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Abstract

In this work we study the hyponormality property of Toeplitz operators T,,. We have
framed different sets of necessary and sufficient conditions under which a trigono-
metric Toeplitz operator 7, is hyponormal. For our study we have considered three
different spaces of analytic functions namely the Hardy-Hilbert space H2(T) consist-
ing of analytic functions measurable on the unit circle T, the Bergman space A%(D)
consisting of analytic functions measurable on the unit disc D, and the weighted

Bergman space A2(D) for —1 < a < co.
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Chapter 1

Introduction

1.1 Background and Motivation

In this thesis we investigate the hyponormality of trigonometric Toeplitz operators
on Hilbert spaces of analytic functions, namely, the Hardy—Hilbert space H*(T),
the Bergman space A%(D) and the weighted Bergman space A%(D), where a > —1,
T = 0D and D is the unit disc of compléx plane. A Toeplitz operator on these
spaces is a multiplication operator followed by a projection onto the initial space.

The main objective of our research work is to address the following question:

“Is every trigonometric Toeplitz operator hyponormal? If not, which
trigonometric polynomials induce a hyponormal Toeplitz operator and

under what conditions?”

In [4], Cowen first characterized the hyponormality of Toeplitz operators on the
Hardy space H? in terms of the coefficients of the symbol . His work was further
extended by Nakazi and Takahashi. In [44], they reformulated Cowen'’s result as

follows:

“For ¢ € L*®(T), the Toeplitz operator T,, is hyponormal if and only if
there exists k € H®(T), ||k|loo < 1 such that ¢ — kg € H>(T).”

1



Chapter 1 2

This reformulation of Cowen’s characterization gives a way to determine the hy-
ponormality of T, for arbitrary trigonometric polynomial symbols . But the prob-
lern here is that for the hyponormality of T;, one requires to solve a certain functional
equation in the unit ball of H* which is not always easy. In [53], Kehe Zhu shows
that the hyponormality of Toeplitz operators with trigonometric polynomial symbols
on the Hardy space can ultimately be reduced to the classical Schur’s algorithm in
function theory. Thus Zhu again reformulated Cowen’s characterization via Schur's
functions ®, for n > 0. By explicitly using Schur’s functions ®,, Zhu has given a
general criterion to determine the hyponormality of the Toeplitz operator T, with
polynomial symbol ¢(z), where ¢ is of the form ¢(z) = Zﬁ’:_ N @n2™.

Although Zhu’s Theorem (refer to Theorem 2.4.1) gives a substantial amount of in-
formation to determine the hyponormality of T,,, the main hurdle here is to find the
Schur’s functions ®,, beyond n > 2. As there is no closed form to determine them
so the process is quite laborious. In [36], Kim and Lee gave an alternate version of
Zhu’s theorem. Similarly in [25], Hwang and Kim studied the hyponormality of T,
for special kinds of trigonometric polynomial symbols ¢ which are called circulant
type symbols. Thus attempts are continuously being made to determine conditions
under which a trigonometric polynomial will induce a hyponormal Toeplitz opera-
tor. We quote here a few significant references [6], [14], [26], [27], [28], [29],
(30], [31], [32], [38] and [52].

The results obtained from the study of hyponormality of Toeplitz operators on the
Hardy space do not automatically extend to the Bergman space. This is because
Cowen’s Theorem does not adapt to the Bergman space. The reason is that Cowen’s
theorem is based on a dilation theorem of Sarason [46]. In the Hardy space H?, the
functions in H2" are the conjugates of the functions in zH?2. But, for the Bergman

space A2, A% is much larger than the conjugates of functions in zA?. And so we
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can find no dilation theorem similar to Sarason in A2. In his doctoral thesis, H.
Sadraoui [45] was the first to study the hyponormality of trigonometric Toeplitz
operators on A? space via Hankel operators. Hyponormality of Toeplitz operators
was also studied in [40]. Then in (23], [24], [33] and [39], the hyponormality of
Toeplitz operators was studied by considering some polynomial symbols which are
similar to the polynomials considered in the H? space. Till date there is no concrete
characterization in A? space by which the hyponormality of T,, can be studied for

an arbitrary trigonometric polynomial.

1.2 Definitions and Terminologies

Here we give a brief summary of the spaces and operators that are being considered
in this work. We include the definitions and significant properties along with the
references where these results are discussed in detail. For notational convenience
throughout the thesis, C will always denote the complex plane. The open unit disk
in the complex plane {z € C : |z| < 1} will be denoted by D, and the unit circle
{z € C:|z| = 1} will be denoted by T.

1.2.1 Hardy-Hilbert Space

The Hardy-Hilbert space is the set of all analytic functions whose power series have
square summable coefficients. The Hilbert space of functions analytic on the disk
is customarily denoted by H?. Some other spaces of analytic functions are the
Bergman and Dirichlet spaces.

Details of these spaces are found in references {22}, [43], [54].

We begin with a formal definition of the H? space.



Chapter 1 4

Definition 1.2.1. [43] The Hardy-Hibert space, denoted by H?, consists of all an-
alytic functions having power series representations with square summable complex

coeflicients. That is,
H>={f: f(z) = Zanz" and Z lan|? < oo}
n=0 n=0

For f(z) =3 o oan2™ and g(z) = 3 oo baz™ in H?, the inner product is defined as

<f,g>=> anby

n=0

Also the norm of the vector f(z) =3 oo, an2™ is

1F1 = O lanl®)?

n=0

For 2y € D, the function k,, defined by

1
1—2,702

ky(2) = Z Z"" =
n=0

is called the reproducing kernel for 2o in H2. Clearly, k., € H? and ||k, || = (1 -
|20?)~7. Also for f € H?, f(zo) =< f, ks, >.

The Hardy-Hilbert space can also be viewed as a subspace of the well known Hilbert
space L2. L? = L?(T) is the Hilbert space of 'square-integrable functions on the unit
circle T with respect to Lebesgue measure, normalized so that the measure of the

entire circle is 1. The inner product is given by

1 2 i
hah =5 | reatemas
where df denotes the ordinary(not normalized) Lebesgue measure on [0, 27]. There-

fore the norm of the function f in L? is given by

2 2
171 = (5= [ 1reeyras)

Though the elements of L? are equivalence classes, we consider them as functions

with the understanding that f and g in L? are equal if f is equal to g almost
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everywhere with respect to normalized Lebesgue measure.

For each integer n, let e,(e¥) := e, regarded as a function on T. Then {e, : n € Z}
forms an orthonormal basis for L2. Thus, for f € L? < f,e, > denotes the nth

Fourier coefficient of f and so,
H>={feL?: (f,e) =0, for n€Z and n <0}

It is clear that H? is a closed subspace of L2. Thus H? consists of square integrable
analytic functions on T.

If L> denotes the space of all essentially bounded functions in L?, then
H® ={feL®:(f,e,) =0, for all n€Z and n <0}

Equivalently, H* consists of all functions that are analytic and bounded on the

open unit disk . The norm of a function f € H* is defined by
[ lleo = sup{|f(z)| : z € D}

1.2.2 Toeplitz Operator

A bounded measurable function ¢ on the unit circle T induces in a natural way two

operators, one on L? and one on H? as follows:

Definition 1.2.2. The Laurent operator L = L, is the multiplication operator

by ¢ defined as L,f = ¢ - f for every f € L2

Definition 1.2.3. The Toeplitz operator is the compression of the multiplication
operator to the subspace H2. That is, for ¢ € L®, the Toeplitz operator with symbol
¢ is the operator T, defined by T,,f = P(p- f) for f € H?, where P is the orthogonal

projection of L? onto H2.
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T, is linear and since ¢ € L™ so it is also bounded with norm ||T,|| = ||¢[le- If, in
particular, ¢ € H* then T}, is called an analytic Toeplitz operator.
The Toeplitz operator T, is said to be co-analytic if T is analytic, or equivalently
if pe H™.
The Toeplitz operator T, induced by a trigonometric polynomial ¢ defined as
w(z) = Zf:’:_m anz™, is called a trigonometric Toeplitz operator.
We recall here some of the important properties of Toeplitz operators as recorded
in [2], [43] and [54].
(a) If ¢ and ¢ are in L™ then Tyyiy = aT,, + Ty for any scalar a. Also, T, = T.
(b) For ¢ and ¢ are in L™, TyT, is a Toeplitz operator if and only if either T}
is co-analytic or T, is analytic. In both these cases, TyT, = Ty,.
(c) A Toeplitz operator is self adjoint if and only if its symbol is real valued
almost everywhere.
(d) Let ¢ and ¢ are in L. Then T, Ty = T, T, if and only if atleast one of the
following holds:
(i) Both ¢ and v are analytic.
(ii) Both ¢ and 9 are co-analytic.
(iii) There exists complex numbers a and 8, not both zero, such that ay + 81
is a constant.
Since e, = €™ (n > 0) form an orthonormal basis for H?, so if ¢ is a bounded
function on T with Fourier coefficients a,, (n € N), then for n,m > 0 we have
< Tpen, em >=< pen, em >
— 51? 021r o(e?)eme=midp

— _21? 027" (p(eie)e—i(m—n)ede
=< Y, Em-n >= Am-n

Thus the matrix representation of the Toeplitz operator T, under the standard basis
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{en} has the following form

ay @1 G G_3 - \
(251 ap Ga-1 Q_2
Qs Qi ap Qa1

az Qg ay ag -

The main characteristic of the above matrix (called the Toeplitz matrix) is that the

entries on each main diagonal are constant. In fact this property actually character-
izes Toeplitz operators. That is, if T is a bounded linear operator on H? with the

above matrix under the standard basis, then T = T,, with o(t) = >_ y ane™.

Note that if T, is an analytic Toeplitz operator, then the matrix of T, with respect
to the basis {e"}% is

(a6 0 0 0 - )
ay Qg 0 0

as Qa1 Qg 0

az az a1 Qg

where ¢(z) = 5 0" an2™

1.2.3 Hankel Operator

Another operator that appears hand in hand with Toeplitz operators is the Hankel
operator. To define Hankel operator we need to introduce the flip operator on L2

defined as follows:

Definition 1.2.4. The flip operator is the operator J mapping L? into L? defined
by J(eme) — e—t(n+1)0

Clearly the operator J is self adjoint and unitary.
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Definition 1.2.5. [4] For ¢ € L*°, the Hankel operator H,, is the operator on H?
given by
Hyu=J(I - P)(p-u),

where J is the flip operator on L?, and P is the projection of L? onto H?2

With respect to the standard orthonormal basis for H?, the matrix representation
of the Hankel operator H,, is as follows:
a.; a_o 0a_3

A_o9 A_3 QA_4

a_3 QA_4 Q_j

where p(2) = 5 o0 anz™
The main characteristic of the above matrix is that the entries on each skew-diagonal
are constants. In fact, this property determines a Hankel operator on the Hardy
space.
Necessary facts about Hankel operators include

(i) Hy, = H,, if and only if (I — P)p1 = (I — Py

(i) [ H,ll = snf {9l : (I = P = (I - PYp};

(iil) Hy = Hy;

(iv) H,U = U*H,,, where U is the unilateral shift operator;

(v) Either H, is one-to-one or ker(H,) = xH?, where x is an inner function.

The closure of the range of H, is H? in the former case and (x*H?)* in the later.

1.2.4 Bergman Space

Let dA(z) be the area measure on D normalized so that the area of D is 1. In

rectangular and polar coordinates,

dA(z) = lda:aly = —1-7"de0.
m T
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Here the Hilbert space L?(D) is defined with respect to the inner product

(f,9) = / [ (2)7EdA().

Definition 1.2.6. The Bergman space A? = A%(D) is the closed subspace of

L*(D) consisting of all analytic functions on D.

The set
{en(z) =/(n+1)2":n€Z,n>0 and z € D}

acts as an orthonormal basis for A%2. The Bergman kernel, to be denoted by K(z,w),

is the function
1
K -
(z,w) (1 — zw)?
for all z,w € D. If P denotes the Bergman projection from L?(D) onto A? then for

any f € L*(D) and z € DD,

Pf(z) = / K (2, w) f () dA(w)

If L>(D) is the space of bounded area measurable functions on the unit disc D,
then for ¢ € L*°(D), the multiplication operator M, on the Bergman space is
defined by M,(f) = .f, where f € A*(D). The Toeplitz operator T, on A*(D) is
defined as T,(f) = P(p.f). Similarly, the Hankel operator on A%(D) is defined by
Hy(f) = J(I - P)(.f).

If T,, is the Toeplitz operator defined on A*(ID) space, then we have

T,(f)(2) = Plp.f)(z) = / P W) § 4 )

(1 — z0)2
1.2.5 Weighted Bergman space

Let D denote the open unit disc in the complex plane. For —1 < a < oo, L(D, dA,)

is the space of functions on D which are square integrable with respect to the measure
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dAs(2z) = (@ + 1)(1 — |2|2)*d A(z), where dA denotes the normalized Lebesgue area

+

measure on D. L%(D,dA,) is a Hilbert space with the inner product

- / f(2)3(@)dAa(2)
for f,g € L?(D,dA,).

Definition 1.2.7. The weighted Bergman space A? is the closed subspace of

L%(D, dA,) consisting of analytic functions on D. If & = 0, A2 is the Bergman space.

For any non negative integer n and z € D, let e,(2) = £ where 2 = %

Here I'(s) stands for the usual Gamma function. Then {en} is an orthonormal basis
for A%2(D).
The reproducing kernel of A2(D) is given by

1

K(a)( ) = m

for z,weD
The orthogonal projection P, of L*(D,dA,) onto A2(DD) is given by

(Puh)) = | 7L Dz dhatw)

for f € L*(D,dA,).
If L>°(D) denotes the space of all essentially bounded, measurable functions then for
¢ € L°°(D) the multiplication operator M, on A2(D) is defined by M,(f) = ¢.f.
The Toeplitz operator T,, with symbol ¢ is defined on A%(D) by T,,f = Pa(¢.f)-
Thus we have

T,1) = [ L anu ),
f € A:(D) and z € D.
Similarly, the Hankel operator H,, on A%(D) is defined by H,f = J(I — P,)(¢.f).
As ¢ € L*>(D), the operators T,, and H,, are bounded. For details on these results,

we may refer [54].
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1.2.6 Hyponormal Operator

Definition 1.2.8. A bounded linear operator T on a complex Hilbert space H is
said to be hyponormal if its self commutator [T*,T] := T*T — TT™* is positive semi
definite. That is, T is hyponormal if T*T — TT* > 0.

The operator T is said to be normal if T' commutes with T, that is T*T = TT*.
T is said to be subnormal if it has a normal extension.

It is well known from results discussed in [8] and [16] that every normal operator is
subno?ma.l, and every subnormal operator is hyponormal. The converse however is
not true. For example, the unilateral shift operator on the #? space is subnormal but
not normal. Here ¢ denotes the space of all square integrable complex sequences.
Again for 0 < a < b < 1, if {a,} denotes the weight sequence defined as oy =

a, @; = b and a, = 1(n > 2), then the weighted shift operator T' defined on #? as
T(fIJo,iCl, Tg,.. ) = (0,0(0@0,0[1311,02332, e )

is hyponormal but not subnormal.
Further, if T is a hyponormal operator, then so is T' — Al for A € C. However,

powers of hyponormal operators need not be hyponormal.

1.3 Chapterwise brief outline

The thesis comprises of five chapters and has been organized as follows. The first
chapter is introductory in nature. It includes a brief background leading to the
problem in hand. The operators and spaces referred to in the sequel are also defined
in this chapter.

Our main work begins with chapter 2. Throughout the thesis we have worked on
trigonometric Toeplitz operators, denoted by T,,, acting on different spaces of ana-

lytic functions. First we consider T, acting on the Hardy space H%(T). Subsequently
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we consider T, acting on the Bergman space A?(D). And finally we consider 7, act-
ing on the weighted Bergman space A2(D). Our objective is to determine necessary
and sufficient conditions for T, to be hyponormal.

The second and third chapters deal with T,, acting on the Hardy space H*(T). In our
work we mainly refer to Kehe Zhu’s reformulation of Cowen’s theorem in terms of
the Schur functions ®,,. In chapter 2 we make explicit evaluations of ®4, ®,, 5 and
®3. These results are then used in chapter 3 to determine hyponormality conditions
of T,, for situations where the coefficients of ¢ satisfy partial symmetry conditions.
In chapter 4, we investigate hyponormality of T}, in the Bergman space A%(D). In
this case, J. Lee [39] gave the following necessary condition for the hyponormality

of Ty

Theorem 1.3.1. Let p(z) = g(z) + f(2), where f(z) = a1z + a22% and g(2) =
a-1z + a-22 If T, is hyponormal, then

(1) 2(|az|* — la—2[*) = 3(la-1]? — a1 |*)

(i) (3(la1l? = la-11?) + 3(la2l® = la2|®)) (3(1a1]? = leoa?) + (Jaaf* — Ja—2l?))

Z §|&1a2 - &_1a_2|2.

First we show that these conditions are not sufficient to guarantee hyponormality
of T,. Subsequently, in Theorems 4.3.2 and 4.3.3 we give conditions which make
T, hyponormal. Comparing these results with those obtained for the Hardy space
H?(T) we have generated examples to bring out the fact that the hyponormality
conditions of T}, on H?(T) do not naturally extend to A?(DD).

The Chapter 5 contains necessary and suflicient conditions for the hyponormality of
T, in the weighted Bergman space. In particular, we have shown that the following

result holds for specific values of m and V:

Theorem 1.3.2. Let p(z) = g(z) + f(z), where f(2) = anz™ + anz?, g(z) =

a-mz™+a_nz¥ (1 <m < N). If aman = a_ma_n and a > —1, then T, on A%(D)
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s hyponormal

175" (er+2+4+3) :

—’————HN-&S)(Nf. (la-ml? = laml?) < (lanl® = la-n[?) if la-n| < lan
= =0 7)

N*(la-nP* = lan[?) < m*(|am]? = la-m|?) if lan] < lan|

Though Toeplitz operators on spaces of analytic functions are quite well understood
and the volume of work published in this area of research is immense, yet not much
is known about the behavior of hyponormal Toeplitz operators. In our present work
we attempt to carry forward the ongoing research; to plug some of the holes in
the existing literature; to make particular case studies to gain better insight; with
the aim of answering at least some of the queries regarding the various aspects of

hyponormal Toeplitz operators.

|
|CENTRAL LIBRARY, T. U,
lacc.No.... T2o4 .




Chapter 2

Schur’s Function ®,, and Kehe

Zhu’s Theorem

In this chapter we record Zhu’s theorem and its different re-formulations. We give
an explicit evaluation of ®3 and use this to give expressions of ®, for higher orders

of n.

2.1 Introduction
In 1988, Cowen first characterized the hyponormality of Toeplitz operators on the
Hardy space H? in terms of the coefficients of the symbol ¢. He showed that:

Theorem 2.1.1. [4] If ¢ is in H®(T), where ¢ = f + g for f,9 € H*(T), then T,
is hyponormal if and only if g = ¢+ T f for some constant ¢ and some function h

in H®(T) with ||h)je < 1.

In 1993, Nakazi and Takahashi reformulated this theorem as follows:

Theorem 2.1.2. [44] Suppose that p € L®(T) is.arbitrary and write
E(p) = (k€ H(T) : bl < 1 and ¢ — kp € HX(T)}

Then T, is hyponormal if and only 1f E(p) is nonempty.

14
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This reformulation of Cowen’s characterization gives a way to determine tﬁe hy-
ponormality of T, for arbitrary trigonometric polynomial symbols ¢. But the prob-
lem here is that for the hyponormality of T, one requires to solve a certain functional
equation in the unit ball of H*® which is not always easy. In [53], Kehe Zhu again
reformulated Cowen’s characterization via Schur’s functions ®,, for n > 0. By using
explicitly Schur’s functions ®,, Zhu has given a general criterion to determine the
hyponormality of the Toeplitz operator T, with polynomial symbol ©(z), where ¢
is of the form @(z) = 37

n=-—

N an2™. We begin with a brief description of Zhu'’s idea.

2.2 Schur’s Functions &,

Suppose that f(z) = > 72, ¢,2’ is in the closed unit ball of H*(T) (i.e. || flleo < 1).
If fo = f, define by induction a sequence {f,} of functions in the closed unit ball of
H>(T) as follows:

fal2) = fa(0)
Z(l - fn(o)fn(z)) )

As f,(0) only depends on the coefficients cg, ¢, . . . , Cn, We can write

fn+1(z) =

|zl <1, n=0,1,2,.. (2.2.1)

fn(0) =®,(co,...,cn) n=0,1,2,...,

where ®,, is a function of n+1 complex variables. We call the ®,,’s Schur’s functions.
No closed-form for the general Schur’s function @, is known. However, Schur’s
algorithm enables us to derive ®,, for any desired values for n > 0. In [53], Zhu has

listed the first three Schur’s functions:

Do(co) = o (2.2.2)
!
1 = |eof?
c2(1 — |eol?) + Ger?
(1 —col?)? = |eal?
In the next section we give the procedure to find the Schur’s function ®3.

®;(co, 1) = (2.2.3)

@2(60,61,62) = (224)
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2.3 Evaluation of Schur’s Function &4

As @,(co, €1, -y Cn) = fa(0), sO

Do(co) = fo(0) = F(0) =

folz) = fo(0) Y Ria—a S ekl
-5 f() - aSZoas  IT-lelf &S, ok
(2.3.1)

fi(z) =

Therefore,

1(00,61) = fl(o) — |Co|2

A - HO) _ N

faz) = === = (2.3.2)
2(1 - f1(0)fi(2)) 2D
where,
N = 2211 ckzk‘l _ C1
1- C_o ZZ.;O ckz" 1-— |C()|2
_ (Aol o2y ezt — el = Jeol? — & 3072 crz*)
(1 ~ G0 Ykl k2¥) (1 — |col?)
_ (- leol?) YR penz® ™ + oes 32, k2
(1- CO Zk_o)(l — |eol?)
g Dk Ck2° !
D = 1 __ 00
S S s
_(1-aYRea)( el ~ (al? +a T8, )
-Gy, )l —lcl)
(= e [ — a1 - o) SE, o - 6 SE, et
RS s F R PA D
Therefore,
e ]2) SO0 k=2 | = oo k-1
fa(2) = > (21 |c°|2 ) Lk 42 T o4 Zk:,j & ———  (233)
((1 = leol®)? = lea]?) = (1 — |eol?) Doy o™ — @ 3oL, ez~
which gives,
ca(1 = |eol?) + &oey?
@2(C0,C1,C2) = fE(O) - 2( I Ol ) i (234)

(1 = feof?)? = fen?
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Again,
= _f2(2) = f2(0)
f3(2) 0 = R0 ) (2.3.5)

Now, fa(z) — f2(0)

(1-]co|?) 2 5 e 2* 2 4cocs T2 | ex2® ea(1—|eo|?)+der?

T ((A=Teol®)2=Je1l?) —Go(1—lcol?) 1Rz, cx2®—E1 X opoq ck2* 1 (1~-]eo]?)?—|c1]?

%[{(1 ~ leol?) hza k22 + Goct oy ez T H{(1 = leol?)? = leal*} — {ea(1 -
oft) + a7 ({01 = o2 = orf = (1 = o) £ a0t - 6 iy a ) |
{1 = Jeol)? = lexPH{(1 = leol?) 2 a2 + oy 52, cner )

A1~ o) + e} {1 ) T+ 6 T a1}

{0 - Jal)? = [} S {3~ oot + oo}

+ {62(1 ~leol?) + @er?} D oneo {50(1 — leol?)eks1 + C_10k+2}2k}
_ 2N(2)
=P

ol

+

—~—
=)

ol

and

1 - £2(0) f2(2)

=1- (C_;7(1—IC{J|2)+CQC'12 )( (1-]eo)?) 2 , cxz 24 cpey SRR ckzk ) )
(1-|eol?)?~]ec1]? 7\ ({1—lco|B)2—]e1]?)—co(1~-]col?) JoR= | cr2®—€1 I opeq cr2® 1

=3 [{(1 —leol?)? = |12} = {1 = eo)? = JerP}H{ (1 — eof?) T2, cxd® +
a Yoz} = {G(1 = lool?) + co@i® Hea(1 — |eol?) + Goci?}

—{&1 = leol?) + co@® F{(1 = |ool?) YpZa crz* % + Ger 302, ckz’“‘l}]
_ DG

=P

where,

p- [{(1— o)~ a?} (1~ o) 3 e - 3 ] {(1— o)~ w}
k=1 k=2

N(z) =32l [{(1 ~ leol®)? = leiPH{ (1 ~ leol®)enss + Gercesn)
+ {ea(1 — |eo®) + @er® }{ G (1 ~ |eo)®)cpsn + C—lck+‘2}J

D(z) = ((1 - |C0|2)2 - |Cl|2)2 [1 - Ziil {C_o(l - |Co|2)Ck+C_10k+1}Zk] - |C2(1 - |00|2) +
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Ger’l? = {@(l = leol®) + co6i®} ol {Goercers + (1= leol?)cisa 2
N
Therefore, f3(z) = B%

and hence,
®3(co, c1, €2, ¢3) = f3(0) = D(0)’
where
N(0) = (1 = |co|®)? = el (@ = |eol?)es + Geics) + (21 = |eol?) + Ger®)(Go(1 —
|col?)er + Gica)

and
D(0) = (1 = leol®)® = lea)? = lea(1 — |eol?) + Goes?f?

Thus, ®3(cg, ¢y, C2,¢3) =

(1 = leol?)? = lea) (X = Jeo*)es + Goeres) + (e2(1 — leol®) + &) (G(1 — |eo*)er + Gica)
(1 = leof?)? = lea]?)? — [l = leol?) + Gocr??

(2.3.6)

2.4 Application of Zhu’s Theorem

By using explicitly Schur’s functions ®, for n > 0, Zhu has given a general criterion
to determine the hyponormality of the Toeplitz operator T, with trigonometric
polynomial symbol ¢(z), where ¢ is of the form ¢(2) = ZQI:_ ~ @n2". His theorem

is as stated below:

Theorem 2.4.1. [53] If p(2) = SN an2", where ay # 0 and if

o a a -+ GN-1 OGN a_1

61 a, Qg - anN 0 a_o

. =1 . . o R (2.4.1)
CN-1 ay 0 .- 0 0 a_n

then T, is hyponormal if and only if |Pn(co, ..., cn)| < 1 for eachn =0,1,...,N — 1.
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Note that each ®,(cy, ..., cn) is a rational function of the form

Folco, -, ca)

®n(co, .- Cn) = Culco )’

where F,, and G, are polynomials. Thus the inequalities |®,(co, ..., )| < 1 should
be understood as |F,(co, ..., cn)| < |Gnlco, -, cn)l-

If f(z) = 32720¢,2 is a function in H*(T) such that ¢ — f@ € H®(T), then
Co,C1, -, CN—1 are just the values given in (2.4.1). Thus Zhu’s theorem says that
if f(z) = Z;”:o c,2? satisfies ¢ — f@ € H™(T), then the hyponormality of T, is
independent of the values of ¢,’s for j > N. In [36], Kim and Lee reformulated

Zhu’s theorem in a simpler form which is often easier to apply.

Proposition 2.4.2. [36] If (2) = S°N___a,2", where m < N and ay # 0, then

n=-m N

T, is hyponormal if and only if
|Dn(co,c1y-.ven)| <1 for each n=0,1,..,N — 1.

where ¢, ’s are given by the following recurrence relation:

Cg=C =..=CN-m-1~= 0
CN-m = aa_;,
cn = (an)™! (a_N+n — Z;:]lv—m c,c‘zN_n+J) for n=N-m+1,.,N~-1

(2.4.2)
Using these re-formulations of Zhu’s theorem we now prove the following result.

Proposition 2.4.3. Suppose that k(z) = Z;io c,2’ 15 wn the closed unit ball of
H>®(T) and that {®,} 15 a sequence of Schur’s functions associated with {c,}. If
g =C=..=c¢u_1 =0 and ¢, # 0, then we have

Cn
Qy=1cy, Pr1=..=Pp; =0; &= m;

Cn+1 .
(1 = Jeo|?)(1 = |2nl?)’
(1~ |®n|*)cni2cn + |Pn 2
ca(l = |eo)(1 = |®n[?)?(1 = [Pn4a]?)

(I)n—l-l =

¢n+2 =
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Proof. Suppose k(z) = Zf—_o ¢,2’. Then ® = k(0) = ¢y and

_ k() ~ko(0) _ 2n 6P

ka(z) = 2(1 — Goko(2)) ~ 1 — Goko(z)’

so that
C1

®; =k (0) = T Tap

= 0.
Also we have that

hz)=k(0) k() _ Xl

k Z) = —_— - 3
2( Z(l - kl(O)kl(Z)) z 1- _C-OkO(z)
so that
D, = ky(0) T [eol? 0.
Inductively,
Dorem GFTT
k === 7 =3,...,n—
"n(z) 1— Eoko(Z) fOT m 3’ T 1,
so that
Cm
knm(0) T 0 for m=3,..,n—1
Then
fnle) = et ka0 B2 L
2(1 ~ kp_1(0)kn_1(2)) 1 —Goko(2)
so that
Cn
k.(z) — k(0
ke (2) = —n(2) = Ka(0)
2(1 — kn(0)kn(2))
__1— 0 c Z]'—n — —Cn___
_ I-%k(z} &p=r 7 2-fef?
z2(1 ~ kn(0)kn(2))
- |co|?) Dpeni1 62 T F el ¢, 2?7
(1 = co?)(1 = Coko(2))(1 — kn(0)kn(2))
1—Jeol®) S0 i1 2™ e Yoo, 0y
(1= Jeol?) S & 052 G 244

(1 = leol?)(I — Coka(2))(1 — kn(0)kn(2))
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so that

- _ (L = eo*)enra
Dpp1 = knyr(0) = (1 — |col?)2(1 — |ko(0)12)
_ Cnti
(1= leol?)(1 = [24]?)

Schur’s function for k,2 is,

kn11(2) = kny1(0)
2(1 = kny1(0)kn+1(2))

kn+2(z) =

Now,

knt1(2) — kny1(0)
= (1= leol?) Y72 s 27"+ enlo 3052, 627 _ Gan(l- |co[*)

(1 — |eo|?)(1 — oko(2))(A — En(0)kn(2)) (1 — |eol?)? — |enl?

Let D(z) = (1 ~ |eof?)(1 ~ Goko(2))(1 = ka(0)kn(2))((1 = lco2)? = lcal?)

Then
A(z) + B(z) — C(z)

2D(2) (1 = Fn1 (0) ks (2))

kn+2(z) =

where,

A =01 = 0~ <) (v + 3 o)

j=n+2

=(1 ~ Jeol ) (1 ~ leof®)? = leal)ensr + 2(1 — |eof?)

(1 = Jeof?)? = |cal?) Z

F=n+2

21

(2.4.5)

(2.4.6)

(2.4.7)
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B(2) = ento (1~ lo”)” = leal®) D 2™

and

0 i kn(0) y=n G2 "
C(2) = cas1 (1 - leof?) (1 — (CO + Zc3z7)> (1 B (l)—zéoko(z) )

ot kn(o) Cn + Zoin 1 CJZ]_n
=cur1 (1= lea?)” {1~ lCol"’—EOZCﬂ’) - ( — )
=1 1 -2 (60 + 254 Caz’)

o0 ._lﬁﬂ_lz_ + ___aﬂ._. Zoo C z]‘n
_ 2 2 = 3 1—]co)? 1—jeg)? £sy=n+1 ™2
=cna1 (1 — |col? 1—|co|—co_$_ Cy2 1-— -
+ ( ) = 3 1—|Co|2—002;i1 ;27

x>
s (1~ o)’ {1 = Jeof? - cOz) x
1=1

—_ 2 c. —_—
1~ eof® — B0 ye1 G2 — ’1'l—£r'c<l)|—2 B 17(1;3.?2]01714-1 27"

1 —|el* — & Z;’il C;27
(cn+1(1 = Jeol?)? ~ cns1 (1 = leof?)?20 3252, c]z’)

- X
1= eol? =20 3721 62

lenl” N
1 — el — — = 1=n
( ol = TP ) 1—ICoI2 Z e

1=1 1=n+1

2
(Cnsr(1 = Jeof?)? (1 — leol® - f'f—,"c'm)
N 1—lcol?2— & Z;"il ;2

cnt1(l ~ [col?) (CO E; 1647+ T 1cO|2 E —nt162 7 n)

1~ Jeol?® — o Z]:l ;27

2 -_—
(1 = leol® — TI_&;cloTa) cna1(1 = Jeof®)?e0 3252, 627

1~ Jcol® — 2o Z]oj_—l ¢y 27

N enaa (1 = |col?)?E Z] =167 (EO 2;11 20 + ﬁﬁ.ﬁ Z;in-ﬂ CJzJ—n)
1—lcol2~2 2;11 rd
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So A(z) + B(z) — C(z2) =

(1 = leol)*((X = leol*)? = leal®)ener — (1 = leol ) (X = leol®)* — lenl*)ensrZozx

o
Zc,zf T+ (= a1~ feol?)? ~lenl®) D2 62

1=n+2
— 22 (1 = Jeo®)(1 = [co[*)? = |enl?) Z 67" Zc 27
entocr(1 = |co)(( = |col®)? — Jenl?) = cac1B2((1 = lcol®)? = ea®) D "¢, 21+
(1 = |eo?)enBoz((1 ~ Jeo|?)? = |eal?) Z%Z’ -

=
oo

2621~ e = Jeal?) zc]wzcw <0n+1(1—100|2)3(1—|00|2*

2
|cnl Z ch”"'1> +

2\3 71— 1
I 2)>+cn+1<1—|co|>z( chz —
e > o T 2,
2
Cn _ -
1=1

cnr1(1 — |col?)?Coz Zc 27 (%Zc]zj -

The term free from z in the equation (2.4.8) is

Z ¢, 2" n*l) (2.4.8)

_ 2
1 |Co| J=n+1

(1~ leol)(@ = leol®)? = lenl®)ens1 + encr@o(1 = leo ) (1 = |eof?)? ~ |eal?)
—c 1243 a2 |cn)?
na1(1 = |eol”) (1 |col 1 |Co|2>
=0 [because ¢; = 0] (2.4.9)
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The coefficient of z in the equation (2.4.8) is

— (1 = Jeol)((1 = leof®)? = fenl*)ensaoer + (1 = leol*)*((1 = leol*)* = Jenl*)ense

~ eafo((1 = Jeof*)? ~ leal®)cleo + (1 ~ Jeol*)enco((1 ~ leol®)? — leal®)cacnin X

_ Cn 2 lcnlz _
@ -l (er + Tz ) + (1=l = 120 ) el = ool

=(1 = leol)((X = Jeol®)” — lenl*)ensa + Encnys (1 = lcof*)* [because ¢ = c = O]

=(1 = Jeol”)? (((1 = Jeol*)* ~ lenl*)onsz + Enchr) (2.4.10)

Therefore,
bes = (1 = feol)? (((1 = leof*)® = lenl®) cnya + Eachin) + O(2)
D(z) (1 - an(O)an(z))

where O(z) denotes the terms involving z, 22, 2%, . ...

Therefore,
o _(a- lcol?)? (((1 = |eol?)? = leal®) cnya + Encyy)
D(0) (1 — [kn+1(0)?)
_ ((1 — leol®)? = lenl?)enta + Enchys
(1 ~{eol?)(X = |2 (1 = [col?)? ~ |ealH( ~ |@nsa]?)
(1 = |®n|*)cnez + (1—_%'2)2—%6,2&1

(1 = Jeol?)(1 = |@n[*)%(1 = |@n11l?)

Dividing both numerator and denominator by (1 — |co|?)? and writing ®n = =527,
we get
1—|®,)° n + |®nl?c2
Opio = Chal : Dentac 2+2' Cnen - (2.4.11)
en(l = len?)(1 = [24]2)%(1 = [®nsa?)
a

Remark 2.4.1. Proposition 2.4.3 is an extension of Proposition 3 [36] where @,

®,,..., P, 1 were determined. Here we have also determined ®,,,, using the explicit
evaluation of ®3 given in section 2.3. We shall be using Proposition 2.4.3 in Chap-
ter 3 to determine hyponormality conditions for different trigonometric Toeplitz

operators T,.
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Hyponormality in Hardy Space

In this Chapter we provide some necessary and sufficient conditions for the hy-
ponormality of Toeplitz operator T,,, where ¢ is a trigonometric polynomial whose

coeflicients satisfy certain partial symmetry conditions.

3.1 Significant Prior Results

In this section we discuss some significant corollaries of the results established by
Cowen, Nakazi & Té.kahashi, Zhu and others that have already been stated in chapter
2. These are included to give the necessary background leading to the significance
of the work done in this chapter. Simplified versions of the original proofs are also

included to make the work self contained.

Theorem 3.1.1. [53] Suppose ¢ = f+3g, where f is an analytic polynomial of degree
n, and g is in H*™. If T, is hyponormal, then g must be an analytic polynomial of

degree less than or equal to n.

Proof. As T, is hyponormal, so by Theorem 2.1.1, there exists a constant ¢ and
h € H*® with ||h|lcc < 1 such that g = ¢+ T} f. If P denotes the projection of L?

onto H?, then we have c = P(g — hf), which implies § — hf = k, for some k € H>.

25



Chapter 3 26

For z € T, let f(2) =Y i gai2*, an # 0.

Since h(2)f(2) = 2"h(z) Sor, @iz™ 50 2"g(2) = h(2) Sor, @2 + 2™k(2) € H2.
This implies that g(z) is a polynomial of degree < n. O
Theorem 3.1.2. [12] Suppose ¢ is a trigonometric polynomial of the form ¢(z) =

Z,’L_m an2"™ where a_y, and ay are non zero. If T, is hyponormal then |a_g,| < |an|.

Proof. As T, is hyponormal, so by Theorem 2.1.2, there exists k& € H* with
llkllo < 1 such that ¢ — kg € H*. This implies that

N m
k E nz " — g a_nz "€ H®
n=1 n=1

So if k(z) = 3 o caz", then we get

Cg=C = ... =CN_m-1=20
CN-m = a.a_:
— _ -1 —
cn = (an) 7t (a-NM —~ > i N-m CjaN_n+j> for n=N-m+1,..,N -1

(3.1.1)

This relation uniquely determines the Fourier coefficients &(j) of k as k(j) = ¢, for

Therefore, 1 > ||kljoo > leN-m| = | ==

aN

and 50, [a_m| < |an] a

Remark 3.1.1. From the above result we can conclude that for a trigonometric poly-

nomial of the form ¢(z) = ZN

ne—m On2" Where a_,, and a, are non zero, the question

of whether or not the Toeplitz operator T, is hyponormal is completely independent

of the values of the co‘efﬁcients ag, - - -, an—m of .
In fact the following result was also proved independently:
Theorem 3.1.3. [36) Suppose ¢ is a trigonometric polynomial such that o = f+g,

where f and g are analytic polynomials of degree m and N (m < N), respectively.

Ifp := f+ Tyn-mg, then T, is hyponormal if and only if Ty is hyponormal.
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The necessary condition for hyponormality as given in Theorem 3.1.2 shows that
the cases where |a_,,| = |an| are, in some sense, extremal among all possibilities for
hyponormality. In [36], Kim and Lee treated such cases and their result shows that
under such extremal situation a certain symmetry property holds. We quote their |

result for reference:

Theorem 3.1.4. [36] Suppose that ¢ is a trigonometric polynomial of the form

o(z) =8 anz®, wherem < N and |a_p| = |an| # 0. Then T, is hyponormal

n=—m N

if and only if the following equation in C™ is satisfied:

a1 AN-m+1
a_g ON—m42
an _ =Qa_py, 'm+ (3.1.2)
A_m &N
In this work we try to relax the condition that |a_,,| = |an| and yet retain some

symmetry. In the following sections we shall discuss hyponormality under these

partial symmetry conditions.

3.2 Hyponormality under partial symmetry con-
ditions

We consider the trigonometric polynomial ¢(z) := YN _ a,2".

n=-—m 71

In view of The-
orem 3.1.3 we assume m = N. Our objective is to consider hyponormality when
la_n| < lan|. In this regard Kim and Lee in [36] studied the hyponormality of T,
when either Gya_; # a_nG; Or Gya_g # a_nGy while aya_; = a_na; for all other
t=1,...,N. Here we make an exhaustive study of the situations where symmetry
méy not hold at any three of the initial entries and determine necessary and suffi-

cient conditions under which T, will still be hyponormal.
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We begin with the case where symmetry holds everywhere except at the third place,

that is when aya_s # a_nas.
Theorem 3.2.1. Suppose (z) = SN anz™ is such that
a_1 ( a

a_q [25)

an| a4 | =a-nv]| G |,

o)

a_3 aG_-nN
det

as an

and put o := , where o #0.

lan?=la-n]?
1. If N = 4, then T, is hyponormal if and only if

(e) le| <1,

(b) |&a_s — aa| < |aa(j5; — la)

(c) |(1 — |af*) (a3 — @234 — G38_40x) + a(G_g0 — 83)(A—q — T30)|
< lof (Jaa? (% ~ lof)" - fa-sa — aaP)

2. If N > 5, then T,, is hyponormal if and only if

(¢) o] <1

(b) 1= < i = led

© (%) - ¢-a(2)
Proof. (1) Let N =4

aN-1
an

< (&-lel) -

Let cg, ¢, c2, c3 be the solutions of of the recurrence relation (2.4.2). Then

co = % (3.2.1)
G = ((14)_1(0,_3 h C06_L3) (322)
Cy = (5,4)_1(0,_2 - C()C_lz - C1(_L3) (323)

C3 = (6_14)-‘1(0,_1 — CoC_Ll — C109 — 626—13) (324)
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Now,
— \—1 a_4_ — =2 —~ —
¢ = (aq4) " (a-3 — (_1—403) = (@4) " *(a_304 — a3)
As
a_ a_
det 3 4
a3 Gy
= .
las|? - |f1—4|2
So,
1 = (a4) *(Jaa]? — |a-af*)e
Also,
2 la~4|2 _ -2 2 2
L—|ep|* =1~ wal? laa| ~*(Jaa|” — |a-4|%)
From (3.2.5) and (3.2.6),
|1
= |x
T ol 1
Again,
— (3N, — %G, — cga) = 5198
c2 = (@4) (a2 =, 2 c183) .
and

c3 = (@4) 7" (a2 — coli1 — €182 — Coi3)
=2

a_104 — G_40a a

— y—1 144 401 - 3

= (a4) —— —CGaxt+ =
7 7

_2 —_ -
=|\—— ]G
a4

Now, from the equations (2.2.2), (2.2.3), (2.2.4) and (2.3.6)

®y = co,

T 1= eof?’

ca(l = | o |?) + éocy?
(1= leol?)? = |et]?
_ N(0)

T0)

oy

®, =

29

(3.2.5)

(3.2.6)
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where,

N(0) = (1 = |aof?)? = laal)((X = leo*)es + Gerca) + (ea(l — |eol®) + Goer®)(Go(1 —
lcol?)e1 + Gicp) and

D(0) = ((1 = leol)? — lea|*)? = lea(1 — leol®) + Goer?[?

Applying the Proposition 2.4.2, T, is hyponormal if and only if

(i) |®o| < 1, i.e. if and only if |a_4| < |aq|, which is always true by our assumption.
(i) |®,] €1, ie. if and only if |o] < 1 (using (3.2.5) and (3.2.6)).

(iii) |®,| <1, i.e. if and only if

le2(1 = leol®) + Goct] < (1= Jeof*)? — Jea]®

- - 2
ci1a a_ C
— |- _;_43(1 —eo?) + =22 < <|_1_|) — | f?

ar = o
a4 a3 2 1
< |——¢y — — 1 —_ < c - 1
o - 22 (1= faf) _|1|(|a|2 )
a_y4 as c1 1
= |—c— ——| < | — 1
as a4 Bl <|a|2 )
G-4 a3 1
= [— — -
ag  @y®P1| 7 [af?
But,
a4 2 a_42
O = —2 _— ( ag )a _olad® 0ol (o .
P laal —lomal a3 A48y g
4
Therefore,
2] < 1if and only if |24 — & 2] < Ao,

i.e. if and only if |a_so — @3] < |a4| (|clT| - ial) )
(iv) |®3] < 1if and only if
(1= leol®)® = e P)((1 = |eol?)es + Gocrca) + (c2(1 — |col?) + Gocr®)

(@1 = leol)er + Gicz)| < (1 = leo’)” = les|?)” = 21 = [col?) + Goer®? (3.2.7)
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Now,

(1 =1l)" ~leal* = (1 =10l (l B (1 icfioP) >

=(1- |c0|2)2 (1-1af); .

(1= leol?) €3 + &cac

a2 — asa G_4a
= (1-)e)?) (3—5122_4> c — 24 3c§

4 (404
__2 _ - - p—
dg — Q904 a_403
=(1- 2 3 _ i)
( ICOI )01 < 5,421 a4c_t4 1)
1—1col®) ey, -
= ———( |_20| )1 (82 — az84 — G3a_400);

a4 Qa4
zoca (1 — lcolz) + Gi1cp = %_fcl (1 - |c0|2) + ¢ (—-—) ¢
(1= o) o (Bt _ B35
= (]_ lCol )Cl ( 5,4 (_i4q)1> '

toC1 (1 - lcolz) + Cicp = A (1 - |00|2) +a (—_—) ]

Gg (1 — Jeol?)
= 1= o)’ (e - 2ot
_G-laffe o

31
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Therefore,

(1 = leof®)* = leal)((1 = leol®)es + Goerez) + (e2(1 = |eof?) + Goen®)

(e(1 = |col?)er + Gica)

= (1 - |60|2)3 ¢ ((1 — |a)*)(@3 — as84 — Gza_y) + oG_g0 — G3)(Gyg — dgd))

a? a?
col?) ¢
—L—J—)—l ((1 || )(a — Q9G4 — G3a_4Q) + a(a 4 — G30_ 4|a| — G3G_4 + a3a))
: 3
1 — [col? el _ _ L o
=(—I—|)—1 ((@3 — ax@s) — (283a-4 — la—4|*)a + (G284 + G3a_4a — G3G_40)|c|?)

a3

Also,

(1 = leol?)? = lerl?)? = le2(1 = [eof?) + Goer®[?

(1 ~leo)®?|eaf? i}
= (1= leol)*(1 = |af?)* - PAE [
2\4 a2 lof’ 2
= (1_|CO| ) (l_lal ) I |2|a‘ 4a—a3| )
Therefore, the inequality (3.2.7) becomes
|| |(1 — |a*)(@2 - azdq — Gza_4) + a(G_go — G3)(G_g — asa)|

< (1= lof*)?lasl* — |af*|a-so — asf?

~fof (Iam (ﬁ - lal)2 ~ Ja_aa— a3|2>

Thus, |®3] < 1 if and only if

|(1 = e)*)(83 — G284 — B3G-4cx) + (B_scx — 83)(G_q — B30)]

1. 2
<o (|a4|2 (H _ |a|) g a3|2> .
(2) The case where N > 5

Let co, c1, ..., cv—1 be the solutions of the recurrence relation (2.4.2). Then,
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a = (@y) Ha—(v-1) — coln-1) = (@n) "} (@na_(v-1) — G-nyGN-_1) =0

cn—g = (an) "N a—q — Collg — 185 ~ ... — CN—58N~-1) = 0
cn—3 = (@n) " Ha-3 — coliz — 14 — ... ~ cy—alin-1) = (@n)"*(a—38n — a_Ni3)
en—2 = (an) Y a—z — coliz — 13 — CoGg ~ ... — CN—30N-1)

= —(an)"*(a-38y — a-N33) (agl;l)

— _ {8Nn-1
- (52) o

en-1 = (@n)"Haoy — Colly — €182 — ... — CN-3GN-2 — CN—2GN_1)

= *((—ZN)~1 ((ZZN)—2((Z._3ZZN -~ a-ng)c‘zN_z — (aN)-3(a,._3fiN - a_Nﬁg)ELJQ\,_})
= —(an)"? ((@n)%a%_, — (an)'an-2) (Bn) (23BN — a_ni3)

= (@)~ ((‘2”,;‘)2 - ‘_’21;2) (a-3@n — a_nis)

_ AN-1 L 25 TN
- an an N-3

Thus, by(2) = cot+en-32" 3 +cy_22V "24+cn-12" 1 is the unique analytic polynomial

of degree less than N satisfying ¢ — b,¢¢ € H*®(T). By our assumption we have
cn-3 # 0. Thus, by Proposition 2.4.3
®o = ¢,

(I)l :(I)2= :(PN«A:O'

— EN-3
Pv-s = TP

—_ CN -2
Cy-2 = (1=l (1=[@ N -3]%)

) _ (-{@n-aPenv-ren—g+|BN-3)?ck _,
N-1 = 028y 221188 2P (A-leol?)en—3

By using the Proposition 2.4.2, T, is hyponormal if and only if
(i) |®o] <1

That is, if and only if ¢ < 1

That is, if and only if ja_y| < |an]

which is true since we are taking |a_y| < lan].

(i) [Pn-s] <1
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That is, if and only if |ex_3] <1 — |cp)?

a_nN Qa_3
det(
an as 2
<] — la_n|®

lan{? = lan|?

That is, if and only if
That is, if and only if |af < 1.
(ili) |Py_o] <1

That is, if and only if |ey—a] < (1 — |col?)(1 — |®n_3|?)

a_3 a_-nN
det
as an an|?—
That is, if and only if ryaE - “Z’Nl’ <! ”'TaNITQ & (1—|a|?)
That is, if and only if
an 1
== < =~ o]
an " o
(iv)
|Pn-1] <1 (3.2.8)
Now,
“EN_T 2 TEN—2. AN T2
o (1-laf?) (D) - (5 ) b s HolP (Bt) g

ley —212
_ 2 — 232
(1-leol?)(1—|?) (1 U-leg1H)Z(1— |u|7)!>CN 3

(D -0-1en ) 2

- SN-3 l2
1-legl?

P 2
N-1
(]_|a|2)2_‘__

Therefore, the inequality (3.2.8) holds if and only if
_—_2 ——

((22) - a-tom(252)) bol < 1 - foye -

ef(e) -G -] < (f ) -

Remark 3.2.1. For N > 6, if p(2) = 3-__ a,2" with |ay| > |a_y|, and also,

TS

a_9 az

aNl

|o:|2 That is, if and only

2
aN-—1
anN

a

any | a_4 =a_y Q4 and aya_3 # a_nas

\ a_.N c‘z‘N )
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then clearly hyponormality of T, is determined by Theorem 3.2.1. In this particular
case we would like to mention the following result of Hwang and Lee which was

established in 2004.

Theorem 3.2.2. [29] Suppose that ¢(z) = Zf:,:—/v an2™ (lay| > la_y|) is such that

G Gm

_ A-m-1 Gm+1 N

an . =a-N . (m—-1< )
a-n an

and ANG_myy # G_NGm—1. Let
-1 m—1
’J)(z) = Z dkzk + Z dN—’m.+1+kzk)
where the dy are given by

doi=det| ™ V) (cmei<k<N)
A_j &N

then T, is hyponormal if and only if Ty is hyponormal.

For very large N, application of Theorem 3.2.2 would significantly reduce the work
load in determining the hyponormality of T;,. However, this theorem does not give a
ready set of conditions to finally determine hyponormality. In view of this, Theorem
3.2.1 offers an alternative method to determine hyponormality of T,, under the given
restrictions on ¢. And hence our result is much more convenient from the point of
view of application. This will be justified with examples in the last section of the
chapter.

Next, we consider ¢ such that the symmetry holds everywhere except at the second

and third entries.
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Theorem 3.2.3. Suppose p(z) = S0\ anz™ (la_n| < |an|) is such that

a_q a)
_ a_y 614 _ _ - —
an . =a_nN . , GNG_2 F# G_NTg2, ANG_3 F# A_NG3
a_n ay

a_9 a_nN a_3 Qa_n
det det
a2 an as an
and B .= . Then

ith o 1=
with o lan|?—|a_n|? lan®—la-n]?

1. For N = 4, T, is hyponormal if and only if

(a) 18] <1,

(b) |ty — Bas + B*a-4| < |ag| (1 —|B1?)

(c) |(1 = |B1*) (Ba-a(ata — Bas) — Baraa — alizla + B(a3)%) + (ady — Bag + Ba—4)
(Ba-4 + Blads — Ba3)) | < (lasl(1 = |BI%)” — |Gy — Bas + BPa—4/?

9. For N > 5, T, is hyponormal if and only if

(a) |8l < 1

(b) o - B(22=2)
(0 | - 187 (BT + o[ - ATET") - B (o - A0E)) |
< (1~ 18PY - |a~ STEED)|

<1-|8?

Proof. (1) When N =4



Chapter 3 37

Using the recurrence relation (2.4.2) and writing A = |a4|? — |a_4|?, we get

Co = —
2
c1 = (G4) " (a—384 — a—433)

= AB(as)™
1
Cyp = (C_L4)_1 (0_2 - Z dez_g.j)
1=0

= (@4)7" (_____&4a_2; G4 _ Aﬁ(d4)_253)

= A((_L4)_3(Ozd4 — ,3(,—13)

c3 = (G4)7" (a—l - ZCJaH-j)

7=0

= (64)"4(—Aﬂ62&4 — A(_la(a&4 - ﬂ(_l;;))
= —A(as)™* (Ba2b4 + odists — B(as)?)
Now, using these values of ¢y, ¢1, ¢, and c3, we simplify the L.H.S. of the following

expressions as follows:

c2(1 = |col?) + Goc = A%|ag]72(3s) (s — Bas) + A®B%|as| *(4) a4

= A%(a4)%|as| % (alq — Bas + Ba_g) (3.2.9)

(1 = leol®)? = lea]® = lal ™ A® — A%|BJ*|ag|™*

= A’las| 7' (1 - |8 (3.2.10)

(1 = leol®)es + Cocrce
= — A2|a4|_2(a4)"4(ﬂc‘z2c'z4 + ad3514 - ,3((_13)2) + A2ﬂ|a4|‘2(a4)‘4c‘1_4(a(‘14 — ,3@3)

=A%|ay4|7%(8) ™" (Ba_a(ela — Bas) — Bardy — alizdy + B(as)?) (3.2.11)
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2o(1 — |co?)ey + 1o = ABlag]*(aq) ta—s + A%Blaa| " (as) (b4 — Bas)
= A%)ay)™(as) ™" (Ba-a + B(ods — Bas)) (3.2.12)
Now, using the values of ¢y and ¢; in &gy, ; of the equations (2.2.2), (2.2.3) respec-
tively, and the values of the equations (3.2.9) and (3.2.10) in @, of the equation

(2.2.4) and applying the Proposition 2.4.2, we get

|®o| < 1iff |a—4| < |aq] which is true according to our assumption.

1] < 1= 8] <1 (3.2.13)
|B2] < 1 <= |ady — Bas + Ba—4| < |ag](1 - |B?) (3.2.14)
Multiplying (3.2.10) and (3.2.11)
(1 = leol®)? = lea)((1 = leol*)es + Eocic2)
=A% aq|7%(@s) "4 (1 — |81®)(Ba_s(0dy — Bas) — Basds — alada + B(as)?) (3.2.15)
Multiplying (3.2.9) and (3.2.12)
(e2(1 = fcol®) + @ocl) (1 = Jeo|*)er + Erca)
=A% a4 7%(a4) " (alia — Bag + B2a_4)(Bi-4 + B(ady — fas)) (3.2.16)
Adding (3.2.15) and (3.2.16), we get
(1 = leol®)? = lea)((1 ~'leol*)ecs + Eocrca) + (ea(l = |eo|®) + Goct) x
(@(1 ~ leol*)er + Crc2)
=A%aa|7*(8) T(3a)TH(1 = |B1*) (Ba—s(0Ba — Bas) — Blsla ~ 03as + (ds)%)+
(a@s — Pas + B%a_4)(Ba_s + Blady — fas))) (3.2.17)
From (3.2.9) and (3.2.10), we get
(= leol)? = fel?)* = fea(t = leol®) + 2och’

=Aaq|™® (1 = [B[*)® — las| *|eda — Bas + B7G_4/*) (3.2.18)
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Putting the values of the equations (3.2.17) and (3.2.18) in ®; of the equation (2.3.6)

and applying the Proposition 2.4.2, we get
(1 — |81 (Ba-a(cia — Bas) — Banls — asta + B(as)°) + (s — Bas + S2a-4)
(Ba_q + Blads — Bas)) | < (laal(1 = 181%))" — |0@s — Bas + B2a_4f? (3.2.19)
Hence, the result follows from the equations (3.2.13), (3.2.14) and (3.2.19), and from
the Proposition 2.4.2.
(2) When N > 5

From the recurrence relation (2.4.2), c, = (ay)™* (a_N+n - Z;:é cjc'zN_mL,) and

writing A = |an|? — a_n|?, we get

a_nN
an

CO =
a1 = (an) " Ha-n+1 — ColnN-1)
= (an) % (a_n4+18N — G_NON_1)

=0

CN—gq = 0
en—s = (an) " Ha-3 — cols — c1GN-1)

= (an)"*(a-san — a_na3)

= (an) A8
— (7.)-1 ~ ~ = -
CN—2 = (GN) (a-z — Cpdg — €143 — ... “CN-4AN-2 — CN—3aN—1)
_ (=.\~-1{a-—2any—a_ni ABan_
— (GN) ( 2 NaN NN (aNN)Ql)
= (an) %A (aan — Ban-1)
en—1 = (@n)"Ha-1 — coliy ~ €182 — ... — CN-4GN-3 — CN~3BN-3 — CN—2aN—1)
(= \—-1{a-18y—a_pna ABay— Alady—Bay—1)aN—
= (aN) ( 1 NaN NG (aNN)22 _ N (dNA)I-"l N 1)

= —(an)"* (Ban—san + adn_1dn — B(av-1)}) A
Thus, by(2) = ¢ + en_3zV 3 +en_9zV 2+ cy_12V 1 is the unique analytic polyno-

mial of degree less than NV satisfying ¢ — b,¢p € H*® Thus, by Proposition 2.4.3,
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©0=Co

@1:®2=...=(DN_.4=O

_ _CN-3
Ov-3 = P

(I) — CN—2
N-2 (1—Jeo|?)(1-|®N-3[%)

& _ (1-1®n-3)en—1en—3HIPN-al®ch,_,
N-1 7= oy 50T -12n -3l 2 (0 &N —21?)

Now, by putting the values of ¢, cy—_3,cn—2 In Pg, Py_3, Py_2 and simplifying, we
get

|®o| < 1iff [a_n| < |an]|, which is always true according to our assumption.

|Pv_3| <18 L1 (3.2.20)

a—ﬁ<“jj:)

Next, by putting the values of ¢y, cy_3, cny_2,cn_1 in Py_1, We get

|<I)N_2| <1l

<1-|BP (3.2.21)

Dy_y
_ (- |®n_s*)en—1cn-3 + |Pn_s|’Ch_,
en-3(1 — |eo|?)(1 = |Pn—3|*)*(1 = |Pn—2]?)

—(an)"8A2B((1 — |B1)(Ban —2@n + candn-1 — B(an—1)?) — Blady — Bay-1)?)
(an)~2A%Blan|~2(1 — |B|2)? (1 - %@“)

—(an)5A%B((1 - |BI*)(Ban—san + adnGn-1 — B(an-1)?) — B(aan — Ban-1)?)

—_— 2

(@w)~2A%Blant2(1 - 182)2 - | - B(Z)])

Therefore,

|®n-1| <1 if and only if
2
_ 2 aN-2 aN-1Y) GN-1 _
¢ Iﬁl)(ﬂ( ioz) v af2et) - () )
_— 2
)
an

™
N
Q
I
vy
an
)
= |
N—
~——
N

<=8 -
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Hence, the result follows from the inequalities (3.2.20), (3.2.21), (3.2.22) and from

the Proposition 2.4.2. , O

The next theorem investigates the hyponormality of T,, when the Fourier coefficients

of ¢ do not satisfy the symmetry in the first two entries.

Theorem 3.2.4. Suppose p(z) = Zf:]:_N anz" (la_n| < |an|) is such that

a_3 as

QA_4g 54 _ _ _ _
an . =a_n . , ANa_y # a_NGy, GNG_g F A_NT2

a_n an

; aNa-1—a-NG1 . GnG_2—G_NG2
= S =NA gnd = A== T
with o = 3 T B = Tanitciawp - Then

1. For N = 3, T, 1is hyponormal if and only if
(a) 1Bl <1

(b) |ads — Baz + B?a-s| < las|(1 - |B[)

2. For N > 4, T, is hyponormal if and only if
(a) 18] <1

() |a-5(2=)| <1-18P.

Remark 3.2.2. Theorem 5 in [36] says that if p(z) = SV a,2" and the coeffi-

n=-N
Q_3 as
cients of y satisfies the condition ay : =a_y : then hyponormality
a_nN dN

of T, necessarily implies < lan|? — la_n|?. Theorem 3.2.4 gives

a_s a_
det 2 N
Gz an

sufficient conditions under which the converse is also true.

Proof. (1) For N = 3.

Here we write A = |as]? — Ja_3|>. By using the recurrence relation (2.4.2), we get
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a-3

co =%
c1 = (@3) a2 ~— coliz) = (@3)*(a—2@3 — Goa_3) = (@3) 2AB

¢y = (@g) Maoy — oy — 13;) = (G@3) 7" (ﬁsa_lf;a_361 - %‘;‘;3) = (83) % (@sx — @) A

Now, by using these values in Schur’s functions @, for n = 0,1, 2, of the equations

(2.2.2), (2.2.3) and (2.2.4) respectively, we get

@():aﬁ;:
2

— (@3)~°lag|~?(ads —Bay+F%a_3)
o, = laal~4(1-181)

Hence, by Proposition 2.4.2, T,, is hyponormal if and only if |®;] < 1 and |®,] < 1,
that is, if and only if |8] < 1 and |aa; — Ba, + B%a_3] < |as|(1 — |B]?).

(2) For N > 4

Throughout here we write A = [an|? — |a_y|?. By using the recurrence relation

(2.4.2), we get

a_N
an

co =
a = (@n) Y a-N+1 — codn-1) = (@n) 2(@NaG-N4+1 — a-nGN-1) =0
Cp=..=c¢cNy_3=0

env—2 = (@n)"Ha—s — collz ~ €183 — ... — CN-38N-1)

= (an)*(a—28y — G2a-N)

= (an)2Ap

en—1 = (@n)"Ha-1 ~ co@1 — €182 — ... — CN—-38N-2 ~ CN-28N-1)
(= -1 {a-1@y—a_Na ABan -
_‘(aN) ( 1NaN N1 (6:)21)

= (an)3(cay — Ban-1)A

Thus, by, = coten—22V24ey_12V

! is the unique analytic polynomial of degree less
than N satisfying ¢ — b,p € H*™. Now, by using Proposition 2.4.3, and simplifying

the expressions we get

— — 8-nN
(I)O =Ly = A
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@1:®2=...=(DN_3:0
q)N—2 = 1 Ico|2 = IaNI 2,8

CN-1 _ (8n)"3(cBn—BEn-_1)
V-1 = TP = lan]-2(-1BF)

Hence, T,, is hyponormal if and only if [Py_p| < 1 and [$y_4| < 1.
That is, if and only if || < 1 and ‘o‘z - B(a—l’;’N:l)

<1-BP% 0

Finally, in the following theorem we determine the hyponormality of Toeplitz oper-

ators T, with the symbol ¢ not having the symmetry in the alternate positions.

Theorem 3.2.5. Let o(z) = SN\ anz™ (with |a_y| < |an|) be a trigonometric

polynomial which satisfies the following partial symmetry condition:

(a2 (@)

a_g Qy

av | a_s =a_ny| s with Gya_1 # a_nG1 and Gya_3 # a_NGs.

\ v / o )
_ Gya-1—a_NO) aya-_3~a_na3
Let a = TanPanE and B = Py Fa Then,

(a) For N = 4, T, 1s hyponormal if and only if

gy
2. as(@-aB —@3)| < 7 — 1Bl;

8. |(1 — |B?)(a@] — Bards + @i — B%G_483) + (Ba-s — G3)(G-4 — Bas)?
< 1Bl(laal*(5 = 18)* — las — Ba_a?).

(b) For N > 5, T,, is hyponormal if and only if

1181 <1,

2. %2 < i — 18l

3 |- 16r) (o~ T28) + 8] < (G - 1812 — 12227) 18P
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Proof. (a) For N=4 (Here we shall be using A = |a4)? — |a_4/?).
Using the recurrence relation (2.4.2), co, ¢1, €2, and c3 are determined uniquely as

following:

c1 = (a4) " (a3 — coda);

co = —(84) " (a_z — col2 — 183);

ca = (@4)"Ma—1 — coliy — 183y — C233).
Straightforward calculation gives that

¢ = (an)"%(Gga_3 — B3a_q) = (a4) 2AB;

¢ = (@)™ (H%jﬁi - (A%Lg) = —(a4) a3 AB;

G403 —0G_430 . a3)? — \— - - = -
c3 = (@)} ( Aottt — ?ai)g - A(ﬂé:z)asl ) = (a4)~*(a@? — Baqa4 + Bal)A.

a4

Now, putting the values of ¢g, ¢;, ¢z, and c3 in Schur functions &®,, forn =0,1,2,3
in the equations (2.2.2), (2.2.3), (2.2.4) and (2.3.6), and simplifying we get,
(po — a_4.,

F
__ (as)7%8.
®1 = '(F;i]L—Q_a
__ (84)"*(Ba-4-a3)8.
Q2 = AP
P. = (34) "4 ((1-|B1%)(ada® —BB2Ga+Ba% — f2a - 483)+(B8_a—~d3) (G2 —Pi3)8%)
3= la4[=4((1~1B1*)?|as|? —as —Ba—4[?|B[?) '

Thus, from the Proposition 2.4.2, T, is hyponormal if and only if || < 1, |®,| <1

and |®3] < 1. That is, if and only if
MBI <L
(2) (@46 - 35)| < g ~ 16, and
(3)1(1 = 181*) (@} — Basaa + Paj — f?a-qlis) + (Ba_q — G3)(a-a — Fas)F?|
< 1BI(leaf? (3 - 161) ~ 132 — Ba_al?).
(b) For N > 5 (Here we write A = |ay|? — |a_n]|?)
By Cowen’s Theorem 2.1.2, T,, is hyponormal if and only if there is a function & in

the closed unit ball of H*°(T) such that ¢ — k@ € H*(T). Because ¢ —k@ € H*(T),
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so k necessarily satisfies the property that
N N
k (Z anz—") = ez € H™(T) (3.2.23)
n=1 n=1
From (3.2.23) we can compute the Fourier coefficients k(0), k(1), ..., k(N —1) of k, to
be denoted by /Ac(n) =¢, forn=0,1,..., N — 1, uniquely in terms of the coefficients

of ¢ as follows:

Coa,l +ci1ae + ... + CN_IC—LN —a_1 = 0
Colg + C1a3 + ... + cy_s@y —a_p =0
Ccolz + clags+ ...+ cy_3ay —a_3 =10 (3.2.24)

CoAn-1+cray —a_n4+1 =0

L CoaN — Q_N =0

a = (@n) Ha-ny1 — codn-1) = (@v) 2 (@nva_ni1 — Gn-1a-N) = 0;
Cg=..=CN-s =CN-4=0;

CN-3 = (aN)—l(a—B - Coaa) = (dN)_Z(C_LNa_a - c_zg,a_N) = (dN)_zAﬁ;
env—2 = (an) N a-2 — coly — cn-38N-_1)

_ (aN)_l (&Na-z—flza-N _ Aﬁ&N_l)

ay &N)2
= —(an)Pan 1AL,
cN-1 = (@1 — co1 — CN—38GN-2 — CN—28N-1)
= (an)*(a@¥ ~ Bay-qdn + Ba%_))A.
Thus, ky(2) = co +cn-32V 3+ cy_22V "2 + cy_12V~1 is the unique analytic polyno-
mial of degree less than N satisfying ¢ — k,¢ € H*®(T). Now, by using the values

of ¢o, cn-3, cn—2 and cy—; in Proposition (2.4.3) and simplifying we get,

o _ 8-N
@y =cp = v

_ _CtN-3
Pr-3 = Tiap
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_ cN=2
Oy o= AT (1-1%n -3l

_(an)Pay 1B
lan|=2(1~(8?)
(1-{@n_3lP)en_1en—a+PN-al?ch _,
T en-3(1-{eolP}(1-{® N _3{2)2(1~[B N —2|?)

2
_ @m0t (oo (52) J+o () )
jan1=2 (a-tormye-op| 22227
Thus, Proposition 2.4.3 implies that T, is hyponormal if and only

@) 18l < 1
(2) |92 < - 18], and
3|1 - 181%) (o — (Z2)8) + (Z=2)'8| < (5 - 18177 — 122227 |2 O

3.3 An Alternate Approach

In [36], hyponormality of T, was studied when ¢(2) = N _ a.2" satisfies a

‘partial’ symmetry condition. Their result is as stated below:

Theorem 3.3.1 ( [36]). Suppose ¢(z) = Y1 _y anz" is such that

Q_(¢41) Q1
_ a—(£+2) Qp+2 o _
an _ =a_y ' and anaG_p # a—NGg
a_nN aN

for1<{<N-1.

1. Iflaya_s — a_nGe| = lan|* — la_n|?, then T, is hyponormal if and only if

a_N

o= Zx, 2., N—1
- _ e -1 _ - - -
Cr = (_aa_NN'Tg;ﬁt_;_:;‘) e "-,%,a M of k=3(N—-1¥)
0, otherwise
2. If [ana_s — a_nGe| = |an|* — la-n|? (£ < &), then T,, is hyponormal if and

aNQ_g—a_ NGy

onlyif(‘-f”—“'i}“—‘”—‘:’")z (M) fork=1,2,..,0-1
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ana_g—a_nQp ay

3. Ife< Y andif (—N——‘—N——) — (M) fork=1,2,...¢ — 1, then T, 1s
hyponormal if and only if [aya_; — a_nae| < lan|? — Ja_n|?.

4. If o(z) = a_nzV + a_ez t + a2t +an2zV (€< %) then T, is hyponormal if

and only if [aya—s — a_nde| < |an]? = a_n]*
In view of this theorem, if for £ < & we have |aya_s — a—nae| < |an|? — |Ja-n|?,

then does hyponormality of T, necessarily imply (%) = (9—”;":7”“5) for

ana—¢—a_NGg an

k=12, .. ¢—17 Equivalently, if (N—‘A—*) ” (M_) fork=1,2,..0-1,
then what can we say about the hyponormality of 7,,? Unfortunately, Theorem
3.3.1 does not answer these questions. Consider the following example:

Let p(2) =528 +72734+3272— 271+ 2-222—82°—62°. Here N =6, ¢ =3 and as
ana_y—a_nap = =2, lan|? = |a_n|? = 11 s0 |Gya_r — a_nae| < |an|? — la_n]|?. Also
for k = 1 and 2, we do not have (%%%%) = (a—"’a";i) Yet, T,, is hyponormal
(shown in Example 3.4.5 ).

Thus, in the following theorem we try to frame alternate hyponormality conditions
for trigonometric Toeplitz operator T, under a situation similar to Theorem 3.3.1
but independent of the condition:

(ﬁNa—k - a~N‘7’C> _ (——GN‘”’“) for k=1,2,..,£—1

GNG_p — QG_NTy ay

Theorem 3.3.2. Let ©(2) = a_nz ™™ + a_mz ™ + @my12 ™ 4+ apmypoz™2 +

Am-22""2% + ap12™ Y + apmz™ + an2V (N <7Tandm < %) be a trigonometric

polynomial with axa_mio # G_NOGmyo. Let o, = “Nal;;‘fg’__h':“z&"‘", i=0,1,2. Then,

T, is hyponormal if and only if
(a) ool <1,
(b) |las| <1 —|agl?, and

(c) |1 = |on|*)ez + &oa] < (1 = Jon|*)? = [o[?
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Proof. Suppose k € H®(T) satisfies ¢ — k@ € H®(T). Then kf —g € H®(T) where,

N

f=0mo2™ 24 am 12"+ an2™ + anz”, and

g=a_NZ N +a_pmz ™™+ 0 mp12” ™ 4 a0z ™2
Thus, the Fourier coefficients k(0), k(1), ..., k(N —1) of k, to be denoted by k(n) = ¢,
forn = 0,1,..., N — 1, are determined uniquely from the coefficients of ¢ by the

recurrence relation (2.4.2):

— 8-nN
CO - aN
C1=C =..=CNem-2=CNom—1 =0

eN-m = (aN) " {am = Colim)
= (an)"2(@NaGm — G_NTm)
= (an)"?Acag, where A= |ay|*—la_n|?
cN—ms1 = (@Nn) " HGomt+1 — Colim-1)
= (an) 2(GNG-m+1 — G-NGm-1)
= (@n)2Aa;, where A= |an|? - |a_n|?
cN-m+2 = (@n)"H(aomt2 — CoGm—2)
= (an)"*(aNG-mt2 — O_NTm_2)
= (@y)?Aay, where A= |ay|*— |a_n|?
CN-m+3 = ... =cn_1 = 0 [because m < %]
Thus, k,(2) = co + cNemZ™ ™™ + cNeme12” ™ + Cn_m22Y ™12 is the unique
analytic polynomial of degree less than (N — m + 3) satisfying ¢ — k, @ € H>®(T).

Now, by using Proposition 2.4.3, we get

(I)O = Cp
P =0=..=®y_p1=0
d _ CeN-m __ (BN _2a
N=m = T-Jeo? ~ fan72 "0
- CN-mtl — (@n)? )
ON-m+1 (1=leo?)(1=]2N —ml?) lan]=2 \ 1-lool?

d (-|®n-mlP)en —mi2en—m+HBN-ml?cK ..,
N-m+2 = "oy (1=l ) A= [®N 2 Z(1- 18N —m+1]?)
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_ (-]eol?)(@n) "2 Aca(an) ~2 Aco+aol(an) ~* A%0d

e Gl T o
. (an)? (E—Iaol2)aoag+|ao|2a'f)

lan =200 ((1—|eg|2)2 ~[c1 [?)

As N <7som <3 and hence N -1 < N —m+ 2. Thus by Proposition 2.4.2, T,

is hyponormal if and only if |{®x_m| < 1, [Py-m+1] £ 1 and |Py_m42| < 1; that is,
if and only if

(a) loo| <1,

(b) 1| €1 —|agl?, and

(c) |(1 = |Jao|?) e + @pcd] < (1 = ag)?)? — |eu]?. O

In Theorem 3.3.2, the condition m < % is necessary for the conditions (a), (b), (c)

to imply hyponormality of T,. To see this, let us consider the following example:

Example 3.3.1. ¢(2) = 227642274 — 273 — 272+ 22+ 223 — 24 — 328, Here following

notations as in Theorem 38.8.2 we have m = 4, N = 6 and hence m > %’—

We also have g = —2; o = -%; 29

5 + and so the conditions (a), (b) and (c) of

the Theorem 3.3.2 (1) are satisfied. The matrix represented by (T3, T,,] is:

( 5 1 0 -4 -1 0 )
1 5 1 0 —4 -1
0 1 5 0 -1 —4 Do
4 0 0 2 0 -1
-1 -4 -1 0 2 0
\ 0 -1 -4 -1 0 2

However, as this matrix is not positive semi definite, so T, is not hyponormal.
Hence the condition m < —121 is necessary for the conditions (a), (b) and (c) to imply

hyponormality in Theorem 3.3.2.
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3.4 Application

Example 3.4.1. For ¢(z) = 274 + X273 + 2271 4 423 + 22%, we want to determine

the values of A for which the Toeplitz operator Ty, 1s hyponormal.

For this first using Theorem 3.1.3 we reduce this expression ¢(z) into the form
w(z) = Zn__ a,z". Then by this proposition, T, is hyponormal if and only if T}
is hyponormal where ¥(z) = z7* + A\z73 + 227! + 4z + 2z, Expressing ¢(z) as

Zflv:_ ~ @n2™ and comparing with the given expression, we have, V = 4 and also,

a_1 aq
a'4 a_9 = a_4 (-12
a_4g (_14

Hence, we can apply Case 1 of the Theorem 3.2.1 to determine the values of A for
which T, is hyponormal.
As o = %ﬁil—; = %, thus referring to the notations used in the Theorem 3.2.1
we have, T, is hyponormal if and only if
i) ol <1 ie. [N <E=15
(ii) |@a-4 — a3| < |a4| (—— — Ial) ie. A< \/i = 1.22 (correct upto 2 decimal
places).
(ii1) [(1 — |a|®) (@2 — @284 — @3G_g) + a(@_so — @3)(G_g — Aad)|
< lof (Ja* (3 = lof) " = lo-a - osl)
ie. 12|A1* — 6|A]2 — 72[A[2 +81 >0,
ie. |Re[A]| £1.13 and |Im[A]] < 1.13 (correct upto 2 decimal places).

i.e. when X lies within the circle |A\| < 1.13.

This can also be seen from the graph of 12|A|* — 6|A|> — 72|A|? + 81 = 0 in Figure 1:
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/ 9.5
f N \ Rezl lxis
\;1 -0.5 0.5 1}

\ -0.5p

Figure 1

(Detailed analysis using Mathematica is included in Appendiz)

Thus, T, is hyponormal if and only if |A| < 1.13 (correct upto 2 decimal places).

Example 3.4.2. For ¢(z) = 2z75+427+ Az 3+ 272+ 2271+ 324+ 222+ 62* + 325 we

want to determine the values of A for which the Toeplitz operator T, is hyponormal.

a_q 6_7.1
Sinceas | a_y | =a-s| a, |, we can apply case 2 of Theorem 3.2.3.
a_s C_L5
Here, o = —% and 8 = % Referring to the notations used in the Theorem 3.2.3,

we get
(i) 18] < 1iff |A] < ¥(correct upto three decimal places). Note that |8] = 1 iff
|A| = 2, for which condition (b) is not satisfied. Hence for hyponormality of T,, we
must have 8] < 1.
(ii) For |Al < §, |a — B(2)| < 1- |82

iff (25 — 9|AJ2) — 5|1+ 6A| > 0

iff —0.805399 < Re[A] < 0.569401 and |Im)| < 0.68618 (correct upto 6 decimal
places)

iff A lies inside and on the ellipse given in Figure 2.
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Imaginary Axis

Real Axis

-8 -0.6 -0.4 -0.2 0.2 0.9

Figure 2

(iii) For A, with —0.805399 < Re[\] < 0.569401 and |ImA| < 0.68618,
|- 181) (B0 + o) - B(E)") - B (o — B(2))| < (118127~ |a — A(Z)
i |(1-%E) (-3-2) - 2+ ) < (1-%E) -3+ 2f

2

57 5 5 \5 25
iff 5]3M(1 4 6X)% 4+ 2(1 + 6A)(25 — 9|A|2)| < (25 —*9|A|?)? — 25]1 + 6))?
iff —0.471929 < Re[)\] < 0.169957 and [ImA| < 0.32053 (correct upto 6 decimal
places)

iff A lies inside and on the ellipse given in Figure 3.

Imaginary Axis

-0.4 -0.3 ~0.2 -0.1
-0.1

-0.2

\ Real Axis
y

Figure 3

Thus, combining conditions (i), (ii) and (iii) we conclude that T, is hyponormal if
and only if —0.471929 < Re[A] < 0.169957 and |ImA| < 0.32053 (correct upto six

decimal places) as is seen from the combined graphs of (ii) and (iii) shown below.
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Imaginary Axis

Real Axis
€

Figure 4

Example 3.4.3. Let p(2) = 227% + Az73 — 3272 + 27} + 32 + 52% + 62*. We want

to find the values of A for which the Toeplitz operator T, is hyponormal.

Here we can apply the casel of Theorem 3.2.3 since N = 4. Referring to the

notations used in this theorem, we get

Aq4G_9 — G_409 7 Q4Q_3 — G_403 3

= F=TaP "o ~ 16

T

Then applying the theorem we get that T, is hyponormal if and only if
(i) 18] < lie. iff |A] < 2.

(ii) |0y — Baz + Ba-a] < |agf (1~ |8)%)

For |Al < 13—6, putting the values we get,

<6 (1 - ?Jiﬁ)

2 9N
' 4 + 256

128

ie. iff [3A% — 224| < 256 ~ 9|)|2
Solving by using mathematica, we get
|Re[A]| < 2.309401 and |{Im[A] < 1.63299] (up to 6 decimal places). That is, if A lies

inside and on the ellipse given in Figure 5
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Imaginary Axis
-3

1t

0.5 E
Real Axia

Figure 5

(iii) For A with |Re[A]| < 2.309401 and |Im[}A] < 1.63299

(1 = 181?) (Ba_4(ads — Bas) — Baads — adsts + B(a3)®) + (ady — Bas + f?3_4)
(Ba—s + Bods — Bas)) | < (lagl(1 — |BI?))* — |ods — Bas + f*a_q|?

if and only if

(-%0) -9+ (B -2) (3 -8) < (o (- 38)) - - 2]
e iff .(M) (—242 23) 4 (9,\2 672) (241\—635\)\ < Lss —9AZ)?  |oa?—672?

256 128 64 16384 16384

ie. iff 2243A(9|A)% — 256) + (A% — 672)(24) — 63))| < 9(256 — 9|A|2)2 — |9A? — 672/
By solving this inequality and using mathematica, we get that T, is hyponormal
if and only if |Re[A]] < 1.339494 and |Im[A]| < 0.5115576 (correct upto 6 decimal
places). Graphically we can represent the values as follows: That is, if A lies inside

and on the ellipse given in Figure 6.

Imaginary Axis

Real Axis

Figure 6

Combining the graphs in the figure 5 and figure 6, we get that T,, is hyponormal if
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and only if ) lies inside and on the smaller ellipse given in the figure 7

Imaginary Axis
-5}

al

- r\ Real Axis
e

Figure 7

Example 3.4.4. Let p(z) =227 + 274 + 3273+ 327 + 2+ A? + 222 4+ 524 4 52°.

To find the values of A for which T, is hyponormal.

We apply here Theorem 3.2.4. Using the notations of this theorem we get,

_ E_ ﬂ __ Q509 — Ao0_5 _ —2_5\
210 T asP-lasslr T 21

_ asa_l it C_L1a_5
las|? —~ |a_s|?

Using the theorem we get T, is hyponormal if and only if

(a) |8l < 1ie. if and only if [N\ < 10.5

() |5 -5 ()] <1~ 18P

ie. iff 21|A + 13| < 441 — 4|A|? which when solved by using mathematica we get
T, is hyponormal if and only if ~9.61718 < Re[A] < 4.36718 and |/m[)]| < 6.30541
(correct upto 5 decimal places). That is, if A lies inside and on the ellipse given in

Figure 8.

Imaginary Axia

Real Axis

(3]




Chapter 3 56

Example 3.4.5. Let o(2) = 5278 + 7273+ 3272 — 271 + z + X2? — 823 — 62°. By

using the Theorem 3.3.2 we investigate for what values of A\, T, will be hyponormal.

Using the notations of this theorem, we get

oo = Gga_3 — A_ga3 _ __2_' o = Ggl_9 — G_glo _ _18 + 5
lag|2 — |a—g|? 11’ lag|? — |a_g|? 11’
_Gga—y—aed; 1
BT TaoP —JoeP T 1T

From this theorem T,, is hyponormal if and only if

(a) laol < 1,

(b) fou] < 1— [aof? and

(©) 1(1 = Jaol?)as + Bo0d] < (1 = laol?) ~ Jeu 2.

Obviously, |ap] < 1.

Putting the values of o and o in (b) we get,

11|18 + 5| < 117.

Solving this inequality we get T, is hyponormal if and only if
~5.72727 < Re[\] < —1.47273; |Im[)]| < 2.12727.

That is, T,, is hyponormal if and only if X lies inside and on the ellipse in Figure 9.

Imaginary Axis

Real Axis

Figure 9

Putting the values of g, @1 and a3 in (c) we get,

117 2(18+5X)° 13689 _ |18+5A2
1331 1331 — 14641 121

That is for A with —5.72727 < Re[A] < —1.47273; |Im[)| < 2.12727, T, is
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hyponormal if and only if |5841 + 3960 + 550A2| < 13689 — 121{18 + 5A|2. Solving
this inequality we get T, is hyponormal if and only if

—5.64673 < Re[)\ < —1.55327 and |[/m[A]| < 1.86255 (correct upto 5 decimal
places). That is, T, is hyponormal if and only X lies inside and on the ellipse given

in the Figure 10.

Imaginary Axis

Real Axis

Figure 10

Combining the figures 9 and 10, we can conclude that T, is hyponormal if and only

if A lies inside and on the inner ellipse given in the figure 11.

Imaginary Axis

Figure 11
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Hyponormality in Bergman Space

In this Chapter we study the hyponormality of Toeplitz operators T, on the Bergman
space A%(D) for the class of functions ¢ = § + f where f and g are bounded and

analytic functions on D.

4.1 Introduction

The Bergman space A%(D) and the definition of Toeplitz operator T, on it has
already been discussed in Section 1.2.4 of Chapter 1 . For the case that ¢ = g+ f
with f, g bounded and analytic, H. Sadraoui [45] gave the following necessary and

sufficient condition for the hyponormality of T, in the Bergman space A*(D).

Theorem 4.1.1. [45] Let f, g be bounded and analytic in L*(D). Then the follow-
ings are equivalent:

(1) Tfy5 is hyponormal;

(t) HyHy < H:H;

(ii) Hy = CHjf, where C is of norm less than or equal to one.
Using this result, the following more specific result was established.

Theorem 4.1.2. [23] Let v(z) = g(2) + f(z), where f(z) = amz™ + anz" and

o8
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9(2) = a_mz™ +a_nz" (0 < m < N). If a_nd_n = amdn, then T, on A%(D) is
hyponormal

{ wrlanl? =la_nl?) 2 25 (lawml® = laml®)  if la-n| < |anl
N*(la—n[* = lan[?) < m*(lam|* = la-ml?)  if lan| < la-nl-
The above result has the assumption a_,d_y = andy. In [39], a necessary con-

dition for hyponormality of T,, was established where this particular assumption is

not required.

Theorem 4.1.3. [39] Let o(z) = g(2) + f(2), where f(2) = a1z + az2® and g(z) =
a_1z + a_ez%. If T, is hyponormal, then

(1) 2(laz|® — la—2[*) = 3(la-1|? — |a:[?)

() (0ol = o) + Hlal® = - ) (30sl = lacsP) + (ol = o)

> §|dla2 - d-la_2|2.

In Section 4.2 here, we show that the above set of conditions is not sufficient for 7;, to
be hyponormal. In Theorem 4.3.2, we give a set of sufficient conditions for hyponor-
mality of T,,. Here we also discuss another sufficieny condition for hyponormality of

T, keeping in view the following earlier results:

Theorem 4.1.4. [45] (i) If n > m, Tyniasm s hyponormal if and only if |a| <
[ m+1
n+1"

(ii) If m 2 n, Tynyozm is hyponormal if and only if |a| < 2.

Theorem 4.1.5. [24] If f(z) = YN Janz® (N > 2), h(z) = az + f(z), and

A= maz{|a;| : 2 <i < N}, then Tryy s hyponormal when |a| > 2N%A.
Here we establish the following result:

Theorem 4.1.6. Let f(z) =3 a2 (N > 2), g(2) = az + f(2) and h(z) =

bz + f(z). If p(2) = g(z) + h(2) and |b| > |a|, then T, is hyponormal when

[bf? — lal®

> 2(N —1)NA
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where A := maz{|a;| : 1 =2,3,...,N}

It may be noted that if we consider the above Toeplitz operator T,, on the Hardy
space H?(T), then by Theorem 1.4 [12], Ty1s on H*(T) is hyponormal if and only

a = b, where g and h are as described in Theorem 4.1.6.

4.2 Preliminaries

We begin the section with an example showing that the conditions (i) and (ii) of
Theorem 4.1.3 are not sufficient for T, to be hyponormal.

Example 2.1: Let ¢(2) = a_3z* + a1z where |a_s|? = £|ay|> > 0. Then by Theorem
4.1.2, T, is not hyponormal. However, the conditions (i) and (ii) of Theorem 4.1.3
are both satisfied.

We proceed to establish a set of conditions which are sufficient for hyponormality of
T, where ¢ = g+ f and f, g are polynomials of degree 2. But before that we recall
a few specific properties of Toeplitz operators and work out some necessary lemmas.
Since the hyponormality of operators is translation invariant, we may assume that
f(0) = g(0) = 0. We have the following properties of Toeplitz operators:

If f,g € L*(D), then

() Tyag = T + 7,

(ii) T} = Ty

(iii) TfT, = Ty, if f or g is analytic.

Also using the definitions given in Section 1.2.4, it follows directly that for any

nonnegative integers s and £,

s=ttl ye—t ifs>t
P(z'2°) ={ s+l fs2 (4.2.1)

0 ifs < t.
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Also,
(2°,2%) =/252‘dA(z)
D

1 27 1
— _ / / ,r.s+t+le’l(s—t)9d,rd9 —
TJo Jo

(23] If k., (2) == > o2,

0 <m < N we have,

Lemma 4.2.1.

|CNn+z l2

: —mk:1 2=
6) 1@ = 3

n=

200 Nn+i—-m+1
n=0 (Nn+i+1)2
ZOO Nn41—m+1

n=1 (Nn+i+1)?2

@) | P(Z"k(2))|I* =

Lemma 4.2.2. Let k,(z) :=

CNnga 2V fori=0,1,...

61

2
mds,t (422)
,N — 1, then for

|CN'n+i|2: me S 7;;

|CN'n+z|2a ifm > 1.

S 0 CNna 2 fori=0,1,...,N = 1. Then
- < leal?
' H:k ()| =
@) LMk = X ey
S ICol 4leal?
@) 3 IHab I = Z(n+3>(n+1
Proof. (i)
N-1
| Mzk.(2)|1* = Z 12k, (2)|1?
1=0
N-1 oo
— Z ICN'n+z,
ot Nn+i1+2
= lcnml = lcNn+1] ICNn+(N——1)|2
;Nn+2 ;(Nn+l)+2+ +;(Nn+(N—l))+2
8 Jaf
—nt 2
Again,

I Tek(2)]I* = || P(Zki(2))II?

ne1 Tnpnzlenval?,
Nn+

Zf_o iz lennl?,

ifi=0;

if 2 > 0.
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Thus,
N-1 [=%9) N-1 o
Nn+1
3 2 2 2
; ”Tzk’t(z)” ; (N n 1) | N'n| + ; ; (N’I’L—I—'L + 1)2' Nn+1|
N-1 o o]
Nn+1 n 9
—1=0'n=0 Nn+7’+l2lCNn+1 _§(n+1)2|%|

Hence,

N-1 \ 0 1 n \
SN = (7755 ~ i)

n=0
_x leal®
- nz=0 (n+2)(n+1)2

(i)

2 =2 2 ¢ |CNn+1 |c"|2
Zanzk (@) = lezﬂz)” DY A Zn+3’

and

oo

N-1
Tk, (2)||? = Icn|2
STk =3

so that we have

) =, 1 n—1 )
S et = 5 3 (-

=1

3

_eol® | 4lcn|®
3 +Z(n+3)(n+1)2

n=1

62

O

Lemma 4.2.3. Let k,(z) = Y oo ycnnu2 ™ for1 = 0,1, ,N —1. Then for

s >0 andt# 7, (Hek,(2), Hzsky(2)) =0

Proof. We note that for 2,7 = 0,1,. ,N —1,1f 1 # 7 then Nn+1 # Nt + 3 for

alln,t=0.1,2, | becauseif n=1¢then N(n—t) =0%# 7 —1, and if n # t then

[IN(n—t)] >N > |7 —1 and so N(n —t) # 7 —1. So for » # 7 we have

(Moki(2), Mooy () = 33 wmantivesy (5124, 722709y =,

n=0 t=0
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and,

[ o] [e o]
<Tgski( Tzsk? (Z) = Z Z CNn+zCNt+] ZSZNn+’i) ’ P(Zsth+j)>
n=0 t

n+z——s+1Nt+j—s+l Nntizs _Nt+js
Z ZCNWCM“ Nn+i+1 Nt+j+1 (2 ' )

n>ip> e

=0
Hence, for i # 3,

(Hzsk,(2), Hooks(2)) = (Maski(2), Misky (2)) = (Tsoki(2), Tooky (2)) = 0

Lemma 4.2.4. Let ki(2) := Y o0 cnnti2™™ fori=0,1,...,N — 1. Then
(1) (Hgki(2), Hzki(2)) =0

= > 2¢n41Cn
(12) Z (Hz2ki(2), Hzk;i(2)) = ; (n+1)(n+ 2)(n +3)

i,7=0

Proof. (i)

(Mizki(z)’ Miki(z» = <22ki(z)’ Zki(z))

_ 1 1 2n )
— 2 : § :CN'n-f-iCNt-H'— TNn+Nt+2z+4eL0(Nn Nt 1)d7‘ do
i mTJo Jo
= 0,

since N(n —t) # 1 for all n and ¢.

Similarly,

(Tnki(2), Tzki(2)) = (P(2°ki(2)), P(2ki(2)))

_ - (Nn+1—1)(Nt +1) Nn+i—2 _Nn+i—1
= Z Z CN"+1CN‘+’(Nn+7,'+1)(Nt+i+1) i 2 )

2—1 1-d
n2 g2 gt

=0,

63
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since Nn+1—2# Nt+1i—1 for any n or t.
Thus, (Hz:ki(z), Hzki(2)) =0
(il) We have,

(Mz2ki(2),Mzk;(2)) = ZZan+cht+]< ZNTH'1 zN‘H)

= E E CNn+iENt+j‘—/ / ,,.Nn+1+Nt+J+4eL0(N'n+1—Nt—J—l)drda
n t T Jo 0

So,
S(M Zk Z) M k Z) — N~li CNt+J+lcNt+_7 Z Cn-HCn
3,J=0 } j=0 t=0 Nt+]+3 (’I’L+3
Again,
(Tseki(2), Toks (2))
(Nn+z' — 1)(Nt + 7) Nnbio2 _Nt+iol
n225t > 1
and so,
N-1 |
Nt+j
Tsk; T k = ‘ .
12( (2), (2)) = Z Z CNt+j+1CNt+j (Nt+ 7+ (Nt j+ 1)
- Nt+j+1CNt+j
sy (Nt+3j+2)(Nt+j+1)
_ i s m
n=1 ke (n+1)(n+2)
Hence,

'N_lHlo Haky(z)) = &0 5~ (L n :
> (Hak(e), ek () = 92+ 3 (55— g et

,j=0 —~

2¢n41Cr
(n+1D(n+2)(n+3)

Y s

n=0
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Lemma 4.2.5. For an, by > 0, of anany1 > b2 Vn, then Y an >3, bn.

Proof. As anany1 > b2 V1, 50 (an + @nr1)? = (an — Gny1)? + danany; > 462, and
because an, b, > 0 it follows that a, + a,41 > 2b, Vn.

Therefore, 23 oo g an = Y meg(@n + Gns1) + 80 2 D oo o(@n + @nt1) 223 oo obn O
Lemma 4.2.6. Let k(z) = 2 cnn 2™ for v = 0,1,...,N ~ 1. Also let
£e€{2,....,N}, 7€{1,2,...,£ -1} and f(2) = Zm_gamzm. Then

() (Hpk,(2), Harky(2)) = 0,

() 30 Zo(Hrki(2), Horky (2))

N -1
_ 1 mT _
_m=E“’"LZ=;n+m+1 +n}; (mn+m—-7+1n+m+ (n+ 1)}0”6"““"”
Proof. (i)
N
(Mpk,(2), Mzrk,(2)) = <Z AmZ™k,(2), z’fk,(z)>
m=¢

= Z Om Z Z CNn—HcNt—H an—H 7T, Nt+z>

m—§
S a BPILANCI | Ameratnnaag)

m=¢
=0,

since 1 <m —7 < N —1implies Nn+ 7 # Nt + m for any n or t.

Again,

N
<Tfk1(z),Tzrk,(z)) = Z O Z Z an+zENt+1,<P(2man+l), P(Zert-H))

_ (Nn+1-m+1)(Nt+1—7+1)
Zam ;.t;,CNMZCN‘H (Nn+1+1)(Nt+241) *

(an+1. -m ZNt-H_q-)

i

=0,
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since Nn — m 5 Nt — t for any n or ¢.
Thus, (Hki(z), Hzki(2)) =0
(i)

N-

Z Mjki(2), Ms-k;(2))

N
Nn+ti+rNt+j+m
E m§ E an+1.CNt+j/z z I dA(Z)
D

0m=

..a

2:
r—*o

I

s
.
I

»

3
N-1

n
o0 —
Z CNt+j+m—1CNt+j

m Nt+j+m+1

o0
Zc'nc'n+m—
m n+m+41

n=

D‘:]z ilM=

3
Il
™~

Also,

(Tiki(2), Tz k;(2))

(Nn+i+1)(Nt+j+1)

m-—-1
25t

Nt-i-j—'r)

Z . Nt+j—7+1
_1€Nt+_7+m T ENt+j (Nt+]+m—T+1)(Nt+]+1)

_ia i (n_7_+1)ancn+m—r
- m

m+m—71+1)(n+1)

Thus,
N-1

> (Hzki(z), Hekj(2))

1,7=0

al = 1 n—7+1
- am(2n+m+1_Z(n+m—7+1)(n+1))cncn+m_T

mT

_ _ Nn+i—-m+1D(Nt+j—7+1
am E g an+1cNt+j( : )( J )X
e

N — oo
1
= c‘zm _— + C Cn+m—r
: ( sn+m+1 nzﬂ(n+m+l)(n+m—7'+1)(n+l)>c" *
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4.3 Hyponormality Conditions

4.3.1 Necessary conditions for hyponormality

67

Theorem 4.3.1. Let (z) = g(2) + f(2), where f(z) = SN an2™ and g(2) =

ZN_l a_nz". Let T, be hyponormal. Then
(Z) Zn 1 nFl (|an|2 la—nl2) >0

() (0 i (lenl = laa) (00 225anl — laal®) + H(lans? = arf?))

2
IZn_l 773(0n8nr1 — anl_(n31))

Proof. Let T, be hyponormal. Then

((HfHf — HyHz)(co + c12),(co + ©12)) 2 0

We have,

(Mf(co+ c12), Mf(co + 12))

= (T 8uMen (e + 012), T, 8nMin(co + 012))

= <Z£’=1 8nZ"(Co + 12), Yney BnZ"(co + Clz)>

= <Z1Izv=1 ColnZ", 22;1 codn2"> + <Zg=1 Conz", Z::l cla'nZ”z>

+ <ZN_1 clc‘LnZ"z, >N coan2"> + <Zﬁ/—1 C1Gn2"2, Zﬁl:l clc‘znZ”z>
= leol” Toe S35 + ler? oL, 525+ 2Re (e D0 antnn (77402, 27)
= leof* Loy 28 + Jea2 0L, 228+ 2Re (00 0 ontng )

And,

(T(co + €12), Tj(co + 12))

= (P(f(co+ 12)), P(f(co + c12)))

= <P (ZL G2 (co + clz)> P (ZLI 82" (co + clz))>

= (L1 anP(3"(c0 + 12)), Ty 8 P((co + 12)))

(4.3.1)

= <Z,’f=1 ot P(Z") + SN 16, P(372), o0, coan P(Z™) + 30N, clan(E"z)>

= ila?lasf?, (using 4.2.1)
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Therefore,

(H3H (o + c12), 0 + @12) = leol* T, B2+l 300, 125 — FeaPlaa?

n=1 n4l n=1 n+42
- N-1 anGny1
+2Re (cocl oy el ) .

Similarly,

2 2
(HzHy(co + c12), o+ c12) = |eo2 N, 1ozl o 230N lo=el e, 2]q_y |2

n=1 n+l n=1 n42
- N-1 A_nl_ n+1
+2Re (CoCl Zn:l _T+(2_l>

Therefore,

((H}Hf - HgHg)(CO + c12), (co + €12))

N N
1
=|col? Z (lanl* = la-nl®) + Jes[? Z (lanl* = lacal®)
—n+ 1 —n +2
+ l|C1|2(|CL—1|2 — |a1*) + 2Re | Gocx S ;(anﬁnﬂ = G_n8_(n+1)) (4.3.2)
4 o nt 2
If T, is hyponormal, then from (4.3.1) and (4.3.2) we get
AN AN
2 2 2 2 2 2
P Y —(lanl? = o) + [eal? 32— {len = fa-nl)+
n=1 n=1
1 DAt |
Z|01I2(|a_1|2 — la1|*) + 2Re <5001 ; m(anan—i-l — a—na—(n—!-l))) >0
=
AR AN
2 2 2 2 2 2
al* 3 oyl = lacaP) +leal 3 o (enl” ~ lanP)+
1 ' N-1
2 2 2 _ _
Zlcll (la_1]® = fa1]®) + 2|cocy| ; "t 2(anan+1 ~ @_nl_(ny1))| 2 0
Two cases arise:
Case 1: If ¢; = 0, then the hyponormality of T, gives that
AN
> —(laal* ~ la_nal?) >0 (4.3.3)

n=1
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Case 2: If ¢; # 0, then we get

0 - —
C_1 E TL—-H.(Ian|2 - ,a_n|2) +2 a E m(anan-H - a—na—(n+1))
n=1 n=1
+ EN —(janl® — la=nl?) + 3(lacal” ~ [a1]) | 2 0 (4.34)
n=1 n -+ 2 " - 4 - ' B .

If a quadratic polynomial f(z) = az®+ bz + ¢ (for a, b, c real and a > 0) takes a non
negative value for all z, then it cannot have two distinct real roots. Hence for such

a case we must necessarily have 4ac > b%. Thus from 4.3.3 and 4.3.4 it follows that

Ny A | 1
(Z ey 7 (lan|® - Ia—nl2)> (Z(n " 2(Ianl2 — Ja_n]?) + 7 (laf* - Iallz))

n=1 n=1
N-1 2
2 ; n + 2(an&n+1 - a_nc_l_(n+1)) (435)
a

4.3.2 Sufficient conditions for hyponormality

Theorem 4.3.2. Let p(z) = g(z) + f(2), where f(2) = a1z + a32% and g(z) =
a-1z + a_32%. Also let my := |a;|? — |a_;1]? and my = 4(Ja_z|® — |az|?). Then for
la_2| > lag|, Ty, is hyponormal, if

(i) my < my < V2my,

(1) 4|la1Gy — a_13_2| < My — Mmy.

Proof. Let K, := {k, € A% (D) : k.(2) = 3 ooy Cona2°"**}, where i=0,1. By Theorem

4.1.1, T, is hyponormal if and only if

1 1
<(H;Hf— H} Hy) Zkl(z),Zkl(z)> >0
=0 1=0
ie. if,

(Jarl = laca]®) (Hz Yiog ka(2), Hz Yop—g Ka(2)) + (laz]® — |a—a|?) x
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(Hp 310 ki(2), Hz 3o ki(2)) + 2Re [(a1&2 —a_13_9) X

(Hz Yoi_oki(2), Hr iy k,(z)>} >0

ie. if,

mu Lz 1He(2)I” = T2 T [ Haki(2)?

+ 2Re [(alaz ~a_1G-3) E” O(Hzakl(z),Hikj(z))] > 0, (using lemma 4.2.3)

i.e. if,

|en? lol® | 5 4lcq)?
mlz(n+2 Yn+1)2 4< Z(n+3)n+1)2)+

_ _ 2CnCn1
2Re [(“1“2 ~ 0-18-) :L:g (n+)(n+ ;)(n n 3)] 0

(using Lemmas 4.2.2 and 4.2.4)

ie. if,
lenllensa]
ardz —aqa- 2|E “(n+1)(n+2)(n+3)
i m ~ ma leal? + M
S+ 2@ +12  (n+3)(n+1)? !
ie. if,
) _ leallental
4 — Q_ -
la18p — a_1a@ 2\; (n+D(n+2)(n+3) ~
i{ " - - lea]®
2 (n+2)(n+1)2 (n+3)(n+1)?
i.e. if,

1%\21%“\2 mi my
(n+1)2(n + 2)%(n + 3)? = [(n +2)(n + 1)? B (n+3)(n+ 1)2} X

m My ) ,
- Vn >
(n+3)(71+2)2 (n+4)(n+2)2]lc‘n| Icn—f-ll n >0,

16'(1.1(—12 - a_1&_2|2

(using Lemma 4.2.5)

ie. if,
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3 +3
16'&1(—12 - a_la_2|2 S l:(n + ) my — m2J [ml - (’fb ) mz] Vn Z 0 (436)
n+2 n

For z € R™, let

s = (3) o - (55)
Then
£(z) = m2 20z +3)mymy  mi
(z+4)?2  (z+4)%(z+2)? (z+2)?
e Ta)z (xﬁ;(i):ﬁz)z B (zizgz)r since MMz <M
T (= +2i;:2?m3l 2)? s = 2m3]
<0 if 0<my <vV2my (4.3.7)

Thus, if my < my < V/2mg then £(z) is a decreasing sequence of positive values and
limz—)oof(z) = (ml - m?)z' ‘

Hence if 16|a;a@; — a_1d-3|2 < (m; — my)? then Equation 4.3.6 holds for all n > 0,

and so T, is hyponormal. O

Thus by the above theorem we can easily check that if @(z) = 10v/102% 4+ v/5iZ +
z + 10v/22° then T, is hyponormal on the Bergman space A*(D). However, the
conditions of the above theorem are not necessary for hyponormality as is seen by
taking ¢(z) = 22+ 112+ 152+ 2. In this case T, is hyponormal by Theorem 4.3.3,

to be proved next.

Theorem 4.3.3. Let f(z) = 3.V Jan2® (N > 2), g(2) = az + f(2) and h(z2) =
bz + f(2). If p(2) = g(z) + h(2), and |b| > |a| then T,, is hyponormal when

[6* — laf?

> 2(N —
e 22N - )NA,

where A = maz{|a;| :1=2,3,...,N}
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Proof. Let K, := {k, € AX(D) : k,(2) = Y20y cNn+:2" """}, where i=0,1..,N-1. By
the Theorem 4.1.1, T,, is hyponormal if and only if

<(H*H,, H;H Q)Zk(z) Zk(z)> (4.3.8)

1=0

Now,

<Hth (2), Hth z)>

1=0

=<(5Hz + Hj) Z k.(2), (bHz + Hy) Z_ k1(z)>

—|b|2< Z Hyk (; ; Hk,(2) > + 21;6 <b< §ka1(z),§szl(z)>> +
<Zka (z) ,;ka(z >
Similarly,

<H§§k,(z),Hg§k,(z)>

N-1
<(aH + Hp) Y ki(2), (aH; +Hf)zk z)>

=0

—|a|2<ZHk(z sz(z)>+2Re( <N§:H k. (2), TZ:IH;C(Z >>

1=0
< ; Hiki(2), ; Hf-kl(z)>

Thus from the inequality (4.3.8), T,, is hyponormal if and only if

(1bf* — o >< S Hak(2) E Hik(2) )+

1—0

zRe((b - a)< ; Hik,(2), ; szl(z)>) >0
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1e. if

(1" = ol 2;o (n+ Q)En +1)2 lenl"+

N oo _
Z _ MCnCnim-1
2Re((b ~4) m=2am ;0 (n+m+1L)(n+m)(n+ 1)) =0

i.e. if for each m = 2,3,..., N — 1 we have,

(b - mn}jm+f@+nzz

2(N —1)|b— allamlnz=0 (n+m+1)(n+m)(n+1

)Icn||c'n+m——1|

That is, if

|enl? > P,
; (n+2)(n+1)? = Z < (n+m+1)(n+m)(n+ 1)| cnllentm-1l,s

where
_ 2(N = 1)|b - allam|m
" b2 - |a|?

ie. ifforalln>0and forallm=2,3,...,. N —1

2amlcnllcvwm—ll |Cn|2 |Cn+m—1|2
rm+ Dntm)ntD) =t D+ 12 | (arm+ D+ m)?

i.e.if for each m =2,3,..., N — 1 and for each n > 0

o2 n+m+1
ms
n+2

Asm > 1, s0 B®E > ] for all n > 0. Thus if A := maz{|a;| :4=2,3,.., N} then

T, is hyponormal if _
6] — laf®

> 2A(N - 1)N
b—a| — ( )

O

Remark 4.3.1. From the Theorem 1.4 of [12], it follows that T, on H?(T) is hyponor-
mal if and only if b = a. But in the case of Bergman space T;, can be hyponormal

even if b # a whenever Mz—}lﬁﬁ is sufficiently large.
[—a] y larg
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Example 4.3.1. Let p(2) = 223 +22+112+ 152+ 22 +22%. So by the above Theorem

4.8.3, T, on the A space is hyponormal, but it is not hyponormal on the Hardy space
H?(T).

Remark 4.3.2. In the Theorem 4.3.2, we have assumed that |a_;| > |ag| and given
a set of conditions sufficient to make T, hyponormal. However, no such sufficiency

conditions have yet been established for the case |a_s| < |aa].



Chapter 5

Hyponormality in Weighted

Bergman Space

This Chapter is a continuation of the Chapter 4. Here we investigate the hy-
ponormality of Toeplitz operator T, on A2(D) space with the symbol ¢(z) =
a_NZY + G Z™ + apmz™ + anz (0 < m < N) with some assumptions about

the Fourier coefficients of .

5.1 Introduction

Recall that hyponormality of Toeplitz operators on the Hardy space H?(T) of the
unit circle T was characterized by Cowen [4], and subsequently by Nakazi and
Takahashi [44]. The solution is based on a dilation theorem of Sarason [46]. As
no such dilation theorem is available in the Bergman space, the question concerning
the characterization of hyponormal Toeplitz operators on the Bergman space is still
open. For ¢ = f 4+ g with f, g bounded analytic, we can refer the result due to H.
Sadraoui (Theorem 4.1.1):

Theorem 5.1.1. [45] Let f,g be bounded and analytic wn L*(D,dA). Then the

follounngs are equivalent:

75
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(1) Tf45 ts hyponormal;
(ii) HiHy < HYHF;

(i) Hy = CHf, where C is of norm less than or equal to one.

The above result also holds on weighted Bergman space A%2(D) with —1 < & < o0.
Also, for a certain trigonometric polynomial ¢, I. S. Hwang [23] proved the following

result:

Theorem 5.1.2. [23] Let p(2) = g(2) + f(2), where f(z) = amz™ + anz, g(z) =
a_mz™+a_nzV (0 <m < N). Ifamdy = a_né-n, then T, on A%(D) is hyponormal
{ wrlanP = la-n®) 2 75 (la-ml® ~ laml?) if la_n| < Janl
N*(la-n|? = |an[?) £ m¥(lam|* = Ja-ml?) if Jan| < la_nl

For the weighted Bergman space A2(D), a similar result is the following:

Theorem 5.1.3. [34] Let (z) = g(2) + f(2), where f(z) = a1z + az2? and g(z) =
a_1z+a_22%. If a182 = a_,a@_, and o > 0, then T, on A%(D) is hyponormal
sl ~la—2l®) 2 3(la<1f* = Jail?) if Jas| < |ag]

{ Ala-zl* — azf?) < Jas)* — |a—y)? if Jaz| < lasl
In this chapter we continue this line of investigation for T}, on A2(D)) and establish
hyponormality conditions for the following cases:
1. Where ¢ = g+ f and f(2) = a1z + a32® and g(z) = a_,z + a_32® with a,a3 =
a_ia_3 and a > 0.
2. Where ¢ = g+ f and f(2) = a2 + a32® and g(2) = a_2% + a_32® with

Qo3 = G_90a._3 and o Z 0.

5.2 Few Significant Lemmas

The weighted Bergman space A2(D) and related terms have already been introduced

in section 1.2.5. It is also well known that Toeplitz operators on the Bergman space
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are related to Hankel operators by the following algebraic relation:
Ty =T¢T, + H:H, (5.2.1)
Tos = ToTs + H;Hy (5.2.2)
for every f,g € L>®(D). If f,g € H>*(D), then
Tt r+s — TregTrg = HpHp — Hy Hy (5.2.3)

For studying the hyponormality of Toeplitz operators, we need to pay much attention
to the Hankel operators Hf and Hj.

Let 7 = ||z*|la. Then a simple calculation shows that
1
R =(a+1) [0~ P)aAG)

=(a+1) /01 (1 — )*at

=(a+1)Blk+1,a+1)
k!
R S sl
Hj=1(a+1 +7)

where B(p,q) is the Beta function. It then follows that for { > 0, p(k) = 772 is

k41

strictly decreasing and
lim -~ =1 (5.2.4)
The following lemma shows a few basic properties of Hankel operators.

Lemma 5.2.1. ( (1}, [42]) Fizm > 1. Then for a > -1,
£mek if 0<k<m
A if m<k;

(ii) the functions {Hzm(2¥)}82, are orthogonal in L*(D, dA,);

(i) Hem(25)(€) =

(iil) HimHem (2)(€) = w2,6* k= 0,1,2, ..., where

2
\ g if 0<k<m
Ymk =\ Ay o -
Lo if m<k

(i) [ Hem (25 la = wmk v
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If P, denotes the projection of L*(D,dA,) onto A?(D), then we have the following

useful result:

Lemma 5.2.2. [34] For any s,t nonnegative integers,

D(s+ ) (s—t+a+2) s—t -
Pa(itzs) = F(Z+a+2;1“(3-—at+¥)zs t zf s>t
0 if s<t

We now proceed to establish a few more lemmas which will help in proving the hy-

ponormality results in the next section. In these lemmas, k,(z) fori =0,1,...,N-1

is defined as follows:

o0
ki(z) == Z CNnga2 T
n=0

Lemma 5.2.3. For0<m < N andt=0,1,..., N — 1, we have
Q) |77k (2)])2 = 300, YutmDat)

(i) | Pa(z™ku(2))II5

2
n=0 T(Nntm+it+o+2) |ennaal
0o (Nk+)PI'(Nk+1—m+a+2)(a42) 12 . .
_ k=1 T(Nk+itat2)2D(NE+i—m+1) lenesil® if m >
0o (Nk+1)*I'(Nk+1-m+a+2)[(a+2) 2 . .
k=0 "~ T(NkTet ot T (Nhtiomin) | CNk+il” 1f m <4

Proof. (i) “kat(z)“i = ||2'"Z;'°=0 CNn+1ZNn+z“§

= <Zm Z;“;O CN'n+1an+1, Z_"m' 220:0 CNk—HZNk-H)
= (Yo g CNna 2 T S CNkpr 2 BT

= En Ek an+7-ENk+1, (ZNn+1+m’ ZNk+1'+m>

= Zn Zk CNn+zENk+17Nn+1+m'7Nk+i+m<eNn+1+m(Z)) 6Nk+z+m(z))

= Zn ICN"-H |2712Vn+z+m

— Z !N'n.+1+m!!1"!a+2!

2
n C(Nn+i+m+a+2) IcN’”‘"

(i) | Pa(Z7 k()5 = | SonZ0 Vs Pa (27212

Il
— N ———

co P(Nn++D)D(Nnti—-m+a+2)  Nn+ti-m||2 . .
| Zn:O CNn+ T (Nntitar2)T (Nnfi—mt1) 5 ¢f m <1

o I(Nnt+1+DD(Nnti—m+a+2)  Nnti-m|[2 . .
| 2 et CVnta T(Nntitat2)D(Nnti—m41) 7 o of m>i

oo  (Nn+y)’T(Nn+r—-m+a+2) 2 2 .
” ano I(Nn+1+a+2)?C(Nnt+i—m+1)2? 7Nn+1—m|cN“+i| zf m<i
) (Nn+)12 T (Nn+i—m+a+2) 2 92 - .
” Zn:l {Nn+1+a+2)2T(Nn+1—-m+1)2 WN’“‘*"L"""‘CN""H' 71f m >
o (Nn+)?I(Nnti—-m+a+2)[(a+2) 2
> neo T(Nntitat2) 2D (Nniimmt1) lenng]® 2f m <2 0

oo (Nn+)?[(Nnti—m+a+2)l{(a+2) 2 .
> s T(Nntitat2) T(Nnti—m+1) lennal® of m >
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Lemma 5.2.4. Form > 1, (Hzmk,(2), Hymk,(2))o = 0 fori # j.

Proof.

(Hzmki(2), Homkj(2))a = Z Z CNn+1CNk+) <H2m2N"+z, Hz—anNk+‘7>a
n=0 k=0

Now,

Nn+i=Nk+j<= Nn—-k)=j—1.

As0<1,jEN~-1,500<3—-1 <N -1
Thus, N(n — k) =j—1=>n—k =01ie n=k. This gives i = j, a contradiction.

Hence, Nn +1i # Nk + j for all n, k and so by Lemma 5.2.1,
(Hzm 2™, HemzN¥) = 0.

Thus,

(Hzmk,(2), Hzmky(2))a = 0
ifi #3. O
Lemma 5.2.5. Let f(2) = amz™+an2z", g(z) = a_mz™+a_nz" with0 <m < N).
Let a > —1 and a,,any = a_,G_n. Then for i # j we have

(Hyki(2), Hyk)(2)) o = (Hghi(2), Hzky(2))a = 0

Proof. (Hjk,(z), Hfk,(2))a

= (GmHsmk,(2) + anHew ki (2), GmHemky (2) + GnHzn k) (2))a
= amln (Hev ki (2), Hem k) (2))at@man (Hemk,(2), Hzn k) (2))a
Lemma 5.2.4)

and similarly,
(Hgki(2), Hgk;(2))a = a—m-n(Hzv ki (2), Hemk; (2))at+8-ma—n (Hzmk.(2), Hev ky(2))a-

Since amany = a_,a_n, hence we have the result. |
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Lemma 5.2.6. Let o(z) = g(2)+ f(2), where f(2) = amz™+anz", g(z) = a_pmz™+
a_nz¥ (0 <m < N). Ifa > —1 and apdn = a-ma_n then T, on AZ(D) s

hyponormal 1f and only +f
(‘am'2 _ la—m|2) [EZBJ (m+t)'T (a+2) lctlz + Z::m (m+)'T(x+2)

I(m+t+a+2) C(m+t+a+2)

+ (t')zm—m+a+2)l‘(a+2) Ict|2}:| + (la’N|2 _ Ia—NIZ) |:ZN—1 !N+t!'1’!a+2! Ict|2

I(t+a+2)2I'(t~m+1) t=0 T(N+it+a+2)

+E {(N+t)'1"(a+2) (YL (t=N+a+2)I( aﬁ)l | }:|
t=N ) D(N+t+a+2) I(t+a+2)2T(t—-N+1)

Proof. For 1 =0,1,..,N — 1, let K, := {k, € A2 : ki(2) = 30, cnna2” T}

By Theorem 5.1.1, T,, is hyponormal if and only if

N-1 N-1
(77~ H3H5) 3 hla), 3 (e >

. That is, if and only if,
N-1 N-1 N-1 N1
<Hf' (Z ki(z)) , Hf ( k,(z)>> > <H_(7 (Z k,(z)) , Hj ( k,(z)>>
=0 +=0 e +=0 1=0 a
That is, if and only if

Z”Hf(k €] P Z 1 H (ki ()15,

(which we get by using Lemma 5.2.5)
That is, if and only if

> IMik()IE = 1Tk (2DI2] 2 2 (Mg (k. (D)5 = 1T5(ku(2))lI2]  (5.2.5)
We have,

IMp(k (DN = [1F k(D)

= ((@mz™ + anz") ki(z), (@mZ™ + anz"V) ki(2)),

= lam 227k ()13 + lan P2V k(2) I3 + @man (Z7ki(2), 2V ki (2)), +
AN <2Nk,(z), Z’”kl(z)>a

Similarly,
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My )IZ = [acm Pk (2)IE +lan PV E(2) 2 +E-man (F7k(2), 2V Ru(2)),
+a_md-n (ZVki(2), kal(z»a
Also,
I T7(k: (2)112
= [[ (@mTem + anTen ) ku(2)12
= |am 2| Tem k()2 + lan P Tew k()% + Gman (Temki(2), Ton ku(2)) o +
amn (Tenki(2), Temky(2)) o
and similarly,
1Tk (Dl2 = la-ml* |1 Temku(2) 1% + la-v* 1 Ton ku(2) 15+
8-m@-n (Tsmk,(2), Ten ki (2)), + aoml_n (Tonk,(2), Tomki(2)) 4
Using these in (5.2.5), we have, T, is hyponormal if and only if
Y (aml? = lacaP)IZ™k(2)I2 + (lan? = la_n )12V R (2)113] 2
SN laml? = o Tomk(2)]2 + (anl? = la-wl?) I T ki(2)]12)
That is, if and only if
(lamf? = la-ml®) S¥5H 7R (I — [ Pa (7k(2)) 2] +
(lanl? - la-nl®) 05 [V k(I ~ 1B (2 k() 12] = 0
That is, if and only if
- Wktr4m) T (a+2)
(am? = la-n)| 5" T Sie s, -

Z Z (Nk+2) T (Nk+1—mto+2)T(a+2) (C
k=1 T(Nk+i1+oa+2)T{(Nk+i1—m+1) k+1

Nk+1)"?T'(Nk+1—-m+a+2)[(a+2
Cim Lo r<N‘z+1£a+2§2rTNf;2m(f$l'CNwl?] + (Jawl” = la-n]?)x

ZN—I Zoo (Nk+1+N)'T(0+2) IC |2 _ ] LNk+1)L2F(Nk+1—N+a+2)F@+@|C |2
1=0 k=0 T(Nk+1+ N+a+2) \“Nk+ k=1 " T(Nk+ti+at2)2T(Nkti—N+1) 1ONk+

'2

>0

That is, if and only if
(lale _ la |2) Zm—ol l:(m+12'rga+22(czlg + Z:o {gNk+z+m2|F(a+22
-m . -1

T(m+1+a+2) C(Nk+itm+a+2)

T(Nk+i1+a+2)2T(Nk+i—m+1) T(Nk+ir+m+a+2)

(Nk+)"?’T'(Nk+1—m+a+2)[{a+2) }ICNk—H'z] +(|am|2 la—mlz) z Zk ° 0 [gNk+1+m!'F§a+2l
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(Nk+i)2D (Nk+i—-m+o+2)(a+2) 2 2 N-1 | (N+)ID(a+2 2
- F(N%i—i+§;+2)12FTNk+1—mf1) }|0Nk+i' + (lan]? = la-~|?) 2 ic0 [%(#l?fiﬁ)zlc"

co N(k+1)+) T (a+2) (Nk+)2I(N (k=D +i+oa+2)[(a+2)
+ Zk:l {%(N(k+1)+i+a+2) - F(Nlc+i+a+2)2F(N(ka—1)+i+1) }lcNkHP] 20
That is, if and only if

(Iamlz _ Ia—mlg) [ m—1 (t+m)il(a+2) Ict|2 + sz {£t+m2[[‘£a+22

t=0 T({t+m+a+2) L(t+m+a+2)

2 {t—m+a+2)[(a+2) 2 2 2 N-1 (t+N)IT(a+2
e )+ (an - laonl)| I SRS ol

(t+N)T(a+2) 2L (t—N+a+2)l(a+2) 2
+Z:ZN { TE+N+a+2)  D(t+at2)2T(t-N+1) }lctl } 20 O

5.3 Hyponormality Conditions

Theorem 5.3.1. Let ¢(z) = g(2) + f(2), where f(z) = a1z + 323, g(2) = a1z +
a_32%. Ifa >0 and a;83 = a_,a_3 then T,, on A%2(D) is hyponormal
{ I(la-sl* = lasl?) < (jas|* = la-s?) if las| <lag
6(lasl® — la—s|?) = (e + 3) (e + 4)(la-1]* — |as[*) if las| > |a—s|

Proof. By Lemma 5.2.6, T, on A%(D) is hyponormal if and only if
(lal|2 _ Ia_1|2) [MlcoP + Z;ﬁl {(t+1)!r(a+gz _ t_‘.zﬂt+a+1)l“(a+2)}lct‘2:|

T(a+3) T(t+a+3) TC(t+a+2)It

C(t+o+5) T(t+o+5) I'(t+a+2)2I(t-2)

+ (Jas|? - |a_s[?) [ZLO Ot 2) 012 §heo {LU’ — Ttre—d)Nat2) w]

>0

That is, if and only if
(|a112 _ |a“1|2) [M‘%lz + Zfiq {m+2)F(a+2) _ tFLt+l)m+a+1)F£g+2)}|ct|2]

T{a+3) I'{t+a+3) D(t+a+2)?

T(t+a+35) L(t+a+5)

+ (lasf? = [as[?) [Zf:o Dle)lats) o2 4 Dt {P(t+421‘(a+22

—1)(¢t=2)P(¢+1)D(t+a—1)T
~ A (““)}IQP] >0
That is, if and only if

_ _ O+ (tta+])
(la1)? ~ |a_1|?) Z?:O {M e }lCt'Q + (las]? — |a_s|?) x

I(t+a+3) C(t+a+2)2

o0 I(t-+4) tt—D(t—2)L ¢+ DI {t+a—1
PR {I‘(t+a+5) - I"(t+(oz+2)2 = )}IQIZ >0

For n € N, define &, by
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C(n+2) _ al(n4+ 1) (n+a+l)

3 (n) . F(n+tat3) C(nta+2)2
« T T(n+4 n{n—1)(n-2)I'(n+1)(n+a—1)
T‘Y?:S+Tr)§$_ T(n+a+2)2
(n+1)I(n+1) _nl(n+a+T(n+1)
_ rat)(nta+2) C(nt+oa+2)Z
- (n+3}(n+2){(n+1)I'(n+1) _na(-D)(n-Nr(n+tH(nta-1)
(nta+d)(n+a+3)(ntat+2)' (n+a+2) T(nta+2)2
n+1
— (ntat2) _ (n+:+15
- (n+3)(n+2)(n+1) n(n—1)(n-2)

(rtatd)(ntat+3)(ntat2) (nta+l)(n+a)(n+a—1)
_ { ety (o~ D) (nt ) (n+a+3) (n+a+4)
T (n+1)(n+2)(n+3) (n+a-1)(n+a)(n+at+1)—n(n—1)(n—2)(n+a+2)(n+o+3)(n+a+4)

_ (a+1)(n+a-1)(n+a)(n+a+3)(n+a+4)
T 3({a+1)(—2a+2a2-18n—3an+3a?n+3n2+15an? +12n3+-6an3+3n4)

So, liMn—ye0 &a(n) = § and &, = — & where,

D = 3(—2a + 20® — 18n — 3an + 3a’n + 3n? + 15an? + 12n3 + 6an® + 3n*)? and

N = 1920 — 1002 — 143a® — 490 + 7a® + 38 — 52an — 278a°n + 66an + 1920n+
660°n + 6afn + 54n? — 207an? + 267a2n? + 558a°n? 4 2400*n? + 30a°n?—
72n% + 140am® + 592a’n3 + 360a3n® + 60a*n® — 12n* + 243an? + 25502n%+
60c3n? + 24n5 + 78an® + 30a?n’ + 6n° + 6anS.

= 10a%(n® — 1) + 143a*(n? — 1) + 492*(n® — 1) + 52an(n* — 1) + 278a*n(n—
1) + 207an?(n? — 1) + 72n%(a® — 1) + 6n?(n? + 4nd — 2n? — 12n + 9) + 192a+
705 + 308 + 66an + 192an + 66a°n + 6a’n + 267a?n? + 41503n? + 240a*n?+
30a’n? + 140an® + 314a2n® + 36003n® + 11an® + 36an? + 255a2n? + 60a3n+
26an® 4+ 200%n° + 6and,

which is always positive for n > 1 and for o > 0.

So &€4(n) is strictly decreasing function for all o > 0.

Case 1: Let |a_s| < las].

Then £4(0) > &a(1).

Since £,(0) = ga_-w)siﬂ and £, (1) = etllott)@ts) ,pq 49 4+ 2)(a+3) >

24(a+2)

(¢ + 1)(a + 5), so we have £,(0) > &,(1).

Hence T, is hyponormal if and only if

laz|? — |a_s|? S (a+3)(a+4)
lag|? = Ja_1]® — 6 ‘
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That is, if and only if

6(lasl” ~ la-3f?) 2 (@ + 3)(a + ) (lasf* — la_sl?).
Case 2: Let |as| < |a_s].
Then since &,(n) > ¢ for all n, so Ty, is hyponormal if and only if

|as|? — la—sf® 1
jaxF — Jasi[? =

That is, if and only if
9(la-sl* ~fasl?) < laaf* = Ja-af”.
O

Theorem 5.3.2. Let o(z) = g(z) + f(2), where f(2) = 622> + a32°, g(2) = a_22* +
a_3z3. If a > 0 and a;83 = a_3a_3 then T, on A%(D) is hyponormal
4:) { O(lasf? ~ losl?) < 4aal?  fasal®) o fas] < lacs
3(lasl® = la-3|*) = (@ +4)(la-2|? — |asf*) if |as| = |a—s]

Proof. T, on A%(D) is hyponormal if and only if
(‘aglg _ ICL__2|2) |:Zg=0 Lﬂml&lz + Zzz {(H’?)!T(Q-}Q) t'2l"g-+a)r a+2) }'Q’QJ

C(t+a+4) T(t+a+4) P{t+a+2)?T(t-1)

T(t+o+5) T(t+a+5) T(t+at2)2T(t—2)

+ (|a3|2 _ la—3|2) [Zfzo @Mlcdz + 223 {(H—B)!I‘ga+2) N 2 (t+a—-1) (a+2) }lctlz]
>0

That is, if and only if
(la2lz _ |a_2|2)[ 1 _(§+_22_Ict|2 +Zt 2{ @+2)t t(g—l)r‘(t+1)1‘(t+a)}lct|2}

t=0 T{t+o+4) T(t+a+4) T(t-+a+2)?

=0 T(t+at5) /€ T{t+a+5) T(t+at2)?

+(las]? = lasl?) [Ef o _JELI tP"’ZZ (43) (=D DT (t+a—1) }lctlz]
>0
That is, if and only if

2 _ 2y g0 (t+2)(t+1) t(t-1) T(t+1 2
(|a2| ‘a—2l ) Et:O {(t+a+3)(t+a+2) (t+ot+1)(t+a) } F(t+a+)2) 'ctl
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2 _ 2 ) (t+3)(t+2)(¢+1) _ t(t=1)(t-2) r(t+1) 2
+ (las|* = la—3|?) >3, {(t+a+4)(t+a+3)(t+a+2) (t+a+1)(t+a)(t+a-1)}F(z+a+2)lct| 20
For n € N, define £, by
) ( ﬂv(nigll%il)w)‘r( +n(:;)l() +a)
ga(n) = hta)(nt2)(nT1) n(n-1){n—2)

(mtatd)(nta+d)(ntat2) (ntatl)(ntaj(nta—-1)
{(n+1)(n+2)(n+a)(n+o+1)—n(n—1)(n+a+2)(n+a+3) } (nta—1)(n+a+4)
(n+1)(n+2)(n+3) (n+a—1)(n+a)(n+a+1)—n{n-1)(n—2)(n+a+2) (n+a+3) (n+a+4)

- 2(n+a—1)(n+a+4)(2n?+2an+4n+a)
T 3(~2a+2a2-18n—3an+3a?n+3n2+15an2+3a2n2+12n3 +6an3+3nd)

S0 lim; o0 €a(n) = 3. Also, &,(n) = —ZX where,

D = (20 + 202 — 18n — 3an + 3a?n + 3n? + 15an? + 30°n? + 12n% + 6an® + 3n?)?,

and

N = 40c + 402 — 290° — 14a* — o® — 8an — 34a’n + 12a%n + 240n + 6a°n + 24n2+
87an? + 264a’n? + 216a3n? + 66a*n? + 6a°n? — 24n3 + 220an® + 368a’n3+
168a3n3 + 240n3 — 18n* + 189an? + 168a?n?* +36a3n?* + 12n° + 66an’ + 24a2n+
61 + 6anS.

=29a*(n* — 1) + 14a?(n — 1) + &®(n — 1) + 8an(n? — 1) + 34a’n(n3 — 1)+
6n’{n(n + 1)(n? +n — 4) + 4} + 400 + 402 + 126°n + 10a*n + 5a°n + 87an?+
264a’n? + 216a°n? 4 66a*n? + 6a°n? + 212an3 + 368a?n® + 168a3n® + 24atn3+
189amn? + 134a’n* + 7a®n® + 12n% + 66an® + 240%n® + 6anb,

which is always positive for n > 1 and for & > 0. Hence £,(n) is a strictly decreasing

sequence for all o > 0.

Case 1: Let |a_3| < [a3]-

We have £,(0) = %3%__—216% = o £,(1) = 22 and since 4(a + 4) > 3(a +5) for

a > 1,50 £4(0) > &a(1).

Hence T, is hyponormal if and only if

las|> — las|*> _ a+4
lag> = lazi2 = 3

That is, if and only if

*3(lasl* — la-sl?) 2 (e + D) (lazl” ~ |as[*).
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Case 2: Let |as] < |a_3|.

Since &4(n) > 2 for all n, so T, is hyponormal if and only if

|a_3|2 - laslz 4

|az]? —Ja_a> = 9

That is, if and only if

9(|a-sl* —|asl?) < 4(Jaz]® ~ |a_|?).

5.4 Conclusion

Looking at the Theorems 5.1.3, 5.3.1 and 5.3.2 it appears that we should be having
a general result of the following kind: '

Theorem 5.4.1. (Conjecture): Let p(z) = g(z) + f(z), where f(z) = amz™ +
anzV, 9(2) = a_pz™ +a_nz¥ 0 < m < N). If apdy = a_na_y and o is

sufficiently large, then T,, on A%(D) is hyponormal

IV (et 2+5) .
—l—_nN—o(?ﬂ-i-l)(N_j)(la’—mlz ~ lam[®) < (lan]? = la-n[?) if Ja-n| < lan]
— 7=

N*(la-n[? = lan|?) < m*(|am|* — la-m!?) if lan] < fanl
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Appendix

Analysis of Example 3.4.1:

T, is hyponormal if and only if

@ |A<ts,

(i) |4]<1.22 and

i) 124" —6]4] - 72)4 +81>0.

From (i) and (ii) we need to consider only those A for which I/II <1.22, and also satisfy the

condition (ii]). We first determine those A which satisfy the equation

124 — 6|4 =72/ +81=0.
For convenience we replace A by x.
Step 1: Determine x such that 12|x|4 - 6|x|3 - 72|x|2 +81=0

Reduce [12Abs[x]*4-6 Abs[x]*3-72Abs[x]*2+8 1= =0,x]

-2.4777909793205577" <Re[x) < ~1.1297552606843122" &&
{

[Im[x] = -1." |Root[-81+108Re[x]2- 40Re[x]4+ 4 Re[x]5+ 108 #1 - 80Re[x]2#1+ ||
L 12Re[x]94#1-40#12+12Re[x)2 #12+ 4 #13 &, 3]

Im[x] == [Root[-81+ 108Re[x]?- 40Re[x]%+4Re[x]%+ 108 #1 - 80Re[x]2#1 + ” [
12Re(x]%#1- 40412+ 12Re(x]2#12 + 4 #1% &, 3] /)
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[-1.129’7552606843122‘ sRe[x] <1.1297552606843122" &&
\

[Im[x] == -1." |Root[-81+108Re[x]2- 40Re(x]%+4Re[x]6+ 108 #1 - BORe[x]2#1 + ||
\ 12Re[x]4 #1 ~40#12 + 12Re[x]2 #12+ 4 #13 &, 3]

Im{x] == -1." |Root[-81+108Re[x]2- 40Re(x]%+4Re[x)®+ 108 #1 - B0Re[x]2#1 + ||
' 12Re[x]4 #1 -40#12 + 12Re(x]2 #12+ 4 #13 &, 1)

Im[x) == [Root[-81+108Re[x]2-40Re[x)%+4Re[x]6+108#1 - 80Re[x]2#1+ ||
12Re[x]4#1 - 40 #12+ 12Re[x]2#12 + 4§13 &, 1]

Im[x] := |Root[-81+108Re[x]?-40Re[x]%+4Re[x]5+ 108 #1 - 8ORe[x]2 #1 + ” I
12Re(x]4#1 - 40#1%+ 12Re[x]2#12 +4#13 5, 3] /)

[1.1297552606843122‘ <Re(x] s 2.4777909793205577" &&
{

[I.m[x] == -1." [Root[-81+108Re[x]2-40Re[x]%+4Re[x)6+ 108 #1 - 80Re[x]2#1+ ||
\ 12Re(x]4 #1-40 #12 + 12Re(x]2 $12+ 4 #13 g, 3]

Im[x] == [Root[-81+108Re[x]2-40Re[x]%+4Re[x)€+ 108 #1- 80Re[x])2#1 + H
12Re(x]%#1 - 40#12+ 12Re(x]2#12 + 4 #13 &, 3] J)

Step2:

The graphical representation of the solutions of
12(1x*-6(1x)>-72(|x)%+81=0
is as follows (Todraw thegraphwewrite y = Re[x]) :

93
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Plot[Evaluate[{-1." 4/Root[-81+108 y* - 40y' + 4 y*+ 108 #1 - 80 y* #1 +
12y*#1-40#12+12y* #1% + 4 #1%, 3],
VRoot[-81+108y* -40y* +4y®+108#1-80 y* #1+12y" #1-40#1%+
12y #1%+ 441, 3],

-1." |Root[-81+108y2-40y*+4y5+108#1-80y2#1+12y*#1-,
40812122 #1124+ 4413 g, 3]

Root [~81+108y2-40 4+ 4 y6+ 108 #1 - 80 y2 #1 + 12 y# #1 - 40 #12+ ,
12y #12+ 4§13 5, 3]

-1." [Root{-81+108y2-40y*+4y5+108#1-80y2#1+12y*#1- ,
40#12+12y2 #12+ 4413 5, 1)

Root[-81+108y2-40y*+4y5+108#1-80y? #1+12y* #1 -~ 40412+ ,
12y2#1%2+ 44138, 1) :

-1.° |Root[-81+108y?-40y*+4y5+108#1-80y2#1+12y*#1- ,
40#1% +12y? #12+ 4 #13 5, 3]

Root[-81+108y2-40y*+4y5+108#1-80 y*#1+ 12 y* #1 - 40#12+ },
122 #124 4413 ¢, 3]

{y, -2.4777909793205577", 2.4777909793205577"},
Axeslabel -» {"Real Axis ", "Imaginary Axis"}]]

Imaginary Axis

»
<

Real Axis

Figure 3.4.1 (a)
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Step 3: We show that the condition (iii) is satisfied by all points x inside the smaller circle.

Consider any point x such that y=Re[x] =0.5.

Im[x] = VRoot[-81+ 1082 - 404+ 4y6+ 108#1 - 802 #1 + 124 #1 - 40#12 + 122 #12 + 4#135, 1] /. y-0.5
=1.01309

Then x=0.5+Im[x]i is a point inside the inner circle for -1.01309<Im[x] <1.01309.

Im[x] = VRoot[-81+108y2- 40y + 4P+ 108#1 - 80P #1 + 12 A #1 - 40412+ 122 #12+ 4#135, 3] /.y~0.5
=2.42682

Then x=0.5+Im[x]i is a point inside the outer circle for -2.42682<Im[x] <2.42682 [From the
Figure 3.4.1 (a)]. To draw the graph we write Im[x] = z.

Plot [{12Abs [0.5+2 I] ~4-6Abs [0.5+z I] #3-72Abs [0.5+2 1] ~2+81}, {z,
-2.4268185216868456°, 2.4268185216868456°}, AxesLabel->{"Im(x)","f(x)"}, AxesOrigin—{0,0}]

f (x)

40

20

Figure 3.4.1 (b)
Where f(x)=12|x{' — 63| — 72| +81

Thus, if Re[x] = 0.5 then f(x) > 0 if and only if x lies inside the smaller circle in Figure 3.4.1 (a).
Similarly, it can be shown that if -1.13 < Re[x] < 1.13, then f(x) > 0 if and only if x lies inside

the inner circle in Figure 3.4.1 (a).
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Step 4: To show that condition (iii) is not satisfied for points outside the inner circle in Figure
3.4.1 (a). Here we note that because of condition (ii) we need not consider points with Re[x] >
1.22 and Refx] < -1.22.

Let y=Re[x] = -1.22. Then,

TP = VRock[-8l+ 18P - Dy + 4y + 108H1 - 0y HL+ Ry 1 DR+ R HE+4#P8, 3) /.y+-12
=2.15663
Then x=-1.22+Im[x]}i is a point inside the outer circle for -2.15663< Im[x] <2.15663

Plot [{12Abs[-1.22+2 I ]*4-6Abs[-1.22+z []*3-72Abs[-1.22+2 I]*2+81},{z,-2.15662888258558",
2.15662888258558'}, AxesLabel~>{"Im(x)","f(x)"}, AxesOrigin—{0,0}]

£ (x)
Im (x)

Figure 3.4.1 (¢)
Where f(x) = 12" — 6|x" = 72| +81.
Thus f(x) <0 if x = -1.22+Im[x]}i for -2.15663 < Im[x] < 2.15663.

Similarly, considering y=Re[x] =1.13 we see that x=1.13+Im[x]i is a point inside the outer circle

for -2.202512< Im([x] <2.20512 and f(x) <0 as seen from the following figure 3.4.1 (d).

Im[x] = VRoot[-81+ 1082 - 404 + 46 + 10841 - 80 #1+ 124 #1 - 4012+ 122 #12+ 4#135, 3] /.y-»1.13

=2.20512
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Plot [{12Abs [1.13+2 I}A4-6Abs[1.13+2z [}*3-72Abs[1.13+2 I)*2+81},{z,-2.205118622025202,

2.205118622025202'}, AxeslLabel- {"Im{x)","f(x)"}, AxesOrigin— {0, 0}]

Im (X)

Figure 3.4.1 (d)

Thus, conditions (i), (ii) and (iii) are satisfied or equivalently 7, is hyponormal iff |4|<1.13

(correct upto 2 decimal places).

Analysis of Example 3.4.2:

T, is hyponormal if and only if the following conditions are satisfied:
. 5
) A<=,

W <3

(i) 2594 ~5[1+64|>0 and

Gi (25~9|A) — 251+ 6] - 5|2 (1+64) +2(1+62)(25-94f | 2 0.

We need to consider only those A for which [/1[ < % , and also satisfy the conditions (ii) and (iii).

We first determine those A which satisfy the condition 25—9|/1|2—5|1+6/1|20. For

convenience we replace 4 by x.
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Step 1: Here we show that f(x)=25-— 9|x|2 —5|1+6x| =0 if and only if x lies on the ellipse

given by figure 3.4.2 (a).

Reduce [25-9Abs[x] ~2-5Abs [1+6x] = =0, x]

Plot[{-l.‘ \/—0.9&2504486493’763‘ V67, +4.7 y +0.3333333333333333" (25." -3." ¥},

1.0 \/—0.9622.504486493763‘ V67.7 +4. y +0.3333333333333333" (25." -3." y?) },
{y, -0.8053994956985543" , 0.5694013108331231"}, Axeslabel -» {"Real Axis ",
"Imaginary Axis"}, AxesQrigin-» {0, 0}]

For convenience we write y=Re[x].

Plot [{25-9Abs [0.4+z I] ~2-5Abs [1+6(0.4+z I)]}, {z,-0.451091, 0.451091},

AxesLabel- {"'Im[x] =z ","f(x)"'}, AxesOrigin- {0, 0}]

Imaginary Axis
0.6

0.4
0.2

Real 2Axis
-0\8 -0.6 -0.4 —0.202 0.2 0.4 .6

Figure 3.4.2(a)

Step 2: Here we show that f(x)>0 if and only if x lies inside the ellipse given by Figure 3.4.2(a).

For instance, let us consider the point whose real part, Re[x] =0.4.
To draw the graph we write Im([x] =z

Plot [{25-9Abs [0.4+2 I] A2-5Abs [1+6(0.4+z I)]}, {z,-0.451091, 1.67),

AxesLabel- {" I m[x] =z ","f{x)"}, AxesOrigin— {0, 0}]
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o~ , : Im [x] =2

Figure 3.4.2 (b)

Figure 3.4.2 (b) shows that for Re{x] =0.4, f(x) >0 if Im{x]! < 0.451091. On the other hand
f(x) <0 if x=0.4+Im[x]i for 0.451091< Im[x]<1.67 as seen from the Figure 3.4.2(b). Thus, for

|| gg and Re[x]=0.4, we see that f(x)>0 if and only if [Im{x]|<0.451091. Similarly, it can

be checked that f(x) > 0if and only if x lies inside and on the ellipse given by the Figure 3.4.2
(a). Thus, condition (i) and (ii) are satisfied if and only if A lies inside and on the ellipsc given
by Figure 342 (a) (i.e. for all A such that -0.805339<Re[A]<0.569401 and
Im[ A ]1<0.68618, correct upto 6 decimal places). Out of this set, finally we need to determine

those A which will also satisfy the condition (iii).
Step 3: If g(x)=(25— 9|x|2)2 ~ 25|14+ 62 — 5|3}E(1 +6x)’" +2(1+6x)(25— 9] )| then here
we determine x for which g(x)=0.

Reduce[(25-9Abs[x]*2)*2-25Abs[1+6x]"2-5Abs[3Conjugate(x](1+6x)*2+2(1+6x)(25-
9Abs[x]*2)]= =0,x]
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-4.298511575384078" sRe[x] < -0.4719292953470058" &&

—

100

Im{x] = -1." |Rooct[-11900 + 44700 Re[x] + 150525 Re[x]2 - 5400 Re([x]3
~22275Re[x]4 + T29Re[x] 6 + 150525 #1 - 5400 Re[x] #1 -

{ 44550 Re(x]2 #1 + 2187 Re[x] 4 #1 - 22275 #12 + 2187Re(x] 2 #1% + 729 #13 &, 3]

Im[x] = |{Root[-11900 + 44700Re[x] + 150525 Re[x]2 - 5400 Re[x]3
-22275Re[x]% + 729 Re[x] 6 + 150525 #1 - S400Re[x] #1 -

I

44550 Re[x]2 #1 + 2187 Re[x] 4 #1 - 22275 #12 + 2187 Re(x]2 412 + 729#1%s, 31 /)

~0.4719292953470058" < Re(x] < 0.16995729472822219" &&

—

Im(x] == -1." |Root[-11900 + 44700 Re(x] + 150525 Re[x]2 - 5400 Re[x] 3
- 22275 Ra[x]4 + 729Re[x) & + 150525 #1 - 5400 Re[x] #1 -

\ 44550 Re(x]2 #1 + 2187 Re[x] ¢ #1 - 22275 #12 + 2187 Re(x] % §12 + 729 §13 &, 3]

Im[x] == -1." |Root[-11900 + 44700 Re[x] + 150525 Re[x]? - S400Re[x] 3
- 22275Re(x]4 + 729 Re(x] € + 150525 #1 - 5400 Re[x] #1 -

44550 Re[x)2 #1 + 2187 Re[x] 4 #1 - 22275 #12 + 2187 Re(x]2 #12 + 729 #13 &, 1]

Im[x] == |Root[-11900 + 44700 Re[x] +150525Re[x]2 - 5400 Re[x] 3
-22275Re(x]4 + 729 Re[x] & + 150525 #1 - S400Re[x)] #1 -
44550Re(x]2 #1 + 2187 Re(x] 4 #1 - 22275 #12 + 2187Re[x]2#12 + 729#13 &, 1]

Im[x] == |Root[-11900 + 44700 Re[x] +150525Re[x]2 - 5400 Re[x] 3
- 22275 Re(x]? + T29Re(x] 6 + 150525 #1 - 5400 Re([x] #1 -
44550Re[x]2 #1 + 2187 Re[x) 4 #1 - 22275 #12 + 2187 Re[x] 2 #12 + 729 #13 &, 3]

|
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(0.16995729472822219 <Re[x] <4.725088447721589°&&

Im[x] = -1." |Root[-11900 + 44700 Re[x] + 150525 Re[x]2 - 5400 Re[x]3 i
- 22275Re[x]4 + T29Re[x] 6 + 150525 #1 - 5400 Re(x] #1 -
{ 44550 Re(x]2 #1 + 2187 Re(x]* #1 - 22275 #12 + 2187 Re[x]2 #12+ 729 #13 &, 3]

Im[x] == |Root[-11900 + 44700 Re[x] + 150525 Re[x]2 - 5400 Re[x]3
- 22275Re[x]4% + 729Re[x] € + 150525 #1 - 5400 Re[x] #1 -
44550 Re[x]2 #1 + 2187 Re[x]4 #1 - 22275 #12 + 2187 Re[x]2 #12 + 729#1% &, 3] ))

Graphs represented by the solutions of the above equation:

Plot[{-l. * [Root[-11900 + 44700 y+ 150525 y? - 5400 y3 - 22275 y* + 729 y5+ 150525 1~ ,
5400 y #1 - 44550 y2 #1 + 2187 y* #1 - 22275 #12 + 2187 y2 #12+ 729 #13 &, 3]

Root: [-11900 + 44700 y + 150525 y? - 5400 y3 - 22275 y* + 729 y5 + 150525 #1 -
5400 y #1 - 44550 y2 #1 + 2187 y4 #1 - 22275 #12 + 2187 y? $12 + 729 #13 5, 3)

-1." |Root[-11900 + 44700 y+ 150525 y? - 5400 y> - 22275 y* + 729 y© + 150525 4§1- ,
5400 y #1 - 44550 y2 #1 + 2187 y* #1 - 22275 #12 + 2187 y2 #12+ 729 §13 &, 3]

Root [-11900 + 44700 y + 150525 y? - 5400 y3 ~ 22275 y* + 729 y6 + 150525 #1 -
5400 y #1 - 44550 y2 #1 + 2187 y4 #1 - 22275 #12 + 2187 y? #12+ 729 #13 &, 3]

-1." [Root(-11900 + 44700 y+ 150525 y2 - 5400 y° - 22275 y* + 729 y5 + 150525 #1- ,
5400 y #1 - 44550 y2 #1 + 2187 y* #1 - 22275 #12 + 2187 y2 #12+ 729 #13 &, 1]

Root [-11900 + 44700 y + 150525 y? - 5400 y® - 22275 y* + 729 y5 + 150525 #1 -
5400 y #1 ~ 44550 y? #1 + 2187 y* #1 - 22275 #12 + 2187 y? #12+ 729 $13 &, 1)

-1." [Root[-11900 + 44700 y+ 150525 y2 - 5400 y° - 22275 y* + 729 y® + 150525 §#1- ,
5400 y #1 - 44550 y? #1 + 2187 yA #1 - 22275 #12 + 2187 y2 #12 4+ 729 #13 &, 3]

Root [-11900 + 44700 y + 150525 y? - 5400 y3 - 22275 y? + 729 y5 + 150525 #1 - },
5400 y #1 - 44550 y2 #1 + 2187 y* #1 - 22275 #12 + 2187 y? #12 4+ 729 $#1% &, 3]

{y, -4.298511575384078", 4.725088447721589"},
AxesLabel » {"Real Axis ", "Imaginary Axis"}]
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Figure 3.4.

2(c)

The inner ellipse of Figure 3.4.2 (c) can be better depicted in Figure 3.4.2 (d).

Imaginary Axis

.

0.z \
a.1 \
- Feal Axis
-0.4 -0.3 -0.2 -0.1 0.1
\ -0.1 /
s
\ _.0.. : /
w
Figure 3.4.2 (d)

Step 4: Here we showed that the inner elliptical region will give the values of A for which 7,

is hyponormal. That is, any point inside and on the inner ellipse will satisfy the condition (iii).
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Consider a point x such that y =Re[x]=-0.2.

Im[x]=

Root[-11900 + 44700 y + 150525 y? - 5400 v - 22275 y4 + 729 y6 + 1505251 - /.y --0.2
5400 y #1 - 44550 y2 #1 + 2187 y* #1 - 22275 #12 + 2187 y? #12 + 729413 &, 1]

=0.31677
Then x= -0.2+Im[x]i is a point inside the inner ellipse for -0.31677< Im[x]<0.31677

Im[x] =

Rock[-11900 + 44700 y + 150525 y2 - 5400 y° - 22275 A + 7295+ 150525#1- /.y-»-0.2
5400 v #1 - 44550 y2 #1 + 2187 y* #1 - 22275 #12 + 2187 2 #12 + 72913 &, 3]

=4.51874

Then x=-0.2+Im[x]i is a point inside the outer ellipse for -4.51874<Im[x]<4.51874 [From the
Figure 3.4.2 (c)].

To draw the graph we write Im[x] =z.

Plot[{{25-9Abs[{-0.2+zl)]*2}*2-25Abs[1+6(-0.2+2)]*2-5Abs[3Conjugate{-0.2+zI](1+6(-
0.2+21))72+2(1+6(0.2+21))(25-9Abs[(0.2+21)]2)]},{z,4.518736159707949",

4.518736159707949°},AxesLabel->{"Im[x]=z ","g(x)"},AxesOrigin—-{0,0}]

Im [x] =2

Figure 3.4.2 (e)
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Thus if Re{x]=-0.2 then g(x)>0 if and only if x lies inside the inner ellipse in Figure 3.4.2 (¢).
Similarly, it can be shown that if -0.471929<Re[x]<0.169957, then g(x)>0 if and only if x lies
inside the inner ellipse in Figure 3.4.2 (c).

Step 5: To show that condition (iii) is not satisfied for points outside the inner ellipse in Figure
34.2 (c). Here we note that because of condition (ii) we need not consider points with

Re[x]>0.569401 and Re[x] <-0.805399.

Let y=Re[x] =0.2. Then

In[x] = [-11900 + 44700 y + 150625 y2 - 54003~ 2275y + 729y5 + 15062541 - /. y-0.2
5400 y#1- 44550 y? #1+ 2187 y* #1 - 22275412 + 2187 y2 §12 + T29#13 §, 3]

=4.53722
Then x=0.2+Im{x]i is a point inside the outer ellipse for -4.53722<Im[x]<4.53722.
To draw the graph we write Im[x] =z

Plot[{(25-9Abs[{0.2+2])]#2)*2-25Abs[1+6(0.2+2])]*2-5Abs[3Conjugate[0.2+2]](1+6(0.2+z
1))72+2(1+6(0.2+21)){(25-9Abs[(0.2+21)]*2)]},{z,4.537219565513397",4.537219565513397},

AxeslLabel->{"Im([x]=z ","g(x)"},AxesOrigin—{0,0}]

g (x)

Im [x]=2

—-4000

-6000

-8000

-10000

Figure 3.4.2 (f)
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Thus g(x) <0 if x=0.2+Im[x]i for -4.53722<Im[x]<4.53722. Similarly, we can show that

g(x) <0 for any point x outside the inner ellipse but inside the outer ellipse of of Figure 3.4.2

(c). Hence , T, is hyponormal if and only if A lies inside and on the inner ellipse given by

Figure 3.4.2 (¢).

Example 3.4.3:

T, ishypononmal iff
(1) I)Ll 51—6
3
(id) 256-9| A |*~|32%-224| 20 and
(iid) 9 (256-9| A1%)%- | 922- 672 |2-2| 2431 (9] X2 -256) + (92%- 672) (241-631) | 20

Step 1: Reduce [256-9Abs[x] ~2-Abs [3x"2-224] = =0, x]

-2.309401076798508" <Re[x] <2.3094010767585(8" &&

(m[x] =14/ (-1.3{333313333333‘ Vel - 21 Relx]? + 0. 330333[WI[B (124, -3.° ne[xf)) I

Tni>] ==/ (-1 TEOEEREEED VoL 2L. " el +0. TEXRITRAT' (124.” - 3." Fex?)

Plot[{-1." 4/ (-1. 3333333333333333° VL. - 21." ¥ + 0. BHI[I[/AI/B' (124.° -3." ),
A/ (-1-33333333333333° VAL - 217 P +0. TBHI|WIRAB” (1247 -3." ) )},

{y, -2.303401076758503", 2.303401076758503"}, Axeslabel » {"Real Axis ", "TImaginary Axis"},
PesOrigin— {0, 0}]

Imaginary Axis

Real Axis

Figure 3.4.3 (a)
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Conditions (i) and (ii) are satisfied by all points lying inside and on the ellipse in Figure 3.4.3
(a).

Step 2: Reduce[2Abs [243x(9Abs [x]"2-256)+(9x"2-672)(24x-63 Conjugate [x])]-9(256-9Abs
[x]A2)A2+Abs [9x72-672]72= =0,x]

(-9.033968554320527" < Re[x] < -4.692305189335676" &&
(Im[x] = -1." +/Root[-14400 + 9520 Re[x]* - 849 Re([x] * + IRe[x]® + 54544 #1 -
2250Re[x]% #1 + 27Re[x]* #1 - 1401 #1% + 27Re(x) 2 #1% + 9#1% &, 1] ||
Im([x] == 4/Root [-14400+ 9520 Re[x]? - 849Re[x]* + IRe[x] ® + 54544 #1 -
2250 Re[x]? #1 + 27Re[x] * #1 - 1401 #1% + 27Re[x] 2 #1% + 9#1° &, 1])) 11

(-4.692305189335676" <Re[x] < -1.3394943062215976" && (Im[x] =
-1." - 4/Root[-14400 + 9520 Re[x]? - 849 Re[x] + IRe[x]® + 54544 #1 -
250 Re[x)? #1 + 27Re(x]* #1 - 1401 #1%+ 27Re[x1* 41 + 9 #1% &, 3] ||
Im[x] == \/Root[-14400+ 9520 Re[x]* - 849 Re[x]® + 9Re[x] ® + 54544 #1
-2250Re(x]? #1 +27Re(x]® #1 - 1401 1%+ 27Re[x12 41 + 941° &, 3])) ||

(-1.3394943062215976" < Re[x] < 1.3394943062215976" && (Im[x] ==
-1." 4/Root[-14400 + 9520 Re[x]? - 849 Re[x]* + 9Re[x]® + 54544 #1 -
2250Re[x]*#1 + 27Re[x]* #1 - 1401 #1%+ 27Re[x]* #1% + 9#1% &, 3] ||
Im[x] = -1." +/Root[-14400 + 9520 Re[x}? - 849 Re[x]* + 9Re[x]® + 54544 #1 -
2250Re{x]*#1 + 27Re[x] * #1 - 1401 #1%+ 27Re([x]* 41 + 9#1° 5, 1] ||
Im[x] = +/Root[-14400+ 9520 Re[x]% - 849Re[x] + 9Re[x]® + 54544 #1 -
2250 Re[x] #1 + 27Re[x]* #1 - 1401 #1° + 27Re[x]* #1% + 9 #1135, 1] ||
Im[x] == /Root[-14400+ 9520 Re[x]? - 849Re[x]* + 9Re[x]® + 54544 #1-
2250Re[x]? #1 + 27Re[x]* #1 - 1401 #1° + 27Re[x] 2 #1% + 9413 5, 3])) ||

(1.3394943062215976" < Re[x] s 4.692305189335676" && (Im[x] ==
-1." /Root[-14400 + 9520 Re[x]? - 849 Re[x]“ + IRe[x]® + 54544 #1 -
2250Re[x]” #1 + 27Re(x]* #1 - 1401 #1% + 27Re(x]* #1% + 9#1% 5, 3] ||
Im[x] == \/Root[-14400+ 9520 Re[x]? - 849 Re(x]* + IRe(x]® + 54544 #1 -
2250 Re[x)? #1 + 27Re[x] #1 - 1401 #1%+ 27Re(x)? #1% + 9413 5, 3])) ||
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(4.692305189335676" < Re[x] < 9.033968554320527" && (Im[x] =
-1." /Root[-14400 + 9520 Re[x]? - 849 Re[x]* + IRe[x] ® + 54544 #1 -
2250 Re[x]? #1 + 27Re[x]* #1 - 1401 #1% + 27Re[x]* #1° + 9427 &, 1] ||
Im[x] == /Root[-14400+ 9520 Re[x]* - 849 Re[x]* + IRe[x]® + 54544 #1 -
2250 Re[x]? #1 + 27Re[x]* #1 - 1401 #1%+ 27Re[x)? #1% + 9 413 &, 1]))

Plot[{-1." 4/Root[-14400 + 9520 y* - 849 y* + 9 y® + 54544 #1 - 2250 y* #1 + 27 y* #1-
1401 #1%+ 27 ¥ #1%+ 9#1° &, 1], /Root[-14400+9520 y* -849y" + 9y +
54544 #1- 2250 y* #1+ 27 y* #1-1401 #1% + 27 y* #1°+ 941 s, 1],
-1." 4/Root[-14400 + 9520 y* - 849 y* + 9 y® + 54544 #1 - 2250 y* #1 + 27 y* #1-
1401 #1%+ 27 y* #1%+ 94#1% 5, 3], \/Root[-14400+9520 y* -849y* + 9y +
54544 #1- 2250 y* #1+ 27 y* #1 -1401 #1% + 27 y* #1°+ 941, 3],
-1." /Root[-14400 + 9520 y* - 849 y* + 9 y° + 54544 #1 - 2250 y* #1 + 27 y* #1 -
1401 #1%+ 27 y* #1%+ 9#1% 5, 3], +/Root[-14400+ 9520 y* - 849 y* + 9y°+
54544 #1- 2250 y° #1+ 27 y* #1-1401 #1% + 27 y* 1%+ 9#1° ¢, 3],
/Root.[-14400+ 9520 y* - 849 y* + 9 y° + 54544 #1- 2250 y* #1 + 27 y* #1 -
1401 #1%+ 27 y* #17+ 9#1% &, 1], -+/Root[-14400 + 9520 y* - 849 y* +
9y®+ 54544 #1- 2250 y* #1 + 27 y* #1 - 1401 #1%+ 27 ¥ #1%+ 9413, 1],
-1." 4/Root[-14400 + 9520 y* - 849 y* + 9 y° + 54544 #1 - 2250 y* #1 + 27 y* #1 -
1401 #1%+ 27 ¥ #1%+ 941 &, 3], +/Root[-14400+9520 y* -849y* + 9y +
54544 #1- 2250 y* #1+ 27 y* #1-1401#1% + 27 y* #1°%+ 941 s, 3],
-1." 4/Root[-14400 + 9520 y* - 849 y* + 9 y® + 54544 #1 - 2250 y* #1 + 27 y* #1 -
1401 #1%+ 27 ¥ #1%+ 9413 &, 1], /Root[-14400+9520 y* -849y* + 9y +
54544 #1- 2250 y° #1+ 27 y* #1-1401 1% + 27 " #1%+ 9415, 1]},
{y, -9.033968554320527", 9.033968554320527"}, AxesLabel » {"Real Axis ",
"Imaginary Axis"}, AxesOrigin- {0, 0}]
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Real Axis

Figure 3.4.3 (b)

Step 3: Combined graph of Steps 1 and 2:

Plot [Bvaliste({-1." / (1. 3333333333TI° VAL, -21." ¥ +0. IIBAWBI?’ (14." -3." ),
/(-1 aaonaaaaEs VAL, - 2L, ¥ +0. 3633030000 (14,7 -3." ),
Roct[-14400+ 9520 7 - 849y +9y° + 54544 #1 - 2250 ¥ #1 + 27 y* #1 - 1401 17 + 27 1% + 915, 1],
—//Root[-14400 + 9520 ¥ - 849 ' + 9¥F + 54544 #1 - 2250 v #1 + 27y* #1- 1401 #1° + 27 #1% + 941% s, 1],
-1.” +/Roct.[-14400 + 9520 y* - 849 " + 9y° + 54544 #1 - 2250 y* #1 + 27 " #1- 1401 #1%+ 27 7 #1° + 94115, 1],
/Root[-14400+ 9520 ¥ - 849y + 9 y° + 54544 #1- 2250 7 #1 + 27 y* #1-1401 1% + 27 P #0124 941, 1],

-1." /Roct[-14400 + 9520 ¥ - 849 y* + 9y° + 54544 #1 - 2250 ¥ #1 + 27 y* #1- 1401 #1% + 277 #1° + 941° 5, 3],
/Roct[-14400+ 9520 ¥ - 849y +9y° + 54544 #1- 2250y #1 + 27 y* #1-1401 1% + 27 P #1° 4 981, 3],
-1." \/Rock [-14400 + 9520 ¥ - 849y + 9P + 54544 #1 - 2250 P #1 + 27 y* #1- 1401 #1% + 27 17 + 94 &, 3],
/Roct [-14400+ 9520 ¥ -849 " +9y° + 54504 #1- 2250y #1 + 27y #1 1401 #1° + 27 417+ 98135, 3],
/Roct [-14400 + 9520y - 849" +9yP + 54544 #1- 2250 ¥ #1 4 27y" #1 - 1401 #1° + 27 #1° + 941 s, 1],
—/Rook[-14400 + 9520y - 849y + 9 y° + 54544 #1 - 2250 7 #1 + 27y* #1-1401 1% + 27y #4174 98113, 1],
-1.” /Roct[-14400 + 9520 ¥ - 849y + 9y’ + 54544 #1 - 2250 y* #1 + 27 y" #1- 1401 1%+ 27 i #1° + 94115, 3],
/Rock[-14400+ 9520 7 - 849 y* + 9y + 54544 #1 - 2250 ¥ #1 + 27" #1 - 1401 1% + 27 P #1+ 94 &, 3],
-1." +/Roct[-14400 + 9520y - 849 y" + 9¥° + 54504 #1 - 2250 P #1 + 27 y* #1- 1401 #1% + 27 12 + 9811 s, 1],
/Roct[-14400+ 9520 Y7 - 849" +9yF + 54544 #1- 2250y #1 +27y" #1-1401 #1° + 27 P #1174 9#11° 5, 1]},
{y, -9.033963554320527", 9.033968554320527" }, Aweslabel » ("Real Axis ", "Inaginary Axis™),
AesOrigin- {0, 0}]]
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B \7:

(, :

Figure 3.4.3 (c)

As in the earlier examples, it can be shown that T, is hyponormal if and only if A lies inside

and on the innermost ellipse in Figure 3.4.3 (c).

Example 3.4.4:

Reduce [441-4Abs[x] *2-21Abs[x+13] = =0, x]

-9.617183135473498" <Re[x] < 4.367183135473498" &&
(Im[x] == -1." 4/ (-0.65625" /18313." + 1664." Re[x] +0.03125" (3969.‘—32.‘R=_-[x]2)) [
Tm{x] == /(-0.65625" V/18313." + 1664." Re[x] +0.03125" (3969." -R." Re[x]?)))

Plot[{-1.” /(-0.65625 /18313.7 + 1664." y +0.03125" (3969." - R2." y*)),
/(-0.65625" \18313." + 1664. " y +0.03125" (3969." -R." ¥*))},
{y, -9.617183135473498", 4.367183135473498"},
Axeslzbel -» {"Real Axis ", "Imaginary Axis"}, AxesOrigin- {0, 0}]
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Imaginary Axis

Real BAxis

Figure 3.4.4

Example 3.4.5:

Step 1: Reduce {117-11Abs [18+5x] == 0, x]

-5.7272727272727275" sRe[x] s ~1.4727272727272727" &&
(Im[x] == ~0.040655781409087086" V/ -5103. - 4356.° Re[x] - 605.° Re([x]2 ||

Im[x) == 0.040655781409087086" V -5103." - 4356." Re[x] - 605.  Re[x]Z )

Plot[{0.040655781409087086" V-5103. - 4356." y- 605." y2 , -0.040655781409087086"

V-5103." - 4356. y-605." ¥ } , {y, -5.7272727272727275", -1.4727272727272727" },
Axeslabel » ("Real Axis ", "Imaginary Axis"}]

Real Axis

Figure 3.4.5 (a)
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Step 2: Reduce [13689-121Abs [18+5x] ~2-Abs [5841+3960x+550 x*2] = =0, x]

-5.646726877013861" <Re[x] < -1.5532731229861396" &&
(Im[x] =10 \/ (-0.0036363636363636364‘ \/-187607." - 174240." Re[x) - 24200." Re[x]Z +

0.2' (-41.° -36." Re[x] -5.‘Re[x]2)) T

Im{x] = / (-0.0036363636363636364 V/-187607." - 174240." Re[x] - 24200." Re[x]? +
0.2 (-41.” - 36." Re[x] -5." Re[x17) )

Plot[{+/ (-0.0036363636363636364° V-187607." - 174240." y- 24200." ¥ +
0.2° (-41." -36." y-5." ¥}, -~/ (-0.0036363636363636364"

V'-187607." - 174240." y-24200." y* +0.2" (-41." -36." y-5." v*)}},

(y, -5.646726877013861", -1.5532731229861396" },
Axeslabel » {"Real Axis ", "Imaginary Axis"}]

Imaginary Axis

1.5
1
0.5

Real Axis
0.5

1
-1.5

Figure 3.4.5 (b)

Step 3: Combined graph of Steps 1 and 2.

Plot [Evaluate[{0.040655781409087086" V -5103." - 4356." y-605." y2,
-0.040655781409087086" \/ -5103." - 4356. y- 605." y?,
N (-0-0036363636363636364" /-187607. - 174240." y - 24200." y? +

0.2° (-41." -36." y-5." ¥)), -~/ (-0.0036363636363636364’

V/-187607." - 174240. y-24200." y? +0.2" (-41." -36." y-5." yz))},

{y, -5.7272727272727275", -1.4727272727272727"},
Axeslabel » {"Real Axis ", "Imaginary Axis"}] ]
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Imaginary  Axis

Figure 3.4.5 (¢)



