameters in model (5.3): 

TIO = 5.0, T20 = 3.0, QI2 = 0.07 and a21 = 0.08. 

vVith the above values of the parameters, it can be checked that the interior equilibrium 

E exists, and is given by, 

Xl = 21.01420, X2 = 5.03089, T = 1.81106, [;1 = 0.49409, [;2 = 0.27064. (5.66) 

It can also be checked that conditions (5.13)-{5.15) in Theorem 5.3.1 are satisfied which 

shows that E is locally asymptotically stable. 
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Further, we note that conditions (5.17)-(5.19) in Theorem 5.3.2 are also satisfied which 

shows that B is globally asymptotically stable. 

Example 2 Here we consider the case when the two species are cooperating with each 

other. In addition to the values of the parameters given in Eq. (5.65), we choose the 

following parameters in model (5.3): 

TIO = 5.0, r20 = 3.0, Ql2 = -0.07 and a21 = -0.08. 

With the above values of the parameters, it can be verified that the interior equilibrium 

Be exists, and is given by, 

Xie = 29.05284, X21· 20.34072, Te = 1.50652, Ole = 0.64453, 02e = 0.89076. (5.67) 

It can also be veri;d that conditions (5.47)-(5.49) in Theorem 5.5.1 are satisfied, 

showing the local stability character of Be. 

Further, it is easy to verify that conditions (5.50)-(5.52) in Theorem 5.5.2 are satisfied, 

showing the global stability character of Be. 

Example 3 In this example, we consider the case when X2 is predating on Xl. In 

addition to the values of the parameters given in Eq. (5.65), we choose the following 

parameters in model (5.3): 

TlO = 5.0, T20 = -0.5, al2 = 0.2 and a21 = -0.1. 

vVith the above values of the parameters, it can be verified that the interior equilibrium 

Ep exists, and is gi ven by, 

Xlp = 18.09059, X2p = 4.99304, Tp = 1.84798, OIP = 0.42918, 02p = 0.27150. (5.68) 

It can also be verified that conditions (5.53) and (5.54) in Theorem 5.6.1 are satisfied. 

This shows that Bp is locally asymptotically stable. 

Further, it can also be checked that conditions (5.55) and (5.56) in Theorem 5.6.2 are 

satisfied. This shows that Ep is globally asymptotically stable. 
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Example 4 Here we present. a numerical example for the model with conservat.ion. 

In this example we consider the case when the two species are competing with each 

other. In addit.ion to the values of the parameters given in Eq. (5.65), we choose the 

. following parameters in model (5.57) without diffusion: 

TIO = 5.0, T20 = 3.0, al2 = 0.07, a21 = 0.08, 

Q' = 22.0, J.L = 20.0, v = 0.01, Tc = 0.15. 

\"'ith the above values of the parameters, it can be checked that the interior equilibrium 

E exists, and is given by, 

XI = 21.04420, X2 = 5.03897, l' = 0.15032, 01 = 0.35232, O2 = 0.15578. (5.69) 

It can also be checked that conditions (5.59)-(5.61) in Theorem 5.8.1 are satisfied which 

shows that E is locally asymptotica.lly stable. 

Further, we note that conditions (5.62)-{5.6<1) in Theorem 5.8.2 me also satisfied which 

shows that E is globally asymptotica.lly stable. 

5.11 Conclusions 

In this chapter, a mathematical model has been proposed and analysed to study the 

survival of two interacting species in a polluted environment, the mode of interaction 

being competition, cooperation and predat.ion. The model has been analysed with and 

without diffusion. \Vhen there is no diffusion it has been shown that in the case of 

constant introduction of pollutant into the environment the competing species settle 

down to their respective equilibrium levels, the magnitude of which depends upon the 

equilibrium levels of washout and upt.ake rates of pollutant. It has also been noted 

that if the concentration of pollut.a.nt increase unabatedly, then the survival of the 

species would be threatened. In the case of instantaneous introduction of pollutant into 

the environment, it has been found that the competing species again settle down to 

their respective equilibrium le\'cls whose magnitude is higher than the ca.se of constant 
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introduction of pollutant into the environment. In the case of periodic emission of 

pollutant into the environment, it has been found that a periodic influx of pollutant 

with small amplitude causes a periodic behaviour in the system. 

The effect of diffusion on the interior equilibrium state of th? system has also been 

investigated. It has been shown that if the positive equilibriul11 of the system without 

diffusion is globally asymptotically stable, then the corresponding uniform steady state 

of the system with diffusion is also globally asymptotically stable. It has further been 

noted that if the positive equilibrium of the system with no diffusion is unstable, then 

the corresponding uniform steady state of the system with diffusion can be made stable 

by increasing diffusion coefficient.s appropriately. From the proof of Theorem 5.4.1, it 

should be noted that ~ cont.ains some extra negative terms implying that the global 

stability is more feasible in the case of diffusion than the case of no diffusion. In 

case of cooperation and prey-predator, similar results have been found. In each case, a 

numerical example has been given to illustrate the result.s obt ained. A model to cOIlt.rol 

the undesired level of the pollutant present in the environment. has also been proposed. 

By analysing this model it has been shown that if suitable efforts are made to control 

the undesired level of the environmental pollutant, the survival of the species may be 

ensured. 
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Chapter 6 

MODELS FOR EFFECTS OF 

INDUSTRIALIZATION AND 

POLLUTION ON RESOURCES 

IN A DIFFUSIVE SYSTEM 

6.1 Introduction 

A rapid pace of industrialization and its by-product.s has st.orted changing the environ­

ment by emanating hazardous waste discharge and poisonous gas fumes and smokcs 

into the em"ironment (Nelson, 1970; Pat.in, 1982). All these by-products adversely af­

fect the ecosystems- water, air, \"egetation, forestry resources and other forms of life. It 

is therefore absolutely essential to study t.he effects of industrialization and pollution 

on forestry resources. 

In recent decades, some in\'cstigations hayc becn made t.o study the cffccts of pollutants 

on various ecosystems utilizing mathemat.ical models (Hallam and Clark, 1982; Hallam 

et al., 1983; HaHam and Dc Luna: 198.1; De Luno and Ho1\(l111, 1987; Frcedman and 

Shukla, 1991: Huaping and ~la: 1991). As point.ed out in thc previous chapter, the 
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above studies include the effects of pollutants on a single or two species community. 

Shukla et al. (1989) proposed and analysed a mathematical model to assess the effects 

of industrialization on the degradation of forestry biomass together with a reforestation 

effort. Dubey (1997a) studied the effects of toxicant on depletion and conservation of 

forestry resources. Shukla and Dubey (1997) also proposed and analysed a mathemat­

ical model to study the effects of population and pollution on resources. But in the 

above studies effects of industrialization and pollution on the biological species in a 

diffusive system do not appear. 

In this chapter we, therefore, consider a dynamical model to study the effects of pol­

lutant emitted by industries on biological species such as plant/tree population in a 

forest stand. It is assumed that the pollutant is emitted into the environment with 

a rate which is dependent on the industrialization and is depleted by some natural 

degradation factors. The model is analysed in two cases, namely, without diffusion 

and with diffusion. In the analysis of the model, the rate of introduction of pollutant 

is assumed to be (i) industrializat.ion dependent, (ii) constallt, (iii) instantaneous, alld 

(iv) periodic. 

6.2 Mathematical Model 

Consider a biological speCles such as plant/tree population in a. forcst stand (i.c. 

forestry resource biomass) affected by the pollutant emitted into the environment by 

different types of industrial processes in a single closed region D with smooth boundary 

3D. It is assumed that the growth rate of the specics decreascs with the uptake of 

pollutant by the species and the corresponding carrying capacity decreases with the 

increase in the density of industrializat.ion as well as the environmental concentration 

of pollutant. The density of industrialization is assumed to be wholly dependent upon 

the resource and the interaction is prey-predator typc. Following Freedman and Shukla 

(1991), Huaping and 1v1a (1991) and Dubey (1997a) the dynamics of the system may 
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be governed by the following differential equations: 

aB roB2 2 

at = r(U)B - I< (I, T) - all B + DI '\1 B, 

oj 2 2 
at = -~/oJ - III + 0'21 B + D2'\1 I, 

aT 2 
at = Q - ooT - O'BT + Bl01U + 7fI/BU + D3'\1 T, (6,1) 

au 
at = {3B + BoooT + aBT - OIU - l/BU, 

o ~ Bo, B1 , 1r ~ 1. 

The above model needs to be analysed with following initial and boundary conditions: 

B(x, y, 0) = ¢(x, y) ~ 0, I(x, y, 0) = 'I/J(x, V) ~ 0, T(x, v, 0) = ~(x, V) ~ 0, 

U(x, y, 0) = ((x, y) ~ 0, (x, y)cD, (6.2) 
aB 01 aT 
an = an' an = 0, (x, y) £: aD, t ~ 0, 

where n is the unit outward normal to aD. 

In model (6.1), '\1 2 = ~ + ~ is the Laplacian diffusion operator. B(x, y, t) is the 

forestry resource biomass, J(x, y, t) the industrialization pressure, T(x, y, t) the con­

centration of the pollutant present in the environment and U(x, V, t) the uptake con­

centration of pollutant by the resource biomass at coordinates (x, V)cD and time t 2: O. 

D I , D2 and D2 are the diffusion rate coefficients of B(x, V, t), J(x, V, t) and T(x, 1/, t) 

respectively in D. {3 is the net uptake of pollutant by the resource biomass. 00 is the 

depletion rate of pollutant from the environment due to various processes including 

biological transformation, chemical hydrolysis, volatilization or microbial degradation, 

and a fraction Bo of it may again reenter into the resource biomass with the uptake 

of pollutant. 01 is the natural depletion rate coefficient of U due to ingestion and 

depuration of pollutant, and a fraction (h of it may again reenter into the environment. 

0: is the depletion rate coefficient of T due to its uptake by the resource biomass. l.I 

denotes the depletion rate coefficient of U due to resource biomass and a fraction 7f of it 

reentering into the environment. 01 is the depletion rate coefficient of resource biomass 

due to industrialization. 02 is the growth rate coefficient of ,industrialization due to 

resource biomass. 10 is the natural depletion rate coefficient of the indllstrialization 



and II is its intraspecific interference coefficient. The parameters a, ai, a2, 00, 01, /3, 

10, II and v are assumed to be positive constants. 

In model (6.1), Q represents the rate of introduction of pollutant into the environment 

which may be industrialization dependent, constant, zero or periodic. 

The function r(U) denotes the specific growth rate of resource biomass which decreases 

as U increases, i.e., 

T(O) = TO > 0, r'(U) < 0 for U > O. (6.3) 

The function [((I, T) is the maximum density of resource bioma.5s which the environ­

ment can support and it also decrease as I and T increase, i.e., 

[((0,0) = [(0 > 0, ~: < 0, ~~ < 0 for I > 0, T > O. (G.4) 

6.3 Model Without Diffusion 

In this section we analyse model (6.1) without diffusion (i.e., Dl = D2 = D3 = 0) for 

different values of Q, namely, when Q is industrialization dependent, constant, zero or 

periodic. In such a case, model (6.1) reduces to 

dB roB2 
di=r(U)B- [«(I,T) -aIIB, 

dI 2 
dt = -''(01 -'II + a21 B, 

dT ill = Q - ooT - oBT + ()IOIU + 7fvBU, (6.5) 

dU 
dt = f3B + ()oooT + aBT - 01 U - vBU, 

B(O) 2: 0, /(0) 2: 0, T(O) 2: 0, U(O) 2: O. 

Case I: Q=Q(I) and it satisfies the foHowing property: 

Q{O) > 0, Q'(I) > 0 for /2:0. (6.6) 

In this case, model (6.5) has three nonnegative equilibria, namely, Eo(O,O, 
Q(O) 0 Q(O) - - - - - - - - -

00(1-000 1)' 01(~-000tl), E(B,O,T,U) and E(B,I,T,U). The equilibrium Eo obviously 

exists, and we shall show the existence of E and E as follows. 
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Existence of E(B, 0, t, (;): 

Here B, t and (; are the positive solutions of the following algebraic equations: 

Taking 

T(g(B))J(O, feB)), 
(01 + vB)Q(O) + (0 101 + 7fvB)(JB 

T -
0001(1 - OoOd + oovB(l - Oo7f) + 01aB(1 - Ot} + avB2(1 - 7f) 

- feB), (say) 
(JB 0000 + o:B 

o B + 0 B feB) = g(B).(say) 
l+ V l+ V 

u 

F(B) = TaB - T(g(B))J(O, feB)), 

(6.7) 

(6.8) 

(6.9) 

we note that F(O) < 0 and F(J(o) > 0, showing the existellce of jj in the interval 

o < B < Ko· For B to be unique the following condition must be satisfied at E, 
or I oJ( 

TO - oug (B)J(O, feB)) - r(g(B)) oT 1'(B) > O. (6.10) 

- --
By knowing the value of B, the values of T and U can then be computed from (6.8) 

and (6.9) respectively. 

Existence of E(l3, I, T, 0): 

Here f3, I, T and (j are the positive solutions of the following algebraic equations: 

TaB J(hl(B), h2(B)){r(h3(B)) - a1hl(B)}. (6.11) 

a2B - 10 
I = hi (B), (say) (6.12) 

II 
T _ (0101 + 7fvB)f3B + Q(hl (B))(Ol + vB) 

6061(1- BoBd + 60vB(1 - Bo7f) + olaB(1 - Bd + avB2(1 - 7f) 
- h2 (B), (say) (6.13) 

U (3B + 0000 + o:B h2 (B) = h3(B). (say) (6.14) 
ol+vB 01 + LIB 

As in the existence of E, it is easy to check tha.t E exists, provided the following 

inequality holds at E: 

(6.15) 
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By computing the variational matrices corresponding to each equilibrium, it can be 

. easily checked that Eo is a saddle point with unstable manifold locally in the B direction 

and stable manifold locally in the I - T - U space. E is unstable in the I direction. 

In the following theorem it is shown that E is locally asymptotically stable. 

Theorem 6.3.1 Let the following inequalities hold 

ToB f)J( - - 2 2 rOl} 
{J(2(1, T) f)I (I, T) + o:} + 0:2} < 3 J«(I, T)' 

ToB f)J( - - - - 2 4 ro(Qo + aB) 
{J(2(I,T)fJT(I,T)+o:T+1fvU} < 9 J«(1,T) , 

2 ro(lS} + vB) 
{r'(U) +,6 + aT + VU}2 < 3 J«(I, T) I' 

Then the equilibrium E is locally asymptotically stable. 

(6.16) 

(6.17) 

(6.18) 

(6.19) 

(6.20) 

Proof: vVe first linearize system (6.5) around the positive equilibrium E by taking the 

transformations B = jj + b, I = I + i, T = T + T, U = U + u. Then using the following 

positive definite function in the linearized system of model (6.5), 

it can easily be checked that the derivative of \I with respect to t is negative definite 

under conditions (6.16)-(6.20)' proving the theorem. 

In order to investigate the global stability behaviour of E, we first state the following 

lemma, which establishes a region of attraction for system (6.5). The proof of this 

lemma is easy, and hence is omitted. 

Lemma 6.3.1 The set 
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attracts all solutions initiating in the interior of the positive orthant, where 

In the following theorem global stability behaviour of £ is studied. 

Theorem 6.3.2 In addition to the assumptions {6.3} and {6.4}, let r(U) and [«(I, T) 

satisfy the following conditions in 0 1, 

[(m ~ [«(I, T) ~ [(0, 0 ~ -r'(U) ~ PI, 0 ~ Q'(I) ~ P2, 
a[( 0[( 

o < -- < kl 0 < -- < k2 (G.21) - aI - , - aT - , 

for some positive constants [(m, PI, {)2, kl' and k2 · Then if the following inequalities 

hold, 

Tokl[(o 2 
{ ](2 + 0'1 + 0·2} < 

m 

Tok21(0 2 
{ ](2 + (0· + ITv)Ls} 

m 

2 TOil 

3 ]«(I, T)' 

4 TO(OO + aB) 
< 9 [«(I, T) , 

2 ro{ol + vB) 
3 ]«(I, T) , 

(6.22) 

(6.23) 

(6.24) 

2 2 -
{P2} < 3 (00 + oBh" (G.25) 

{0000 + 0101 + (0' + 1Tv)B}2 < ~(OO + aB)(Ol + vB), (6.26) 

the equilibrium £ is globally asymptotically stable with respect to all solutions initiating 

in the intenoT of the positive orthant. 

Proof: Consider the following positive definite function around £, 

- - B - - II -2 1 -2 
V1(B, I, T, U,) = B - B - B In B + I - I - I ln1 + 2(T - T) + 2(U - U) . (6.27) 

Now differelltiating VI with respect to t along the solutions of (G.G), a little algebntic 

manipulation yields 
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dVI TO - 2 - 2 - - 2 
dt - - K(J, t) (B - B) -.,"1 (1 - I) - {60 + aB}(T ~ T) 

- {61 + vR}(U - '0)2 + {-ToB6 (1, T) - al + a2}(B - R)(1 - J) 

+{ -ToB6(J, T) - aT + 7TvU}(B - R)(T - t) 

+{ 7]1 (U) + {3 + aT - vU}(B - R)(U - '0) + 7]2(1)(1 - J)(T - T) 

+{Booo + BIOI + (a + 7Tv)R}(T - t)(U - 0), ' (6.28) 

where 

{K(:,n - K(:,n}/(1 -I), 1=/:-1 

~l (1, T) = 

I aK-
- K2(J,T) N(1, T), 1=1 

{K(:.T) - K(:.T)} /(T - T), T=/:-T 

6(l, T) -

I aK - - I 

- K2(J.n aT (1, T), T=T 

r(U}-r{D} U=/:-U u-u , 

7]1 (U) -

,.,( U), U=U 

Q{I)-Q{i! 1=/:-1 I-I 

7J2(1) -

Q'(1), 1=1 

From (6.21) and the mean value theorem, we note that 

Now Eq. (6.28) can be rewritten as the sum of the quadratics 
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where 

2 TO 2 - -
all = 3 J«(I, T)' a22 = [I, 033 = 3{00 + exB), a11 = 01 + vB, 

al2 = -ToB~I(I, T) - exl + Cl"2, a13 = -roB6(l, T) -: exT - 7rvU, 

a14 = 1]1{U) + {3 + aT - vU, 023 = 1]2(1), a34 = 8000 + 8101 + {ex + 7rv)B. 

Sufficient conditions for ~ to be negative definite are that the following conditions 

hold: 

2 ° 12 < a 11 a22 , (6.30) 

2 
a l3 < alla33, (6.31) 

2 
a l4 < all a'14 , (6.32) 

2 
0"13 < 022 a 33, (6.33) 

2 
Q3.1 < a33(1H· (6.31) 

We note that {6.30} =? {6.22}, (6.31) =? (6.23), (6.32) =? (6.24), (6.33) =? (6.25), (6.34) 

=? (6.26). Thus, VI is a Liapunov function with respect to E, whose domain contaills 

the region of attraction 0 1 , proving t.he t.heorem. 

The above theorem shows t.hat if inequalities (6.22)-(6.26) hold, then the resource 

biomass settles down to a steady state whose magnitude depends upon the steady 

state of industrialization, influx and washout rates of the pollutant present in the en­

vironment, the influx rate being dependent upon the steady state of industrialization. 

The magnitude of thc rC50urcc biomass decreases with the increase in dellsity of indus­

trialization and influx rate of pollutant present in the environmem. It may be noted 
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here that equilibrium level of the resource biomass density may doom to extinction if 

the densities of industrialization and pollution increase unabatedly. 

Case II: Constant emission of pollutant into the environment, i.e., Q = Qo > O. 

In this case the analysis will be similar as that of the case I and the results corre­

sponding to Theorems 6.3.1 and 6.3.2 can be deduced. In particular, it may be noted 

that condition (6.19) in Theorem G.3.1 and condition (6.25) in Theorem 6.3.2 are au­

tomatically satisfied. In this case the results are found similar to the industrialization 

dependent case. 

Case III: Instantaneous introduction of pollutant into the environment, i.e., Q = O. 

In this case the system can be analysed in a similar fashion as that of case 1. In particu­

lar, it is noted that the pollutant may be washed out completely from the environment, 

and then the resource biomass density may return back to a lower equilibrium level 

than its original carrying capacity, the magnitude of which '~Tould depend upon the 

equilibrium level of industrialization. Even in this case the resource biomass density 

may tend to zero if the industrialization pressure is very high. 

By comparing the equilibrium levels of resource biomass density in cases I, II and III, 

we note that the extinction rate of the resource biomass density is maximum in case I 

and minimum ill case III, keeping other parameters same. 

Case IV. Periodic emission of pollutant into the environment, I.e., Q(t) 

c¢(t), ¢(t + w) = ¢(t). 

Qo + 

In this case, it can be checked that the results corresponding to Theorem 3.4.1 and 

Theorem 3.4.2 in chapter 3 remain valid. In particular, it is found that a small periodic 

influx of pollutant into the environment causes a periodic behaviour in the system and 

for small amplitude the stability behaviour of the system is same as that of the constant 

introduction of pollutant. 
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6.4 . Model With Diffusion 

In this section we consider the complet.e model (6.1)-(6.2) and state the main resuJ~s 

in the form of the following theorem. 

Theorem 6.4.1 {i} If the equilibrium E of model {6.5} is globally asymptotically sta­

ble, then the correspondmg 'Uniform steady state of the initial-boundary value problems 

{6.1}-{6.2} is also globally asymptotically stable. 

{ii} If the equilibrium E of the model {6.5} is unstable, even then the uniform steady 

state of the imtial-boundar1J value problems {6.1}-{6.2} can be made stable by increasing 

diffusion coefficients appropriately. 

Proof: Let us consider the following positive definite function 

V2(B(t), I(t), T(t), U(t)) = f fD VI (B(t), I(t), T(t), U(t))dA, (6.35) 

where VI is defined in Eq. (6.27). \Ve have, 

f r (avi aB aFI aJ aVI aT aVI au) 
JD aE at + aI at + aT at + au at dA 

II + 12 . (6.35) 

where 

We first note that II has the same sign as that of ~, if ~ does not change sign in D. 

Vie also note the following properties of VI, namely, 

aVI] = aVI] = aVI] = al1l] = 0 
aE aD aI aD aT aD au 00 

and for all points of D, 

a2
\/1 a2\11 a2 FI a2v1 -

aBaI aBaT aEaU aI aT 
a2vI a2v1 

alau aTau = 0, 
a2 VI a2 VI a2 VI 
aE2 > 0, aJ2 > 0, aT2 > 0, 

a2vI 
and aU 2 > O. 
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Under an analysis similar to chapter 2, we note that 

J r aVI \12 BdA = _ J r a
2
v I {(aB)2 + (aB )2}dA ~ 0, 

Jo aB Jo aB2 ax ay 
(6.38) 

J r aVI \12 IdA = - J r a2
\11 {(aI)2 + (aI )2}dA ~ 0, 

Jo aI 10 aFax ay 
(6.39) 

J r aVI \12TdA = _ J r a2
1f1 {(aT)2 + (aT )2}dA ~ O. 

10 aT 10 aT2 ax ay 
(6.40) 

This shows that 

h ~ o. (6.41) 

The above results shows that if II ~ 0, i.e., if E is globally asymptotically stable in 

the absence of diffusion, then the uniform steady state of the initial-boundary value 

problems (6.1)-(6.2) also must be globally asymptotically stable. This proves the first 

part of Theorem 6.4.1. 

vVe further note that if ~ > 0, i.e., if 11 > 0, then E may be unstable in the absence 

of diffusion. But, Eqs. (6.36) and (6..11) show that by increasing diffusion coefficients 

D I , D2 and D3 sufficiently large, ~ can be made negative even if II > O. This proves 

the second part of Theorem 6.4.1. 

The above theorem implies that diffusion with reservoir boundary conditions may be 

thought of as stabilizing the system. We shall explain the above theorem for a rectall-

gular habitat D defined by 

D = {(x, y): 0 ~ x ~ a, 0 ~ y ~ b} (6.42) 

in the form of the following theorem. 

Theorem 6.4.2 In addition to a.ssumption..s (6.3) and (6.1,), let r(U), K(I, T) 8atisjy 

the inequalities in {6.21}. If the following inequa.lities hold: 



2 TO D)j7r2 (a2 +1/) 
< ;3 { I<(l, T) + I<Ja2b2 } X 

D217r2(a2 + b2) 
{"II + J}a2b2 }, 

(6.43) 

4 TO D)37r2(a2 + b2) 
9{I<:(l,T) + I<Ja.2b2 } X 

_ D37r2(a2 + b2
) 

{90 + o:B + a2b; }, (6.44) 

2 TO DIB7r2(a2 +b2
) 

3{ J{(I, T) + I<Ja2b2 } X 

(01 + vB), (6.45) 

p~ < 
2 D217r2(a2 + 02) 
3 {/'I + J2a 2 b2 } x 

5 

_ D37r 2 (a2 + 02
) 

{oo + oB + a2 b2 }, (GAG) 

2 _ D37r2(~2 + b2) 
;3{00 + aB + a2b2 } x 

(01 + vB), (6.47) 

then E is globally asymptotically stable with respect to all solutwns initiating zn the 

znterior of the positive orthant. 

Proof: Let us consider the rectangular region D given by Eq. (6.42). III this case 12 , 

which is defined in Eq. (6.36), can be written as 

From Eq. (6.27) we get 

82 \11 B 
8B2 B2' 
82 \11 I 
812 = 12' 
82 

\II 

BJ'2 = 1. 
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I1ence 

Now 

Jf(aB)2dA 
JD ax 

Under an analysis similar to chapter 2 and using the well known inequality (Denn, 

1075, pp, 225) 

we note that 

and 

Thus, 

J f [-{ TO D 18rr2(a
2 + b2

) }(B _ R)2 _ { D2lrr2(a
2 + &2) }(1 _1)2 

) D J((J T) + J(2a2b2 /1 + J2a2b'2 ,0 s 

- D3rr2 (a 2 + b2
) - 2 - - 2 

-{oo + aB + a2b2 }(T - T) - (01 + I/B)(U - U) 

+{ -ToB~,(1)T) - a', + a2}(B - 8)(J-1) 

+{ -ToB~2(l, T) - o:T + 7wU}(B - B)(T - T) 

+{7],(U) + {3 + aT - I/U}(B - R)(U - 0) + 7]2(1)(1 - J)(T - T) 

+{Oooo + e101 + (0: + iTl/).8}(T - t)(U - 0)) dA, 
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where 7]1 (1), 7]2(b), ~I (B) and ~2(B) are defined in Eq. (6.28). 

where 

2 TO DIBrr2(a2 + b2
) D2 1n2 (a2 + b2

) 

bll = 3 { K (1, T) + KJa2lJ2 }, b22 = /1 + r}a2b2 ' 

2 _ D3rr2(a2 + b2 ) -

b33 = 3{Oo + aB + a2 &2 }, b44 = 6} + vB, 

bl2 = -ToB~I(1, T) - a"l + 0'2, bl3 = -roB6(l, T) - O'T - nvU, 

bl4 = 171(U) + f3 + aT - vU, ~3 = TJ2(I), 

Sufficient conditions for ~ to be negative definite are that the following conditions 

hold: 

bi2 < b11 b22 , (6.49) 

bi3 < b11 b33 , (6.50) 

bi4 < b11 b44 , (6.51) 

b~3 < b22 b33 , (6.52) 

b~1 < b33 b44 · (5.53) 

'rVe note that (6.43) => (6.49), (6.44) => (6.50), (6.45) => (6.51), (6.46) => (6.52), (6.47) 

=> (6.53). Thus V2 is a Liapunov function with respect to E·, whose domain contains 

the region D 1, proving the theorem. 

From the above theorem we note that if we increase D J , D2 and D3 to sufficiently large 

values, then inequalities (6.43)-(6.47) may be satisfied. This implies that solutions 
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of the system with diffusion approaches t.o its equilibrium faster than the case of no 

diffusion. 

6.5 Conservation Model 

In the previous section it has been noted that uncontrolled growth of industrialization 

and pollution may lead to the extinction of forestry resources. Therefore, some kinds of 

efforts must be adopted to conserver the forestry resources (Munn and Fedorov, 1986; 

Huttl and vVisniewski, 1987; Lamberson, 1986; Shukla et a1., 1989; Reed and Heras, 

1992; Dubey, 1997a; Shukla and Dubey, 1997). In this sectioll a ;na.thcmaticaJ model is 

proposed to conserve the forestry resources by some efforts like plantation, irrigation, 

fencing etc. and by controlling the undesired levels of industrialization and pollution 

by some mechanisms. It is assumed that the effort applied to conserve the resource 

is proportional to the depleted level of resource biomass from its carrying capacity, 

and efforts applied to control the industrialization pressure and the concentration of 

pollutant are proportional to their respective undesired levels. Following Shukla et a1. 

(1989), Dubey (1997a) and Shukla and Dubey (1997), differential equations governing 

the system may be written as 

aB ,. B2 
- = 1"(U)l3 - 0 I B + F + D \)2 B Dt J((l,T)-O"I rIO "I 1 , 

aI 2 2 at = -/01 -/1 1 + o"2 IB - 12oF2I + D2\) I, 

~~ = Q(I) - boT - o-8T + OlblU + 7fvBU - 130F3 + D3 \l2T, 

au -a = {3B + (JoboT + o·BT - blU - vBU, 
t ' 

aFI B 
- = 1"1(1 - -) - J.lIFI at 1(0 ' 

aF2 -a = 1"2(I - Ie)H(I - Ie) - J.l.2 F2, 
t • 

aF3 
7ft = 1"3(T - Te)H(T - Te) - fi.3 F3, 

o ::; 00 ,01,11 ::; 1. 
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We analyse the model with the following initial and boundary conditions: 

E(x, y, 0) = ¢(x, y) ~ O,/(x, y, 0) = 1j;(x, y) ~ 0, 

T(x, y, 0) = ~(x, y) ~ 0, U(x, y, 0) = ((x, Y) 2: 0, 

Fl(x,y,O) = (l(X,y) 2: O,F2(x,y,O) = (2(X,y) ~ 0, 

F3(X, y, 0) = (3(X, y) 2: 0, (x, y) E: D and 

oE = oj = aT = 0, 
on on on (x, Y) E oD, t 2: 0, 

where n is the unit outward normal to oD. 

(6.55) 

In model (6.54), Fl(x,y,t) is the density of effort applied to conserve the resource 

biomass, F2 (x,?/, t) the density of effort applied to control the undesired level of indus­

trialization pressure and F3 (x, y, t) the density of effort applied to control the undesired 

level of the concentration of pollutant in the environment. rIO > 0 represents the growth 

rate coefficient of resource biomass due to effort Fl' T20 > 0 and T30 > 0 are depletion 

rate coefficients of I(x, y, t) and T(x, y, t) due to the efforts F2 and F3 respectively. Tl, 

T2, T3 are the growth rate coefficient.s of FJ, F2 , F3 respectively and J.Ll, J.L2 and J.L3 are 

their respective depreciation rate coefficients. Ie and Te are critical levels of industrial­

ization pressure and concentration of pollutant respectively which are assumed to be 

harmless to the resource. In the last two equations of system (6.54), H(t) denotes the 

unit step function which takes into account the cases when I ::; Ie and T ::; Te. It may 

be noted that in the unusual circumstances, even in the face of industrialization, if the 

forest exceeds its carrying capacity, then 12ft will be negative, giving a decrea!3e in the 

effort to conserve the biomass. 

\,ye analyse conservation model (6.54) only for the case when rate of introduction of 

pollutant into "he environment is indust.rialization dependent. 

6.6 Conservation Model Without Diffusion 

In this section we take, Dl = D2 = D3 = 0 in model (6.54). Then the model has only 

one interior equilibrium, namely, E"(B",I",T",U·,Ft,F;,Fj), where E", I·, T', U", 
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F{, F; and Fj are positive solutions of the system of algebraic equations given belew. 

TIOTI B 
ToB {T(U) - ex)I + BpI (1 - Ko )}K(I, T), 

I (-{o + ex2B)P2 + T2oT2 Ic = hi (B), (say) 
P2 + T20TO 

T _ Q(h 1(B»)P3(01 + vB) + il3(B101 + 7fvB)f3B + T30T3Tc(01 + vB) 
P3[OOOl(1- BoBd + oovB(1 - 7feo) + exolB(l - ed + exvB2(1 - 7f)] + T30T3(61 + vB) 
h2(B), (say) 

U f3B + (Booo + exB)h2 (B) - h (B) ( ) 
01 + vB - 3 ,say 

T) B 
FL - PL (1 - /(0)' 

It may be noted here that for FI to be positive, we must have 

Ko > B. (6.56) 

As earlier, it is easy to check that E· exists if and only if the following inequality bolds 

at E*, 

(6.57) 

In the following theorem it is shown that E' is locally asymptotically stable, the proof 

of which is similar to Theorem 6.3.1 and hence is omitted. 
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Theorem 6.6.1 Let the following inequalities hold: 

roB· oj( 0 0 2 2 TOI'1 
{](2(1., To) of (I , T ) + al + a2} <"3 ](Uo, To)' 

TaB· oj( .... .. .. 2 4 TO (00 + aB") 
{J(2(I*,T*.) W(I ,T) +aT +7fIlU} < 9 K(f*,T*) , 

, * ,,0 2 2 TO(OI + vB") 
{r (U ) + .6 + aT + vU} <"3 J((I", T*) , 

{Q'(r)}2 < ~~(I(OO + aBO), 

{Bodo + Bldl + (0'+ rrv)B·}2 < ~(do + O'B")(dl + vB"), 

then E* is locally asymptotically stable. 

(6.58) 

(6.59) 

(6.60) 

(6.61) 

(6.62) 

In the following lemma a r~gion of attraction for system (6.54) without diffusion is 

established. The proof of this lemma is similar to Lemma 6.3.1 and hence is omitted. 

Lemma 6.6.1 The set 

O:S B:S J(a,O:S f:S fa, 0 :S T+ U:S Lu, 
Tl T2fa T3La o :S Fl ~ -, 0 ~ F2 ~ -, 0 ~ F3 :S -} 
J-L 1 /12 /13 

attracts all solu.tions initiating -in the positive orthant, where 

The following theorem gives criteria for EO to be globally asymptotically stable, whose 

proof is similar to Theorem 6.3.2 and hence is omitted. 

Theorem 6.6.2 In addition to the assumptions {6.3} and {6.4}, let r{U} and K{I, T} 

satisfy in O2 , 

](:n ~ J((I,T):S K o, O:S - ~; :S k;, O:S - ~~ :S ki, 

O:S -r'(U):S p;,O:S Q'(I):S pi, (6.63) 
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for some positive constants K:n, ki, k;, pi and pi· Then if the following inequaltties 

hold: 

rok~ Ka 2 2 TOI'I 

{ K:n2 + al + 0:2} < 3 K(I0, To)' 

{
Tok;Ka ( )L}2 4 ro(6o + aBo) 

K;;; + a + 1TII a <"9 K(I0, To) , 

o 2 2 ro(6 1 + IIB*) 
{PI + {3 + (a + II)La} < 3 K(I0, To) , 

{p;2}2 < ~/I(c5o + o:B*), 

{Bo6o + BI 61 + (a + 1TII)BO}2 < ~(60 + aBO)(61 + liB"), 

(6.54) 

(6.65) 

(6.66) 

(6.67) 

(6.68) 

E* is globally asymptotically stable with respect to all solutions initiating in the positwe 

orthant. 

Theorems 6.6.1 and 6.6.2 show that if suitable effort.s are made to conserve the re­

source biomass and to control undesired levels of industrialization and pollution, an 

appropriate level of the resource biomass density may be maintained. 

6.7 Conservation Model With Diffusion 

We now consider the case when D, > O(i = 1,2,3) in model (6.54). Then we can 

show that the uniform steady state B(x, y, t) = BO, I(x, y, t) = 1*, T(x, y, t) = T*, 

U(l:, V, t) = U', FI (x, V, l) = Fi, F2 (x, v, t) = F2', FJ(x, V, t) = FJo is globally asymp­

totically stable. For this, let us consider the following positive definite function: 

where, 
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Then as earlier, it can be shown that 

This shows that if ~ < 0, then !!Jf < O. This implies that if E* is globally asymp­

totically stable for system (6.54) without diffusion, then the corresponding uniform 

steady state of system (6.54)-{6.55) is also globally asymptotically stable with respect 

to solutions such that ¢J(x, y) > 0, 'I/J(x, y) > 0, ~(x, y) > 0, ((x, y) > 0, (I (x, y) > 0, 

(2(X, y) > 0, (3(X, y) > 0, (x, y)cD. 

'vVe also note that if ~ > 0, then ~ can be made negative by increasing D 1 , D2 , 

D3 to sufficiently large values. This implies that if system (6.54) without diffusion is 

unstable, even then the corresponding uniform steady state of syst.em (6.5-1)-(6.55) Cil.11 

be made stable. 'vVe also note that ~ contains some extra negative terms implying 

that the global stability in this case is more plausible than the case of no diffusion. 

This shows that solutions approach E* more rapidly as the diffusion coefficients D 1, 

D2 and D3 increase. So, with diffusion the biomass will converge towards its carrying 

capacity at a faster rate than ,-vith no diffusion. 

6.8 Numerical Examples 

Example 1 Here a numerical example is presented to illustrate the results obtained ill 

section 6.3. 'vVe consider the following particular form of the functions in model (6.5). 

r(U) = TO - blU, 

K(I, T) = Ko - Kif - K2T, 

Q(I) = qo + q1f. 

(6 69) 

Now choose the following set of values of the parameters in Eq. (6.69) and in model 

(6.5). 
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, , 
TO = 20.0, b1 = 0.02, Ko = 100.0, K\ = 0.8, K2 = 0.9, qo = 10.0, 

q1 = 0.7, a1 = 0.25, a2 = 0.15, ')'0 = 0.29, ')'1 = 6.5, 150 = 7.0, (6.70) 

01 = 6.0, a = 0.04, B\ = 0.05, 'if = 0.01, v = 0.1, (3 = 0.064, eo = 0.03. 

'With the above values of the parameters, it can be checked that the condition (6.15) 

for the existence of the interior equilibrium E is satisfied and E is given by 

jj = 94.63914, f = 2.13936, T = 1.09066, 0 = 0.G7348. (6.71) 

It can also be checked that conditions (6.16)-{6.20) in Theorem 6.3.1 are satisfied which , 
shows that E is locally asymptotically stable. 

By choosing J(m = 60.0 in Theorem 6.3.2 it can also be verified that conditions (6.22)­

(6.26) are satisfied which shows that E is globally asymptotically stable. 

Example 2 Here we present a numerical example to illustrate the results obtained 

in section 6.6. In addition to the values of parameters given in (6. 70), we choose the 

following values of parameters in model (6.54) with no diffusion: 

7'lO = 3.0, r20 = 5.0, r30 = 2.0, rl = 3.5, r2 = 4.0, T3 = 4.5, 

/J-t = 0.12, /J2 = 0.8, /JJ = 0.75, Ie = 0.07, Te = 0.09. (6.72) 

Then it can be checked that condition (6.57) for the existence of the interior equilibrium 

E* is satisfied, and EO is gi\'cn by 

BO = 99.26837, r = 0.12976, T· = 0.49550, U· = 0.52896, 

F; = 0.21339, Fi = 0.29882 and F3 = 2.43301. (6.73) 

It can easily be \'erified that condit.ions (6.58)-(6.62) in Theorem 6.G.1 are satisfied 

which shows that E- is locally asymptotically stable. 

Further, by choosing K~l = 60.0 in Theorem 6.6.2, it can be checked that conditions 

(6.64)-(6.68) ale satisfied. This shows that E" is globally asymptotically stable. 
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By comparing equilibrium le\'els E and Eo- in Eqs. (6.71) and (6.73) we note that due 

to efforts F1, F2 and F3 , the equilibrium level of the resource biomass has increased 

whereas equilibrium levels of the industrialization pressure, concentration of pollutant 

in the environment and in the resource biomass have decreased. 

6.9 Conclusions 

In this chapter, a mathematical model has been proposed and analysed to study the 

effects of industrialization and pollution on forestry resou~ces with diffusion. The rate 

of introduction of pollutant into the em·ironment is considered to be industrialization 

dependent, constant, zero or periodic. The model has been analysed with and without 

diffusion. 

When there is no diffusion in the system, it has been shown, that in the ca.se of in­

dustriallzation dependent introduction of pollutant into the environment the resource 

biomass settles down to its equilibrium level whose magnitude depends upon the equi­

librium level of industrialization, influx and washout rates of pollutant present in the 

environment. The magnitude of the resource biomass density decreases as the density 

of industrialization and influx rate of pollutant increase, and even it may tend to zero if 

these factors increasc without control. In the case of constant spill of pollutant into the 

environment alld without diffusion in the system the results are found similar to the 

industrialization dependent casco \·Vithout diffusion and in the case of instantaneous 

introduction of pollutant into the environment it has been noted that the pollutant 

may be washed out completely and the resource biomass may settle down to a lower 

equilibrium level than its original carrying capacity whose magnitude depends only 

upon the equilibrium level of industrialization pressure. Even in this case the resource 

biomass may vanish if industrialization pressure increases unabatedly. In the case of 

periodic emission of pollutant into the environment it has been found that a small 

periodic influx of pollutant causes a periodic behaviour in the system and the stabilIty 

behaviour of the system is same as that of the constant introduction of pollutant. 
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A mathematical model to conserve the resource biomass by plantation, irrigation, fcnc­

ing, fertilization etc., and to control the undesired levels of industrialization pressure 

and concentration of pollutant in the environment by some mechanisms has also been 

proposed. By analysing this model it has been shown that if suitable efforts are made, 

an appropriate level of resource biomass density can be maintained. 

In the diffusive system with reservoir boundary conditions a complete analysis has 

been carried out for the model. It has been shown that if tile positive equilibrium of 

the system without diffusion is globally asymptotically stable, then the corresponding 

uniform steady state of the system with diffusion is also globally asymptotically stable. 

It has been noted that there are cases where the positive equilibrium of the system 

with no diffusion is unstable, but the corresponding uniform sterldy state of the system 

with diffusion can be made stable by increasing diffusion coefficients appropriately. It 

has also been noted that the global stability is more plausible in the diffusive system 

than the case with no diffusion, that is, with diffusion the resource biomass density 

converges towards its carrying capacity at a faster rate than the case with no diffusion. 

Thus, it has been concluded that the solutions of the system with diffusion converge 

towards its equilibrium faster t.han the case of no diffusion. 
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Chapter 7 

TIME DELAY MODEL FOR 

DEPLETION OF FORESTRY 

RESOURCES AND THEIR 

CONSERVATION 

7.1 Introduction 

Environmental pollution is one of the challenges that mankind is facing as a result 

of industrialization. Main gaseous pollut.ant.s from various industrial units are sul­

phur dioxide, nitrogen oxides, carbon monoxide, hydrocarbons, fluorine, fly ash, etc. 

These pollutants affect the ecosystem in general and plants in particular (Gordon and 

Gorham, 1963; Rao and Rao, 1989). Aut.omobiles constitute another major source of 

air-borne pollutants in the majority of cities of industrialized count.ries. The main pol­

lutants which automobiles emit are carbon monoxide, nitrogen oxides, unburned hydro­

carbons, smoke and particulate matter. In developing and under developed countries 

vehicles are poorly maintained and as a result., cause more air pollution. In addition to 

the pollutants emitted in the gaseolls form, solid and liquid pollutant.s are also coming 
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out from industries. Many of t.he t.rees stop bearing fruits due to high level of air 

pollution. Plants do not blossom and even if they do the flowers are very small and 

rickety. Air pollution has already led to the disappearance of much of the vegetation 

including trees. Therefore, it is absolut.ely essential to study the effect of pollutants on 

forestry resource biomass. 

In recent decades some inve5tigations have been made to study the efrect of pollution 011 

a single biological species (Hallam et. aI., 1983; Hallam and De Luna, 1984; Hallam and 

Ma, 1986; De Luna and Hallam, 1987; Freedman and Shukla, 1991; Shukla and Dubey, 

1996a; Dubey, 1997a). As pointed out in the previous chapter the above studies have 

been conducted to study the effect. of pollut.ant on a single or two species communities. 

In all the above im·estigations it. has been assumed that as soon as the pollutant enters 
~ 

into the body of the species it starts affecting the species without any delay. But 

there are many other substances emitted by different industries which do not harm 

the species directly but after some metabolic change these substances get converted to 

toxic substances which affect. the species UVlacDonald, 1977). Some other pollutants 

go on accumulating in the body of the species until their concentrations do not cross 

the threshold value for affecting the species. This introduces a delay in the system, 

which was not considered in t.he earlier investigations. In this chapter, therefore, we 

have proposed and analysed a mathematical model where t.i!J1e-dclay factor has been 

considered. 

7.2 The Model 

Consider a forestry resource which is being degraded due to environmental pollution. It 

is assumed that the dynamics of {he forest biomass is governed by nonlinear logistic type 

equations. It·is also assumed that environmental pollutant does not affect the forestry 

biomass directly, but the pollutant after ent.ering into the bioma.,>s gets converted to a 

substance which is toxic to {he resource biomass and consequently the growth rate of 

the biomass ciCCI ca5CS This cOllycrsion causcs a time delay in t.he depletion of forestry 
I 
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resource. Then the dynamics of the system may be governed by following system of 

autonomous differential equations: 

aB ~B2 2 

at = r(H')B - K(T) + DI \1 B, 

&T 2 at = Q(t) - boT - alBT + D2\1 T, 

au = -blU + alBT at ' 
8lV 7it = aU - ooH'. 

Vve impose the following initial and boundary conditions on the system: 

B(x, y, 0) = </l(x, y) ~ 0, T(x, y, 0) = 1j;(x, y) 2: 0, 
, 

(7.1) 

U(x, y, 0) = ((x, y) 2: 0, IV(x, y, 0) = ((x, y) 2: 0, (x, y) cD, (7.2) 

aB err 
-a = -a = 0, (x, Y)EaD, t 2: 0, 

n 11. 

where n is the unit outward normal to aD. 

In model (7.1), \12 = ~ + ~ is the Laplacian diffusion operator. B(x, y, t) is 

the density of the forest biomass, T(x, y, t) the concentration of environmental pollu­

tants, U(x, y, t) the uptake concentration of pollutant from the environment, vV(x, y, t) 

the concentration of the toxic substance which has been formed by the cOllversion of 

U(x, y, t) due to some metabolic changes at coordinates (x, y)cD and time t 2: O. DI 

and D2 are the diffusion rate coefficients of B(x, y, t) and T(x, y, t) respectively in D. 

Q(t) is the rate of introduction of pollutant into the environment beyond initial con­

centration. bo is the natural depletion rate coefficient of environmental pollutant. 0:1 is 

the depletion rate coefficient of environmental pollutant due to the resource biomass. 

01 is the natural depletion rate coefficient of U. 0: is the growth rate coefficient of 

vV(x, y, t) which is assumed to be proportional to the concentration of U(x, y, t) and 

ao is the natural depletion rate coefficient of IV(x, y, t). 

In model (7.1) 1 the function r(Hi) is the specific growth rate of the forest biomass 

which decreases as IV increases, i.e., 

reO) = ro > 0 and r'(IV) < 0 for lV 2: o. (7.3) 
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The function I«T) is the carrying capacity of the forest biomass which satisfies the 

following properties: 

f((0) = f(o > 0, and f('(T) < 0 for T ~ 0, 

and·there exists a. T =,Ta su.ch that f((Ta) = 0, (7.4) 

The model is analysed for three differ.ei1t values of Q(t), namely, positive constant, zero 

or periodic. The model has also been analysed with and without diffusion. 

7.3 Model Without Diffusion 

, . 
In this section we analyse model (7.1) when DI = D2 = O. Then the model reduces to 

dB roB2 
dt = r(lV)B - f((T)' 

dT dt = Q(t) - JoT - O'IBT, 

dU - = -o\U + O'IBT 
dt ' 

(7.5) 

dB' dt = aU - 0'0 lV, 

B(O) ~ 0, T(O) ~ 0, U(O) ~ 0, ll1(O) ~ O. 

Case I: Constant introduct.ion of pollut.ant, i.e., Q(t) = Qo > O. 

In this case it can be checked t.hat there exist two nonnegative equilibria, namely, 

Qo - - - - -
E I (0: To J 0, 0) and E (B, T, U, ll1), 

where B, T, (j and \,\' are the positive solutions of the following algebraic equations: 

roB = r(H')f((T), 

T = 0 Qo B = jl(B), (say) 
0+0'1 

0'\ 
U = -g-;Bfl(B) = h(B), (say) 

0' 
lV = -h(B) = h(B). (say) 

0'0 
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It can be checked that there exists a unique B in the interval 0 < B < K o, provided 

the following inequalities hold at E: 

ro - ~~ff~K(Jl(B») - r(h(B))~~f~(B) > 0, 

Qo < ooTa· 

(7.6) 

(7.7) 

By computing the variational matrix corresponding to the equilibrium E 1 , it can be 

checked that El is a saddle point with unstable manifold locally in the B direction and 

with stable manifold in the T - U - HI space. 

In the following theorem, it is shown that E is locally asymptotically stable. 

Theorem 7.3.1 Let the following inequalities hold: 

(7.8) 

(7.9) 

where 

Then the equilibrium E is locally asymptotically stable. 

Proof: Vie first linearize the system (7.5) around the equilibrium E by using the 

following transformations: 

B = B + b, T = T + T, U = (; + u, lV = l~! + w. 

Then in the linearized model of (7.5), taking the following positive definite function, 

it can be checked that the deri\'ative of " with respect to t is negative definite Ilnder 

conditions (7.8)-(7.9), proving the theorem. 
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Remark 1 In Theorem 7.3.1 it may be noted that condition (7.9) will be satisfied 

for a = O. This shows that stability of £ is more plausible in the absence of 111. In 

the following theorem it is shown that the equilibrium E is globally asymptotically 

stable. To prove this theorem, we need the following lemma wllich establishes a region 

of attraction for system (7.5). The proof of this lemma is easy and hence is omitted. 

Lemma 7.3.1 The set 

Dl = {(B, T, U, lV) : a ~ B ~ J(o, a ~ T + U + 1V ~ ~o} 

is a region of attraction for all solutions initiating in the mterior of the posztive orthant, 

where 

Theorem 7.3.2 In addition to the assumptions (7.3)-(7.4), let r(W) and ]((T) .wli.sfy 

a ~ -r'(lF) ~ p, J<m ~ J«T) ~ J(o and a ~ -I('(T) ~ k, (7.10) 

for some positive constants p, !\:m a.nd k. Let the following inequalities hold: 

(7.11) 

(7.12) 

Then £ is globally asymptotically stable with respect to all solutwns inztiating in the 

positive orthant, where 

(7.13) 

(7.14) 

Proof: Consider the following positive definite function around £, 

- - B 1 - 2 CI - 2 C2 - 2 
Vl(B, T, U, \tV) = B - B - B In 13 + "2(T - T) + 2(U - U) + 2(vV - v\l) . (7.15) 
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Now differentiating VI with respect to t along the solutions of (7.5), we get 

where 

-~(B - B)2 - (60 + CtIB)(T - Tf - c161(U _ 0)2 
1((T) 

- 2 - -
-c2Cto(HI - HI) - (roB~(T) + CtIT)(B - B)(T - T) 

+C1Ct1B(T - T)(U - 0) + C2Ct{U - O)(HI !...- '~/) 

+7J(W)(B - .8)(lV - l~/) + C1CtIT(B - .8)(U - 0), (7.16) 

~(T) 

K~(T) 
- K (1')' 

From (7.10) and mean value t.heorem, we note that 

k 
17J(l'V) I ~ P Q.nd I ~(T) I ~ 1(2 . 

m 

Now Eq. (7.16) can be rewriLlen as the sum of the quadratics 

where 

2 TO - 2 
all = "3 1((1') I Q22 = 00 + CtIB, Q'33 = 3CI6l , 

a"., = C2CYO, (1'2 = -(roB~(T) + a'IT), (1.1.1 = ClCtIT, 

a14 = ·T}(lV). a23 = cla'IB, 0.34 = C2Ct, 

153 



Sufficient conditions for ~ to be negative definite are that the following conditions 

hold: 

2 
a l2 < Qll a 22. (7.17) 

2 
0 13 < all a33, (7.18) 

2 
0 14 < allQ'14, (7.19) 

? 
013 < a22 a 33, (7.20) 

2 
(13.\ < 033 Q 44 . (7.21) 

From (7.13) and (7.14) we note that the constants Cl and C2 are such that inequalities 

(7.18)-(7.20) are satisfied automatically. \"/e also note that (7.11) =:> (7.17) and (7.12) 

=} (7.21). Hence VI is a Liapunov function with respect to E, whose domain contains 

the region of attraction nl , proving the theorem. 

It is interesting to note here that after linearizing the conditions (7.17) and (7.18) we 

get conditions (7.8) and (7.9) respectively as expected. 

The above analysis shows that in the' case of constant mtroduction of pollutant into 

the environment, the resource biomass settles down to its equilibrium level, whose 

magnitude depends upon the rate of formation of chemical toxicant in the resource 

biomass and upon the environmcntal concentration of pollutant. It may be pointed 

out here that if the time delay in the formation of the chemical toxicant is large, then 

the over all effect on decrea~ing the leSOlirce biomass density may be reduced 

Case II: Instantaneous introduction of pollutant, i.e., QU) = 0 

In this case there exists two nonnegati,'c equilibria, namely, Bo(O, 0, 0, 0) and 

E 1(1(0, 0, 0, 0). By computing the variational matrix corresponaing to each equilibria it 

can be checked that Eo is a saddle point with unstable manifold locally along B direction 

and stable manifold locally in the T - U - HI space. El is locally asymptotically stable. 

In the following theorem we havc shown that EI is globally asymptotically stable. 

Theorem 7.3.3 If B(O) > 0, then E\ is globally asympl,of.),cally sf,able wtLh TC.spccl La 

the nonnegatlve orthant 

154 



Proof: Vve have 
dB . 'oB2 B 
ill = r(W)B - K(T) < roB(1 - Ko) 

Hence 

lim B(t) ~ ](0. 
n-too 

Now 
dT dU dlV 
dt + dt + dt = -ooT - (0) - o:)U - 0:0 111 ~ -6(T + U + 111) 

where 6 = min{ 60 , 0) - Cl', Cl'o} and 6) > 0:. Then 

T(t) + U(t) + \V(t) ~ {T(O) + U(O) + H/(0)}e- 6t 

and hence the system is dissipative. 

From the above analysis it follows that 

lim T(t) = lim U(t) = lim lV(t) = O. 
n-too n-tco n-too 

In the limit B(t) is given by the solut.ions of d:{ = roB(l - }~o). Since B(O) > 0, the 

theorem follows. 

The' above theorem shows that if the concentration of environmental pollution is not 

sufficient to destroy the resource biomass, eventua.lly the polluta.nt will be removed and 

the resource would recover to its original level. 

Case III. Periodic introduction of pollutant into the environment, i.e., Q(t) = Qo + 

c¢(t), ¢(t + w) = ¢(t). 

In this case it can be checked that the results corr~sponding to Theorem (3.4.1) and 

Theorem (3.4.2) in chapter 3 remain valid. In particular, it is found that a small 

periodic influx of toxicant causes a periodic behaviour in the system. 

7.4 Model With Diffusion 

In this section we consider the complete model (7.1)-(7.2) and state the main results 

in the form of the following theorem. 
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Theorem 7.4.1 (i) If the equilibrmm E of model (7.5) is globally asymptotically sta­

ble, then the corresponding uniform steady state of the initio.l-boundary value problems 

(7.1}-(7.2) is also globally asymptotically stable. 

(ii) If the eqwlibrium E of model (7.5) is unstable even then the uniform steady state 

of the initial-boundary value problems (7.1)-(7.2) can be made stable by increasing 

diJJusion coefficients to sufJiciently large values. ! 

Proof: Let us consider the following positive definite function 

where VI is given in Eq. (7.15). 

'liVe have, 

J r (a\'1 aE + aVI aT + av\ au + av\ aHf )dA 
Jo as at aT at au at m,v at 

II + 12 , 

where 

'liVe note the following properties of VI, namely, 

aVI 1 = aVI 1 = 0 
aB aD aT 80 

and for all poillts of D, 

a2 \II a2 VI a2 VI a2 VI 

aBErT aBaU aEm'V aTaU 
a2 \1\ a2 \1\ a2 v\ 
8B2 > 0, fJT2 > 0, aU2 > 0, 

Under an analysis similar to chapter 2, we note that 
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a2 v1 

aumv = 0, 

(7.22) 

(7.23) 

(7.24) 



This shows that. 

(7.25 ) 

The above results imply that if 11 ~ 0, i.e., if E is globally asymptotically stable in 

the absence of diffusion, then the uniform steady state of the initial-boundary value 

problems (7.1)-(7.2) also must be globally asymptotically stable. This proves the first 

part of Theorem 7.4.l. 

vVe further note that if d~:' > 0, i.e' l if [1 > 0, then E may be unstable in the absence 

of diffusion. But, Eqs. (7.22) and (7.25) show that by increasing diffusion coefficients 

D\ and D2 sufficiently large, ~ can be made negative even if/1 > O. This proves the 

second part of Theorem 7.4.l. 

I 

The above theorem implies that diffusion with reservoir boundary conditions stabilizes 

a system which is otherwise unstable. 

\Ve shall explain the above theorem for a rectangular habitat D defined by 

D = {(x:y): 0::; x::; Q'I 0::; y::; b} (7.26) 

in the form of the following theorem. 

Theorem 7.4.2 In addition to (lssumptions (7.3) and (7.4), lei. r(IV), J«(T), ,sa.tisfv 

the inequalities in (7.10). If the following inequalities hold: 

{ ToJ(ok 0'\ QO}2 < 
J(2 + 0 

In 

(7.27) 

/ < (7.28) 

where 

(7.29) 

(7.30) 
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Then the uniform steady state of the initia.l-bou.ndary value problems {7.1}-{7.2} is 

globally asymptotlcaJ/y stable with. respect to all solu.tions initiating in the interior of 

the positive orthant. 

Proof: Let us consider the recta.ngula.r region D given by Eq. (7.26). In this case h, 

which is defined in Theorem 7.'1.1, can be writ.t.en as 

From Eq. (7.15) we get 

Hence 

DJj fir { aB? aB 2 If aT 2 aT 2 h ~ --,-. (-)- + (-) } dA - D2 {(-) + (-) } dA. 
/\6 D ax ay D a.7: ay 

Now 

Letting z = ~, it can be seen under an an~lysis similar to chapt.er 2 that 

and 

Thus, 

12 ~ - D\ Brr~5a2 + b
2
) jf (8 _ B)'2dA _ D17[2(a.

2 
+ b

2
) J r (T _ T)2 ciA. 

/\oo2IP [) (1.2b2 J /) 



Now from (7.16) and (7.22) we get 

< J r [-{~ DI.137r
2
(a

2 
+ b

2
) }(B _ .13)2 

J 0 J«(T) + J(~a2b2 
- D27r2 (a.2 + b2

) - 2 - 2 
-{OO + olB + a2b2 }(T - T) - CIOl(U - U) 

-C2 0 'O(lV _1\1)2 - {roB~(T) + (XIT}(B - B)(T - T) 

+cIQIB(T - T)(U - 0) + C2(X(U - O)(vV - ltV) 

+1](IV)(B - B)(l1' - 1.11 ) + cI(X}T(B - B)(U - 0), (7.32) 

where ~(T) and 7](\V) are defined in Eq. (7.16). 

Now Eq. (7.32) can be written as the sum of the quadratics 

If 1 - 2 - - 1 - 2 
{--bll (B - B) + b12 (B - B)(T - T) - -b22 (T - T) 

o 2 2 
1 -2 - - 1 -2 

--bll (B - B) + b13 (B - B)(U - U) - -033(U - U) 
2 2 
1 -2 - - 1 - 2 

--bll(B - B) + b\.I(B - B)(l'" -lV) - -b~~(l~! - It\!) 
2 2 
1 -2 - - 1 -2 

--b·22 (T - T) + ~3(T - T)(U - U) - -b33 (U - U) 
2 2 
1 -2 - - 1 -2 

--b33 (U - U) + b3.I (U - U)(lV - IV) - -b~~(lt\! - IV) }dA 
2 2 ' 

where 

2 TO DI B7i2(a2 + b2) _ D27f2(a2 + b2) 
bll = 3{ J«(T) + J(Ja.2b2.}, b22 = 00 + (XIB + a2b2 ' 

2 
b33 = 3CIOI, b.l-I = C2(l"O, bl2 = -(roB~(T) + (XIT), 

blJ = CIOlT, b1-l = 1/(IV), 0'23 = CIOln, b3.1 = C20'. 

Sufficient conditions for ~ to be negati\"e definite are that the following conditions 

hold: 
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b;2 < bll b22 , (7.33) 

bi3 < bl\ b33 , (7.34) 

bi4 < bll b44 , (7.35) 

b~3 < bn b33 , (7.36) 

b~'1 < b33b4~ . (7.37) 

We note that inequalities (7.34)" (7.36) and (7.37) are automatically satisfied for the 

value of Cl and C2 given in (7.29) and (7.30) respectively. We further note (7.27) => 

(7.33), (7.28) => (7.35). Hence \12 is a Liapunov function Wit}l respect to E whose 

domain contains the region of attraction 0 1, proving the theore,m. 

From the above theorem we note that inequalities (7.27)-(7.28) may be satisfied by 

increasing Dl and D2 to sufficiently large values. This implies that in the case of 

diffusion stability is more plausible than the case of no diffusion. Thus, in the case of 

diffusion the population converges towards its carrying capacity faster than the case of 

no diffusion, alld hence the survival of t.he population may be ensured. 

7.5 Conservation Model 

In the previous section it has been noted that uncontrolled level of environmental 

pollution lIlay lead to the extinction of forestry resources. Therefore, some killd of 

efforts must be adopted to conserve the forestry resources and to control the emission 

of pollutant into the environment (Peterson et al., 1984; Huttl and Wisniewski, 1987; 

Shukla et al., 1989; Shukla and Dubey, 1997). In this section a mathematical model is 

proposed and analysed to consen'e the forestry resources and to control the undesired 

level of environmental pollution by some mechanisms. It is assumed that the effort 

applied to conserve the forest biomass is proportional to the depleted level of forest 

biomass from its carrying capacity and the effort applied to control the concentration 

of pollutant is proportional to the undesired level of pollutant. The dynamics of the 
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system is assumed to be governed by the following differential equations: 

aB roB2 2 at = r(H') - J((T) + rlFI + DI \1 B, 

or 2 at = Q(t) - boT - D:IBT - r2 F2 + D2\1 T, 

au 
- = -biU + D:IBT at , ' 
aw 
- = aU - D:oHI at ' 
aFI B 
- = {II (1 - -) - J-LoFI at J(o ' 

aF2 at = VI (T - Te)H(T - Te) - VoF2. 

We impose the following initial and boundary conditions on sys~em (7.38): 

B(x,y,O) = ¢(x,y) ~ O,T(x,y,O) = 'l/)(x,y) ~ 0, 

U(x, y, 0) = ~(x, y) ~ 0, W(x, y, 0) = ((x, y) ~ 0, 

PI (x, y, 0) = (I (x, y) ~ 0, F2(x, y, 0) = (2(X, y) ~ 0, (x, y) f D 

aB or an = an = 0, (x, y) f 3D, t ~ o. 

(7.38) 

(7.39) 

In model (7.38), FI (x, y, t) is the density of effort applied to conserve the resource 

biomass and F2 (x, y, t) the density of effort applied to control the undesired level of 

the concentration of pollutant in the environment. rl > ° represents the growth rate 

coefficient of resource biomass due to effort Fl. r2 > 0 is depletion rate coefficient of 

T(x, y, t) due to the effort F2 . J-LI and VI are the growth rate coefficients of FI and F2 

respectively and J-Lo and Vo are their respective depreciation rate coefficients. Te is the 

critical level of the concentration of pollutant which is assumed to be harmless to the 

resource. In the last equation of system (7.38), H(t) denotes the unit step function 

which takes into account the case T :::; Te. It is interesting to note that in the unusual 

circumstances, if the forest exceeds its carrying capacity, then f2Jit will be negative, 

giving a decrease in the effort to conserve the biomass. 

vVe analyse the conservation model (7.38) only for the case when rate of introduction 

of pollutant into the environment is constant. 
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7.6 Conservation Model Without Diffusion 

In this section we take, D\ = D2 = 0 in model (7.38). Then model (7.38) has only 

one interior equilibrium, namely, £o(B', TO, U·, IV', F{, Fn, where B', T', U', ltV·, F{ 

and Pi are the positive solutions of the system of algebraic equations given below. 

TiI_L\ B 
ToB = {T(lV) + -(1 - -)}K(T), 

Bpo ](0 

T= //oQO+T2//\Tc =g\(B), (say) 
//0{60 + alB) + T2//1 

01 
U = -g;B91{B) = 92{B), (sa.y) 

o 
H' = -g2(B) = 93(B), (sa.y) 

00 

PI B 
Fl = -(1 --), 

/.10 Ko 

It may be noted here that for Fl to be positive, we must have 

B < Ko. 

As earlier, it is easy to check that E' exists provided the following inequality holds at 

E', 

TO -

(7.10) 

In the following theorem it is shown that E' is locally asymptotically stable, the proof 

of which is similar to Theorem 7.3.1 and hence is omitted. 

Theorem 7.6.1 Let the following inequalities hold: 

(7.41) 

(7.42) 
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where 

. 1 0 I '0 Fj 1 0 I ( * ) } 
CI = mzn{4 (Ct

I
Ta)2(K(Ta) + 'I B*2)' 3 (0:IB*)2 90 + O:IB , 

3 (r/(H,a))2 
C2 = - . 

Ct ~+ .!:L o K(T") rl B.2 

Then E* is locally asymptotically stable. 

In the following lemma a region of attraction for system (7.38) without diffusion is 

established. The proof of this lelllma is easy and hence is omitted. 

Lemma 7.6.1 The set 

o ~ B ~ K c , 0 ~ T + U + HI ~ ~o, 0 ~ FI ~ }J-I , 
. . u l.Lo 

0< F < VIQO)} 
- 2 - VOO 

attracts all solutions initiating in the positive orthant. where 

The following theorem gives criteria for global stability of E*, whose proof is similar 

to Theorem 7.3.2 and hence is omitted. 

Theorem 7.6.2 In addition to the assumptions (7.3 and (7.4), let trW) and ]((T) 

satisfy in O2 , 

o ~ -rlnV) ~ pa, K:n ~ K(T) ~ Ko and 0 ~ -K'(T) ~ k*, (7.4·3) 

for some positive constants pa, K:n and ka
• Let the following inequalities hold: 

roKcka QO}2 1 to * 
{ K:n2 + 0·1 T < 3 K(T*) (00 + O:IB ), (7.44) 

2 2 
C2 Ct < 3CIO·061, (7.45) 

where 
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Then E· is globally asymptotically stable with respect to all solutions initiating in the 

positive orthant. 

Theorems 7.6.1 and 7.6.2 show that if suitable efforts are made to conserve the for­

est biomass and to control the undesired level of the concentration of environmental 

pollutant, an appropriate level of the resource biomass may be ~aintained. 

7.7 Conservation Model With Diffusion 

'vVe now consider the case when Di > O( i = 1,2,3) in model (7.38). We shall show that 

the uniform steady state B(x, y, t) = B·, T(x, y, t) = T·, U(x, y, t) = U·, W(x, y, t) = 
IV·, FI (x, V, t) = Fi and F2 (x, v, t) = Fi is globally asymptotically stable. For Litis, 

we consider the following positive definite function 

where 

B - BO - B01n :0 + ~(T - T·)2 + Cd (U - U·)2 

+ c; (IV _ H")2 + c; (FI _ F;)2 + ~ (F2 _ F;)2 

and the c;s are positive constants to be chosen suitably. 

Then as earlier, it can be checked that if ~ < 0, then ~ < O. This implies that if 

E· is globally asymptotically stable for system (7.38) without diffusion, then the cor­

responding uniform steady state of system (7.38)-(7.39) is also globally asymptotically 

stable with respect to solutions such that <I>(x, y) > 0, lj;(x, y) > 0, ~(x, y) > 0, ((x, y) > 

0, (1 (x, y) > 0, (2(X, y) > 0, (x, y) € D. 

7.8 Numerical Examples 

Example 1 Here a numerical example is presented to illustrate the results obtained in 
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section 7.3. vVe consider the following particular form of the functions in model (7.5). 

r(lV) = TO - TIO HI, 

K(T) = Ko - KIT. (7.4G) 

Now choose the following set of \'alues of the parameters in Eq. (7.46) and in model 

(7.5). 

TO = 10.00, TIO = 0.08, Ko = 30.00, 

1(1 = 0.09, Qo = 15.00, 60 = 8.00, 0:1 = 0.04, 

61 = 7.50, Q' = 1.50, 0:0 = 0.80. 

(7.47) 

With the above values of the parameters, it can be checked that the conditions (7.6) 

and (7.7) for the existence of the interior equilibrium J:; arc satisfied a.nd E is given by 

B = 29.73716, l' = 1.63230, 0 = 0.25888, T'V = 0.48540. (7.48) 

It can also be checked that conditions (7.8)-(7.9) in Theorem 7.3.1 are satisfied which 

shows that E is locally asymptotically stable. 

By choosing 1(m = 20.0 in Theorem 7.3.2 it can also be verified that conditions (7.11)­

(7.12) arc satisfied which shows that t is globally asymplolica.lly stable. 

Example 2 Now to illustrate t.he results obtained in section 7.6 we present a numerical 

example. In addition to the values of parameters given in (7.47), we choose the following 

values of parameters in model (7.38) with no diffusion: 

TI = 0.30, r2 = 0.07, /-LI = 10.00, /-Lo = 0.05, 

VI = 11.0, Vo = 0.06, Tc = 0.12. (7.49) 

Then it can be checked that condit.ion (7.40) for the existence of the interior equilibrium 

E' is satisfied, and E' is gi\'en by 

B' = 29.89891, T" = 0.75082, U' = 0.11973, TV' = 0.22449, 

F; = 0.67393, F; = 115.650lD. 
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It can easily be verified that. conditions (7.41)-(7.42) In Theorem 7.6.1 are satisfied 

which shows that E' is locally asympt.ot.ically stable. 

Further, by choosing I<:n = 20.0 in Theorem 7.6.2, it can be checked that conditions 

(7.44)-(7.45) are satisfied. This shows t.hat EO is globally asymptotically stable. 

By comparing equilibrium levels E and E- in Eqs. (7.48) and (7.50) we note that 

due to efforts Fl and F2 , t.he equilibrium level of the resource biomass has, increased 

whereas equilibrium level of the concent.ration of pollutant in the environment and in 

the resource biomass have decreased. 

7.9 Conclusions 

In this chapter, a mathemat.ical model has been proposed and analysed to study the 

effect of environmental pollut.ion on forest.ry resource biomass with time-delay. The 

model has been analysed wit.h and wit.hout diffusion. \t\Then there is no diffusion it has 

been shown that in the case of constant introduction of pollutant into the environment 
1 

the resource biomass settles down to its equilibrium level, the magnitude of which 

depends upon the washout and upt.ake rates of pollutant. It has further been noted 

that if the concentration of pollutant increases unabatedly, the survival of the species 

would be threatened. In our model (7.1)' the concentration of the environmelltal 

pollutant T does not affect, t.he gTowt.h of the resource biomass directly. This pollutant 

when uptakell by the species is being converted into some other chemical toxicant 

due to some metabolic changes, which affects the growth rate of the biomass. The 

effect of time delay due to t.he format.ion of the chemical toxicants on decreasing the 

equilibrium level of resource biomass is determined by the rate of formation of the 

chemical toxicant and deplet.ion of t.he resource biomass. If the delay in formation of 

the toxicant is large, then t.his may help in reducing-over all effect of the pollutant 

provided other paramcters remain same. In t.he case of inst.antancous introduction 

of pollutant into the cm'ironmcnt, it. has been found t.hat perhaps the concentration 

of pollutant was not enough to deplet.e t.he resource biomass and hence the pollutant 
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will be washed out completely and the resource biomass would recover at its origi'nal 

carrying capacity. It has also been noted that a small periodic introduction of pollutant 

into the environment induces a periodic behaviour in the system. 

By analysing the conservation model it has been shown that if suitable efforts are made 

to conserve the resource biomass and to control the undesired level of pollutant in the 

environment, then the desired level of resource biomass may be maintained. The effect 

of diffusion> on the interior equilibrium state of the system has also been investigated. 

It has been shown that if the positive equilibrium of the system without diffusion 

is globally asymptotically stable, then the corresponding uniform steady state of the 

system with diffusion is also globally asymptotically stable. It has further been noted 

that if the positive equilibrium of the system with no diffusion is unstable, then the 

corresponding uniform steady state of the system with diffusion can be made stable by 

increasing diffusion coefficients appropriately. This shows that the global stability is 

more plausible in the case of diffusion than the case of no diffusion. Thus we conclude 

that in the case of diffusion solutions approach to its equilibrium levels faster than the 

case of no diffusion. 
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Chapter 8 

MODELLING THE EFFECT OF 

POLLUTANTS FORMED BY 

PRECURSORS IN THE 

ATMOSPHERE ON 

POPULATION 

8 .1 Introduction 

With the rapid pace of industrralintion, urbanizat.ion, deforestation etc. our envi­

ronment is getting polluted day by day. The effect.s of pollution caused by various 

human factors on structure and funct.ions of ecosystems have been studied by several 

researchers (Woodwcll, 1970; Smith, 1981; McLaughlin, 1985; Hari et. al., 1986; Vlood­

man and Cowling, 1987; Schulze, 1989). In recent decades some investigations have 

been made to study the effect of pollut.ion on a single biological species (Hallam et aI., 

1983; Hallam and De Luna. 198-1; Hallam and Ma, 1986; De Luna and Hallam, 1987; 

Freedman and Shukla, 1991; Shukla and Dubey, 1996a; Dubey, 1997a; Shukla and 
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Dubey, 1997). As pointed out in the previo~s chapters, in the above investigations it 

is assumed that the pollutant ent,ers into the environment by some manmade projects 

which may be population (industrialization) dependent, constant: zero or periodic. In 

the above studies the effect of pollutant lag has not been considered. In this regard, 

Rescigno (1977) studied the effect. of a. precursor pollutant on a single species, but he 

did not consider the rate of upt,ake concentrat.ion of the pollutant on the gro~vth of the 

" 
species. Further, in the above works t.he effects of diffusion has not been c.onsidered . . 
Keeping the above ill view, in this chapter we propose and analyse a mathematical 

model to study the effect of a precursor pol/ut.ant, which is formed by various human 

activities in the atmosphere, on populat.ion where the effect of uptake concentration, 

diffusion and conservation are considered. 

8.2 The Model 

'We consider an environment.. which is polluted by various population activities. It is 

assumed that the population is affected by the pollutant formed in the atmosphere by 

its precursor. Let P(x, y, t) be the population density, Q(x, y, t) the concentration of 

the precursor pollutant emitted by various activities of the population, T(x, y, t) the 

concentration of the pollutant. formed by Q in the atmosphere and U(x, y, t) the uptake 

concentration of pollutant by the population at coordinates (x, Y)ED and time t ~ O. It 

is also assumed that the larger t.he population, the faster the precursor is produced. It 

is further assumed that t.he larger the precursor, the faster the pollutant is produced. 

Then the system may be gOYerned by the following set of differential equations: 

DP _. rop2 2 at - r(U)P - f{(T) + DJ V P, 

DQ a; = "i P - l'oQ, 

oT 
at = hQ - hoT + (}l 61 U - a.PT + D2 v 2T, (8.1 ) 

~U = -o.U + OohoT + oPT, 
ut 

a ~ 00, 0, ~ I. 
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vVe analyse the system 8.1 \\ith the following initial and boundary conditions: 

P(x, y, 0) = 4>(x, y) ~ 0, Q(x, y, 0) = 1/;(x, y) ~ 0, 

T(x, y, 0) = ~(x, y) ~ 0, U(x, y, 0) = «(x, y) ~ 0, (x, y) c D (8.2) 
ap aT 
-a = -a = 0, (x. y) E aD, t ~ 0, 

11 Tl 

where n is the unit outward normal to aD. 

In model (8.1 L \12 = :z'1 + :;1 is the Laplacian diffusion operator. Dl and D2 are the 

diffusion rate coefficients of P(x, y, I) and T(.T, !/, t) respcct.iYely in D. , is the growth 

rate of Q due to the population P, 70 the natural depletion rate coefficient of Q. h is 

the growth rate coefficient of T due to Q, hQ the natural depIction rate coefficient of T, 

a fraction ()o of which goes inside t.he body of the population. Cl' is the depletion rate 

coefficient of T due to P. <h is the natural deplet.ion rate coefficient of U, a fraction 01 

of which reenters into the en\·ironmenL. 

In model (S.l), the function r(U) is t.he specific growth rate of the population which 

decreases as U increases, i.e., 

r(O) = ro and r'(U) < 0 Jar U ~ o. (8.3) 

The function K(T) is the carrying capacit.y of the population which satisfies the fol­

lowing propErties: 

K(O) = Ko: and K'(T) < 0 for T ~ 0, 

and there er.isl.s a T = To such Uwt K(Ta) = O. (S.4) 

The model is analysed with and without. diffusion. 
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fL3 Model Without Diffusion 

In this section we take Dl = D2 = 0 in model (8.1). Then model (8.1) reduces to 

dP rop 2 

dt = r(U)P - I«T) , 

dQ 
dt = IP -,'oQ, 

dT 
- = hQ - hoT + (JlblU - aPT, 
dt 
dU - = -bl U + (JohoT + exPT, 
eLt 

P(O) ~ 0, Q(O) ~ 0, T(O) ~ 0, U(O) ~ O. 

It can be checked that there exist two nonnegative equilibria, namely, 

Eo(O, 0, 0, 0) and E(?, Q, t, 0), 

(8.5) 

where P, Q, l' and D are the positive solutions of the following algebraic equations: 

TOP = T(U)I«T), 

Q = J...p, 
~fo 

hQ 
T == = f(P), say 

ho(1 - (JO(Jl) + a(l - (JdP 
1 

U = b;(Oohof(P) + ex? f(?)) = g(P). say 

It can be verified that the equilibrium E exists if the following inequality holds at E: 

TO - T'(U)g'(P)I<(J(P)) - r(g(P))I<'(T)J'(P) > O. (8.6) 

By computing the variational matrix corresponding to the equilibrium E, it can be 

checked that Eo is a saddle point with unstable manifold locally in the P direction and 

with stable manifold locally in the Q - T - U space. 

In the following theorem, it is shown t.hat E is locally asymptotically stable. 

Theorem 8.3.1 Let the following inequalities hold: 

(8.7) 
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where 
1 ro')'o r'(O) 

CI = "3 "(2 K(T) and C2 = - aT . 

Then the equilibrium E is locally asymptotically stable. 

Proof: By taking the transformations 

p = p + p, Q = Q + q, T = t + T, U = 0 + u, 

(8.8) 

(8.9) 

(8.10) 

we first linearize model (8.5). Then we consider the following positive definite function 

in the linearized form of model (8.5): 

\1 ( ') 1 {p2 2 2 2 } p,q,T,1L ="2 P +Clq +T +C2U , (8.11 ) 

where Cl and C2 are positive constants given by (8.10). It can be checked that the 

derivative of V with respect to t is negative definite under the conditions (8.7)-(8.9), 

proving the theorem. 

In the following theorem it is shown that the equilibrium E is globally asymptotically 

stable. To prove this theorem, we need the following lemma which establishes a region 

of attraction for system (8.5). The proof of this lemma is easy and hence is omitted. 

Lemma 8.3.1 The set 

n1 = {(P, Q, T, U) : 0 :::; P :::; Ko, 0 :::; Q + T + U :::; 'Y~<O} 

is a region of attraction for all solutions initiating in the interior of the positive orthant, 

where 

"(0 > hand 0 = min{J'o - h, ho(1- eo), 01 {1 - ed}· 

Theorem 8.3.2 In addition to the assumptions (8.3) and (8.4), let r(U) and K(T) 

satisfy in nl , 

0:::; -r'{U):::; p, Km:::; K(T):::; Ko'and 0:::; -K'(T):::; k, (8.12) 
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JOT some positive constants p, Km and k. Let the following inequalities hold: 

{ ToKok (X'"yKO}2 ~~(h aP) 
/(;. + 6 < 9 K(T) 0 + , 

a"lKo 2 2 TO 
{p + -o-} < 361 J«1')' 

2 2 -
h < 3cllo(ho + aP), 

- 2 2 -
(81(h + 80 ho + aP) < 301(ho + aP), 

where 
1 1"0"10 

Cl = 3 '12/((T)" 

(8.13) 

(8.14) 

(8.15) 

(8.16) 

Then E is globally asymptotically stable with respect to all solutions initiating in the 

positive orthant. 

Proof; Consider the following positive definite function around E, 

V1(P, Q, T, U) = P - P - PIn ~ + c~ (Q - Q)2 + ~(T - 1')2 + ~(U - O'? (8.17) 

Now differentiating Vl \'lith respect to t along the solutions of (8.5), we get 

TO - 2 - 2 - - 2 
----(P - P) - CllO(Q - Q) - (ho + aP)(T - T) 

J«T) 
-01 (U - 0')2 + Cl"l(P - P)(Q - Q) - (ToPf,(T) + aT)(P - P)(T - 1') 

where 

+(ry(U) + aT)(P - P)(U - U) + h(Q - Q)(T - 1') 

ry(U) = 

~(T) = 

r(U)-r(O) U -J. 0' 
U-U' r 

T'(U), U = 0' 

( 
I 1 - -

K(T) - K(T})/(T - T), T # T 
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From (8.12) and the mean value t.heorem, we note that 

k 
I ry( U) I ~ p and I ~ (T) I ~ J{2 . 

m 

Now Eq. (8.18) can be rewrit.ten as the sum of the quadratics 

where 

2 ro '2-
all = 3 K(f)' an = cOo, Q33 = 3(17.0 + aP), a44 = 01, 

al2 = CI/', al3 = -(roP~(T) + aT), 0,14 = 7](U) + aT, 

Sufficient conditions for ~ to be negat.ive definite are that the following conditions 

hold: 

(8.19) 

(8.20) 

(8.21) 

(8.22) 

(8.23) 

We note that inequality (8.19) is satisfied automatically. V/e also note that (8.13) =} 

(8.20), (8.14) =} (8.21), (8.15) =} (8.22) and (8.16) =} (8.23). Hence \11 is a Liapunov 

function with respect to E, whose domain contains the region of attraction 0), proving 

the theorem. 

The above theorem implies that. t.he populat.ion living in a polluted environment caused 

by its own pollutant attains an equilibrium level under certain conditions, and the 
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equilibrium level of the precursor pollutant is crucial in affecting the equilibrium level 

of population which decreases as the equilibrium level of precursor pollutant increases. 

8.4 Model With Diffusion 

In this section we consider the complete model (8.1)-(8.2) and state the main results 

in the form of the following theorem. 

Theorem 8.4.1 (i) If the equilibrium E of model {8.5} is globally asymptotically sta­

ble) then the corresponding uniform steady state of the initial-boundary value problems 

(8.1)- (8. 2) is also globally asymptotically stable. 

(ii) If the equilibrium E of model (8.5) is unstable even then the uniform steady state 

of the initial-boundary value problems {8.1}-(8.2} can be made stable by increasing 

diffusion coeffic1:ents to sufficiently large values. 

Proof: Let us consider the following positive definite function 

V;(P(t), Q(t), T(t), U(t)) = J JD VI (P, Q, T, U)dA 

where VI is given by Eq. (8.17). 

We have, 

J r (oV1oP oV1oQ oV1oT oV1oU)d 
- J D ap at + oQ at + aT at + au at A 

= II + 12 , (8.24) 

... vhere 

J r dVI J r oVI 2 0\/1 2 
II = JD dt dA and 12 = JD (DI oP \1 P + D2 aT \1 T)dA. 

vVe note the following properties of VI, namely, 

- =- =0 OFI] OVI] 
oP aD aT aD 

and for all points of D, 
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82 VI 82 VI 82 VI 82 VI 82 VI 82 VI 
8P8Q 

-
8par 8P8U 8Q8T 8Q8U 8T8U = 0, 

fPV1 
8p2 > 0, 

82 \11 82 VI 
8Q2 > 0, fJT2 > 0 

82 VI 
and 8U2 > o. 

Under an analysis similar to chapter 2, we note that 

J r 8F1 V2 PdA = _ J r 02
111 {( oP )2 + (OP )2}dA :-:; 0, 

JD oP JD OP2 ox oy 
(8.25) 

J r oVl V 21'dA = - J r 02
\11 {(oT f + (oT f}dA :-:; o. 

JD ar JD oT2 ox oy 
(8.26) 

This shows that 

(8.27) 

Thus we note that if II :-:; 0, i.e., if E is globally asymptotically stable in the absence of 

diffusion, then the uniform steady state of the initial-boundary value problems (8.1)­

(8.2) also n;ust be globally asymptotically stable. This proves the first part of Theorem 

8.4.1. 

"We further note that if ~ > 0, i.e., if II > 0, then E may !:>ecome unstable in the 

absence of diffusion. But, Eqs. (8.24) and (8.27) show that 'by increasing diffusion 

coefficients DI and D2 to sufficiently large values, ~ can be made negative even if 

II > o. This proves the second part of Theorem 8.4.1. 

The above theorem implies that diffusion with reservoir boundary conditions may sta­

bilize a system which is otherwise unstable. 

Vve shall explain the above theorem for a rectangular habitat D defined by 

D = {(x, y): 0 ~ x ~ a, 0 ~ y ~ b} (8.28) 

in the form of the following theorem. 
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Theorem 8.4.2 In addition to assumptions {8.3} and {8.4}, let r(U), K(T) satisfy 

the inequalities in {8.12}. 1J the Jollowing inequalities hold: 

where 

{ 
roJ(ok fr, J(o }2 

J(2 + -15- < 
m 

{ fr,KO}2 p+-- < 
15 

- 2 2 2 ,0 ro D1P7f (a +b), 
Cl = 3,2 {J((T) + J(Ja2b2 }. 

(8.29) 

(8.30) 

(8.31) 

'(8.32) 

(8.33) 

Then the uniform steady state oj the initial-boundary vaLue probLems {8.1}-(8.2} is 

globally asymptotically stable with respect to all solutions initiating in the interior of 

the positive orthant. 

Proof: Let us consider the rectangular region D given by Eq., (8.28). In this case 12 , 

which is defined in Theorem 8.4.1, can be written as 

From Eq. (8.17) we get 

Hence 

Now 

! r (8P)2 dA 
JD ax 
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Letting z = ~, it can be seen under an analysis similar to chapter II that 

and 

Thus, 

Now from (8.18) and (8.24) we get 

- 2 2 2 

f r [ {TO DI PH (a + b )} - 2 - 2 
iD - J(1') + J(6a2b2 (P-N) ,-CI'YO(Q-Q) 

_ {ho + a·B + D21T2(a
2 

+ b
2
)}(T _1')2 - 01 (U _ 0)2 

a2b2 

+CI'Y(P - P)(Q - Q) - {roP~(T) + aT}(P - P)(T -1') 

+{7](U) + aT}(P - P)(U - 0) 

+{Boho + BIQl + aB}(T -1')(U - O))dA, 

where ~(T) and 7](U) are defined in Eq. (8.18). 

Now Eq. (8.35) can be written as the sum of the quadratics 

where 
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· 2 2 2 
b _ 2(h 'P D27f (a +b )} 

33 - 3" 0 + Q + a 2 b2 ' 

bl2 = CI/, b13 = -(roP~(T) + aT), 

bl1 = 17(U) + aT, ~'J :::;: h, b31 = Ooho + 01<5 1 + aP. 

Sufficient conditions for ~ to. be negative definite are that the following conditions 

hold: 

bi2 < bll b22 , (8.35) 

bi3 < bll b33 , (8.36) 

bi4 < bll b44 , (8.37) 

b2 
23 < b22 b33 , (8.38) 

b51 < b33 b.j4. (8.39) 

Vye note that inequality (8.35) is automatically satisfied for the value of Cl given in 

(8.33). We further note (8.29) ~ (8.36), (8.30) ~ (8.37), (8.31) ~ (8.38) fllld (8.32) 

::::} (8.39). Hence V2 is a Liapunov function with respect to E whose domain contains 

the region of attraction Oh proving the theorem. 

From the above theorem we note that inequalities (8.29)-(8.32) may be satisfied by 

increasing Dl and D2 to sufficiently large values. This implies that in the case of 

diffusion stability is more plausible than the case of no diffusion. Thus, in the case of 

diffusion the population converges towards its carrying capacity faster than the case of 

no diffusion, and hence the survival of the population may be ensured. 

8.5 Conservation Model 

In the previous section it has been noted that uncontrolled human activities that are 

polluting the environment may harm itself considerably. Therefore, some kind of efforts 
" 

must be adopted to stop further deterioration of the environment. In this section a 
\ 

mathematical model is proposed and analysed to control the undesired level of precursor 

pollutant by some mechanisms. It is assumed that the effort applied to control the 
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precursor pollutant is proportional to t.he undesired level of the precursor pollutant. 

Then the dynamics of the system is assumed to be governed by the system of differential 

equations given below. 

ap . rop 2 2 at = r(U)P - J((T) + DI \7 P, 

aQ at = ''iP -1'oQ - rtF, 

aT 2 ~ at = hQ - huT + BI 61U - oPT + D2\7 '1, 

au ot = -15 1 U + BohuT + oPT, 

aF at = Jl1(Q - Qc)H(Q - Qc) - vIF, 

o ~ Bo, B1 ~ 1. 

(8.40) 

The above model (S.40) is to be analysed with following initial and boundary condi-

tions: 

P(x, y, 0) = <p(x, y) ~ 0, Q(x, y, 0) = 1jJ(x, y) ~ 0, 

T(x, y, o} = «x, y) ~ 0, U(x, y, 0) = (x, y) ~ 0, 

F(x,y,O) = (I(r,y) ~ 0, (x,y) <: D 
ap aT 
-a = -a = 0, (x, y) <: aD, t ~ 0, 

11 n 

where n is the unit outward normal to aD. 

(8.41) 

In model (8.40), F(x, y, t) is the densit.y of effort applied to control the undesired level 

of precursor pollutant formed by t.he population. r} > ° is depletion rate coefficient of 

Q(x, y, t) due to the effort F. J.l1 is the growt.h rat.e coefficient of F and VI its natural 

depreciation rate coefficient-. Qc is t.he critical level of precursor pollutant which is 

assumed to be harmless to the populat.ion. In the last. equat.ion of system (8.40), H(t) 

denotes the unit step function which takes int.o account the case for which Q ~ Qc. 
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8.6 Conservation Model Without Diffusion 

In this section we take, DI = D2 = 0 in model (5.1). Then model (5.1) has only one 

interior equilibrium, namely, E· (p., QO, TO, UO, FO), where p., Q., T·, U· and F· are 

the positive solutions of the system of algebraic equations given below. 

TOP = T(U)J(T), 

Q = ,VIP + TI/,L\Qc = fl(P), (say) 
VI/O + Tl1l1 

hfl (P) 
T = ho(1- BoBd + a(l- BdP = h(P), (say) 

1 
U = ;r;(Ooho + aP)h(P) = h(P), (say) 

F = { 0, Q <.5: Qc 

;-:-(Q - Qc), Q > Qc 

As earlier, it is easy to check that E* exists if the following inequality holds at E*, 

TO - T'(U)f~(P)J(h(P)) - J('(T)f~(P)r(h(P)) > O. (8.42) 

In the following theorem it is shown that EO is loca.lly asymptotica.lly sta.ble. The proof 

is similar to Theorem' 8.3.1 and hence is omitted. 

Theorem 8.6.1 Let the following inequalities hold: 

{ TOPO Y'(TO) + 'To}2 4 ro (1 PO) 
J(2T' \ a < 9 J(To) 7'0 + a , 

h2 < ~Ci')'o(ho + ape), 

{Bl<h + c2(Boho + apo)}2 < ~C201(ho + ape), 

where 
ro~ro d r'(UO) 

Cl = an C2 = - . 
3,2 J( (To) aTo 

Then E* is locally asymptotically stable. 

(8.43) 

(8.44) 

(8.45) 

In the following lemma a region of attraction for system (8.40) without diffusion is 

established. Th.~ proof of this lemma is easy a.nd hence is omitted. 
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Lemma 8.6.1 The set 

O2 = {( P, Q, T, U, F) : 0 ~ P ~ K 0, 0 ~ Q + T + U ~ I ~(o , 0 ~ F ~ ~~ I ~(o } 

attracts all solutions initiating in the positive orthant, where 

10 > hand c5 = min{,o - h, ho{l- 00 ), 01(1 - Od}. 

The following theorem gives criteria for global stability of E*, whose proof is similar 

to Theorem 8.6.2 and hence is omitted. 

Theorem 8.6.2 In addition to th~ assumptions (8.3) and (8.4), let r(U) and K(T) 

satisfy in O2 , 

o ~ -r'(U) ~ p', K;" ~ K(T) ~ Ko and 0 ~ -K'(T) ~ k*, 

for some positive constants p', [(':1 and k·. Let the following inequalitie8 hold: 

{ ro](ok' O:'](0}2 ~ ro (h .p*) 
](:n2 + 0 < 9 [{(T*) 0 + a , 

• 0:'](0 2 2 TO 
{p + -o-} < "3°1 [{(Too)' 

h2 < ~Cl,o(h{) + o:pe), 

(0101 + Ooho + o:P*? < ~ol(ho + aP*), 

where 
TO/'O 

Cl = 3,,2 [{(T.)" 

(8.46) 

(8.47) 

(8.48) 

(8.49) 

(8.50) 

Then E· is globally asymptotically stable with respect to a.ll solutions initiating in the 

positive orthant. 

Theorems 8.6.2 and 8.6.2 show that if suitable efforts are made to control the undesired 

level of precursor pollutant formed by t.he activities of populations in the environment, 

the population density may be maintained at a desired level under certain conditions. 
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8.7 Conservation Model With Diffusion 

We now consider the case when Di > 0 (i = 1,2) in model (8.40). Under an analysis 

similar to section 8.4 of this chapter, it can be established that if the interior equilib­

rium E* of model (8.40) with no diffusion is globally asymptotically stable, then the 

corresponding uniform steady state of system (8.40)-(8.41) is also globally asymptot­

ically stable with respect to solutions such that ¢(x, y) > 0, 'I/;(x, y) > a, ~(x, y) > 

a, ((x, y) > 0, (I (x, y) > 0, (x, y) € D. 

Further, it should be noted if the system (8.40) with no diffusion is unstable eve'n then 

the corresponding uniform steady state of system (8.40)-(8.41 )" can be made stable by 

increasing diffusion coefficients to sufficiently large values. 

Thus, we conclude that diffusion in our model plays the general role of stabilizing the 

. system. 

8.8 Numerical Examples 

Example 1 Here we present a numerical example to illustrate the resurts obtained in 

section 8.3. vVe consider the following particular form of the fUllctions in model (8.5). 

T(U) = '0 - 'IO U, 

K(T) = Ko - KIT. (8.51) 

Now choose the following set of values of the parameters in Eq. (8.51) and in model 

(8.5). 

TO = 20.0, TIO = 0.07, Ko = 60.0, KI = 0.08, 'Y = 0.05, 

"(0 = 0.04, h = 0.30, hQ = 0.20, 01 = 7.0, eo = 0.01, 

01 = 0.02, 0'0 = 0.06. 

(8.52) 

With the above values of the parameters, it can be checked that the condition (8.6) for 
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the existence of the interior equilibrium l!; is satisfied and l!; is given by 

P = 58.88342, Q = 73.60427, T = 6.02934, () = 3.04482. (8.53) 

It can also be checked that conditions (8.7)-{8.9) in Theorem 8.3.1 arc satisfied which 

shows that E is locally asymptotically stable. 

By choosing J(m = 50.0 in Theorem 8.3.2 it can also be verified .,that conditions (8.13)­

(8.16) are satisfied which shows that l!; is globally asymptotically stable . 
• 

Example 2 Now to illustrate the results obtained in section 8.6, we present a numerical 
. 

example. In model (8.40) without diffusion we consider the same particular form of 

functions as given in (8.51). Now in addition to the values of parameters given in 

(8.52), we choose the following values of parameters in model (8.40) with no diffusion: 

TI = 0.09, PI = 12.0, VI = 0.09, Qc = 0.14. (8.54) 

Then it can be checked that condition (8.42) for the existence of the interior equilibrium 

E* is satisfied, and EO is given by 

P* = 59.99146, Q* = 0.38868, T* = 0.03128, U* = 0.01609, 

FO = 33.15734. (8.55) 

It can easily be verified that conditions (8.43)-(8.45) in Theorem 8.6.1 are satisfied 

which shows that E* is locally asymptot.ically stable. 

Further, by choosing J(:n = 50.0 in Theorem 8.6.2, it can be checked that conditions 

(8.47)-(8.50) are satisfied. This shows that EO is globally asymptotically stable. 

By comparing equilibrium levels E and Eo in Eqs. (8.53) and (8.55) we note that due 

to effort F, the equilibrium level of the population has increased whereas equilibrium 

level of the concentration of precursor pollutant, concentration of pollutant in the 

environment and in the population have decreased. 
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8.9 Conclusions 

In this chapter, a mathematical model is proposed and analysed to study the effect of 

a pollutant on a population which is living in a an environment polluted by its own 

activities. It has been assumed that the pollutant enters into the environment not 

directly by the population but by a precursor produced by the population itself. It 

has been fUI ther assumed that the larger the population, the faster the precursor is 

produced, and the larger the precursor, the faster the pollutant is produced. The model 

has been studied with and without diffusion. In the case of no diffusion it has been 

shown that population density settles down to its equilibrium level, the magnitude of 

which depends upon the equilibrium levels of emission and ~~lashout rates of pollutant 

as well as on the rate of precursor formation and its depletion. It has been noted that 

the rate of precursor formation is crucial in effecting the population. It has further 

been noted that if the concentration of pollutant increase unabatedly, the survival of 

the population would be threatened. 

The effect of diffusion on the interior equilibrium state of the system has also been 

investigated. It has been shown that if the positive equili~rium of the system without 

diffusion is globally asymptotically st.able, then the corresponding uniform steady state 

of the system with diffusion is also globally asymptotically stable. It has further been 

noted that if the positive equilibrium of the system with no diffusion is unstable, then 
, 

the corresponding uniform steady state of the system with diffusion can be made stable 

by increasing diffusion coefficients appropriately. Thus, it has been concluded that the 

global stability is more plausible in the case of diffusion than the case of no diffusion. 

In case of conservation model it has been shown that if the rate of formation of the 

precursor pollutant is controlled by some external means, its effect on the population 

can be minimised. 
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