
Accession No. ~ 2-~_l.j __ 

I Date ~ ~~~.,-,l_e, __ 



HYPONORMALITY OF TRIGONOMETRIC TOEPLITZ 

OPERATORS ON HILBERT SPACES OF ANALYTIC 

FUNCTIONS 

A THESIS SUBMITTED IN PARTIAL FULFILLMENT OF THE 

REQUIREMENTS FOR THE DEGREE OF 

DOCTOR OF PHILOSOPHY 

IN 

MATHEMATICAL SCIENCES 

By 

Ambeswar Phukon 

Registration No. 019 of 2011 

DEPARTMENT OF MATHEMATICAL SCIENCES 

SCHOOL OF SCIENCE AND TECHNOLOGY 

TEZPUR UNIVERSITY 

DECEMBER 2011 



Abstract 

In this work we study the hyponormality property of Toeplitz operators T<p. We have 

framed different sets of necessary and sufficient conditions under which a trigono­

metric Toeplitz operator T<p is hyponormal. For our study we have considered three 

different spaces of analytic functions namely the Hardy-Hilbert space H2(1l') consist­

ing of analytic functions measurable on the unit circle 1l', the Bergman space A2(IT») 

consisting of analytic functions measurable on the unit disc IT» , and the weighted 

Bergman space A;(IOl) for -1 < a < 00. 
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Chapter 1 

Introduction 

1.1 Background and Motivation 

In this thesis we investigate the hyponormality of trigonometric Toeplitz operators 

on Hilbert spaces of analytic functions, namely, the Hardy-Hilbert space H2(1I'), 

the Bergman space A2(]]))) and the weighted Bergman space A~(]]))), where a > -1, 

1I' = 8]])) and ]])) is the unit disc of comple:X plane. A Toeplitz operator on these 

spaces is a multiplication operator followed by a projection onto the initial space. 

The main objective of our research work is to address the following question: 

"Is every trigonometric Toeplitz operator hyponormal? If not, which 

trigonometric polynomials induce a hyponormal Toeplitz operator and 

under what conditions?" 

In [4], Cowen first characterized the hyponormality of Toeplitz operators on the 

Hardy space H2 in terms of the coefficients of the symbol cp. His work was further 

extended by Nakazi and Takahashi. In [44], they reformulated Cowen's result as 

follows: 

"For cp E LOO(1I'), the Toeplitz operator Tep is hyponormal if and only if 

there exists k E HOO(1I'), Ilkll oo ::; 1 such that cp - k<p E HOO(1I')." 

1 



Chapter 1 2 

This reformulation of Cowen's characterization gives a way to determine the hy­

ponormality of T<p for arbitrary trigonometric polynomial symbols tp. But the prob­

lem here is that for the hyponormality of T<p one requires to solve a certain functional 

equation in the unit ball of HOO which is not always easy. In [53], Kehe Zhu shows 

that the hyponormality of Toeplitz operators with trigonometric polynomial symbols 

on the Hardy space can ultimately be reduced to the classical Schur's algorithm in 

function theory. Thus Zhu again reformulated Cowen's characterization via Schur's 

functions <Pn for n ~ o. By explicitly using Schur's functions <Pn, Zhu has given a 

general criterion to determine the hyponormality of the Toeplitz operator Ttp with 

polynomial symbol tp(z), where tp is of the form tp(z) = l::=-N anzn . 

Although Zhu's Theorem (refer to Theorem 2.4.1) gives a substantial amount of in­

formation to determine the hyponormality of Ttp, the main hurdle here is to find the 

Schur's functions <Pn beyond n ~ 2. As there is no closed form to determine them 

so the process is quite laborious. In [36], Kim and Lee gave an alternate version of 

Zhu's theorem. Similarly in [25], Hwang and Kim studied the hyponormality of Ttp 

for special kinds of trigonometric polynomial symbols tp which are called circulant 

type symbols. Thus attempts are continuously being made to determine conditions 

under which a trigonometric polynomial will induce a hyponormal Toeplitz opera­

tor. We quote here a few significant references [6], [14], [26], [27], [28], [29], 

[30], [31], [32], [38] and [52]. 

The results obtained from the study of hyponormality of Toeplitz operators on the 

Hardy space do not automatically extend to the Bergman space. This is because 

Cowen's Theorem does not adapt to the Bergman space. The reason is that Cowen's 

theorem is based on a dilation theorem of Sarason [46]. In the Hardy space H2, the 

functions in H21.. are the conjugates of the functions in ZH2. But, for the Bergman 

space A 2 , A 21.. is much larger than the conjugates of functions in zA 2. And so we 
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can find no dilation theorem similar to Sarason in A 2 . In his doctoral thesis, H. 

Sadraoui [45J was the first to study the hyponormality of trigonometric Toeplitz 

operators on A2 space via Hankel operators. Hyponormality of Toeplitz operators 

was also studied in [40J. Then in [23], [24], [33J and [39], the hyponormality of 

Toeplitz operators was studied by considering some polynomial symbols which are 

similar to the polynomials considered in the H2 space. Till date there is no concrete 

characterization in A2 space by which the hyponormality of Tcp can be studied for 

an arbitrary trigonometric polynomial. 

1.2 Definitions and Terminologies 

Here we give a brief summary of the spaces and operators that are being considered 

in this work. We include the definitions and significant properties along with the 

references where these results are discussed in detail. For notational convenience 

throughout the thesis, C will always denote the complex plane. The open unit disk 

in the complex plane {z E C : Izl < I} will be denoted by [J), and the unit circle 

{z E C : Izl = I} will be denoted by 'Jr. 

1..2.1 Hardy-Hilbert Space 

The Hardy-Hilbert space is the set of all analytic functions whose power series have 

square summable coefficients. The Hilbert space of functions analytic on the disk 

is customarily denoted by H2. Some other spaces of analytic functions are the 

Bergman and Dirichlet spaces. 

Details of these spaces are found in references [22], [43], [54J. 

We begin with a formal definition of the H2 space. 
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Definition 1.2.1. [43] The Hardy-Hibert space, denoted by H2, consists of all an-

alytic functions having power series representations with square summable complex 

coefficients. That is, 

00 00 

n=O n=O 

For I(z) = 2::'=0 anzn and g(z) = 2::'=0 bnzn in H2, the inner product is defined as 

00 

< I,g >= Lanb~ 
n=O 

Also the norm of the vector I(z) = 2::'=0 anzn is 

00 

11111 = (L lan I2)! 
n=O 

For Zo E 1Th, the function kzo defined by 

kzo(z) = f zonzn = 1 
1 - ZoZ n=O 

is called the reproducing kernel for Zo in H2. Clearly, kzo E H2 and II kzo II = (1 -

IzoI2)-!. Also for I E H2, I(zo) =< I, kzo >. 

The Hardy-Hilbert space can also be viewed as a subspace of the well known Hilbert 

space L2. L2 = L2(1I') is the Hilbert space of square-integrable functions on the unit 

circle 1I' with respect to Lebesgue measure, normalized so that the measure of the 

entire circle is 1. The inner product is given by 

where dB denotes the ordinary(not normalized) Lebesgue measure on [0, 27f]. There­

fore the norm of the function f in L2 is given by 

Though the elements of L2 are equivalence classes, we consider them as functions 

with the understanding that I and 9 in L2 are equal if I is equal to 9 almost 
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everywhere with respect to normalized Lebesgue measure. 

For each integer n, let en(eiO ) := einO , regarded as a function on 11'. Then {en: n E Z} 

forms an orthonormal basis for L2. Thus, for f E L2, < f, en > denotes the nth 

Fourier coefficient of f and so, 

H2 = {f E L2 : (1, en) = 0, for n E Z and n < O} 

It is clear that H2 is a closed subspace of L2. Thus H2 consists of square integrable 

analytic functions on 11'. 

If UXJ denotes the space of all essentially bounded functions in L2, then 

H= = {f E L= : (1, en) = 0, for all n E Z and n < O} 

Equivalently, H= consists of all functions that are analytic and bounded on the 

open unit disk 11)). The norm of a function f E H= is defined by 

Ilfll= = sup{lf(z)1 : z E II))} 

1.2.2 Toeplitz Operator 

A bounded measurable function <p on the unit circle 11' induces in a natural way two 

operators, one on L2 and one on H2 as follows: 

Definition 1.2.2. The Laurent operator L = Ltp is the multiplication operator 

by <p defined as Ltpf = <p' f for every f E L2. 

Definition 1.2.3. The Toeplitz operator is the compression of the multiplication 

operator to the subspace H2. That is, for <p E L=, the Toeplitz operator with symbol 

<p is the operator Ttp defined by Ttpf = P(<p' 1) for f E H2, where P is the orthogonal 

projection of L2 onto H2. 
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Tcp is linear and since <p E U>O so it is also bounded with norm IITcpli = 11<pllca. If, in 

particular, <p E Roo then T:.p is called an analytic Toeplitz operator. 

The Toeplitz operator Tcp is said to be co-analytic if T; is analytic, or equivalently 

if <p E Roo. 

The Toeplitz operator Tcp induced by a trigonometric polynomial <p defined as 

<p(z) := l::=-rn anzn, is called a trigonometric Toeplitz operator. 

We recall here some of the important properties of Toeplitz operators as recorded 

m [21, [43] and [54]. 

(a) If <p and 'Ij; are in L= then To.cp+'Ij; = CiTcp+T'Ij; for any scalar Ci. Also, T; = Tcp. 

(b) For <p and 'Ij; are in L=, T'Ij;Tcp is a Toeplitz operator if and only if either T'Ij; 

is co-analytic or Tcp is analytic. In both these cases, T'Ij;Tcp = T'Ij;:.p. 

(c) A Toeplitz operator is self adjoint 'if and only if its symbol is real valued 

almost everywhere. 

(d) Let <p and 'Ij; are in L=. Then TcpT'Ij; = T'Ij;Tcp if and only if atleast one of the 

following holds: 

(i) Both <p and 'Ij; are analytic. 

(ii) Both <p and 'Ij; are co-analytic. 

(iii) There exists complex numbers Ci and /3, not both zero, such that Ci<p + /3'1j; 

is a constant, 

Since en = eint (n 2:: 0) form an orthonormal basis for R2, so if <p is a bounded 

function on 11' with Fourier coefficients an (n EN), then for n, m 2:: 0 we have 

< Tcpen, ern >=< <pen, ern > 

= 2~ Jo27r 
<p( eiO)einO e-imO de 

= 217r J~7r <p( eiO)e-i(rn-n)O de 

=< <p, em - n >= arn - n 

Thus the matrix representation of the Toeplitz operator Tcp under the standard basis 
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{ en} has the following form 

ao a_I a_2 a-3 

al ao a_I a_2 

a2 al ao a_I 

a3 a2 al ao 

The main characteristic of the above matrix (called the Toeplitz matrix) is that the 

entries on each main diagonal are constant. In fact this property actually character­

izes Toeplitz operators. That is, if T is a bounded linear operator on H2 with the 

above matrix under the standard basis, then T = T<p with <p(t) = LnEN ane
tnt . 

Note that if T<p is an analytic Toeplitz operator, then the matrix of T<p with respect 

to the basis {emO}~=o is 

ao 0 0 0 

al ao 0 0 

a2 al ao 0 

a3 a2 al ao 

where <p(z) = L~ anzn. 

1.2.3 Hankel Operator 

Another operator that appears hand in hand with Toeplitz operators is the Hankel 

operator. To define Hankel operator we need to introduce the flip operator on £2 

defined as follows: 

Definition 1.2.4. The flip operator is the operator J mapping £2 into U defined 

by J(emO ) = e-\(n+l)O 

Clearly the operator J is self adjoint and unitary. 
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Definition 1.2.5. [4] For cp E Loo, the Hankel operator HI{) is the operator on H2 

given by 

H",u = J(I - P)(cp· u), 

where J is the flip operator on L2, and P is the projection of L2 onto H2. 

With respect to the standard orthonormal basis for H2, the matrix representation 

of the Hankel operator HI{) is as follows: 

where cp(z) = L~=-oo anzn. 

The main characteristic of the above matrix is that the entries on each skew-diagonal 

are constants. In fact, this property determines a Hankel operator on the Hardy 

space. 

Necessary facts about Hankel operators include 

(i) HI{)l = HI{)2 if and only if (I - P)CPl = (I - P)CP2; 

(ii) II HI{) II = inf{II1f;lloo : (I - P)cp = (I - P)1f;}; 

(iii) H; = HI{)'; 

(iv) HI{)U = U* HI{), where U is the unilateral shift operator; 

(v) Either HI{) is one-to-one or ker(HI{)) = XH2, where X is an inner function. 

The closure of the range of HI{) is H2 in the former case and (X* H2).L in the later. 

1.2.4 Bergman Space 

Let dA (z) be the area measure on j[J) normalized so that the area of j[J) is 1. In 

rectangular and polar coordinates, 

1 1 
dA(z) = -dxdy = -rdrdB. 

7r 7r 
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Here the Hilbert space L2(1Dl) is defined with respect to the inner product 

(J, g) = 1 J(z)g(z)dA(z). 

Definition 1.2.6. The Bergman space A2 = A2(1Dl) is the closed subspace of 

L2(1Dl) consisting of all analytic functions on 1Dl. 

The set 

{en(z) = J(n+ 1)zn: n E Z,n ~ 0 and z E IJ))} 

acts as an orthonormal basis for A 2 . The Bergman kernel, to be denoted by K (z, w), 

is the function 
1 

K(z, w) = ( -)2 1- zw 

for all z, w E 1Dl. If P denotes the Bergman projection from L2(1Dl) onto A2 then for 

any J E L2(1Dl) and z E 1Dl, 

P J(z) = 1 K(z, w)J(w)dA(w) 

If LOO(IJ))) is the space of bounded area measurable functions on the unit disc IJ)), 

then for rp E LOO(D), the multiplication operator M<p, on the Bergman space is 

defined by M",(J) = <p.J, where J E A2(1Dl). The Toeplitz operator T<p on A2(1Dl) is 

defined as T<p(J) = P(rp.J). Similarly, the Hankel operator on A2(1Dl) is defined by 

H<p(J) = J(I - P)(<p.J). 

If T<p is the Toeplitz operator defined on A2(1Dl) space, then we have 

T<p(J)(z) = P(rp.J)(z) = ( ~(W)f~~~ dA(w) JJj) 1- zw 

1.2.5 Weighted Bergman- space 

Let IDl denote the open unit disc in the complex plane. For -1 < Q < 00, L2(1Dl, dAo) 

is the space of functions on IJ)) which are square integrable with respect to the measure 
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dAo:(z) = (a + 1)(1 - IzI 2 )O:dA(z), where dA denotes the normalized Lebesgue area 

measure on lIJ>. L2(lIJ>, dAo:) is a Hilbert space with the inner product 

Definition 1.2.7. The weighted Bergman space A; is the closed subspace of 

L2(lIJ>, dAo:) consisting of analytic functions on lIJ>. If a = 0, A~ is the Bergman space. 

For any non negative integer nand z E lIJ>, let en(z) = ~: where ,~ = r(;t:l~~~2). 

Here r(s) stands for the usual Gamma function. Then {en} is an orthonormal basis 

for A; (lIJ» . 

The reproducing kernel of A;(lIJ» is given by 

K(O:)'(w) - 1 for z, w E lIJ> 
z - (1 - zw)2+O: 

The orthogonal projection Po: of L2(lIJ>, dAo:) onto A;(lIJ» is given by 

If LOO(][)l) denotes the space of all essentially bounded, measurable functions then for 

rp E LOO(][)l) the multiplication operator Mcp on A;(lIJ» is defined by Mcp(f) = rp.f. 

The Toeplitz operator Tcp with symbol rp is defined on A;(lIJ» by Tcp! = Po:(rp.f). 

Thus we have 

T. f( ) = r rp(w)f(w) dA ( ) 
cp Z II) (1- zw)2+O: 0: W , 

f E A;(Il}) and Z E lIJ>. 

Similarly, the Hankel operator Hcp on A;(lIJ» is defined by Hcpf = J(I - Po:)(rp.f). 

As rp E LOO(][)l), the operators Tcp and Hcp are bounded. For details on these results, 

we may refer [54]. 
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1.2.6 Hyponormal Operator 

Definition 1.2.8. A bounded linear operator T on a complex Hilbert space H is 

said to be hyponormal if its self commutator [T*, TJ := T*T - TT* is positive semi 

definite. That is, Tis hyponormal if T*T - TT* ~ O. 

The operator T is said to be normal if T commutes with T*, that is T*T = TT*. 

T is said to be subnormal if it has a normal extension. 

It is well known from results discussed in [8J and [16J that every normal operator is 

subnormal, and every subnormal operator is hyponormal. The converse however is 

not true. For example, the unilateral shift operator on the £2 space is subnormal but 

not normal. Here £2 denotes the space of all square integrable complex sequences. 

Again for 0 < a < b < 1, if {Qn } denotes the weight sequence defined as Qo = 

a, QI = band Q n = 1 (n ~ 2), then the weighted shift operator T defined on £2 as 

T(xo, Xl, X2, ... ) = (0, QOXo, QIXI, Q2X2, ... ) 

is hyponormal but not subnormal. 

Further, if T is a hyponormal operator, then so is T - ),,1 for)" E C. However, 

powers of hyponormal operators need not be hyponormal. 

1.3 Chapterwise brief outline 

The thesis comprises of five chapters and has been organized as follows. The first 

chapter is introductory in nature. It includes a brief background leading to the 

problem in hand. The operators and spaces referred to in the sequel are also defined 

in this chapter. 

Our main work begins with chapter 2. Throughout the thesis we have worked on 

trigonometric Toeplitz operators, denoted by T<p, acting on different spaces of ana­

lytic functions. First we consider T<p acting on the Hardy space H2(1I'). Subsequently 



Chapter 1 12 

we consider Tcp acting on the Bergman space A 2 (]j))). And finally we consider Tcp act­

ing on the weighted Bergman space A;(]j))). Our objective is to determine necessary 

and sufficient conditions for Tcp to be hyponormal. 

The second and third chapters deal with Tcp acting on the Hardy space H2(1f). In our 

work we mainly refer to Kehe Zhu's reformulation of Cowen's theorem in terms of 

the Schur functions <Pn. In chapter 2 we make explicit evaluations of <Po, <PI, <P2 and 

<P3. These results are then used in chapter 3 to determine hyponormality conditions 

of Tcp for situations where the coefficients of c.p satisfy partial symmetry conditions. 

In chapter 4, we investigate hyponormality of Tcp in the Bergman space A2 (]j))). In 

this case, J. Lee [39] gave the following necessary condition for the hyponormality 

Theorem 1.3.1. Let c.p(z) = g(z) + f(z), where f(z) - alz + a2z2 and g(z) 

(i) 2(la212 -la_212) 2: 3(la_112 - lall2) 

(ii) U(lall2 -la_112) + !(la212 -la_212») U(lall2 -la_112) + (la212 -la_212») 

> 41- - 12 _ 9" ala2 - a_la-2 . 

First we show that these conditions are not sufficient to guarantee hyponormality 

of Tcp. Subsequently, in Theorems 4.3.2 and 4.3.3 we give conditions which make 

Tcp hyponormal. Comparing these results with those obtained for the Hardy space 

H2(1f) we have generated examples to bring out the fact that the hyponormality 

conditions of Tcp on H2(1f) do not naturally extend to A2(JD). 

The Chapter 5 contains necessary and sufficient conditions for the hyponormality of 

Tcp in the weighted Bergman space. In particular, we have shown that the following 

result holds for specific values of m and N: 

Theorem 1.3.2. Let c.p(z) = g(z) + f(z), where f(z) = amzm + aNzN, g(z) = 

a_mzm + a_NzN (1 :S m < N). If amo'N = a-mo'-N and a > -1, then Tcp on A;(JD) 
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is hyponormal 

Though Toeplitz operators on spaces of analytic functions are quite well understood 

and the volume of work published in this area of research is immense, yet not much 

is known about the behavior of hyponormal Toeplitz operators. In our present work 

we attempt to carry forward the ongoing research; to plug some of the holes in 

the existing literature; to make particular case studies to gain better insight; with 

the aim of answering at least some of the queries regarding the various aspects of 

hyponormal Toeplitz operators. 

I 
!CENTRAL LIBRARY, T. U. 

1 ACC~~.~~ ... .'~:r..~.~.j .... 



Chapter 2 

Schur's Function <Pn and Kehe 

Zhu's Theorem 

In this chapter we record Zhu's theorem and its different re-formulations. We give 

an explicit evaluation of 4>3 and use this to give expressions of 4>n for higher orders 

of n. 

2.1 Introduction 

In 1988, Cowen first characterized the hyponormality of Toeplitz operators on the 

Hardy space H2 in terms of the coefficients of the symbol <po He showed that: 

Theorem 2.1.1. [4] If <p is in HOO('Jf), where <p = f + 9 for f, 9 E H2('Jf), then Tep 

is hyponormal if and only if 9 = c + TrJ for some constant c and some function h 

in HOO('TI') with Ilhll oo ::; 1. 

In 1993, Nakazi and Takahashi reformulated this theorem as follows: 

Theorem 2.1.2. [44J Suppose that <p E LOO('TI') is . arbitrary and write 

Then Tep is hyponormal if and only 2f £(rp) is nonempty. 

14 



Chapter 2 15 

I 

This reformulation of Cowen's characterization gives a way to determine the hy-

ponormality of T<p for arbitrary trigonometric polynomial symbols cp. But the prob­

lem here is that for the hyponormality of T<p one requires to solve a certain functional 

equation in the unit ball of HOO which is not always easy. In [53], Kehe Zhu again 

reformulated Cowen's characterization via Schur's functions <Pn for n ~ O. By using 

explicitly Schur's functions <Pn , Zhu has given a general criterion to determine the 

hyponormality of the Toeplitz operator T<p with polynomial symbol cp(z), where cp 

is of the form cp(z) = 2.::=_NanZn. We begin with a brief description of Zhu's idea. 

2.2 Schur's Functions <Pn 

Suppose that fez) = 2.:;:0 cJzJ is in the closed unit ball of HOO(1I') (i.e. IIflioo ::; 1). 

If fo = f, define by induction a sequence {f n} of functions in the closed unit ball of 

HOOp!') as follows: 

fn(z) - fn(O) 
fn+l (z) = z(1 _ fn(O)fn(z)) ' Izl < 1, n = 0,1,2, ... (2.2.1) 

As fn(O) only depends on the coefficients co, Cl,· .. ,en, we can write 

fn(O) = <pn(eo, ... , en) n = 0,1,2, ... , 

where <Pn is a function of n + 1 complex variables. We call the <Pn's Schur's functions. 

No closed-form for the general Schur's function <Pn is known. However, Schur's 

algorithm enables us to derive <Pn for any desired values for n 2:: O. In [53], Zhu has 

listed the first three Schur's functions: 

Cl 
<Pl(eo, Cl) = 1 -leol2 

c2(1 -lcoI2) + CQC12 
<P2(eo, Cl, C2) = (1 -leoI 2 )2 -IClI 2 

In the next section we give the procedure to find the Schur's function <P3. 

(2.2.2) 

(2.2.3) 

(2.2.4) 
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2.3 Evaluation of Schur's Function <1>3 

<po(eo) = 10(0) = 1(0) = eo 

I ( ) - lo(z) - 10(0) _ L~o Ck Zk - eo _ L~1 Ck Zk- 1· 
1 Z - z(l _ 10(0)/o(z)) - z(l - co L~o CkZk) - 1 - leol2 - Co L~l Ckzk 

(2.3.1) 

Therefore, 

h(z) = h(z) - h(O) __ N 
z(1.- h(O)h(z)) zD 

(2.3.2) 

where, 

D = 1 _ ( C1 )( L~1 Ck zk-
1 

) 

1 - leol2 1 - Co L~o Ck zk 

(1 - CO L~o ckzk)(l - leol2) - CICl12 + C1 L~2 Ck zk- 1
) 

-
(1 - CO L~o ckzk)(l - Icol 2

) 

_ ((1 - leo12)2 - IClI2) - co(1- Icol2) L~l Ck zk - C1 L~2 Ck zk- 1 

- (1 - Co L%"=o ckzk)(l -leoI2) 

Therefore, 

(2.3.3) 

which gives, 

(2.3.4) 



Again, 

Now, h(z) - 12(0) 

Chapter 2 

h(z) = h(z) - 12(0) 
z(l - h(O)h(z» 

_ (1-lcoI2) Lk-2 Ck zk - 2 +COCl Lk-l Ck zk -
1 

_ c2(1-lcoI2)+CO C1 2 

- «1-lcoI2)2_lclI2)-co(1-lcoI2) L~l CkzLCi. 2:~2 Ck zk - 1 (1-lcoI 2)LlclI2 
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(2.3.5) 

= ~ [{ (1 - leol2) 2:~=2 Ck zk- 2 + COC1 2:%:1 Ck Zk- 1} {(1 - le(12)2 - IClI2} - {c2(1 -

leol2) + caC12} ( {(1 - le(12)2 - icll2} - co(l - Icol2) 2:%:1 CkZk - C1 2:%:2 CkZk-1) ] 

= f; [{ (1 -leoI2)2 -IClI2}{ (1 -leoI2) 2:%:2 Ck+1 Zk- 2 + COC1 2::1 Ck+1 Zk- 1} 

+ { c2(1 - leol2) + COC12} { CO(l - Icol2) 2:~=0 Ck+1 Zk + Cl 2:%:1 Ck+1 Zk -
1 

} ] 

= f; [{ (1 -leoI2)2 -IClI2} 2:%:1 {(I -leoI2)Ck+2 + COC1Ck+dzk-1 

+ {c2(1 -leoI2) + COC12} 2:%:0 {ca(l -leoI2)Ck+1 + C1 Ck+d zk] 

_ zN(z) 
- p 

and 

1 - h(O)h(z) 

= 1- (c'2(1-lcoI2 )+coC-1
2 )( (l-lcoI2)Lk-2CkZk-2+COClLk-tCkZk-l ) 

(1-lcoI2)LlclI2 «1-lcoI2)2-IClI2)-CO(1-lcoI2 ) L~l CkZCCl L~2 CkZk 1 

= ~ [ {(I - le(12)2 - IClI2} 2 - {(I - ico12)2 - icll2} {co(1 - leol2) 2:~=1 Ckzk + 

C1 2:%:2CkZk-1} - {62(1-leoI2) + COC-12}{C2(1-leoI2) + COC12} 

- {c2(1 - Icol2) + eoC12} {(I - leol2) 2:~=3 Ck zk- 2 + COC1 2::2 Ck Zk - 1}] 

_ D(z) 
- p 

where, 

p = [{(i-leol')' -Icd'} - co( I-Ieol') t, c,z' - <I t, C,Z'-'] { (I-Ieol')' -lcd' } 

N(z) = 2:%:0 [{ (1 -lcoI 2)2 - IClI2}{ (1 -leoI2)Ck+3 + ca C1Ck+d 

+ {c2(1-leoI2) + COC1 2}{ ca(l -leoI2)Ck+1 + CiCk+2}] 

D(z) = ((1-leoI2)2 -IClI2) 2 [ 1- 2:~=1 {co(l- icol 2)Ck + Ci Ck+1} zk] -lc2(1- icol2) + 
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CoC1212 - {c2(1-leoI2) + CoCi 2} 2::1 {Co C1Ck+1 + (1-leoI2)ck+2}zk 

Therefore, is (z) = ~~;~ 

and hence, 

where 

18 

N(O) = (1 - le(12)2 - IC112)((1 - Ico12)C3 + COCIC2) + (c2(1 - leol 2) + COC1 2)(Co(1 -

leol2)Cl + Ci C2) 

and 

(1 -leoI2)2 -lc112)((1 - le(1 2)C3 + CoCIC2) + (c2(1 - leol 2) + CoC1 2)(C0(1- leol2)Cl + CIC2) 
((I-leoI2)2 -IClI2)2 -lc2(1-leoI2) + CoC1212 

(2.3.6) 

2.4 Application of Zhu's Theorem 

By using explicitly Schur's functions <I>n for n ~ 0, Zhu has given a general criterion 

to determine the hyponormality of the Toeplitz operator Tcp with trigonometric 

polynomial symbol <p(z), where <p is of the form <p(z) = 2::=-N anzn. His theorem 

is as stated below: 

Theorem 2.4.1. [53] If <p(z) = 2::=-N anzn, where aN =1= 0 and if 

(2.4.1) 

CN-l o o 

th~n Tip is hyponormal if and only if I <I>n (Co, ... , en) I ~ 1 for each n = 0; 1, ... ; N - 1. 
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Note that each <pn(CO, ... , en) is a rational function of the form 

( ) 
Fn(eo, ... , en) 

<I>n eo, .. ·, en = G ( ) , 
nCo, .. ·,en 

where Fn and Gn are polynomials. Thus the inequalities I <Pn (eo, ... , Cn) I ::; 1 should 

be understood as !Fn(eo, ... , en)1 ::; IGn(eo, ... , en)l· 

If fez) = 2:;':0 cJzJ is a function in HOO(T) such that t.p - frp E HOO(T), then 

eo, CI, ... , CN-I are just the values given in (2.4.1). Thus Zhu's theorem says that 

if fez) = 2:;':0 cJzJ satisfies <p - frp E HOO(T), then the hyponormality of Top is 

independent of the values of cJ's for j ~ N. In [36J, Kim and Lee reformulated 

Zhu's theorem in a simpler form which is often easier to apply. 

Proposition 2.4.2. [36J If t.p(z) = 2::=-m anzn, where m ::; N and aN i= 0, then 

Tcp is hyponormal if and only if 

I<pn(eo, CI, ... , cn)1 ::; 1 for each n = 0,1, ... , N - 1. 

where cn's are given by the following recurrence relation: 

Using these re-formulations of Zhu's theorem we now prove the following result. 

Proposition 2.4.3. Suppose that k(z) = 2:;':0 cJzJ 2S m the closed unit ball of 

HOO(T) and that {<pn} 2S a sequence of Schur's functwns associated with {en}. If 

CI = C2 = ... = en-I = ° and en i= 0, then we have 

en 
<Po = co, <PI = ... = <Pn- l = 0; <Pn = 1 _ leol2; 

en+l 
<Pn+l = (1 _ leoI2)(1 - l<PnI2); 

(1 - l<pn I2)en+2en + l<pnI2C~+1 
<Pn+2 = en(1 - IcoI 2)(1 - l<pnI 2)2(1 - l<Pn+112)' 



Chapter 2 20 

Proof. Suppose k(z) = L~o cJ z1 . Then <Po = k(O) = eo and 

k ( ) 
_ ko(z) - ko(O) _ 2:;:1 C1ZJ

-
1 

1 Z - -
z(1 - eoko(z)) 1 - eoko(z) , 

so that 

Cl 
<PI = k1 (0) = I 12 = O. 1- eo 

Also we have that 

so that 

Inductively, 
~oo C zJ-m 

k () 6J=m '1 
Tn Z = _ () for m=3, ... ,n-1, 

1 - coko Z 

so that 

em 
<Pm ~ km(O) = 1 12 = 0 for m = 3, ... , n - 1 

1- eo 
Then 

so that 

(2.4.3) 

1 ~oo C zJ-n _ ~ 
l-eoko(z) ~J=n :J l-leot2 

-
z(1 - kn(O)kn(z)) 

= 
(1 - leol2) L:;:n+1 cJzJ -

n-1 + CnCo 2:;:1 C1 Z J -
1 

(1 - leoI 2)(1 - coko(z))(1 - kn(O)kn(z)) 
(1 - leol 2

) E;:n+l cJzJ-n-l + CnCo 2:~n cJ zJ -
1 

-
(1 - leoI2)(1 - eoko(z))(1 - kn(O)kn(z)) 

(2.4.4) 
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so that 

Schur's function for kn+2 is, 

Now, 

(1 - Icol2) 2::;:n+1 CjZj-n-l + enCo 2::;:n CjZj-l en+l(l -leoI2) 
(1 - leo12)2 -lenl2 = 

Then 

where, 

(1 - icoI2)(1 - Coko(z))(l - kn(O)kn(z)) 

k () 
_ A(z) + B(z) - C(z) 

n+2 Z - ( ) 
zD(z) 1 - kn+1(O)kn+l(Z) 

A(z) ~(l -Ieol')((l -Ieol')' -1c,,1') ( c,,+l + ;f., ,,;z;-n-1) 
=(1 - leoI2)( (1 - Ico12)2 - lenI2)cn +l + z(l - leol2) x 

00 

((1 - Ico12)2 -lenI2) L CjZj-n-2 
j=n+2 

21 

(2.4.5) 

(2.4.6) 

(2.4.7) 
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00 
B(z) = CnCo ((1 -leoI2)2 -ICnI2) L C)Z)-1 

)=n 

and 

2 ( ( ~ )) ( OO)2:~n CJZJ-n) 
C(z) = Cn+1 (1 -leoI2) 1 - Co eo + ~ cJz

J 1 - 1 _ ~ko(z) 

2 ( 00) ( kn(O) ( Cn + 2:;':n+l CJZ
J
-

n
)) 

=Cn+1 (1 -lcoI2) 1 - leol2 - Co L cJz) 1 - _ ( 00 ) 
3=1 1 - Co eo + 2:J =1 c3z) 

= (1-1 12)2 (1- 1 12 _ - ~ )) (1-~ + ~ 2:;':n+1 CJZ
J
-

n
) Cn+l Co eo eo ~ cJz 1 1 12 ,\,,00 J 

J=1 - Co - eo 6J=1 cJz 

~c,.+l (1 -Ieol')' (1 -Ieol' - Co t, C,Z,) x 

(
1 -leol2 - Co 2:;':1 CJZJ - ~ - ~ 2:;':n+1 CJZJ-

n
) 

1 - Icol2 - eo 2:;':1 CJZ) 

(Cn+1(1-leoI2)3 - Cn+1(1 -leoI2)2Co 2:;':1 C)ZJ) 
= 00 x 1 - leol 2 - CO 2:J=1 CJZJ 

-

(1- leol' - 1 ~~~I' - Co t, -1-~I' J, c,r) 
(Cn+1(1 -leoI2)3 (1 -leol2 - ~) 

1 - Icol2 - Co 2:;':1 CJZJ 

Cn+1(1-leoI2)3 (Co 2:;':1 CJZ) + ~ 2:;':n+l CJzJ-
n

) 

1 -leo12 - Co 2:;':1 CJZJ 

(1 -leol2 - ~) Cn+1(1-lcoI2)2CO 2:;':1 CJZJ 

1 - leol2 - Co 2:;':1 CJZJ 

Cn+1(1-leoI2)2 Co 2:;':1 CJZJ (CO 2:;':1 CJZJ + ~ 2:;':n+1 CJZJ-
n

) 

+ 1 - Icol 2 - Co 2:;':1 CJZ) 
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So A(z) + B(z) - C(z) = 

00 00 

L CJZJ- 1 + (1 -leoI2)2z(1 -lcoI2)2 -lenI2) L cJzJ-
n- 2 

J=l J=n+2 
00 00 

- z2(1 - leoI2)(1 - le(12)2 - Icn l2) L cJ zJ - n- 2Co L C1ZJ- 1+ 
1=n+2 1=1 

00 

enCoc1(1 -leoI2)((1 -lcoI2)2 -lenI2) - enC1c~z((1 -leoI2? -lenI2) 2:: CJZ1- 1+ 
J=l 

00 

(1 -leoI2)enCoz((1 -leoI2)2 ...:. lenl2) L C1 Z
J

-
2

-

)=2 

z2enc6((1 -leoI2)2 -lenI2) f CJ z1- 2 f CJZ1 -
1 

- ( en+1(1 -leoI2)3 (1 -leoI2-
J=2 J=l 

1 ~ ~~I' ) ) + c,,+1 (
1 - 1",1')3 Z (Co t, C,Z,-1 + 1 _ ~"'12 '~, c,r-1

) + 

(1 1 12 len l
2

) (1 1 12)2- ~ J-1 - eo - 1 _ leol2 en+1 - Co COZ f;;t CJZ -

en+1 (1 - le(12)2CoZ2 f cJzJ- 1 (Co f CJZ1-
1 

- 1 _ Cn
eo 

2 f CJZJ- n
-

1) (2.4.8) 
)=1 )=1 1 1 )=n+1 

The term free from z in the equation (2.4.8) is 

=0 [because C1 = 0] (2.4.9) 
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The coefficient of z in the equation (2.4.8) is 

- (1 - leoI 2)((1 - Ico12)2 -lenI2)cn+lCoCI + (1 -lcoI2)2((1 -leoI2)2 - ICnI2)Cn+2 

- Cnco( (1 - le(12)2 - ICnI2)c~co + (1 - leoI2)Cnco( (1 - lcol2? - ICnI2)C2Cn+l x 

(1 -leoI
2
)3 ( CoCI + 1_~coI2Cn+l) + (1 -leol

2 
- 1 ~~~12) en+l(1-leoI

2
)2eoCl 

=(1 -leoI2)( (1 - Ico12)2 - lenI2)cn+2 + CnC~+l (1 - Ico12)2 [because Cl = C2 = OJ 

Therefore, 

k _ (1 -leoI2)2 (((1- leol2)2 -ICnI2) Cn+2 + CnC~+I) + O(z) 

n+2 - D(z) (1 - kn+l (O)kn+l (z) ) 

where O(z) denotes the terms involving z, z2, Z3, .... 

Therefore, 

(2.4.10) 

Dividing both numerator and denominator by (1 -leoI2)2 and writing <I>n = ~, 

we get 

(1 -1<I>nI2)Cn+2Cn + l<I>nI2~+1 
<I>n+2 = Cn(l - lenI2)(1 - l<I>nI2)2(1-I<I>n+112) 

(2.4.11 ) 

o 

Remark 2.4.1. Proposition 2.4.3 is an extension of Proposition 3 [36J where <I>o, 

<I> 1 , ... , <I>n+l were determined. Here we have also determined <I>n+2 using the explicit 

evaluation of <I>3 given in section 2.3. We shall be using Proposition 2.4.3 in Chap-

ter 3 to determine hyponormality conditions for different trigonometric Toeplitz 

operators T'P' 
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Hyponormality in Hardy Space 

In this Chapter we provide some necessary and sufficient conditions for the hy-

ponormality of Toeplitz operator Tcp, where t.p is a trigonometric polynomial whose 

coefficients satisfy certain partial symmetry conditions. 

3.1 Significant Prior Results 

In this section we discuss some significant corollaries of the results established by 
, 

Cowen, Nakazi & Takahashi, Zhu and others that have already been stated in chapter 

2. These are included to give the necessary background leading to the significance 

of the work done in this chapter. Simplified versions of the original proofs are also 

included to make the work self contained. 

Theorem 3.1.1. [53J Suppose t.p = f+9) where f is an analytic polynomial of degree 

n) and 9 is in HOO. If Tcp is hyponormal, then 9 must be an analytic polynomial of 

degree less than or equal to n. 

Proof. As Tcp is hyponormal, so by Theorem 2.l.1, there exists a constant c and 

h E Hoo with Ilhll oo ::; 1 such that 9 = c + TiJ. If P denotes the projection of L2 

onto H2, then we have c = P(g - Ii!), which implies 9 - hJ = k, for some k E H2. 

25 
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For z E 1I', let f(z) = L7=0 aizt, an 1: O. 

Since h(z)f(z) = :znh(z) L~o aiZn-i so zng[z) = h(z) L7=0 aiZn-i + znk(z) E H2. 

This implies that g(z) is a polynomial of degree::; n. o 

Theorem 3.1.2. [12J Suppose cp is a trigonometric polynomial of the form cp(z) = 

L:=-m anzn where a_m and aN are non zero. IfT<p is hyponormal then la-ml ::; laNI. 

Proof. As T<p is hyponormal, so by Theorem 2.1.2, there exists k E Hoo with 

Ilkll oo ::; 1 such that cp - kip E Hoo. This implies that 
N m 

k L anz-n - L a_nz-n E H oo 

n=l n=l 

So if k(z) = L:=o Cnzn, then we get 

This relation uniquely determines the Fourier coefficients k(j) of k as k(j) = Cj for 

j = 0,1, ... , N - 1. 

Therefore, 1 ~ IIklloo ~ ICN-ml = I a;;; I 
and so, la-ml ::; laNI o 

Remark 3.1.1. From the above result we can conclude that for a trigonometric poly­

nomial of the form cp(z) = L:=-m anzn where a_m and aN are non zero, the question 

of whether or not the Toeplitz operator T<p is hyponormal is completely independent 

of the values of the coefficients ao, ... , aN-m of cp. 

In fact the following result was also proved independently: 

Theorem 3.1.3. [36J Suppose cp is a trigonometric polynomial such that cp = f +g, 

where f and g are analytic polynomials of degree m and N (m ::; N), respectively. 

If'IjJ : = f + TzN -rn g, then T<p is hyponormal if and only if T1f; is hyponormal. 
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The necessary condition for hyponormality as given in Theorem 3.l.2 shows that 

the cases where la-ml = laNI are, in some sense, extremal among all possibilities for 

hyponormality. In [36], Kim and Lee treated such cases and their result shows that 

under such extremal situation a certain symmetry property holds. We quote their 

result for reference: 

Theorem 3.1.4. [36] Suppose that c.p is a trigonometric polynomial of the form 

c.p(z) = L~=-m anzn, where m ~ Nand la-ml = laNI =1= O. Then Tep is hyponormal 

if and only if the following equation in em is satisfied: 

a-l aN-m+1 

a_z aN-m+Z 
(3.l.2) aN = a_m 

a_m aN 

In this work we try to relax the condition that la-ml = laNI and yet retain some 

symmetry. In the following sections we shall discuss hyponormality under these 

partial symmetry conditions. 

3.2 Hyponormality under partial symmetry con­

ditions 

We consider the trigonometric polynomial cp(z) := L~=-m anzn. In view of The­

orem 3.l.3 we assume m = N. Our objective is to consider hyponormality when 

la-NI ~ laNI· In this regard Kim and Lee in [36] studied the hyponormality of Tep 

when either aNa-l =1= a-Nal or aNa_Z =1= a-NaZ while aNa-i = a_Nai for all other 

i = 1, ... , N. Here we make an exhaustive study of the situations where symmetry 

may not hold at any three of the initial entries and determine necessary and suffi­

cient conditions under which Tep will still be hyponormal. 
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We begin with the case where symmetry holds everywhere except at the third place, 

that is when aNa-3 i= a-NO.3· 

Theorem 3.2.1. Suppose <p(z) = L~N anzn is such that 

a-I 0,1 

a_2 0,2 

aN a_4 = a_N 0,4 

1. If N = 4, then Tcp is hyponormal if and only if 

(a) lad ~ 1, 

(b) laa-4 - a31 ::; la41(1!1 -lad) 
(c) 1(1 -laI2)(a~ - 0,20,4 - a3a_4a) + a(a_4a - 0,3)(0,-4 - 0,3 a) I 

::; lal (la412 C!I - lair - la-4a - a312) 
2. If N ~ 5, then Tcp is hyponormal if and only if 

(a) lal ::; 1 

(b) I~I ::; I!I -Ial 

(c) I~(a:;l f -(~- a) (a:;2 )1 ::; C!I -lair _la:;112 

Proof. (1) Let N = 4 

Let Co, Cl, C2, C3 be the solutions of of the recurrence relation (2.4.2). Then 

a_4 
Co = -=-­

a4 

Cl = (a4)-1(a_3 - eoa3) 

C2 = (a4)-1(a_2 - eoa2 - Cla3) 

(3.2.1) 

(3.2.2) 

(3.2.3) 

(3.2.4) 
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Now, 

As 

So, 

(3.2.5) 

Also, 

1 1
2 la_412 1 -2 2 1 2 

1 - Co = 1 - ~ = a41 (la41 - a-41 ) (3.2.6) 

From (3.2.5) and (3.2.6), 

Again, 

and 

Now, from the equations (2.2.2), (2.2.3), (2.2.4) and (2.3.6) 
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where, 

N(O) = (1 - le(12)2 - IClI2)((1 - Ico12)C3 + CQCIC2) + (c2(1 - leol 2) + COC1 2)(C0(1 -

leol2)Cl + CIC2) and 

D(O) = ((1-leoI2)2 -ICI12)2 -IC2(1-lcoI2) + eoC1212 

Applying the Proposition 2.4.2, Tcp is hyponormal if and only if 

(i) 1<1>01 :::; 1, i.e. if and only if la_41 :::; la41, which is always true by our assumption. 

(ii) 1<1>11 :::; 1, i.e. if and only if lad:::; 1 (using (3.2.5) and (3.2.6)). 

(iii) 1<1>21 :::; 1, i.e. if and only if 

But, 

<1> = Cl = (la412~!a_412) a = ala412 = aa4a4 = (a4) a 
1 1 I 12 la412-/a_4/2 -2 - - -- eo /a41 2 a4 a4 a4 a4 

Therefore, 

1<1>21 :::; 1 if and only if I a~4 - ~. ~ I :::; 1;/2 - 1, 

i.e. if and only if la-4a - 0,31 :::; la41 C.;/ -Ial) . 

(iv) 1<1>31 :::; 1 if and only if 

1(1-lcoI2? -ICI12)«1-lcoI2)C3 + COCIC2) + (c2(1-1c012) + eoC12) x 

(eo(1 -leoI2)Cl + CIC2)1 :::; ((1 -lcoI2)2 -1c112)2 -IC2(1 -leoI2) + eoC1212 (3.2.7) 
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Now, 

(1 -ICoI')' -lcll' ~ (1 -ICoI')' (1- C ~CI~I' y) 
= (1- le(12)2 (1 -la I2 ) ; 



Therefore, 

Also, 
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((1-lcoI2)2 -ICI12)2 -lc2(1 -leoI2) + CQCl
212 

= (1 -lcoI 2)4(1 -laI2)2 _ (1 -leoI2)2IcI12Ia_4a _ a31 2 
la412 

= (1 - Ico12)4 ((1 - la12)2 - ,,:11: la-4a - ( 312 ) ; 

Therefore, the ~nequality (3.2.7) becomes 

lall (1- laI2)(a~ - a2a4 - a3a-4a ) + a(a_4a - (3)(a-4 - a3a ) I 
S; (1 - la12)21a412 - lal2la_4a - a31 2 

= lal' (la,l' C!I -Ial)' -liL,a - "31') 
Thus, 1<1>31 S; 1 if and only if 

'S lal (la,l' C!I - lal)' - I"-,a - "31') . 
(2) The case where N ~ 5 

Let Co, CI, ... , CN-l be the solutions of the recurrence relation (2.4.2). Then, 

32 
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CN-4 = (aN )-1(a_4 - Coa4 - Cla5 - ... - CN-5aN-d = 0 

CN-3 = (aN tl(a_3 - Coa3 - Cla4 - ... - CN-4aN-l) = (aN )-2(a_3aN - a-N( 3) 

CN-2 = (aN )-I(a_2 - Coa2 - Cla3 - C2a4 - ... - CN-3aN-I) 

= -(aN)-2(a_3aN - a-Na3) (a~;l) 

( aN - 1 ) = - aN CN-3 

CN-l = (aN )-l(a_l - Coal - Cla2 - ... - CN-3aN-2 - CN-2aN-I) 

= -(aN)-1 ((aN)-2(a_3aN - a-N(3)aN-2 - (aN)-3(a_3aN - a-NaS)aJv_l) 

= -(aN )-2 ((aN )-2aJv_l - (aN )-laN_2) (aN )-2(a_SaN - a-N(3) 

(- )-2 aN-l aN-2 (- - ) ((_ )2 _ ) 
= aN aN - aN a-3aN - a_Na3 

_ ((iiN_l)2 iiN-2 ) 
- aN - aN CN-3 

33 

Thus, bp(z) = Co+CN_3ZN-3+CN_2ZN-2+CN_lZN-l is the unique analytic polynomial 

of degree less than N satisfying cp - bpI{J E HOO('Jr). By our assumption we have 

CN-3 i= O. Thus, by Proposition 2.4.3 

<Po = Co, 

<P eN-3 
N-S = l-lcol2 

<P = CN-2 
N -2 (l-lcoI2 )(1-1{> N _312 ) 

<P = (l-I{>N_312)CN_ICN_3+I{>N_312c2N_2 
N -1 (I-I{>N _312)2(1-I{>N _212)(1-lcoI2)CN_3 

By using the Proposition 2.4.2, T'{J is hyponormal if and only if 

(i) I<pol :::; 1 

That is, if and only if ICoI :::; 1 

That is, if and only if la-NI :::; laNI 

which is true since we are taking la-NI < laNI. 
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That is, if and only if ICN-31 :::; 1 - Icol2 

( 
a_N a_3 ) 

det 

aN 0,3 2 

That is, if and only if laNI2 :::; 1 - 'fc:;!J 
That is, if and only if lal :::; 1. 

(iii) I <I> N - 21 :::; 1 

That is, if and only if ICN-21 :::; (1 -leoI 2)(1 - I<I>N_31 2) 

( 
a-3 a_N) det 

That is, if and only if 0,3 aN I aN-l I < laNI
2
-la_NI

2 (1 - lal 2 ) 
IaN 12 aN - IaN 12 

That is, if and only if 

IaN-II 1 I I --<--a. 
aN - lal 

(iv) 

(3.2.8) 

Now, 

Therefore, the inequality (3.2.8) holds if and only if 

( (~ ) 2 _ (1 -laI 2
) (~ ) ) lal :::; (1 - l(1 2

)2 -I a:;l 12 1al2 That is, if and only 

I 
2 I 2 2 if ~(a:;l) _(~_a)(a:;2) :::; C~I-Ial) -Ia:;ll 0 

Remark 3.2.1. For N 2: 6, if <p(z) = L~=-N anzn with laNI > la-NI, and also, 

a_I 0,1 

a_2 0,2 

aN a_4 = a_N a4 and aNa-3 i- a-Na3 

a_N aN 
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then clearly hyponormality ofTep is determined by Theorem 3.2.1. In this particular 

case we would like to mention the following result of Hwang and Lee which was 

established in 2004. 

a-m am 

a-m-l am+l N 
aN =a-N (m-l~2) 

a_N aN 

-1 m-l 

7j;(z):= L dkz
k + L dN-m+l+kzk, 

k=-m+l k=1 

where the dk are given by 

(-m+ 1 ~ k ~ N) 

then Tep is hyponorrnal'if and only if T,p is hyponormal. 

For very large N, application of Theorem 3.2.2 would significantly reduce the work 

load in determining the hyponormality of Tep. However, this theorem does not give a 

ready set of conditions to finally determine hyponormality. In view of this, Theorem 

3.2.1 offers an alternative method to determine hyponormality of Tep under the given 

restrictions on <po And hence our result is much more convenient from the point of 

view of application. This will be justified with examples in the last section of the 

chapter. 

Next, we consider <p such that the symmetry holds everywhere except at the second 

and third entries. 
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Theorem 3.2.3. Suppose It/(z) = Z=:=-N anzn (Ia-NI < laNI) is such that 

Then 

1. For N = 4, T<p is hyponormal if and only if 

(a) 1,61 :::; 1, 

(b) laa4 - ,6a3 + ,62a_41 :::; la41 (1 -1,612) 

(c) 1(1- 1,612) (,6a-4(aa4 - ,6(3) - ,6a2a4 - aa3a4 + ,6(a3)2) + (aa4 - ,6a3 + ,62a_4) 

(,6a_4 + ~(aa4 - ,6(3)) I :::; (l a41(1 - 1,612))2 - laa4 - ,6a3 + ,62a_412 

2. For N ~ 5, T<p is hyponormal if and only if 

(a) 1,61 :::; 1 

(b) a - ,6-:-( a-:~--;-l ) 1 :::; 1 - 1,612 

(c) (1 -1,612) (,6(a:~2) + a(~) - ,6(a:~l )2) - ~ (a - ,6(a:~l )/1 
:::; (1 _1,612)2 -Ia _ ,6(a:~l )1 2 

Proof (1) When N = 4 
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Using the recurrence relation (2.4.2) and writing A = la412 -la_412, we get 

a_4 
Co =-=­a4 

Cl = (a4)-2(a_3a4 - a-4(3) 

= A,8(a4)-2 

C2 = (0,4)-1 (a_2 - t cJa2+i) 
J=O 

= (0,4)-1 (a4a-2 ~ a2a-4 _ A,8(a4)-2a3 ) 

= A(a4)-3(Ua4 - ,80,3) 

C3 = (0,4)-1 (a_1 - t CJal+i ) 
J=O 

= (0,4)-1 (a_1 - aa~4 0,1 - A,8(a4)-2a2 - A(a4)-3a3(Ua4 - ,80,3)) 

= (a4)-4( -A,8a2a4 - Aa3(Ua4 - ,80,3» 

= -A(a4)-4 (,80,20,4 + Ua3a4 - ,8(0,3)2) 
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Now, using these values of Co, C1, C2 and C3, we simplify the L.R.S. of the following 

expressions as follows: 

(1 -lcoI2)2 -IClI2 = lal-4 A 2 
- A21,812Ia41-4 

= A21a41-4(l - 1,812) 

(1 - ICo/ 2
)C3 + Co CI C2 

(3.2.9) 

(3.2.10) 

= - A2/a41-2(a4)-4(,8a2a4 + Ua3a4 - ,8(0,3)2) + A2,8/a41-2(a4)-4a_4(Ua4 - ,80,3) 

(3.2.11) 
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eo(l -leoI2)Cl + CIC2 = A2,6la41-4(ii4)-lii_4 + A2i3l o'41-4(ii4)-I(aii4 - ,6ii3) 

= A2Ia41-4(ii4)-1 (,6ii_4 + i3(ao'4 - ,60,3)) (3.2.12) 

Now, using the values of eo and Cl in <1>0, <1>1 of the equations (2.2.2), (2.2.3) respec­

tively, and the values of the equations (3.2.9) and (3.2.10) in <1>2 of the equation 

(2.2.4) and applying the Proposition 2.4.2, we get 

I<pol ~ 1 iff la_41 ~ la41 which is true according to our assumption. 

I <1>11 ~ 1 ¢:::=> 1,61 ~ 1 

1<1>21 ~ 1 ¢:::=> lao'4 - ,6ii3 + ,620,_41 ~ la41(1 -1,612) 

Multiplying (3.2.10) and (3.2.11) 

((1 -leoI2)2 -ICI12)((1 -leoI2)C3 + eoCIC2) 

(3.2.13) 

(3.2.14) 

=A4Ia41-6(ii4)-4(1 - 1,612)(,6ii_4(aii4 - ,60,3) - ,6ii2o'4 - ao'3ii4 + ,6(ii3)2) (3.2.15) 

Multiplying (3.2.9) and (3.2.12) 

(c2(1 -lcoI2) + eoci)(eo(l - leol 2)Cl + CI C2) 

=A4Ia41-6(ii4)-4(aii4 - ,60,3 + ,62ii_4) (,60,-4 + i3(aii4 - ,6ii3)) 

Adding (3.2.15) and (3.2.16), we get 

((1 -leoI2)2 -ICI12)((1 -\leoI2)C3 + eoCIC2) + (c2(1 -leoI2) + coci) x 

(eo(l -leoI2)Cl + CIC2) 

(3.2.16) 

=A4Ia41-6(a4)-4(a4)-4((1 -1,612)(,6ii_4(aa4 - ,6(3) - ,6a2ii4 - aii3ii4 + ,6(ii3)2)+ 

(ao'4 - ,60,3 + ,62a_4) (,60,-4 + i3(aa4 - ,6ii3))) 

From (3.2.9) and (3.2.10)' we get 

((1-leoI2)2 -ICI12)2 -IC2(1 - leol2) + cocil
2 

=A4Ia41-8 ((1 _1,612)2 -la41-2Iao'4 - ,6ii3 + ,62o'_4j2) 

(3.2.17) 

(3.2.18) 
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Putting the values of the equations (3.2.17) and (3.2.18) in <P3 of the equation (2.3.6) 

and applying the Proposition 2.4.2, we get 

1(1 -1,61 2
) (,6a-4(aa4 - ,6(3) - ,6a2a4 - acba4 + ,6(a3)2) + (aa4 - ,6a3 + ,62a_4) 

(,6a_4 + ,6(aa4 - ,6(3)) 1 ::; (l a41(1 _1,612))2 -laa4 - ,6a3 + ,62a_412 (3.2.19) 

Hence, the result follows from the equations (3.2.13), (3.2.14) and (3.2.19), and from 

the Proposition 2.4.2. 

(2) When N ~ 5 

From the recurrence relation (2.4.2), Cn. = (aN )-1 (a_N+n - L;':~ cJaN- n+J) and 

writing A = laNI2 -la_NI2, we get 

C1 = (aN)-1(a_N+1 - CoaN-1) 

= (aN)-2(a_N+1 aN - a-NaN-d 

=0 

CN-4 = 0 

CN-3 = (aN )-1(a_3 - Coa3 - C1aN-1) 

= (aN)-2(a_3aN - a-N( 3) 

= (aN)-2A,6 

CN-2 = (aN )-1(a_2 - Coa2 - Cla3 - ... - CN-4aN-2 - CN-3aN-I) 

= (a )-1 (a-2Q,N-a-NQ,N _ Af3liN-l) 
N aN (aN)2 

CN-1 = (aN)-l(a_l - Coal - Cla2 - ... - CN-4 aN-3 - CN-3aN-3 - CN-2aN-l) 

= (a )-1 (a_1liN-a_Nlil _ Af3liN-2 _ A(aliN-f3liN-dliN_l) 
N aN (liN)2 (aN)3 

= -(aN)-4 (,6aN-2aN + aaN-laN - ,6(aN_l)2) A 

Thus, bp(z) = Co + CN_3ZN-3 + CN_2ZN-2 + CN_IZN- l is the unique analytic polyno­

mial of degree less than N satisfying <p - bpr{; E Hoo Thus, by Proposition 2.4.3, 
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1>0 = Co 

1> CN-3 
N-3 = 1-leo12 

1> CN-2 
N-2 = (1-lcoI2)(1-Iq,N_312) 

1> = (1-Iq,N_31 2 )cN_ICN_3+Iq,N_31'2c2N _2 

N -1 CN_3(1-leoI2)(1-Iq,N_312)2(1-Iq,N _212) 

Now, by putting the values of Co, CN-3, CN-2 in 1>0, 1>N-3, 1>N-2 and simplifying, we 

get 

11>01 ~ 1 iff la-NI ~ laNI, which is always true according to our assumption. 

(3.2.20) 

I ( aN-I) 2 I1>N-2 ~ 1 {::=:} a - (3 -;;;; ~ 1 -1(31 (3.2.21) 

Next,·by putting the values of Co, CN-3, CN-2, CN-1 in 1>N-l, we get 

1>N-I 

(1 -11>N-312)CN-ICN-3 + I1>N-312c?N_2 
-

cN-3(1 - ICoI 2)(1 -11>N_312)2(1 - I1>N_212) 
-(aN)-6A2(3((1-1(312)((3aN_2aN + aaNaN-l - (3(aN_l)2) - !3(aaN - (3aN_l)2) 

= 

(aN )-' A' IllaNI-' (1 - 11l1')' (1 - I"-~~J') 
-(aN )-6 A2(3((1-I(3/2)((3aN_2aN + aaNaN-l - (3(aN_d2) - !3(aaN - (3aN_I)2) 

-
(aN)-2A2(3laNI2((1-1(312)2 -Ia -(3((1:;1 )r) 

Therefore, 

I1>N-II ~ 1 if and only if 

(3.2.22) 
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Hence, the result follows from the inequalities (3.2.20)' (3.2.21), (3.2.22) and from 

the Proposition 2.4.2. o 

The next theorem investigates the hyponormality of Tep when the Fourier coefficients 

of r.p do not satisfy the symmetry in the first two entries. 

Theorem 3.2.4. Suppose r.p(z) = L.~=-N anzn ~a_NI < laNI) is such that 

'th aNa_l-a_Nal d 13 aNa-2-a _Na2 Th 
wz a:= laNILla_N12 an := laNI2 -la_NI2 • en 

1. For N = 3, Tep is hyponormal if and only if 

(aJ 1131 ~ 1 

(b) laa3 - 130,2 + ,820,_31 ~ la31(1 - 1,812) 

2. For N ;:::: 4, Tep is hyponormal if and only if 

(aJ 1131 ~ 1 

(bJ In - fi (a~;;l) I ~ 1-11312. 

Remark 3.2.2. Theorem 5 in [36J says that if r.p(z) = L.~=-N anzn and the coeffi­

cients of tp satisfies the condition aN ( a~3 ) = a_N ( }' ) then hyponormality 

a_N aN 

ofTep necessarily implies det (a __ 
2 

a __ 
N

) ~ laNI2 -la_NI2. Theorem 3.2.4 gives 
a2 aN 

sufficient conditions under which the converse is also true. 

Proof. (1) For N = 3. 

Here we write A = la312 - la_312. By using the recurrence relation (2.4.2), we get 
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Cl = (a3)-1(a_2 - Co(2) = (a3)-2(a_2aS - a2a_S) = (as)-2 A,6 

C2 = (as)-I(a_1 - Coal - Cl(2) = (as)-1 (a3a_l~a-3al - ta~~~) = (as)-3(asa - a2,6)A 

Now, by using these values in Schur's functions <Pn for n = 0,1,2, of the equations 

(2.2.2), (2.2.3) and (2.2.4) respectively, we get 

<P = U-3 o a3 
<P ~f-l 

1 = (ii3)2 fJ 

<P - (a3)-3I u31- 2(aa3-tJii2+tJ2a_3) 
2 - la31 4(1-ltJI2) 

Hence, by Proposition 2.4.2, Ttp is hyponormal if and only if I<pII S 1 and 1<p21 S 1, 

that is, if and only if 1,81 S 1 and laas - ,8a2 + ,82a_31 S lasl(1 -1,812). 

(2) For N ~ 4 

Throughout here we write A = laNI2 - la_NI2. By using the recurrence relation 

(2.4.2), we get 

C2 = ... = CN-3 = 0 

CN-2 = (aN )-1(a_2 - Coa2 - ClaS - ... - cN-SaN-d 

= (aN )-2(a_2aN - a2a-N) 

= (aN)-2A,8 

Thus, bp = Co+CN_2ZN-2+CN_IZN-I is the unique analytic polynomial of degree less 

than N satisfying c.p - bp!p E Hoo. Now, by using Proposition 2.4.3, and simplifying 

the expressions we get 
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<p - CN-2 - (iiN)-2(3 
N-2 - 1-leo12 - laNI-2 

<p - CN-l _ (iiN)-3(aiiN-.8iiN_l) 
N-1 - (1-leoI2)(1-I<I>N_212 ) - laNI 2(1-1.812) 

Hence, Tep is hyponormal if and only if I<PN-21 ::; 1 and I <P'N-1 I ::; 1. 

That is, if and only if 1(31::; 1 and 1& - ,B(a:;l)l::; 1-1(312. o 

Finally, in the following theorem we determine the hyponormality of Toeplitz oper­

ators Tep with the symbol c.p not having the symmetry in the alternate positions. 

Theorem 3.2.5. Let c.p(z) = ~:=-N anzn (with la-NI::; laNI) be a trigonometric 

polynomial which satisfies the following partial symmetry condition: 

a_2 a2 

a_4 a4 

aN a-5 = a_N a5 

(a) For N = 4, Tep zs hyponormal if and only if 

1. 1(31 ::; 1; 

3. 1(1 - 1(312)(aa~ - (3a2a4 + (3a~ - (32 a_4a3 ) + ((3a-4 - a3)(a-4 - ,Ba3)(321 

::; 1(31(la412(~ -1(31)2 - la3 - (3a_412). 

(b) For N ~ 5, Tep is hyponormal if and only if 

1. 1(31 ::; 1; 

2. 1 a:; 1 I ::; I~I - 1(31; 
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Proof. (a) For N=4 (Here we shall be using A = \a4\2 -\a_4\2). 

Using the recurrence relation (2.4.2), Co, C1, C2, and C3 are determined uniquely as 

following: 

C1 = (a4)-1(a_3 - Co(3); 

C2 = -(a4)-1(a_2 - Coa2 - C1(3); 

Cg = (a4)-1(a_1 - Coal - C1a2 - C2ag). 

Straightforward calculation gives that 

C1 = (aN )-2(a4a_3 - O,3a-4) = (a4)-2 A{3; 

- (- )-1 (a- 2 a4 -a2 a-4 _ A,B(3 ) - -(a )-3a A(3· 
C2 - a4 a4 (a4)2 - 4 g , 

_ (- )-1 (a4a-1-a-4a1 _ A.8a2 _ A.8(a3)2) _ (- )-4 ( -2 _ (3- - + {3-2)A 
C3 - a4 a4 (a4)2 (a4)3 - a4 aa4 a2a4 a3· 

Now, putting. the values of Co, C1, C2, and C3 in Schur functions <Pn for n = 0, 1,2,3 

in the equations (2.2.2), (2.2.3), (2.2.4) and (2.3.6), and simplifying we get, 

<P (a4) -2.8 . 
1 = la41-2 , 

<P - (a4)-4(.81i.-4- a3).8. 
2 - a41a41 4(1-1.812) , 

<P = (a4) -4«1-1.812)(0<0;4 2 -.8a2 a4 +.8ai -.821i.-4( 3)+(,8a-4-a3 )(a_4 -fia3 ),82) 
g la41-4«(1-1.812)2Ia412-la3-,8a_4121,812) . 

Thus, from the Proposition 2.4.2, Tep is hyponormal if and only if \<pd ::; 1, \<P2\ ::; 1 

and \<1>3\ ::; l. That is, if and only if 

(1) \(3\ ::; 1; 

(2) \;4 (a-4{3 - (3)\ ::; I~I -\(3\, and 

(3)\(1 -\{3\2)(aa~ - {3a2a4 + (3a~ - (32a_4ag) + ((3a_4 - ag)(a_4 - ,B(3){32\ 

::; \(3\(\a4\2 (~ - \(3\) 2 - lag - (3a_4\2). 

(b) For N ~ 5 (Here we write A = \aN\2 - \a_N\2) 

By Cowen's Theorem 2.l.2, Tep is hyponormal if and only if there is a function k in 

the closed unit ball of HOC ('If) such that <p - kr:p E HOO ('If). Because <p - kr:p E Hoo ('If), 
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so k necessarily satisfies the property that 

(3.2.23) 

From (3.2.23) we can compute the Fourier coefficients k(O), k(l), ... , keN -1) of k, to 

be denoted by ken) = en for n = 0,1, ... , N - 1, uniquely in terms of the coefficients 

of <p as follows: 

Coal + cla2 + ... + CN-IaN - a_I = 0 

COa2 + Cla3 + ... + CN-2 a N - a_2 = a 
COa3 + Cla4 + ... + CN-3 a N - a-3 = a 

COaN-I + ClaN - a-N+I = 0 

COaN - a_N = 0 

C2 = ... = CN-5 = CN-4 = 0; 

CN-3 = (aN )-1(a_3 - Co(3) = (aN )-2(aNa_3 - a3a-N) = (aN )-2 A,B; 

CN-2 = (aN )-1(a_2 - Coa 2 - CN-3aN-I) 

= (a )-1 (aN a-2 -a2 a_ N _ AfjaN - 1 ) 
N aN aN)2 

(3.2.24) 

Thus, kp(z) = Co + CN_3ZN-3 + CN_2ZN-2 + CN_1ZN-1 is the unique analytic polyno­

mial of degree less than N satisfying <p - kp<p E HOO('Jf). Now, by using the values 

of Co, CN-3, CN-2 and CN-1 in Proposition (2.4.3) and simplifying we get, 

<I>o = Co = a_- N 

aN 

<I> CN-3 
N-3 = 1-lco12 
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(1) 1131 :s; 1; 

(2) 1 a:;l 1 :s; I~I - 1131, and 

(3) 1 (1 - 11312) (a - (a:;2)13) + (a:;I ) 2131 ~ (( I~I - 1131 2)2 - I a:; I 12) 11312. 0 

3.3 An Alternate Approach 

In [36], hyponormality of T<p was studied when <p(z) = L~=-N anzn satisfies a 

'partial' symmetry condition. Their result is as stated below: 

Theorem 3.3.1 ( [36]). Suppose <p(z) = 2:~=-N anzn is such that 

for 1 :s; £ :s; N - 1. 

2. If \iiNa-l - a-Nael = laNI2 - la_Nl2 (f:s; !f-), then T<p is hyponormal if and 

only if (~Na_k-a_N~k) = (aN- t +k ) for k = 1 2 ... f - 1 
aN4_e-a_Nat aN J' , , , 
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4. If <p(z) = a_Nz-N + a_ez-e + aeze + aNzN (£::;~) then Tep is hyponormal if 

and only if laNa-e - a-Nael ::; laNI2 - la_NI2. 

In view of this theorem, if for £ ::; ~ we have laNa-l - a-Nael < laNI2 - la_NI 2, 

then does hyponormality of Tep necessarily imply (G.Na_k-a_NG.k) = (aN-ttl.) for 
aNa_t-a_Nat aN 

k = 1,2, ... ,£-17 Equivalently, if (G.Na_k-a_N~k) i= (aN - ttk ) for k = 1,2, ... ,£-1, 
aNa_t-a_Nat aN 

then what can we say about the hyponormality of Tep 7 Unfortunately, Theorem 

3.3.1 does not answer these questions. Consider the following example: 

Let <p(z) = 5z-6 + 7z-3 +3z-2 - Z-l + z - 2Z2 - 8z3 - 6z6 . Here N = 6, £ = 3 and as 

aNa-l- a_Nae = -2, laNI2 -la_NI2 = 11 so laNa-e - a-Nael < laNI2 -la_NI2. Also 

for k = 1 and 2, we do not have (G.Na_k-a_NG.k) = (aNa-Nitk). Yet, Tep is hyponormal 
aNa-t-a-Nat 

(shown in Example 3.4.5 ). 

Thus, in the following theorem we try to frame alternate hyponormality conditions 

for trigonometric Toeplitz operator Tep, under a situation similar to Theorem 3.3.1 

but independent of the condition: 

Theorem 3.3.2. Let <p(z) = a_Nz- N + a_mz-m + a_m+1Z-m+1 + a_m+2Z-m+2 + 

am_2Zm-2 + am_1Zm- 1 + amzm + aNzN (N ::; 7 and m ::; ~) be a trigonometric 

Polynomial with o'Na-m+2 ~ a-No'm+2. Let G.Na-m+.-a_NG.m_.· 0 12Th r at = laNI2-la_NI2 ,?' = , ,. en, 

TIP is hyponormal if and only if 

(a) laol ::; 1, 

(b) lall ::; 1 -laoI2, and 

(c) 1(1 - laol2)a2 + aoafl ::; (1 - laol2)2 - lall2 
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Proof. Suppose k E HOO('Jf) satisfies rp- krp E HOO('Jf). Then kJ- 9 E HOO('Jf) where, 

f = am_2 Zm- 2 + am_lZm- 1 + amzm + aN zN, and 

Thus, the Fourier coefficients k(O), k(l), ... , keN -1) of k, to be denoted by ken) = en 

for n = 0,1, ... , N - 1, are determined uniquely from the coefficients of rp by the 

recurrence relation (2.4.2): 

Cl = C2 = ... = CN-m-2 = CN-m-l = 0 

CN-m = (aN )-l(a_m - eoam) 

= (aN)-2(aNa_m - a-Nam) 

= (aN)-2Aao, where A = laNI2 -la_NI2 

CN-m+I = (aN)-l(a_m+I - eoam-I) 

= (aN )-2(aNa_m+l - a-Nam-l) 

= (aN )-2 Aal, where A = laNI2 - la_Nl2 

CN-m+2 = (aN )-1(a_m +2 - COam-2) 

= (aN )-2(aNa_m+2 - a-Nam-2) 

= (aN )-2Aa2, where A = laNI2 - la_Nl2 

CN-m+3 = ... = CN-l = 0 [because m::; ~l 

Thus, kp(z) = eo + CN_mzN-m + CN_m+1ZN-m+1 + CN_m+2ZN-m+2 is the unique 

analytic polynomial of degree less than (N - m + 3) satisfying <p - kp rp E HOO('Jf). 

Now, by using Proposition 2.4.3, we get 

<.Po = Co 
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_ (1-lo oI2)(iiN )-2 A02(iiN )-2 Aoo+looI2(iiN )-4A20~ 

- (iiN)-2AoO (1-1 ";: 12)(1-10<012)2(1 (1~~';~~2)2) 
_ (iiN )-2 (1-10012)0002+100120<0 
- laNI 20<0«1-10012)2-10<112) 
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As N ~ 7 so m ~ 3 and hence N - 1 ~ N - m + 2. Thus by Proposition 2.4.2, T<p 

is hyponormal if and only if I<I>N-ml ~ 1, I <I>N-m+l I ~ 1 and I <I>N-m+2 I ~ 1; that is, 

if and only if 

(a) laol ~ 1, 

(b) lall ~ 1 -laoI2, and 

(c) 1(1 -laoI2)a2 + aoail ~ (1 -laoI2)2 -laI1 2. o 

In Theorem 3.3.2, the condition m ~ !f is necessary for the conditions (a), (b), (c) 

to imply hyponormality of T<p. To see this, let us consider the following example: 

Example 3.3.1. <p(z) = 2z-6+2z-4_Z-3-z-2+Z2+2z3_Z4_3z6. Herefollowing 

notations as in Theorem 3.3.2 we have m = 4, N = 6 and hence m > !f. 

We also have ao = -~; al = -i; a2 = i and so the conditions (a), (b) and (c) of 

the Theorem 3.3.2 (1) are satisfied. The matrix represented by [T;, T<p] is: 

5 1 0 -4 -1 0 

1 5 1 0 -4 -1 

0 1 5 0 -1 -4 EBOoo. 
-4 0 0 2 0 -1 

-1 -4 -1 0 2 0 

0 -1 -4 -1 0 2 

However, as this matrix is not positive semi definite, so TI{J is not hyponormal. 

Hence the condition m ~ !f is necessary for the conditions (a), (b) and (c) to imply 

hyponormality in Theorem 3.3.2. 
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3.4 Application 

Example 3.4.1. For cp(z) = Z-4 + AZ-3 + 2z-1 + 4z3 + 2z6
, we want to determine 

the values of A for which the Toeplitz operator Tep is hyponormal. 

For this first using Theorem 3.1.3 we reduce this expression cp(z) into the form 

cp(z) = 'L:=-N anzn. Then by this proposition, Tep is hyponormal if and only if T1jJ 

is hyponormal where 'lj;(z) = Z-4 + AZ-3 + 2z-1 + 4z + 2Z4. Expressing 'lj;(z) as 

'L:=-N anzn and comparing with the given expression, we have, N = 4 and also, 

( 
a_I) ( al ) 

a4 a_2 = a-4' ~2 . 

a_4 a4 

Hence, we can apply Case 1 of the Theorem 3.2.1 to determine the values of A for 

which T<p is hyponormal. 

As a = ~4artl1i3ar4 = 23>" thus referring to the notations used in the Theorem 3.2.1 
a4 - a-4 

we have, T<p is hyponormal if and only if 

(i) lal S; 1 i.e. IAI S; ~ = 1.5. 

(ii) laa-4 - a31 S; la41 C!I - lal) i.e. IAI S; Ii = 1.22 (correct upto 2 decimal 

places). 

(iii) 1(1 -laI2)(o.~ - a2a4 - a3a-4a) + a(o._4a - 0.3)(0.-4 - a3a)1 

S; lal (la412 C!I - lair -la-4a - a312) 

i.e. 121AI4 - 61AI3 - 72IAI2 + 81 2:: 0, 

i.e. IRe[AJI S; 1.13 and IIm[AJI S; 1.13 (correct up to 2 decimal places). 

i.e. when A lies within the circle I A I S; 1.13. 

This can also be seen from the graph of 121AI4 - 61AI3 - 72IAI2 + 81 = 0 in Figure 1: 
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Jm.>.'ll..n;U~ his 

1 

/ 0.5 \ ( 

R~~l lsi! 
-1 -0.5 0.5 1 , 
\. 

-0.5 / 
-1 

Figure 1 

(Detailed analysis using M athematica is included in Appendix) 

Thus, Tcp is hyponormal if and only if 1>'1 ::; 1.13 (correct upto 2 decimal places). 

Example 3.4.2. For <p(z) = 2Z-5+4z-4+>.z-3+z-2+2z-1+3z+2z2+6z4+3z5 we 

want to determine the values of >. for which the Toeplitz operator Tcp is hyponormal. 

Since a5 ( :~: ) = a-5 ( ;: ), we can apply case 2 of Theorem 3.2.3. 

a-5 a5 

Here, a = -~ and 13 = 3
5
,).. Referring to the notations used in the Theorem 3.2.3, 

we get 

(i) 1131 ::; 1 iff 1>'1 ::; ~(correct upto three decimal places). Note that 1131 = 1 iff 

1>'1 = ~, for which condition (b) is not satisfied. Hence for hyponormality of Tcp we 

must have 1131 < 1. 

(ii) For 1>'1 < ~, la - f3(!; )1 ::; 1 - 1131 2 

iff (25 - 91>'1 2
) - 511 + 6>'1 ~ 0 

iff -0.805399 ::; Re[>.] ::; 0.569401 and II m>.1 ::; 0.68618 (correct upto 6 decimal 

places) 

iff >. lies inside and on the ellipse given in Figure 2. 



Chapter 3 

Imaginary hi." 

0.6 

0.4 

-0.:2 

-0.4 

-0.6 

Figure 2 

(iii) For A, with -0.805399 :::; Re[A] :::; 0.569401 and IImAI :::; 0.68618, 
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1(1-1,812) (,8(~) + a(~) - ,8(~ )2) - ,B (a - ,8(~)) 1 :::; (1-1,812)2-la - ,8(~) 12 

iff 1 ( 1 - 9~>.t) (- ~ - 1;>.) - 3
5
), (i + 6

5
>') 21 :::; (1 - 9~>.t) 2 - 1 i + 6

5
>' 12 

iff 513~(1 + 6A)2 + 2(1 + 6A)(25 - 91A12)1 :::; (25 _~IAI2)2 - 2511 + 6AI2 

iff -0.471929 :::; Re[A] :::; 0.169957 and IImAI :::; 0.32053 (correct upto 6 decimal 

places) 

iff A lies inside and on the ellipse given in Figure 3. 

0.1 

-0.4 -0.3 -0.:< -0.1 
-0.1 

Figure 3 

Thus, combining conditions (i), (ii) and (iii) we conclude that Tep is hyponormal if 

and only if -0.471929 :::; Re[A] :::; 0.169957 and IImAI :::; 0.32053 (correct up to six 

decimal places) as is seen from the combined graphs of (ii) and (iii) shown below. 
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Figure 4 

Example 3.4.3. Let <p(z) = 2z-4 + AZ-3 - 3z-2 + z-l + 3z + 5z2 + 6z4
• We want 

to find the values of A for which the Toeplitz operator Tip is hyponormal. 

Here we can apply the case1 of Theorem 3.2.3 since N = 4. Referring to the 

notations used in this theorem, we get 

Then applying the theorem we get that Tip is hyponormal if and only if 

(i) 1,61 ~ 1 i.e. iff IAI ~ 13
6

• 

(ii) lao'4 - ,60,3 + ,620,_41 ~ la41 (1 - 1,612) 

For IAI ~ ~6, putting the values we get, 

1
_ 21 + 9A21 < 6 (1 _ 91A12) 

4 128 - 256 

i.e. iff 13A2 - 2241 ~ 256 - 91AI2 

Solving by using mathematica, we get 

IRe[AII ~ 2.309401 and IIm[AI ~ 1.632991 (up to 6 decimal places). That is, if A lies 

inside and on the ellipse given in Figure 5 
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.5 

1 

0.5 

-0.5 

-1 

-1.5 

Figure 5 

(iii) For .\ with 1 Re[.\l 1 ~ 2.309401 and IIm[.\l ~ 1.632991 

1(1 - I,BI2) (,8a_4(aii4 - ,80,3) - ,8ii2a4 - aa3a4 + ,8(0,3)2) + (mi4 - ,80,3 + ,820,_4) 

(,80,-4 + j3(aa4 - ,80,3») 1 ~ (la41(1 _1,812»2 -laa4 - ,80,3 + ,820,_412 

if and only if 

54 

1(1-~) (_63A _ 45A) + (~_ 21) (3)' _ 63>')1 < (6 (1- ~))2_19A2 _ 2112 256 32 8 128 4 8 64 - 256 128 4 

i.e. iff 1 (256;~AI2) (- 2~;>') + (9A:~:72) (24~63>') 1 ~ 9(25~~3~;12)2 _ 19A:~~~212 
i.e. iff 21243.\(91"\12 - 256) + (9.\2 - 672)(24.\ - 63~)1 ::; 9(256 - 91"\12)2 -19,,\2 - 672/2 

By solving this inequality and using mathematica, we get that Tcp is hyponormal 

if and only if /Re[.\l/ ~ 1.339494 and /Im[,,\J/ ~ 0.5115576 (correct upto 6 decimal 

places). Graphically we can represent the values as follows: That is, if .\ lies inside 

and on the ellipse given in Figure 6. 

IJ=qinary hi" 

G.4 

O.c 

-0.5 G.5 

-0.2 

-0.4 

Figure 6 

Combining the graphs in the figure 5 and figure 6, we get that Tcp is hyponormal if 
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and only if A lies inside and on the smaller ellipse given in the figure 7 

-1 

-1.5 

Figure 7 

Example 3.4.4. Let <p(z) = 2z-5 + z-4 + 3z-3 + 3z-1 + z + AZ2 + 125 Z3 + ~Z4 + 5z5
. 

To find the values of >. for which T<p is hyponormal. 

We apply here Theorem 3.2.4. Using the notations of this theorem we get, 

Q = 0'5 a-1 - 0'1 a-5 = 13. fJ = 0'5 a-2 - 0'2 a-5 = _ 2A 
la512 - la_512 21' la512 -la_512 21 

Using the theorem we get Tip is hyponormal if and only if 

(a) IfJl ~ 1 i.e. if and only if IAI ~ 10.5 

(b) 1& - P (~)I ~ 1-lfJ12 

i.e. iff 211>' + 131 ~ 441 - 41>'1 2 which when solved by using mathematica we get 

T<p is hyponormal if and only if -9.61718 ~ Re[A] ~ 4.36718 and IIm[A]1 ~ 6.30541 

(correct upto 5 decimal places). That is, if A lies inside and on the ellipse given in 

Figure 8. 

4 

-6 -E -4 -~ 

Figure 8 
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Example 3.4.5. Let <p(z) = 5z-6 + 7z-3 + 3z-2 - Z-l + z + >'Z2 - 8z3 - 6z6 . By 

using the Theorem 3.3.2 we investigate for what values of >., Tep will be hyponormal. 

Using the notations of this theorem, we get 

a6a-3 - a-6a3 2 
ao = = --' 

la612 - la_612 11' 
a6a_1 - a-6a1 1 

a2= =-
la612 - la_612 11' 

From this theorem Tep is hyponormal if and only if 

(a) laol ~ 1, 

(b) la11 ~ 1 -laol2 and 

(c) 1(1 -laoI2)a2 + aoail ~ (1 -laoI2)2 -lalI2. 

Obviously, laol < 1. 

Putting the values of ao and a1 in (b) we get, 

11118 + 5>'1 ~ 117. 

Solving this inequality we get Tep is hyponormal if and only if 

-5.72727 ~ Re[>.] ~ -1.47273; IIm[>'] I ~ 2.12727. 

That is, Tep is hyponormal if and only if >. lies inside and on the ellipse in Figure 9. 

1 

Figure 9 

Putting the values of ao, a1 and a2 in (c) we get, 

1

117 _ 2(18+5.\? 1 < 13689 _ /18+5.\/2 
1331 1331 - 14641 121 

That is for>. with -5.72727 ~ Re[>.] < -1.47273; IIm[>']1 < 2.12727, Tep is 
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hyponormal if and only if 15841 + 3960'\ + 550,\21 S; 13689 -121118 + 5'\12. Solving' 

this inequality we get Ttp is hyponormal if and only if 

-5.64673 S; Re[,\J S; -1.55327 and IIm['\JI S; 1.86255 (correct upto 5 decimal 

places). That is, Ttp is hyponormal if and only ,\ lies inside and on the ellipse given 

in the Figure 10. 

Figure 10 

Combining the figures 9 and 10, we can conclude that Ttp is hyponormal if and only 

if ,\ lies inside and on the inner ellipse given in the figure 11. 

~in ... ry Axi,. 

Figure 11 
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Hyponormality in Bergman Space 

In this Chapter we study the hyponormality of Toeplitz operators Tep on the Bergman 

space A2(lD» for the class of functions <p = 9 + j where j and 9 are bounded and 

analytic functions on lD>. 

4.1 Introduction 

The Bergman space A2(1D» and the definition of Toeplitz operator Tep on it has 

already been discussed in Section 1.2.4 of Chapter 1 . For the case that <p = 9 + j 

with j, 9 bounded and analytic, H. Sadraoui [45] gave the following necessary and 

sufficient condition for the hyponormality of Tep in the Bergman space A2(1D». 

Theorem 4.1.1. [45] Let j, 9 be bounded and analytic in L2(1D». Then the jollow-

ings are equivalent: 

(i) TfH is hyponormal; 

(ii) H;Hg ~ HjHJ; 

(iii) Hg = CHJ, where C is of norm less than or equal to one. 

Using this result, the following more specific result was established. 

Theorem 4.1.2. [23] Let <p(z) = g(z) + j(z), where j(z) = amzm + aNzN and 

58 
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g(z) = a_mzm + a_NZN (0 < m < N). If a-mli-N = amliN, then T<p on A2(lI}) is 

hyponormal 

.-{ N~l (laNl 2 - la_NI 2) ~ m~l (la_m I2 - lam l2) 
N 2(la_NI2 - laNl2) ::; m2(laml2 - la_m I2) 

if la-NI ::; laNI 

if laNI ::; la-NI· 

The above result has the assumption a-mli-N = amliN. In [39], a necessary con­

dition for hyponormality of T<p was established where this particular assumption is 

not required. 

Theorem 4.1.3. [39] Let ~(z) = g(z) + f(z), where f(z) = alz + a2z2 and g(z) = 

(i) 2(la212 -la_212) ~ 3(la~112 -lalI2) 

(ii) (Hlall2 -la_112) + ~(la212 -la_212)) (Hlall2 -la_112) + (la212 -la_212)) 

> 41- - 12 _ 9' ala2 - a_la_2 . 

In Section 4.2 here, we show that the above set of conditions is not sufficient for T<p to 

be hyponormal. In Theorem 4.3.2, we give a set of sufficient conditions for hyponor­

mality of T<p. Here we also discuss another sufficieny condition for hyponormality of 

T<p keeping in view the following earlier results: 

Theorem 4.1:4. [45] (i) If n ~ m, Tzn+cdm is hyponormal if and only if lal < 

.Jm+l n+l' 

(ii) If m ~ n, Tzn+o:zm is hyponormal if and only if lal ::; ~. 

Theorem 4.1.5. [24] If f(z) = L:=2 anzn (N ~ 2), h(z) = az + f(z), and 

A := max{lail : 2 ::; i ::; N}, then Tf+h is hyponormal when lal ~ 2N2 A. 

Here we establish the following result: 

Theorem 4.1.6. Let f(z) = L:=2 anzn (N ~ 2), g(z) = az + f(z) and h(z) = 

bz + f(z). If ~(z) = g(z) + h(z) and Ibl > lal, then T<p is hyponormal when 

Ibl
2 
- lal

2 
> 2(N _ l)N A 

Ib- al - , 
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where A := max{lail : i = 2,3, ... , N} 

It may be noted that if we consider the above Toeplitz operator T<p on the Hardy 

space H2('Jf), then by Theorem 1.4 [12], Tg+h on H2('Jf) is hyponormal if and only 

a = b, where g and h are as described in Theorem 4.1.6. 

4.2 Preliminaries 

We begin the section with an example showing that the conditions (i) and (ii) of 

Theorem 4.1.3 are not sufficient for T<p to be hyponormal. 

Example 2.1: Let <p(z) = a_2z2 + alZ where la_212 = ;41al12 > O. Then by Theorem 

4.1.2, T<p is not hyponormal. However, the conditions (i) and (ii) of Theorem 4.1.3 

are both satisfied. 

We proceed to establish a set of conditions which are sufficient for hyponormality of 

T<p where <p = 9 + I and I, g are polynomials of degree 2. But before that we recall 

a few specific properties of Toeplitz operators and work out some necessary lemmas. 

Since the hyponormality of operators is translation invariant, we may assume that 

f(O) = g(O) = O. We have the following properties of Toeplitz operators: 

If I, g E VXl(][))), then 

(i) Tf +g = Tf + Tg 

(ii) Tj = TJ 

(iii) TJTg = TJg if I or g is analytic. 

Also using the definitions given in Section 1.2.4, it follows directly that for any 

nonnegative integers sand t, 

ifs 2 t 

iIs < t. 
(4.2.1) 
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Also, 

(ZS, zt) = 1 zSztdA(z) 

. = ~ (27r t rs+t+1et(s-t)(J drdO = 2 Os t. 
1f 10 10 s + t + 2 ' 

( 4.2.2) 

Lemma 4.2.1. [23] If kt(z) := 2:::'=0 CNn+tZNn+t for i = 0,1, ... , N - 1, then for 

o ~ m ~ N we have, 

{ 

,",00 Nn+t-m+ll cN 12 tf m <_ i,' 
(ii)IIP(zmkt(z)) 112 = un=O (Nn+t+l)2 n+i, 

,",00 Nn+t-m+ll 12'f . 
L..m=l (Nn+i+l)2 CNn+t , t m > '/,. 

Lemma 4.2.2. Let kt(z) := 2:::'=0 CNn+tZNn+t for i = 0,1, ... , N - 1. Then 

N-l 00 I 12 
(i) ~ IIHzk1 (z)1I

2 
= ~ (n + 2~n + 1)2 

N-l 2 leol2 
00 41enl2 

(ii) ~ IIHz2kl(Z)11 = -3- + ~ (n + 3)(n + 1)2 

Proof. (i) 

Again, 

N-l N-l 

L IIMzkt(z) 112 = L Ilzk1 (z)11 2 
t=O t=O 

= ~ ~ ICNn+tI
2 

~~ Nn+i+2 
t=O n=O 

-f ICNnl
2 + f ICNn+11

2 + ... + f ICNn+(N-l)1
2 

- n=O N n + 2 n=O (N n + 1 J + 2 n=O (N n + (N - 1)) + 2 

= f Icn l
2 

n=O n + 2 

IITzkt(z) 112 = liP (zkt(z)) 112 

= { 2:::'=1 (N~:1)2IcNnI2, if i = 0; 

2:::'=0 (N~:;~\)2IcNn+112, if i > O. 
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Thus, 

N-l 00 N-l 00 

"" 2 "" Nn 2 "" "" Nn + 1, 2 ~ IITzkt(Z)11 = ~ (Nn + 1)21 CNn
l + ~ ~ (Nn + z + 1)2ICNn+t

l 

N-l 00 00 

"" "" Nn + t 12 "" n 1 12 
= ~ ~ (Nn + z + 1)2ICNn+t = ~ (n + 1)2 en 

Hence, 

(ii) 

and 

so that we have 

o 

Lemma 4.2.3. Let kt(z) = 2:~=o CNn+tZNn+t for t = 0, I, , N - 1. Then for 

Proof. We note that for Z,) = 0, I, . , N - 1, If z =1= ) then Nn + z =1= Nt + ) for 

all n, t = 0.1,2, ,because if n = t then N(n - t) = 0 =1= ) - 2, and if n =1= t then 

IN(n - t)1 > N > I) - zl and so N(n - t) =1=) - t. So for 2 =1=) we have 

00 00 

(Mzskt(z), MzskJ(z)) = L L CNn+tCNt+J(zszNn+t, zSzNt+J) = 0, 
n=O t=O 
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and, 

00 00 

(T:zski(z), T:zskj(z)) = L L CNn+iCNt+j(P(ZS ZNn+i), p(ZSzNt+j )) 
n=O t=O 

~ ~ _ Nn + i - s + 1 Nt + j - s + 1 (Nn+i-s Nt+j-s) 
= 6,6 CNn+iCNt+j Nn+i+l Nt+j+l z ,z 

n?SN' t2:7 

=0 

Hence, for i i= j, 

o 

Lemma 4.2.4. Let ki(z) := L:~=o CNn+iZNn+i for i = 0,1, , .. ,N - 1. Then 

Proof. (i) 

(M:z2ki(Z), M:zki(z)) = (z2ki(z), zki(z)) 

= L L CNn+iCNt+i~ r r2rr 
rNn+Nt+2i+4edJ(Nn-Nt-l)dr dO 

n t .10 .10 

= 0, 

since N(n - t) i= 1 for all nand t. 

Similarly, 

= 0, 
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since N n + i - 2 =1= Nt + i-I for any n or t. 

(ii) We have, 

So, 

Again, 

and so, 

N-1 N-1 Nt + j 
L: (TZ2ki (z), Tzkj(z)) = L L CNt+J+1 CNt+j (Nt + j + 2)(Nt + j + 1) 
i,j=O )=0 t~ 9 

N-1 00 Nt + j 
= L: L: CNt+j+1

C
Nt+j (Nt + j + 2)(Nt + j + 1) 

j=l t=O 

00 n 

= L Cn+1Cn (n + l)(n + 2) 
n=l 

Hence, 

~ 2Cn+1Cn 
= ~ (n + l)(n + 2)(n + 3) 

n=O 

o 
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Proof. As anan+l ~ b; V n, so (an + an+1)2 = (an - an+1)2 + 4anan+! ~ 4b;, and 

because an, bn ~ 0 it follows that an + an+1 ~ 2bn V n. 

Therefore, 22::=0 an = 2::o(an + an+!) + ao ~ 2:~=o(an + an+!) ~ 2 2:~=0 bn 0 

Lemma 4.2.6. Let k,(z) := E~=oCNn+,zNn+' for '1, = 0,1, ... , N - 1. Also let 

~ E {2, ... , N}, T E {I, 2, ... ,~ - I} and f(z) = 2::;:=e amzm. Then 

('1,) (H Jk,(z), HZTk,(z» = 0, 

(2'1,) 2:~-=~(HJk,(z), Hz-rkJ(z» 

N [T-1 1 00 ] 

= ~am ~n+m+l + ~(n+m-T+l)~T+m+l)(n+l) CnCn+m- T 

Proof. (i) 

(M fie, (z), M" Ie, (z)) ~ (; amZ'" Ie, (z), Z' k, (z) ) 

N 

= Lam L L CNn+,CNt+I (zmzNn+" ZT zNt+,) 
m=e n t 

N 

= Lam L L CNn+,CNt+t 1 zNn+HTzNt+,+mdA(z) 
m=e n t lIli 

= 0, 

since 1 ~ m - T ~ N - 1 implies N n + TiNt + m for any n or t. 

Again, 

N 

(Tfk,(z),Tz-rk,(z) = Lam L L CNn+,CNt+, (p(zmzNn+,), P(ZT zNt+,» 
m=~ n 

~ _ '""" '""" _ (Nn + '1, - m + 1)(Nt + '1, - T + 1) 
= ~ am n~ t~ CNn+,CNt+, (Nn + '1, + 1)(Nt + '1, + 1) X 

- N - N 

=0, 
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since Nn - m =1= Nt - T for any n or t. 

Thus, (Hlki(z), Hz..-ki(z)) = 0 

(ii) 

N-1 
L (Mlki(z), Mzrkj(z)) 
i,j=O 

= ~ _ (~CnCn+m-r) 
~am ~n+m+1 
m=~ n=O 

Also, 

N-1 
L (Tlki(z), Tz..-kj(z)) 
i,j=O 

N-1 N _ _ (Nn + i - m + l)(Nt + j - T + 1) x 
= L Lam L L CNn+1CNt+j (Nn + i + l)(Nt + j + 1) 

i,j=Om=~ n~TnN' t~~ 

N N-1 Nt + j _ T + 1 
= L am L L CNt+j+m-r CNt+j (Nt + j + m - T + l)(Nt + j + 1) 
m=~ j=O t~;? 

~ _ ~ (n - T + 1) Cn Cn+m-r 
= ~ am ~ (n + m - T + l)(n + 1) 
m=~ n=r 

Thus, 

N-1 
L (Hlki(z), Hzrkj(z)) 
i,j=O 

N (00 1 00 n-T+1 )_ 
= ~ am ~ n + m + 1 - ~ (n + m - T + 1) (n + 1) Cn cn+m- r 
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N ( r-1 1 00 mT ) _ 
= L am L n + m + 1 + L (n + m + 1)( n + m - T + 1) (n + 1) Cn cn+m- r 
m=~ n=O n=r 

o 
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4.3 Hyponormality Conditions 

4.3.1 Necessary conditions for hyponormality 

Theorem 4.3.1. Let cp(z) = g(z) + fez), where fez) = 2:~=1 anzn and g(z) = 

2:~=1 a_nzn. Let T<p be hyponormal. Then 

(i) 2:~=1 n~l (lanl2 - la_nI2) 2: 0 
(2i) (2:~=1 n~l (lanl2 -la_nI2)) (2::=1 n~2(lanI2 -la_nI2) + ~(la_112 -lalI2)) 

2: 12:~:; n~2(anan+l - a_na_(n+1))r 

Proof. Let T<p be hyponormal. Then 

We have, 

(MJ(eo + C1Z), MJ(co + C1Z)) 

= (2:~=1 anMzn(eo + C1Z), 2::=1 anMzn(eo + C1 Z)) 

= (2::=1 an?(eo + C1 Z), E~=l anzn(eo + C1Z)) 

= (E~=l eoan?, L~=l eoanzn ) + (L~=l eoanzn , L~=l C1 anzn Z ) 

+ (E~=l ClanZnZ, E~=l eoan zn ) + (2:~=1 Clan?z, E~=l Clan?z) 

1 12 ,,",N 1a.-.12 + 1 12 ,,",N lan l2 + 2R (- ,,",N-l - (-n+l -n)) = eo Lm=l n+l Cl L.Jn=l n+2 e COCI L.Jn=l anan+1 Z Z, Z 

= leol2 E:=l I~:;g + ICl12 E~=l I~:I~ + 2Re (COCI E::11 a.::r) 
And, 

(TJ(eo + C1 Z), TJ(eo + C1 Z)) 

= (P(f(co + C1 Z)), p(nco + C1Z))) 

= (p (E~=l anzn(eo + C1Z)) ,P (E~=l anzn(eo + C1 Z)) ) 

= (2::=1 anp(zn(co + C1 Z)), E~=l anp(zn(eo + C1 Z))) 

(4.3.1) 

= (2:~=1 coanP(?) + L~=l C1 anP (Znz ), 2:~=1 eoanP(zn) + E~=l c1anP(znz )) 

= iicll2larl2, (using 4.2.1) 
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Therefore, 

(HjH f(eo + ClZ), eo + ClZ) = leo12l:~=1 \:~\: + lcl12l:~=1 \:~\~ - ~lcl121al12 

+2Re (eo- C ""N-l anQ.nt 1 ) . 
1 L . .m=l n+2 

Similarly, 

(H*H-(eo + C z) eo + C z) - leol2 ""N la_n l
2 + Ic 12 ""N la_nl

2 
_ llc 121a 12 9 9 1, 1 - L. . .m=l n+l 1 L_m=l n+2 4 1 -1 

+2R (
- ""N-l a-na_(ntl») e CaCl L..m=l n+2 

Therefore, 

((HjHf - H;Hg)(eo + ClZ), (eo + ClZ)) 

N 1 N 1 
=leol2 L n + 1 (lan l2 -la_n I2) + IClI2.L n + 2 (lan l2 -la_n I2) 

n=l n=l 

68 

(4.3.2) 

If T({' is hyponormal, then from (4.3.1) and (4.3.2) we get 

~ Icll'( la_Ii' - la,l') + 2Re ( CoCl %: n ~ 2 (a"a.+l - a_na_(n+l»)) 2 0 

==> 
N N 

Ical 2 L n ~ 1 (lan l2 - la_n I2) + ICll2 L n ~ 2 (lan l2 - la_n I2 )+ 
n=l. n=l 

1 2 2 I 12 N-l 1 
::tICll (la-II - al ) + 21eoCli L n + 2 (ano'n+l - a_no'-(n+l») ;::: 0 

n=l 

Two cases arise: 

Case 1: If Cl = 0, then the hyponormality of T({' gives that 

(4.3.3) 
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Case 2: If Cl i= 0, then we get 

( 4.3.4) 

If a quadratic polynomial f(x) = ax2 + bx + C (for a, b, C real and a ~ 0) takes a non 

negative value for all x, then it cannot have two distinct real roots. Hence for such 

a case we must necessarily have 4ac ~ b2
. Thus from 4.3.3 and 4.3.4 it follows that 

(4.3.5) 

o 

4.3.2 Sufficient conditions for hyponormality 

Theorem 4.3.2. Let <p(z) = g(z) + f(z), where f(z) = alZ + a2z2 and g(z) = 

a-lz + a_2z2. Also let ml := iali2 -ia-li2 and m2 := 4(ia_2i2 -ia2i2). Then for 

ia_2i ~ ia2i, Tcp is hyponorrnal, if 

(i) m2 :::; ml :::; V2m2' 

(ii) 4iala2 - a-la-2i :::; ml - m2· 

Proof. Let K, := {kt E A2(j[))) : k,(z) = L~=o C2n+tZ2n+t}, where i=O,1. By Theorem 

4.1.1, Tcp is hyponormal if and only if 

((HjH f - H; H,) t, k,(z), t, k,(Z») ?: 0 

i.e. if, 
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(HZ2 'L:=O ki(z), Hz2 'L:=O ki(z)) + 2Re [(a10'2 - a-lo'-2) x 

(Hz2 'L:=O ki(z), Hz 'L:=o k~(z») ] 2 0 

i.e. if, 

ml 'Li=o IIHzki(z) 112 - T 'Li=o IIHz2ki (z) 112 

+ 2Re [(a10'2 - a-lo'-2) 'Li,j=o(Hz2k~(z), Hzkj(Z»)] 2 0, (using lemma 4.2.3) 

i.e. if, 

i.e. if, 

i.e. if, 

i.e. if, 
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161 - - 12 \Cn\2\Cn+l \2 < [ml m2] 
ala2 - a-la_2 (n + 1)2(n + 2)2(n + 3)2 - (n + 2)(n + 1)2 - (n + 3)(n + 1)2 X 

[ ml m2]1 121 12V >0 
(n+3)(n+2)2 - (n+4)(n+2)2 Cn Cn+l n - , 

(using Lemma 4.2.5) 

i.e. if, 
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161ala2 - a_la_212 ~ [(:: ~) ml - m2] [ml - (:: !) m2] \in ~ 0 (4.3.6) 

For x E lR.+, let 

Then 

((x) 
m~ 2(x + 3)mlm2 mi 

(x+4)2 + (X+4)2(x+2)2 - (x+2)2 

m~ 2(x + 3)mi m~ < + since m2 < ml 
- (x + 4)2 (x + 4)2(x + 2)2 (x + 2)2' 

2(x+3) [2 2] 
= (x + 4)2(X + 2)2 m 1 - 2m2 

< 0 if 0 < ml < h m2 (4.3.7) 

Thus, if m2 < ml < y'2 m2 then ~(x) is a decreasing sequence of positive values and 

and so Tcp is hyponormal. o 

Thus by the above theorem we can easily check that if <p(z) = lOv'IOz2 + V5iz + 

z + 10J2z2 then Tcp is hyponormal on the Bergman space A2(1Dl). However, the 

conditions of the above theorem are not necessary for hyponormality as is seen by 

taking <p(z) = Z2 + l1z + 15z + Z2. In this case Tcp is hyponormal by Theorem 4.3.3, 

to be proved next. 

Theorem 4.3.3. Let f(z) = L~=2 anzn (N ~ 2), g(z) = az + fez) and h(z) = 

bz + fez). If <p(z) = g(z) + h(z), and Ibl > lal then Tcp is hyponormal when 

Ibl
2 

- lal
2 

> 2(N _ l)N A 
Ib- al - , 

where A := max{lail : i = 2,3, ... , N} 
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Proof. Let K\ := {k\ E A2(~) : kt(z) = L~==o CNn+tZNn+t}, where i=O,l...,N-l. By 

the Theorem 4.1.1, Tip is hyponormal if and only if 

(4.3.8) 

Now, 

Similarly, 

Thus from the inequality (4.3.8), Tip is hyponormal if and only if 
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i.e. if 

ao 
2 2 ~ 1 2 

(Ibl -Ial) ~ (n + 2)(n + 1)21CnI + 

2Re b - a a mCnCn+m-l > 0 
( 

N 00 _ ) 

( ) ~ m~ (n+m+ 1)(n+m)(n+ 1) -

i.e. if for each m = 2,3, ... , N - 1 we have, 

(lbl2 lal2) ~ icnl
2 

> 
~ (n + 2)(n + 1)2 -

ao 

2(N - 1)lb - allaml L (n + m + 1)(: + m)(n + 1) IcnIICn+m-ll 
n=O 

That is, if 

ao 'ICnI2 > 00 am 
~ (n + 2)(n + 1)2 - ~ (n + m + 1)(n + m)(n + 1) Icnl ICn+m-lI, 

where 

2(N - 1)lb - allamlm 
am = Ibl2 -lal2 

i.e. if for all n 2: 0 and for all m = 2,3, ... , N - 1 

2amlcnlICn+m-lI < ICnl
2 + ICn+m-11

2 

(n + m + 1)(n + m)(n + 1) - (n + 2)(n + 1)2 (n + m + 1)(n + m)2 

i.e.if for each m = 2,3, ... , N - 1 and for each n 2: 0 

2 n+m+l 
a <----

m - n+2 
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As m > I, so n~:tl > 1 for all n 2: O. Thus if A := max{lail : i = 2,3, ... , N} then 

T<p is hyponormal if 

Ibl
2 

- lal
2 

> 2A(N _ I)N 
Ib- al -

o 

Remark 4.3.1. From the Theorem 1.4 of [12], it follows that T<p on H2(1r) is hyponor­

mal if and only if b = a. But in the case of Bergman space T<p can be hyponormal 

even if b =J a whenever Ibl:=~12 is sufficiently large. 
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Example 4.3.1. Let ip(z) = 2z3 +z2+11z+15z+z2+2z3 . So by the above Theorem 

4.3.3, TIP on the A2 space is hyponormal, but it is not hyponormal on the Hardy space 

H 2(1f). 

Remark 4.3.2. In the Theorem 4.3.2, we have assumed that la_21 2 la21 and given 

a set of conditions sufficient to make TIP hyponormal. However, no such sufficiency 

conditions have yet been established for the case la_21 < la21. 
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Hyponormality in Weighted 

Bergman Space 

This Chapter is a continuation of the Chapter 4. Here we investigate the hy­

ponormality of Toeplitz operator T<p on A~(IlJJ) space with the symbol <p(z) = 

a_NzN + a_mzm + amzm + aNzN (0 < m < N) with some assumptions about 

the Fourier coefficients of <po 

5.1 Introduction 

Recall that hyponormality of Toeplitz operators on the Hardy space H2('II') of the 

unit circle 'II' was characterized by Cowen [4], and subsequently by Nakazi and 

Takahashi [44]. The solution is based on a dilation theorem of Sarason [46]. As 

no such dilation theorem is available in the Bergman space, the question concerning 

the characterization of hyponormal Toeplitz operators on the Bergman space is still 

open. For <p = j + g with j, 9 bounded analytic, we can refer the result due to H. 

Sadraoui (Theorem 4.1.1): 

Theorem 5.1.1. [45] Let j, 9 be bounded and analyt~c ~n L2(llJJ, dA). Then the 

jollow~ngs are equwalent: 

75 



(i) TfH is hyponormal; 

(ii) H;Hg ~ HJHf; 
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(iii) Hg = CHI, where C is oj norm less than or equal to one. 
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The above result also holds on weighted Bergman space A;(ll))) with -1 < a < 00. 

Also, for a certain trigonometric polynomial <p, 1. S. Hwang [23J proved the following 

result: 

Theorem 5.1.2. [23J Let cp(z) = g(z) + J(z), where J(z) = amzm + aNzN, g(z) = 

a_mZm+a_NzN (0 < m < N). IJamaN = a-ma-N, thenT<p onA2(l!))) ishyponormal 

{:::=::} { N~l (laNl 2 - la_NI2) ~ m~l (la_ m I2 -lam I2) if la-NI ~ laNI 

N 2(la_NI2 -laNI2) ~ m2(lam l2 -la_m I2) if laNI ~ la-NI 

For the weighted Bergman space A;(j[))), a similar result is the following: 

Theorem 5.1.3. [34J Let <p(z) = g(z) + J(z), where J(z) = alZ + a2z2 and g(z) = 

{:::=::} { Q~3(la212 -la_212) ~ ~(la_112 -lalI2) if la_21 ~ la21 
4(la_212 -la212) ~ lall2 -la_112 if la21 ~ la_21 

In this chapter we continue this line of investigation for T<p on A;(j[))) and establish 

hyponormality conditions for the following cases: 

1. Where <p = 9 + f and J(z) = alZ + a3z3 and g(z) = a_lZ + a_3z3 with ala3 = 

5.2 Few Significant Lemmas 

The weighted Bergman space A;(l!))) and related terms have already been introduced 

in section 1.2.5. It is also well known that Toeplitz operators on the Bergman space 
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are related to Hankel operators by the following algebraic relation: 

(5.2.1) 

(5.2.2) 

for every f, 9 E LOO(JI))). If f, 9 E HOO(JI))), then 

(5.2.3) 

For studying the hyponormality of Toeplitz operators, we need to pay much attention 

to the Hankel operators H! and Hg. 

Let Ik = Ilzkl/o. Then a simple calculation shows that 

Ik = (a + 1) 10
1 

Iz 1
2k (1 -lzI2fdA(z) 

= (a + 1) 11 tk(1 - tYXdt 

= (a + l)B(k + 1, a + 1) 

k! 
= k <1 fl j =l(a + 1 + j) -

2 

where B(p, q) is the Beta function. It then follows that for l 2 0, p(k) = d&- is 
Ik+l 

strictly decreasing and 
2 

1· Ik 
1m -2- = 1 

k~oo Ik+1 

The following lemma shows a few basic properties of Hankel operators. 

Lemma 5.2.1. ([1], [42J) Fix m 2 1. Then for a 2 -1, 

{ 

(m~k 
(i) Hzm(Zk)(O = - k ",2 

~m~ _~ 
Ik-m 

if 0 $ k < m 

if m::; k; 

(ii) the functions {Hzm(Zk)}k=O are orthogonal in L2 (JI)),dAo); 

if 0 S k < m 

if m::; k; 

(5.2.4) 
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If Pa. denotes the projection of L2(IO, dAa.) onto A2(1O), then we have the following 

useful result: 

Lemma 5.2.2. [34] For any s, t nonnegative integers, 

Pa.(ztzS) = r(s+a.+2)r(s-t+l) Z 2 
{ 

r(s+1)r(s-t+a.+2) s-t . f s ~ t 

o if s < t 

We now proceed to establish a few more lemmas which will help in proving the hy-

ponormality results in the next section. In these lemmas, k~(z) for i = 0,1, ... ,N -1 

is defined as follows: 
00 

ki(z) := L CNn+~zNn+t 
n=O 

Lemma 5.2.3. For 0 < m < Nand i = 0,1, ... , N - 1, we have 

(i) IIzmkt(z)lI~ = L~=o h~~~~2~~(;:;? ICNn+tI
2 

{ 

,",00 (Nk+t)!2r(Nk+t-m+a.+2)r(a.+2) I 12 if m > i 
(ii) liP (zmk (z))112 = 6k=1 r(Nk+~+a.+2)2r(Nk+~-m+l) CNk+i 

a. t a. ,",00 (Nk+t)12r(Nk+t-m+a.+2)r(a.+2) I .1 2 if m <_ i 
6k=O r(Nk+t+a.+2)2r(Nk+t-m+l) CNk+t 

Proof. (i) IIzmkt(z) II; = IIzm L~=o cNn+tzNn+tll~ 

= <,",00 C zNn+Hm ,",00 C zNk+Hm) 
6n=O Nn+~ ,6k=O Nk+t 

- '"' '"' C c- k (zNn+t+m zNk+t+m) - 6n 6k Nn+t N +t , 

= Ln Lk CNn+tCNk+tT'Nn+HmT'Nk+i+m(eNn+t+m(Z) , eNk+t+m(Z)) 

= Ln ICNn+tI2T'~n+~+m 
_ '"' (Nn+t+m)!r(a.+2) I 12 
- 6n r(Nn+t+m+a.+2) CNn+t 

11
,",00 r(Nn+t+l)r(Nn+~-m+a.+2) Nn+~-mI12 
6n=O CNn+t r(Nn+t+a.+2)r(Nn+t-m+l) z a. 

II ,",00 r(Nn+t+l)r(Nn+~-m+a.+2) Nn+i-m 112 
6n=1 CNn+t r(Nn+t+a.+2)r(Nn+t-m+l) Z a. 

if m::; i 

if m> i 

if m::; i 

if m > i 

II ,",00 (Nn+~Wr(Nn+t-m+a.+2)f'(a.+2) I 12 
6n=O r(Nn+Ha.+2)2r(Nn+t-m+l) CNn+t 

II ,",00 (Nn+t) 12 r(Nn+t-m+a.+2)r(a.+2) I 12 
6n=1 r(Nn+t+a.+2)2r(Nn+t-m+l) CNn+t 

if m ::; 't 

2f m > i 
o 
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Proof. 

00 00 

(Hz1nkt(z) , Hzmkj(z))a = 2: L CNn+tCNk+J (HZ1nZNn+\ Hz-mzNk+1 ) a 

n==O k=O 

Now, 

Nn + i = Nk + j ¢=:> N(n - k) = j - i. 

As 0 ::; ?', j ::; N - 1, so 0 ::; J - '/, ::; N - l. 

Thus, N(n - k) = j - i ==> n - k = 0 i.e. n = k. This gives i = j, a contradiction. 

Hence, Nn + i -=1= Nk + j for all n, k and so by Lemma 5.2.1, 

Thus, 

if i -=1= J. o 

Lemma 5.2.5. Let fez) = amZm+aNzN, g(z) = a_mZm+a_NzN with 0 < m < N). 

Let a > -1 and amo,N = a-mo,-N. Then for i -=1= j we have 

Proof. (HJkt(z) , HJkJ(z))a 

= (o,mHzmkt(z) + o,NHzNkt(z), o,mHzmkJ(z) + o,NHzNkJ(z))a 

= amo,N(HzNkt(z), HZ1nkJ(z))o+o,maN(Hz-mkt(z), HzNkJ(z))a 

Lemma 5.2.4) 

and similarly, 

Since amo,N = a-mo,-N, hence we have the result. o 
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Lemma 5.2.6. Let <p(z) = g(z)+ J(z), where J(z) = amZm+aNzN, g(z) = a_mzm + 

a_NzN (0 < m < N). IJ a > -1 and amo,N = a-ma-N then T<p on A~(IJ))) zs 

hyponormal zJ and only zJ 

(I 12 - 1 12) [",m-l (m+t)lr(a+2) 1 12 + ",00 { (m+t)lr(a+2) 
am a_m ~t=O r(m+t+a+2) Ct ~t=m r(m+t+a+2) 

+ (tl)2r(t-m+a+2)r(a+2) 1 12}] + (I 12 _I 12) [",N-l (NH)lrca+2) 1 12 r(t+a+2)2r(t-m+l) Ct aN a_N ~t=O r(N+t+a+2) Ct 

+ ",00 {(NH)lr(a+2) + (t l)2r(t-N+a+2)rca+2) 1 12}] > 0 
~t=N r(N+t+a+2) r(t+a+2)2r(t-N+l) Ct -

Proof. For z = 0,1, ... , N - 1, let K t := {kt E A~ : kt(z) = L:~=o CNT1.+tZNT1.+t}. 

By Theorem 5.1.1, T<p is hyponormal if and only if 

N-l N-l 

((HiHj- H;Hg) L kt(z), L kt(z))a 2 ° 
t=O t=O 

. That is, if and only if, 

That is, if and only if 

N-l N-l 
L II Hj(kt(z)) II! 2 L IIHg(kt(z))II;, 

t=O 

(which we get by using Lemma 5.2.5) 

That is, if and only if 

N-l N-l 
L [IIMj(kt(z))II! - IITj(kt(z))II;] 2 L [IIMg(kt(z))II; - IITg(kt(z))II;] (5.2.5) 

t=O 

We have, 

IIMj(kt(z))II~ = lIJ(kt(z))II~ 

= ((amzm + aNzN) kt(z), (amzm + aNzN) kt(z)) a 

= lamI2I1zmkt(z)ll~ + laNI2I1zNkt(z)lI~ + amaN (zmkt(z),zNkt(z))a + 

amaN (zN kt(z), zmkt(z)) a 

Similarly, 
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IIMg(k,(z)) II; = la_mI2I1zmk,(z) II; + la_Nl 2l1zN kt(z) II; +a-ma-N (zmk,(z), ZN k,(z) / a 

+a-ma-N (zN k,(z), zmkt(z) /0 

Also, 

I!T/(k,(z)) !I; 
= II (amTzm + aNTzN) kt(z) II; 

= lamI21ITzmk,(z)ll; + laNI 2I!TzNk,(z)II; + CimaN (Tzmk,Cz), TzNk,(z))o + 

amaN (TzNk,(z), Tzmkt(z))o 

and similarly, 

a-ma-N (Tzmk,(z), TzNk,(z))o + a-ma-N (TzNkt(z), Tzmk,(z))a 

Using these in (5.2.5), we have, T<p is hyponormal if and only if 

L~~l [Claml2 -la_m I2)llzmkt (z)ll; + (laNl 2 -la_NI2)l!zNkt (z)II;] ~ 

L~~l [Claml2 -la_mI2)IITzmk,(z)II; + (laNl 2 -la_NI2)IITzNkt (z)II;] 

That is, if and only if 

Claml2 - la_mI2) L~~l [l!zmkt(z)lI; - II Po CzmktCz)) II;] + 

(laNl 2 -la_NI2) L~~l [lI zNk,(z) II; -IiPa (zNktCz)) II;] ~ 0 

That is, if and only if 

(I 12 1 12) ["N-l ,,00 (Nk+t+m)lr(0+2) 1 12 
am - a_m L.....t=O L.....k=O r(Nk+t+m+o+2) CNk+t -

"m-l ,,00 (Nk+l)12r(Nk+t-m+o+2)r(a+2) I 12 
L.....t=O L.....k=l r(Nk+t+o+2)2r(Nk+t-m+l) CNk+l + 

"N-l"oo (Nk+,) 12r(Nk+t-m+a+2)r(0+2) 1 12] CI 12 1 12) 
L.....t=m L.....k=O r(Nk+t+o+2)2r(Nk+t-m+l) CNk+t + aN - a_N x 

"N-l ["00 (Nk+t+N)Ir(0+2) I 12 ,,00 (Nk+t)12r(Nk+t-N+o+2)r(0+2) I 12] 
L.....t=O L.....k=O r(Nk+t+N+o:+2) CNk+t - L.....k=l r(Nk+t+o+2)2r(Nk+t-N+l) CNk+t 

~O 

That is, if and only if 

(Ia 12 - la 12) "m-l [(m+t)lf(0+2) I 12 + ,,00 {(Nk+t+m)lf(o+2)_ m -m L.....t=O r(m+t+a+2) Ct L.....k=l r(Nk+t+m+o:+2) 

(Nk+t)12r(Nk+t-m+o+2)r(a+2)} 1 12] + (I 12 _I 12) "N-l ,,00 [(Nk+t+m)lr(a+2) f(Nk+t+o+2)2r(Nk+t-m+l) CNk+t am a_m L.....t=m L.....k=O f(Nk+t+m+a+2) 
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_ (Nk+i)!2r(Nk+i-m+a+2)r(O+2)] / ./2 + (/ /2 -/a /2) "N-l [(N+i)!r(a+2) / ./2 
r(Nk+i+a+2)2r(Nk+.-m+l) CNk+. aN -N L..-i=O r(N+i+a+2) Ci 

+ ,,00 {(N(k+l)+i)!r(a+2) _ (Nk+i)!2r(N(k-l)+i+a+2)r(a+2)} / '1 2] > 0 
L..-k=l r(N(k+l)+i+a+2) r(Nk+i+a+2)2r(N(k-l)+i+l) CNk+. -

That is, if and only if 

(/ /
2 / /2) ["m-l (t+m)!r(a+2) 1 /2 ,,00 { (t+m)!r(a+2) 

am - a_m L..-t=O r(t+m+a+2) Ct + L..-t=m r(t+m+a+2) 

_ t!2r(t-m+a+2)r(a+2)} Ir.12] + (Ia 12 _ la /2) ["N-l (t+N)!r(a+2) Ir./ 2 
r(t+a+2)2r(t-m+l) '-'J: N -N L..-t=O r(t+N+a+2) '-'J: 

+ ,,00 {(t+N)!r(a+2) _ t!2r(t-N+a+2)r(a+2)} /Ct/ 2] > 0 0 
L..-t=N r(t+N+a+2) r(t+a+2)2r(t-N+l) -

5.3 Hyponormality Conditions 

Theorem 5.3.1. Let <p(z) = g(z) + f(z), where f(z) = alZ + a3z3, g(z) = a-lz + 

a_3z3. If a ~ 0 and ala3 = a-Ia-3 then Tep on A~(JI}). is hypo normal 

{ 

9(/a_3/2 -/a312) ::; (lal/2 -/a_l/2) if la3/::; la-31 

¢:::::} 6(/a3/ 2 -la_3/2) ~ (a + 3)(a + 4)(/a_l/ 2 -/alI2
) if /ai~ la-3/ 

Proof. By Lemma 5.2.6, Tep on A;(JI}) is hyponormal if and only if 

(/ /
2 _ / 12) [r(a+2) I /~ + ,,00 {(t+I)!r(a+2) _ t!2r(t+a+l)r(a+2)} 1 /2] 

al a_I r(a+3) Co L..-t=l r(t+a+3) r(t+a+2)rt Ct 

+ (I /2 _I /2) [,,2 (t+3)!r(a+2) I 12 + ,,00 {(t+3)!r(a+2) _ t!2r(t+a-I)r(a+2) } I /2] 
a3 a-3 L..-t=O r(t+a+5) Ct L..-t=3 r(t+a+5) r(t+a+2)2r(t-2) Ct 

~O 

That is, if and only if 

(/ 1
2 _ 1 12) [r(a+2) / 12 + ,,00 {r(t+2)r(a+2) _ tr(t+l)r(t+a+I)r(a+2)} 1 12] 

al a_I r(a+3) Co L..-t=l r(t+a+3) r(t+a+2)2 Ct 

+ (/ /2 _ / 12) [,,2 r(t+4)r(a+2) I 12 + ,,00 {r(t+4)r(a+2) 
a3 a-3 L..-t=O r(t+a+5) Ct L..-t=3 r(t+a+5) 

_ t(t-l)(t-2)r(t+I)r(t+a-l)r(a+2)} I 12] > 0 
r(t+a+2)2 Ct_ 

That is, if and only if 

(I 12 1 12) ,,00 {r(t+2) tr(t+I)r(t+a+I)} / 12 (I /2 1 12) al - a_I L..-t==O r(t+a+3) - r(t+a+2)2 Ct + a3 - a-3 x 

,,00 { r(t+4) _ t(t-I)(t-2)r(t+l)r(t+a-l)} I 12 > 0 
L..-t=O r(t+a+5) r(t+a+2)2 Ct -

For n EN) define ~a by 



Chapter 5 

r(n+2) _ nr(n+l)f'(n+c>+I) 

C~(n) := ~~r~(n~+~C>+~3~)~~r(~n+~a~+~2~)2~~~ 
<,,~ r(n+4) n(n l)(n 2)r(n+ltr(n+a 1) 

r(n+a+5) r(n+O+2)'2 
(n+l)r<n+l) _ nr(n+o+l)r<n+1) 

(n+o+2)r(n+o+2) r n+o+2 2 

(n+3)(n+2)(n+1) n(n 1)(n 2) 
(n+o+4)(n+o+3}(n+o+2) (n+o+1}(n+o}(n+o 1) 

{(n+1)(n+o~N n(n+o+2) } (n+a-l)(n+a)(n+a+3)(n+a+4) 
(n+l)(n+2)(n+3)(n+a-l)(n+a)(n+a+l)-n(n-l)(n-2)(n+a+2)(n+a+3)(n+a+4) 

(a+l)(n+a-l)(n+a)(n+a+3)(n+a+4) 
3(a+l)(-2a+2a2-18n-3an+3a2n+3n2+15an2+12n3+6an3+3n4) 

So, limn - tcx, ~a(n) = i and ~~ = -~ where, 
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D = 3( -2a + 2a2 
- IBn - 3an + 3a2n + 3n2 + 15an2 + 12n3 + 6an3 + 3n4

)2 and 

N = 192a - lOa2 
- 143a3 - 49a4 + 7 a 5 + 3a6 - 52an - 278a2n + 66a3n + 192a4n+ 

66a5n + 6a6n + 54n2 
- 207an2 + 267a2n 2 + 558a3n 2 + 240a4n 2 + 30a5n 2

-

72n3 + 140an3 + 592a2n3 + 360a3n3 + 60a4n3 - 12n4 + 243an4 + 255a2n4+ 

60a3n4 + 24n5 + 78an5 + 30a2n5 + 6n6 + 6an6
. 

= 10a2(n5 - 1) + 143a3 (n2 
- 1) + 49a4 (n3 - 1) + 52an(n4 - 1) + 278a2n(n2 -

1) + 207an2(n2 
- 1) + 72n3 (a3 

- 1) + 6n2(n4 + 4n3 - 2n2 - 12n + 9) + 192a+ 

7a5 + 3a6 + 66a3n + 192a4n + 66a5n + 6a6n + 267a2n 2 + 415a3n2 + 240a4n2+ 

30a5n 2 + 140an3 + 314a2n3 + 360a3n3 + lla4n3 + 36an4 + 255a2n4 + 60a3n4+ 

which is always positive for n 2 1 and for a 2 O. 

So ~a(n) is strictly decreasing function for all a 2 O. 

Case 1: Let la-31 ::; la31· 

Then ~a(O) 2 ~a(1). 

Since ~a(O) = (a+3~a+4) and ~a(1) = (a+lJ~(::~ja+5) and as 4(a + 2)(a + 3) > 

(a + 1)(a + 5), so we have ~a(O) 2 ~a(1). 

Hence T<p is hyponormal if and only if 

la31 2 
- la_31 2 > (a + 3)(a + 4) 

lall 2 - la_11 2 - 6 . 
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That is, if and only if 

Case 2: Let la31 ~ la-31· 

Then since ~a(n) ~ ~ for all n, so T<p is hyponormal if and only if 

That is, if and only if 

o 

Theorem 5.3.2. Let cp(z) = g(z) + fez), where fez) = a2z2 + a3z3, g(z) = a_2z2 + 

a_3z3. If 0:' ~ 0 and a2a3 = a_2a-3 then T<p on A~(l[J)) is hyponormal 

{ 

9(la_312 - la312) ~ 4(la212 - la_21 2) if la31 ~ la-31 

¢=> 3(la312 - la_31 2) ~ (0:' + 4)(la_212 - la212) if la31 ~ la-31 

Proof. T<p on A~(][J)) is hyponormal if and only if 

(I 1
2 _ I 12) [,,1 (t+2)!r(a+2) I 12 + ,,00 {(t+2)!r(a+2) _ t!2r(t+a)r(a+2) } I 12] 

a2 a_2 L.d=O r(t+a+4) Ct L..t=2 r(t+a+4) r(t+a+2)2r(t-l) Ct 

+ (I 12 -I 12) [,,2 (t+3)!r(a+2) I 12 + ,,00 {(t+3)!r(a+2) _ t!2r(t+a-1)r(a+2) } I 12] 
a3 a-3 L..t=O f(t+a+5) Ct L..t=3 r(t+a+5) r(t+a+2)2f(t-2) Ct 

~O 

That is, if and only if 

(I 1
2 I 12) [,,1 (t+2)! I 12 ,,00 {(t+2)! t(t-1)r(t+1)r(t+a) } I 12] 

a2 - a-2 L..t=O r(t+a+4) Ct + L..t=2 f(t+a+4) - r(t+a+2)2 Ct 

+ (I 12 -I 12) [,,2 (t+3)! I 12 + ,,00 { (t+3)! _ t(t-1)(t-2)qt+1)r(t+a-l) } Ir. 12] 
a3 a-3 L..t=O r(t+a+5) Ct L..t=3 f(t+a+5) r(t+a+2)2 "'L 

~O 

That is, if and only if 

(I 1
2 I 12) ,,00 {(t+2)(t+l) t(t-l)} r(t+l) I 12 

a2 - a_2 L..t=O (t+a+3)(t+a+2) - (t+a+l)(t+a) r(t+a+2) Ct 
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+ (l a31
2 

- la_31
2
) 2:~o { (t+S1)~~~!!)i~t~)a+2) - (t+a~lt)~11~~;la_1) } r~~!~)2) ICtl2 2: 0 

For n EN, define ~a by 
(n+2Hn+1) n(n-1) 

c;"(n) := (n+a+3 n+a+2) r(n+a+2}(n+a) 
<,~ (n+3)(n+2)(n+1) n(n l)(n 2) 

(n+a+4}(n+a+3l(n+a+2) (n+a+1l(n+a}(n+a 1) 
({n+l)(n+2)(n+a)(n+a+1)-n(n-1)(n+a+2)(n+a+3)}(n+a-1)(n+a+4) 

- (n+1)(n+2)(n+3)(n+a-1)(n+a)(n+a+1)-n(n-1)(n-2)(n+a+2)(n+a+3)(n+a+4) 
_ 2(n+a-l)(n+a+4)(2n2+2an+4n+a) 
- 3(-2a+2a2-18n-3an+3a2n+3n2+15an2+3a2n2+12n3+60<n3+3n4) 

So limHoo ~a(n) = ~. Also, ~~(n) = - ;~ where, 

D = (-2a + 2a2 -18n - 3an + 3a2n + 3n2 + 15an2 + 3a2n 2 + 12n3 + 6an3 + 3n4)2, 

and 

N = 40a + 4a2 - 29a3 - 14a4 - a 5 - 8an - 34a2n + 12a3n + 24a4n + 6a5n + 24n2+ 

87an2 + 264a2n 2 + 216a3n2 + 66a4n 2 + 6a5n 2 - 24n3 + 220an3 + 368a2n3+ 

168a3n3 + 24a4n3 -18n4 + 189an4 + 168a2n4 +36a3n4 + 12n5 + 66an5 + 24a2n5+ 

= 29a3(n4 - 1) + 14a4(n - 1) + a 5(n - 1) + 8an(n2 - 1) + 34a2n(n3 - 1)+ 

6n2{n(n + 1)(n2 + n - 4) + 4} + 40a + 4a2 + 12a3n + lOa4n + 5a5n + 87an2+ 

264a2n2 + 216a3n 2 + 66a4n2 + 6a5n 2 + 212an3 + 368a2n3 + 168a3n3 + 24a4n3+ 

189an4 + 134a2n4 + 7a3n4 + 12n5 + 66an5 + 24a2n5 + 6an6, 

which is always positive for n 2: 1 and for a 2: O. Hence ~o«n) is a strictly decreasing 

sequence for all a 2: O. 

Case 1: Let la-31 :::; la31· 

We have C (0) - 2(a-1)(a+4)a - 0<+4 C (1) - 0<+5 and Sl·nce 4(rv + 4) > 3(rv + 5) for <'0< - 3(-2a+20<2) - -3-' <,a - -4- u. u. 

Hence T<p is hyponormal if and only if 

That is, if and only if 



Chapter 5 86 

Case 2: Let la31 ~ la-31· 
Since ~o:(n) 2: ~ for all n, so Ttp is hyponormal if and only if 

That is, if and only if 

o 

5.4 Conclusion 

Looking at the Theorems 5.l.3, 5.3.1 and 5.3.2 it appears that we should be having 

a general result of the following kind: 

Theorem 5.4.1. (Conjecture): Let rp(z) = g(z) + J(z), where J(z) = amzm + 

aNzN, g(z) = a_mzm + a_NzN (0 < m < N). If amo,N = a-mo,-N and a is 

sufficiently large, then T<p on A;(j[))) is hyponormal 
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Appendix 

Analysis of Example 3.4.1: 

T" is hypononnal if and only if 

(i) IAI ~ 1.5 , 

(ii) IAI ~ 1.22 and 

From (i) and (ii) we need to consider only those A for which IAI ~ 1.22, and also satisfy the 

condition (iii). We first determine those A which satisfy the equation 

For convenience we replace A by x. 

Step 1: Determine x such that 121xl4 - 61xl3 _nlxl2 + 81 = ° 
Reduce [12Abs[x]"4-6Abs[x]"3-nAbs[xJ"2+81= =O,x] 

r -2.4777909793205577' < Re [x] < -1.1297552606843122' && 

\ 

r lln[X] ~ -1. ' Root [ -81 + 108Re[x]'- 40 Re [x] 4 + 4 Re[x] '+ 108 #1- 80 Re[x] '#1 + II 

\ 12 Re[x] 4 #1-40 #12 + 12 Re[x]2 #12 + 4 #13 &, 3] 

Root [ -81 + 108"'[x], - 40..,[x] 4 + 4 Re[x]' + 108 #1- 80Re[x]' #1 + 1111 
12 Re[x] 4 #1- 40 #12 + 12 Re[x]2 #12 + 4 #13 &, 3] )) 

Im[x] :: 
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[-1.1297552606843122' <Re[x] < 1.1297552606843122' .. 

~ 

Im[x] == -l. ' 

Root [ - Sl + lOS Pe [x] 2 - 40 Pe [x] 4 + 4 Pe [x] 6 + 108 #1 - SO Pe[X] 2 #1 + II 
12 Pe[X] 4 #1- 40 #12 + 12 Pe[X] 2 #12 + 4 #13 &, 3] 

Root [ -Sl + 108 Pe[X] 2 - 40 Pe[x] 4 + 4 Pe[x] 6 + 108#1- 80 Pe[X] 2 #1 + II 
12 Pe[X) 4 #1-40#12 + 12 Pe[X) 2 #12+ 4#13 &,1] 

Im[x] == Root [-Sl + lOS Pe [x] 2 - 40 Pe[x] 4 + 4 Pe[x] 6 + lOS #1- SO Pe[X] 2 #1 + II 
12 Pe[X) 4 #1- 40 #12 + 12 Pe[x] 2 #12 + 4 #13 &, 1) 

llooI: [-81 + 108 Re[x] 2 - 40 Re[X] '+ 4 Re[X] , + 108 #1- 80Re[x] 2 #1 + 1111 
12 Pe[X] 4 #1- 40 #12 + 12 Pe[X] 2 #12 + 4 #13 &, 3] )J 

Im[x] == 

[1.1297552606843122' < Re [X] < 2,4777909793205577' •• 

~ 

[Im[X] = -1. ' 

~ 

Root [ -Sl + 10SPe[x]2 - 40 Pe[x] 4 + 4 Pe[x] 6 + 108 #1- 80Pe[x]2 #1 + II 
12 Pe[x] 4 #1- 40 #12 + 12 Pe[x]2 #12 + 4 #13 &, 3] 

Im[x] = llooI:[ -81 + 108 Re[x] 2 - 40 Re[X]' + 4 Re[x] , +108 #1- 80 Re[xl 2 #1 + 11 
12 Pe[X] 4 #1- 40 #12 + 12 Pe[X] 2 #12 + 4 #13 &, 3] )J 

step 2 : 

The graphical representation of the solutions of 

12 ( I x I ) 4 - 6 ( I x I ) 3 - 72 ( I x I ) 2 + 81 = 0 

is as follows (To draw the graph we write y = Re [x] ) 

93 
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Plot [Evaluate [ {-1.' .yRoot[ -81 + 108.J - 40 y4 + 4 y6 + 108 #1- 80.J #1 + 

12 y4 #1 _ 40 #12 + 12 .J #12 + 4 #13 &, 3], 

.yRoot [ - 81 + 108 .J - 40 y4 + 4 y6 + 108 #1- 80 .J #1 + 12 y4 #1 - 40 #12 + 

12.J#12+4#13&,3], 

-1. ' Root [ - 81 + 108 y2 - 40 y4 + 4 y6 + 108 #1 - 80 y2 #1 + 12 y4 #1 - " 

40#12+12y2#12+4#13&,3] 

Root [ -81 + 108 y2 - 40 y4 + 4 y6 + 108 #1 - 80 y2 #1 + 12 y4 #1 - 40 #12 + , 

12 y2#12 + 4#13 &, 3] 

-1. ' Root [ - 81 + 108 y2 - 40 y4 + 4 y6 + 108 #1 - 80 y2 #1 + 12 y4 #1 - , 

40 #12 + 12 y2 #12 + 4 #13 &, 1] 

Root [ -81 + 108 y2 - 40 y4 + 4 y6 + 108 #1 - 80 y2 #1 + 12 y4 #1 - 40 #12 + , 

12y2#12 +4#13 &,1] 

-1. ' Root [ - 81 + 108 y2 - 40 y4 + 4 y6 + 108 #1 - 80 y2 #1 + 12 y4 #1 - , 

40 #12 + 12 y2 #12 + 4 #13 &, 3] 

Root [-81 + 108 y2 - 40 y4 + 4 y6 + 108 #1- 80 y2 #1 + 12 y4 #1- 40 #12 + }, 

12 y2 #12 + 4 #13 &, 3] 

{y, -2.4777909793205577', 2.4777909793205577'}, 

AxesTahel ~ {"Real Axis ", "I:magi.naz:y Axis"}]] 

Figure 3.4.1 (a) 
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Step 3: We show that the condition (iii) is satisfied by all points x inside the smaller circle. 

Consider any point x such that y=Re[x] =0.5. 

=1.01309 

Then x=O.5+Im[x]i is a point inside the inner circle for -1.0 1309<Im[x] <1.01309. 

=2.42682 

Then x=0.5+Im[x]i is a point inside the outer circle for -2.42682<Im[x] <2.42682 [From the 

Figure 3.4.1 (a)]. To draw the graph we write Im[x] = z. 

Plot [{12Abs [O.5+z I]1\4-6Abs [O.5+z I]1\3-72Abs [O.5+z I]1\2+81}, {z, 

-2.4268185216868456', 2.4268185216868456'}, AxesLabel--7{"Im(x)","f(x)"}, AxesOrigin--7{O,O}] 

f(x) 

20 

Irn (x) 

-20 

-40 

-60 

Figure 3.4.1 (b) 

Thus, if Re[x] = 0.5 then f(x) > 0 if and only if x lies inside the smaller circle in Figure 3.4.1 (a). 

Similarly, it can be shown that if -1.13 < Re[x] < 1.13, then f(x) > 0 if and only if x lies inside 

the inner circle in Figure 3.4.1 (a). 
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Step 4: To show that condition (iii) is not satisfied for points outside the inner circle in Figure 

3.4.1 (a). Here we note that because of condition (ii) we need not consider points with Re[x] > 

1.22 and Re[x] < -1.22. 

Let y=Re[x] = -1.22. Then, 

=2.15663 

Then x= -1.22+Im[x]i is a point inside the outer circle for -2.15663< Im[x] <2.15663 

Plot [{12Abs[-1.22+z I ]1\4-6Abs[-1.22+z I]1\3-72Abs[-1.22+z I]1\2+81},{z,-2.15662888258558', 

2.15662888258558'},Axeslabel-"7{"Im(x}","f(x}"}, AxesOrigin-"7{O,O}] 

f(x) 

Im (x) 
-1 1 

-1 

-20 

-30 

-40 

-50 

-60 

Figure 3.4.1 (c) 

Where I(x) = 121xr - 61xl3 _nlxl2 + 81. 

Thus f(x) <0 if x = -1.22+Im[x]i for -2.15663 < Im[x] < 2.15663. 

Similarly, considering y=Re[x] =1.13 we see that x=1.13+Im[x]i is a point inside the outer circle 

for -2.202512< Im[x] <2.20512 and f(x) <0 as seen from the following figure 3.4.1 (d). 

=2.20512 
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Plot [{12Abs [1.13+z I]1\4-6Abs[1.13+z I]1\3-72Abs[1.13+z IJI\2+81},{z,-2.205118622025202', 

2.205118622025202'}, Axeslabel~ {"Im(x)","f(x)"}, AxesOrigin~ {O, O}] 
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Thus, conditions (i), (ii) and (iii) are satisfied or equivalently T", is hyponormal iff IAI ~ 1.13 

(correct upto 2 decimal places). 

Analysis of Example 3.4.2: 

T", is hyponormal if and only if the following conditions are satisfied: 

(i) IAI ~%, 

(ii) 2S - 91AI2 - SI1 + 6,11 ~ 0 and 

(iii) (2S-9IAn2 -2Sll+6AI
2 
-s!31(1+6Af +2(1+6A)(25- 9IAn!2 0 . 

We need to consider only those A for which IAI ~ % ' and also satisfy the conditions (ii) and (iii). 

We first determine those A which satisfy the condition 25 - 91AI2 - 511 + 6AI ~ O. For 

convenience we replace A by x. 
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Step 1: Here we show that f(x) = 25- 91xl2 -511 + 6xl = 0 if and only if x lies on the ellipse 

given by figure 3.4.2 (a). 

Reduce [25-9Abs[x] "2-5Abs [1 +6x] = =0, x] 

Pl.ot[{-1.' ~-0.9622SJ448649~63' .y01.' +4.' y+0.ll33333333333333' (25.' -3.' y2), 

1. ' .y -0. 962250448649~63' .y 01. ' + 4. ' Y + O. 3333333333333333' (25.' - 3. ' y2) }, 

{y, -0.8053994956985543', 0.5694013108331231'}, AvesTateJ -+ {''Psal Axis ", 

"Irrag:inaJ::y Axis"}, lhcecf)ri g:i n -+ {O, O}] 

For convenience we write y=Re[x]. 

Plot [{2S-9Abs [O.4+z I] "2-SAbs [1+6(0.4+z I)]}, {z,-0.4S1091, 0.4S1091}, 

AxesLabel-+ {"Im[x] =z ","f(x}"}, AxesOrigin-+ to, O}] 

Irraginary Axis 

0.6 

0.4 

0.2 

-t-~~~~~~~-+-~~~~--'-""+- Real Axis 
-0 8 -0.6 -0.4 -0.2 0.2 0.4 .6 

-0.2 

-0.4 

-0.6 

Figure 3.4.2(a) 

Step 2: Here we show that f(x»O if and only if x lies inside the ellipse given by Figure 3.4.2(a). 

For instance, let us consider the point whose real part, Re[x] =0.4. 

To draw the graph we write Im[x] =Z 

Plot [{2S-9Abs [O.4+z I] "2-SAbs [1 +6(0.4+z I)]}, {z,-O.451091, 1.67}, 

AxesLabel-7 {" I m[x] =z ","f(x)"}, AxesOrigin-7 {O, O}l 
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f(x) 

Im [xl =Z 

-0.5 o. 1 1.5 
-10 

-20 

-30 

-40 

-50 

Figure 3.4.2 (b) 

Figure 3.4.2 (b) shows that for Re[x] =0.4, f(x) 2: 0 if IIm[x]1 ::; 0.451091. On the other hand 

f(x) < 0 if x=O.4+Im[x]i for 0.451091< Im[x]<1.67 as seen from the Figure 3.4.2(b). Thus, for 

Ixl::; % and Re[x]=O.4, we see that f(x) > 0 if and only if IIm[x]l::; 0.451091. Similarly, it can 

be checked that f(x) 2: 0 if and only if x lies inside and on the ellipse given by the Figure 3.4.2 

(a). Thus, condition (i) and (ii) are satisfied if and only if A. lies inside and on the ellipse given 

by Figure 3.4.2 (a) (i.e. for all A. such that -0.805339::; Re[ A.]::; 0.569401 and 

IIm[ A. ] I::; 0.68618, correct upto 6 decimal places). Out of this set, finally we need to determine 

those A. which will also_satisfy the condition (iii). 

Step 3: If 8(X)=(25-9Ixn2 -2511+6xI2-513X(1+6x)2+2(1+6X)(25-9Ixnl, then here 

we determine x for which g(x)=O. 

Reduce[(2S-9Abs[x] fl2)fl2-2SAbs[l +6x] fl2-SAbs[3Conjugate[x]( 1 +6X)fl2+ 2( 1 +6x)(2S-

9Abs[x] fl 2)]= =O,x] 
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-4.298511575384078' sFe[x] < -0.4719292953470058' && 

Jm[x] == -1.' Root [-11900 + 44700 Fe [x] +1.50525Fe[x]2-5400Fe[x]3 

_ 22275 Fe [x] 4 + 729 Fe [x] 6+ 150525#1- 5400 Fe [x] #1-

44550 Re [X] 2 #1 + 2187 Fe [X] 4 #1-22275#12 + 2187 Fe[x]2 #12 + 729#13 &, 3] 

Jm[x] == Root [-11900 + 44700 Re[x] +150525Re[x]2-5400Re[x]3 

-22275Re[x] 4 + 729 Re[x] 6 + 150525 #1- 5400 Re[x] #1-

44550 Re[X] 2 #1 + 2187 Re[X] 4 #1- 22275#12 + 2187 Re [X] 2 #12 + 729#13 &, 3] J J 

-0.47192929534700.58' sFe[x] s 0.16995729472822219' && 

Jm[x] == -1. ' Root [ -11900 + 44700 Re[x] + 150525 Re[X] 2 - 5400 Re[X] 3 

- 22275 Re[x] 4 + 729Re[x] 6 + 150525#1- 5400 Re[X] #1-

44550 Re[X] 2 #1 +2187 Re[X) 4 #1-22275 #12 + 2187 Re[X] 2 #12 + 729#13 &, 3) 

Jm[x] == -1.' Root [ -11900 + 44700 Re[x] + 150525 Fe [X] 2 - 5400 Re[X] 3 

- 22275 Re[x] 4 + 729 Re[x] 6 + 150525#1- 5400 Re[x] #1-

44SSORe[x] 2 #1 +2187 Re[X] 4 #1-22275#12 + 2187 Re[X] 2 #12 + 729#13 &, 1] 

Jm[x) == Root [ -11900 + 44700 Re[x] + 150525 Re[X] 2 - 5400 Re[X] 3 

-22275Re[X)4 + 729 Re [x] 6 + 150525 #1- 5400 Re[x] #1-

44SSO Re [X] 2 #1 + 2187 Re[X] 4 #1- 22275#12 + 2187 Re[X] 2 #12 + 729#13 &, 1] 

II 

100 

II 

II 

II 

II 

!m[x] =: Poot[ -11900 + 44700 Re[x] + 1.50525 Fe [X] 2 - 5400 Re[X) 3 

-22275 Fe [x] 4 + 729 Fe (x] 6 + l50525 #1- 5400 Re[x) #1-
II 

44SSO Fe [X] 2 #1 + 2187 Re[X) 4 #1- 22275 #12 + 2187 Re[x) 2 #12 + 729#13 &, 3] )) 
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(0.16995729472822219'<Re[x] 54.725088447721589'&& 

Im[x] = -1.' Foot. [-11900 + 44700 Fe [x] +l50525Fe[x]2-5400Fe[x]3 II 
- 22275 Fe (x1 4 + 729 Fe (xj6 + 150525 #1- 5400 Fe (x] #1-

445S0Fe[x] 2 #1 + 2187 Fe [x] 4 #1-22275#12 + 2187 Fe[X] 2 #12 + 729#13 &, 3] 

Im[x] = Foot [-11900 + 44700 Fe [x] +l50525Pe[x]2-5400Fe[x]3 

-22275Pe[x) 4 + 729 Pe [x) 6 + 150525#1- 5400 Pe[x) #1-

44SS0Fe[x] 2 #1 + 2187 Fe (x] 4 #1- 22275#12 + 2187 Fe [X] 2 #12 + 729#13 &, 3] )} 

Graphs represented by the solutions of the above equation: 

Plot [{ -1. ' Root [-11900 + 44700 y+ 150525 y2 - 5400 y3 - 22275 y4 + 729 y6 + 150525 #1-

5400 Y #1- 44550 y2 #1 + 2187 y4 #1- 22275 #12 + 2187 y2 #12 + 729 #13 &, 3] 

Root [ -11900 + 44700 Y + 150525 y2 - 5400 y3 - 22275 y4 + 729 y6 + 150525 #1 -

5400 Y #1- 44550 y2 #1 + 2187 y4 #1- 22275 #12 + 2187 y2 #12 + 729 #13 &, 3) 

-1. ' Root [ -11900 + 44700 Y + 150525 y2 - 5400 y3 - 22275 y4 + 729 y6 + 150525 #1-

5400 Y #1- 44550 y2 #1 + 2187 y4 #1- 22275 #12 + 2187 y2 #12 + 729 #13 &, 3] 

Root [-11900 + 44700 Y + 150525 y2 - 5400 y3 - 22275 y4 + 729 y6 + 150525 #1 -

5400 Y #1- 44550 y2 #1 + 2187 y4 #1 - 22275 #12 + 2187 y2 #12 + 729 #13 &, 3] 

-1. ' Root [ -11900 + 44700 Y + 150525 y2 - 5400 y3 - 22275 y4 + 729 y6 + 150525 #1-

5400 Y #1 - 44550 y2 #1 + 2187 y4 #1 - 22275 #12 + 2187 y2 #12 + 729 #13 &, 1] 

Root [ -11900 + 44700 Y + 150525 y2 - 5400 y3 - 22275 y4 + 729 y6 + 150525 #1 -

5400 Y #1- 44550 y2 #1+ 2187 y4 #1-22275 #12 + 2187 y2 #12 + 729 #13 &, 1] 

-1. ' Root [-11900 + 44700 y+ 150525 y2 - 5400 y3 - 22275 y4 + 729 y6 + 150525 #1-

5400 y#1- 44550 y2 #1 + 2187 y4 #1- 22275 #12 + 2187 y2 #12 + 729#13 &, 3) 

Root [-11900 + 44700 Y + 150525 y2 - 5400 y3 - 22275 y4 + 729 y6 + 150525 #1 - } , 

5400 Y #1- 44550 y2 #1 + 2187 y4 #1 - 22275 #12 + 2187 y2 #12 + 729 #13 &, 3] 

{y, -4.298511575384078', 4.725088447721589'}, 

1UresTahe1 ... {"Real Axis ", "Imaginary Axis"}] 
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-2 

-2 

Figure 3.4.2 (c) 

The inner ellipse of Figure 3.4.2 (c) can be better depicted in Figure 3.4.2 (d). 

-0,. ~ -0. a -(}.:I -0.1 0.1 
-0'.11 

Figure 3.4.2 (d) 

Step 4: Here we showed that the inner elliptical region will give the values of A. for which Tip 

is hyponorrnal. That is, any point inside and on the inner ellipse will satisfy the condition (iii). 
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Consider a point x such that y =Re[x]= -0.2. 

Im[x]= 

R::lot [ -11900 + 44700 Y + 150525 y2 - 5400 y3 - 22275 y4 + 729 y6 + 150525 #1- / . Y -+ - 0.2 

5400y#l- 44550y2 #1+ 2187 y4 #1-22275#12 + 2187 y2#12 + 729#13 &, 1] 

=0.31677 

Then x= -0.2+Im[x]i is a point inside the inner ellipse for -0.31677< lm[x]<0.31677 

Im[x] = 

lOX [-1150h 44700y+l5052Sy2 - 54OOy3-2227Sy4+ 729~+ l50525#l- /. y-+-O.2 

5400 y#l- 445SO y2 #1+ 2l.87 y4 #1-22275#12 + 2l.87 y2 #12 + 729#13 &, 3J 

=4.51874 

Then x=-0.2+Im[x]i is a point inside the outer ellipse for -4.51874<Im[x]<4.51874 [From the 

Figure 3.4.2 (c)]. 

To draw the graph we write Im[x] =Z. 

Plot[ ({25-9Abs[( -O.2+zI)]1I 2)11 2-25Abs[ 1 +6( -O.2+zI)]1I 2-5Abs[3Conjugate[ -O.2+zIJ( 1 +6(­

O.2+zI))1I2+2(1+6(O.2+zI))(25-9Abs[(0.2+zI)]1I2)]},{z,4.518736159707949', 

4.518736159707949 '},AxesLabel-+{"Im [x]=z ", "g(x) "},AxesOrigin-+{O,O}] 

g(x) 

-4 
Im [xl =Z 

Figure 3.4.2 (e) 
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Thus if Re[x]=-0.2 then g(x»O if and only if x lies inside the inner ellipse in Figure 3.4.2 (c). 

Similarly, it can be shown that if -0.471929<Re[x]<0.169957, then g(x»O if and only if x lies 

inside the inner ellipse in Figure 3.4.2 (c). 

Step 5: To show that condition (iii) is not satisfied for points outside the inner ellipse in Figure 

3.4.2 (c). Here we note that because of condition (ii) we need not consider points with 

Re[x]>O.569401 and Re[x] <-0.805399. 

Let y=Re[x] =0.2. Then 

lin(x] = ( -lliO) + 44'iOOy + 15C.525 y2 - 5400y - 22275y4 + 729y6 + 15C.525#1- / . y -+ 0.2 

5400 y#1- 44!X£) y2 #1+ 2l.87 t #1-22275#12 + 2l.87 y2 #12 + 729#13 &, 3] 

=4.53722 

Then x=O.2+Im[x]i is a point inside the outer ellipse for -4.53722<Im[x]<4.53722. 

To draw the graph we write Im[x] =Z 

Plot[{(2S-9Abs[(O.2+zI)]"2)"2-2SAbs[1+6(O.2+zI)]"2-SAbs[3Conjugate[O.2+zI](1+6(O.2+z 

I))"2+2(1+6(O.2+zI))(2S-9Abs[(O.2+zI)]"2)]},{z,4.53721956S51339T,4.53721956S513397'}, 

AxesLabel-7{"Im[x]=z ","g(x)"},AxesOrigin-7{O,O}] 

g(x) 

Im [xl =2 

Figure 3.4.2 (f) 
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Thus g(x) < 0 if x=0.2+Im[x]i for -4.53722<Im[x]<4.53722. Similarly, we can show that 

g(x) < 0 for any point x outside the inner ellipse but inside the outer ellipse of of Figure 3.4.2 

(c). Hence, Tip is hyponormal if and only if A lies inside and on the inner ellipse given by 

Figure 3.4.2 (c). 

Example 3.4.3: 

~ islMXJalialiff 

. I I 16 (1) A S 3 
(ll) 256- 91A 12 -13A2 -2241 ~ 0 arrl 

(iii) 9 {256- 91 A 1~2 -19A2 - fil212 -21 243 A (91 A 12 -256) + (9A2 
- fil2) (24A-631) 1 ~ 0 

Step 1: Reduce [256-9Abs[x] 1\2-Abs [3xI\2-224] = =0, x] 

-2.~' SIe[x) s2.3BrIDW7679Bl3' && 

(lin[xJ == -1.' -V (-1. 33333333'B333333' .y841..' -21..' le[x]2 + o. 3333333333333333' (124.' -3.' le[xJ~) II 

lin[x] == -V (-1. 33'B333333333333' Y841..' -21..' le[x]2 +0. 3333333333333333' (124.' -3.' Ie[X)~)} 

Plc:C [ { -1. ' ..J (-1. 3333333333333333' .y 841.' - 21.' y2 + o. 3333333333333333' (124.' - 3.' i) ) , 

..J (-1.3333333333333333' -Y841.' - 21.' y2 + 0.333333333333333' (124.' - 3.' ~))}, 

{y, -2.309401076758503', 2.3094O1076758503'}, AmsTrteJ -+ {''lEal. Axis ", "liraginar.y Axis"}, 

AlIe!COrig:in-+' {O, O}] 

Irraginary Axis 

.5 

1 

0.5 

Real Axis 
-2 -1 1 2 

-0.5 

-1 

-1.5 

Figure 3.4.3 (a) 
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Conditions (i) and (ii) are satisfied by all points lying inside and on the ellipse in Figure 3.4.3 

(a). 

Step 2: Reduce[2Abs [243x(9Abs [x]A2-256)+(9xA2-672)(24x-63 Conjugate [x])]-9(256-9Abs 

[x]A2)A2+Abs [9XA2-672JA2= =O,x] 

(-9.033968554320527' :s Re [x] < - 4.692305189335676' && 

(Im[X] == -1. ' .yRoot[ -14400 + 9520 Re[x] 2 - 849 Re[x] 4 + 9 Re[x] 6 + 54544 #1-

2250 Re[x] 2 #1 + 27 Re[x] 4 #1-1401 #12 + 27 Re[x] 2 #12 + 9 #13 &, 1] II 

Im [x] == .yRoot [ -14400 + 9520 Re [x] 2 - 849 Re [x] 4 + 9 Re [x] 6 + 54544 #1-

2250 Re[x] 2 #1 + 27 Re[x] 4 #1-1401 #12 + 27 Re[x] 2 #12 + 9 #13 &, 1])) II 

(-4.692305189335676' :s Re[x] < -1.3394943062215976' && (Im[X] == 

-1.' - .yRoot[ -14400 + 9520Re[x]2 - 849Re[x]4 + 9Re[x] 6 + 54544 #1-

250 Re[x] 2 #1 + 27 Re[x] 4 #1- 1401 #12 + 27 Re[x] 2 #12 + 9 #13 &, 3] I I 

Im[x] == .yRoot[ -14400+ 9520 Re[x] 2 _ 849 Re[x] 4 + 9Re[x] 6 + 54544 #1 

_ 2250 Re[x] 2 #1 + 27 Re[x] 4 #1- 1401 #12 + 27 Re[x] 2 #12 + 9 #13 &, 3])) II 

(-1.3394943062215976' :s Re[x] :s 1.3394943062215976' && (Im[X] == 

-1.' .yRoot[ -14400 + 9520Re[x]2 - 849 Re[x] 4 + 9Re[x] 6 + 54544 #1-

2250 Re [x] 2 #1 + 27 Re[x] 4 #1- 1401 #12 + 27 Re[x]2 #12 + 9 #13 &, 3] II 

Im[x] == -1. ' .yRoot[ -14400 + 9520 Re[x] 2 - 849 Re[x] 4 + 9Re[x] 6 + 54544 #1-

2250 Re[x] 2 #1 + 27 Re[x] 4 #1-1401 #12 + 27 Re[x] 2 #12 + 9#13 &, 1] II 

Im[x] == .yRoot[ -14400+ 9520 Re [x] 2 _ 849Re[x] 4 + 9Re[x] 6 + 54544 #1-

2250 Re[x] 2 #1 + 27 Re[x] 4 #1- 1401 #12 + 27 Re[x] 2 #12 + 9 #13 &, 1] II 

Im[x] == .yRoot[ -14400+ 9520 Re [x] 2 - 849Re[x] 4 + 9Re[x] 6 + 54544 #1-

2250Re[x]2 #1 + 27 Re[x] 4 #1- 1401 #12 + 27 Re[x] 2 #12 + 9 #13 &, 3])) II 

(1.3394943062215976' < Re[x] :s 4.692305189335676' && (Im[X] == 

-1. ' .yRoot[ -14400 + 9520 Re[x] 2 _ 849Re[x] 4 + 9Re[x] 6 + 54544 #1-

2250 Re[x] 2 #1 + 27 Re[x] 4 #1-1401 #12 + 27 Re[x] 2 #12 + 9 #13 &, 3] II 

Im[x] == .yRoot[ -14400+ 9520 Re[x]2 - 849 Re[x] 4 + 9Re[x] 6 + 54544 #1-

2250 Re[x] 2 #1 + 27 Re[x] 4 #1- 1401 #12 + 27 Re[x]2 #12 + 9 #13 &, 3])) II 
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(4.692305189335676' < Re[x] S 9.033968554320527' && (Im[X] == 

-1. ' yRoot[ -14400 + 9520 Re [x] 2 _ 849Re[x] 4 + 9Re[x] 6 + 54544 #1-

2250 Re[x] 2 #1 + 27 Re[x] 4 #1-1401 #12 + 27 Re[x] 2 #12 + 9#13 &, 1] II 
Im [x] == yRoot [ -14400 + 9520 Re [x] 2 - 849 Re [x] 4 + 9 Re [x] 6 + 54544 #1-

2250 Re[x] 2 #1 + 27 Re[x] 4 #1- 1401 #12 + 27 Re[X]2 #12 + 9 #13 &, 1])) 

Plot [ {-1.' yRoot[ -14400 + 9520'; - 849l + 9 y6 + 54544 #1- 2250'; #1 + 27 y4 #1-

1401 #12 + 27'; #12 + 9 #13 &, 1], yRoot[ -14400 + 9520'; _ 849 y4 + 9 y6 + 

54544 #1- 2250 .; #1 + 27 y4 #1 -1401 #12 + 27 .; #12 + 9 #13 &, 1], 

.. 

-1. ' yRoot [ -14400 + 9520'; - 849 y4 + 9 y6 + 54544 #1 - 2250 .; #1 + 27 y4 #1-

1401 #12 + 27 .; #12 + 9 #13 &, 3], yRoot [ -14400 + 9520 .; _ 849 y4 + 9 y6 + 

54544 #1- 2250'; #1+ 27 y4 #1-1401 #12 + 27'; #12 + 9#13 &, 3], 

-1. ' yRoot [ -14400 + 9520'; - 849 y4 + 9 y6 + 54544 #1- 2250'; #1 + 27 y4 #1-

1401 #12 + 27 .; #12 + 9 #13 &, 3], yRoot [ -14400 + 9520 .; _ 849 y4 + 9 y6 + 

54544 #1- 2250'; #1+ 27 y4 #1-1401 #12 + 27'; #12 + 9 #13 &, 3], 

yRoot [ -14400 + 9520 .; - 849 y4 + 9 y6 + 54544 #1- 2250 .; #1 + 27 y4 #1 -

1401 #12 + 27'; #12 + 9 #13 &, 1], -yRoot[ -14400 + 9520'; _ 849 y4 + 

9 y6 + 54544 #1- 2250'; #1 + 27 y4 #1-1401 #12 + 27'; #12 + 9#13 &, 1], 

-1.' yRoot[ -14400 + 9520'; - 849 y4 + 9 y6 + 54544 #1- 2250'; #1 + 27 y4 #1-

1401 #12 + 27 .; #12 + 9 #13 &, 3], yRoot [ -14400 + 9520 .; _ 849 y4 + 9 y6 + 

54544 #1- 2250 .; #1 + 27l #1 - 1401 #12 + 27 .; #12 + 9 #13 &, 3], 

-1. ' yRoot [ -14400 + 9520'; - 849 y4 + 9 y6 + 54544 #1 - 2250 .; #1 + 27 y4 #1-

1401 #12 + 27'; #12 + 9 #13 &, 1], yRoot[ -14400 + 9520'; _ 849 y4 + 9 y6 + 

54544 #1- 2250 .; #1 + 27 y4 #1 -1401 #12 + 27 .; #12 + 9 #13 &, I]}, 
{y, -9.033968554320527', 9.033968554320527'}, AxesTatel-+ {"Real Axis ", 

"IrrIagin&y Axis"}, AxesOrigin -+ {O, O}] 
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7.5 

2.5 

Peal Ax.l.s 

-7.5 -5 -25 2 5 5 7.5 

-2 5 

-5 

-7.5 

Figure 3.4.3 (b) 

Step 3: Combined graph of Steps 1 and 2: 

Pll±[E.'I1ahEEe[{-1.' -v' (-1. 3333333ID33m3' "';841.' -21.' yz + o.m3333333333333' (124: -3.' 1)), 

-v' (-1. 3333333333333m' .y841.' -21.' '.l +O.D3333333333ID3' (124.' -3.' 1)), 
-y'Rx:t:[-14400+ '!B1IJ.j _849y4 +9/ + 54544 #1-2250 t #1 +Z7 y4 #1_1401#12 +Z7.j #12 + 9#13 &, 1], 

-JFa± [ -14400 + '!B1IJ.j - 849 y4 + 91 + 54544 #1- 2250.j #1 + Z7 y4 #1-1401 #12 + Z7 .j #12 + 9 #13 &, 1], 

-1.' -y'Rx:t:[-14400+ '!B1IJ.j - 849y4 + 91 + 54544 #1-2250.j#1+ Z7y4 #1-1401#12 +Z7t #12 + 9#13 &, 1], 

-y'Rx:t:[-14400+ '!B1IJ.j -849y +9/ + 54544#1-2250.j #1 +Z7 y4 #1_1401#12 +Z7.j#12 + 9#13 &, 1], 

-1.' -y'R:tt[-14400+ '!B1IJ.j _849y4 + 91 + 54544#1-2250.j#1+ Z7y4 #1-1401#12 +Z7.j #12 + 9#13 &, 3], 
-y'Rx:t: [-14400 + '!B1IJ.j _849y4 +9/ + 54544#l-2250t #1 +Z7 y4 #1_1401#12 +Z7.j#12 + 9#13 &, 3], 
-1.' -y'R:tt [-14400 + '!B1IJ.j _849y4 + 91 + 54544 #1-2250.j#1 +Z7y4 #1-1401#12 +Z7.j #12 + 9#13 &, 3], 
-y'Rx:t:[-144OO+ '!B1IJ.j _849y4 +9/ + 54544#1-2250.j #1+Z7y4 #1-1401#12 +Z7.j#12 + 9#13 &, 3], 
-y'Rx:t:[-14400+ '!B1IJ.j _849y4 +91 + 54544#1-2250.j #1+Z7y4 #1-1401#12 +Z7.j#12 + 9#13 &, 1], 

-JFa±[-14400+ '!B1IJ.j _849y4 + 9/ + 54544#1-2250.j #1+ Z7y4 #1-1401#12 +Z7.j #12 + 9#13 &, 1], 

-1.' -y'R:tt[-14400+ '!B1IJ.j _849y4 + 9{' + 54544#1-2250.j#1+ Z7y4 #1-1401#12 +Z7~ #12 + 9#13 &, 3], 
-y'Rx:t:[-14400+ '!B1IJ.j _849y4 +9/ + 54544#l-2250t #1+Z7y4 #1_1401#12 +Z7.j#12 + 9#13 &, 3], 
-1.' -y'R:tt[-14400+ 9520.j _849y4 + 91 + 54544#1-2250.j#1+Z7y4 #1-1401#12 +Z7~ #12 + 9#13 &, 1], 

-y'Rx:t:[-14400+ '!B1IJ.j -849y +9/ + 54544 #1-2250.j #1 +Z7y #1-1401#12 +Z7.j#12 + 9#13 &, I]}, 

{y, -9.0339685543205Z7', 9.0339685543205Z7'}, JNesT<i:el-+ {,'ieal Jbrls ", "lilBgiImy Jbrlsll}, 

1kpc(lrigin-+ {a, a}]] 
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7.5 

2.5 

Real Axis 
-7.5 -5 7.5 

-2.5 

-5 

-7.5 

Figure 3.4.3 (c) 

As in the earlier examples, it can be shown that Tip is hyponormal if and only if A lies inside 

and on the innermost ellipse in Figure 3.4.3 (c). 

Example 3.4.4: 

Reduce [441-4Abs[x] "2-21Abs[x+13] = =0, x] 

-9. 617183l35473498' ~ Ie [x] ~ 4. 367l83l.35473498' && 

(:rm[X] == -1.' Y (-0.65625' Y18313.' + 1664.' Ie[x] + 0.03l25' (3969.' - 32.' Ie [x] 2) ) II 

:rm[x] == y(-O.65625' .y18313.' + 1664.' Ie[x] + 0.03l25' (3969.' -32.' Ie [x] 2) )) 

Plot [ {-1.' Y (-0.65625' Yl8313.' + 1664.' Y + 0.03125' (3969.' - 32.' i)), 
-V (-0.65625' .y18313. ' + 1664.' Y + 0.03125' (3969.' -32. ' i))}, 

{y, -9.617183135473498', 4.367183135473498'}, 

AxesTatel-+ {''leal Axis ", "lirag:ina%y Axis"}, AlceS:)rigin -+ {O, O}] 
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Imaginary Axis 

4 

2 

-8 -6 -4 -2 2 
-2 

-4 

Figure 3.4.4 

Example 3.4.5: 

Step 1: Reduce [I 17-11Abs [18+5x] ==0, x] 

-5.7272727272727275' s :Re[x] s -1. 4727272727272727' && 

(Im[X] := -0.040655781409087086' V -5103.' - 4356.' :Re[x] - 605.' :Re[x] 2 II 

Im[X] == 0.040655781409087086' V -5103.' - 4356.' :Re[x] -605.' :Re[x] 2 ) 

Plot [ {O. 040655781409087086' V -5103. ' - 4356. ' Y - 605.' y2 , - 0.040655781409087086' 

V -5103. ' - 4356. ' Y - 605. ' y2 }, {y, - 5.7272727272727275', -1. 4727272727272727' } , 

AvesTahel-+ {"Real. Axis ", "Imagi.nal:y Axis"}] 

Irraginary Axis 

2 

1 

-1 

-2 

-4 -3 -2 

Figure 3.4.5 (a) 
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Step 2: Reduce [13689-121Abs [l8+5x] 1\2-Abs [5841+3960x+550 x1\2] = =0, x] 

-5.646726877013861' :s Pe [x] :s -1. 5532731229861396' && 

(Im [x] == -1. ' ~ (-0.0036363636363636364' Y,---18-7-6O-=-7-.-:-' ---17-42-4-0-.-:-' Pe-[-x]---2:-42-oo-.'-' Pe-[-X]"""2 + 

0.2' (-41.' - 36.' Pe[x] -5.' Pe[x] 2)) II 

Im[x] == ~ (-0.0036363636363636364' -";""'--18-7-60-7-.-:-' ---17-42-4-0-.-:-' Pe-[-x]---2-42-oo-.-:-' Pe-[-x]-=2 + 

0.2' (-41.' -36.' Pe[x] -5.' Pe[X]2))) 

Plot [ { .y (- 0 . 0036363636363636364' Y -187607 . ' - 1742"40. ' Y - 24200. ' y2 + 

0.2' (-41.' - 36.' y-5.' y2)), -.y (-0.0036363636363636364' 

Y-187607.' -174240.' y-24200.' y2 +0.2' (-41.' -36.' y-5.' y2))}, 

{y, -5.646726877013861', -1.5532731229861396'}, 

lmesTabel-+ {"Real Axis ", "Imagi.na%y Axis"}] 

Imaginary Axis 

1.5 

1 

0.5 

0.5 

1 

-1.5 

-4 -3 

Figure 3.4.5 (b) 

Step 3: Combined graph of Steps 1 and 2" 

-2 

Plot [Evaluate [ {O. 040655781409087086' Y -5103. ' - 4356. ' Y - 605. ' y2 , 

-0.040655781409087086' Y -5103.' - 4356.' y- 605.' y2 , 

~ (- 0.0036363636363636364' Y -187607. ' - 174240. ' Y - 24200. ' y2 + 

0.2' (-41.' - 36.' y-5.' I)), -~ (-0.0036363636363636364' 

Y-187607.' -174240.' y-24200.' y2 +0.2' (-41.' -36.' y-5.' YZ))}, 
{y, -5.7272727272727275', -1.4727272727272727'}, 

A'CesTahel-+ {"Real Axis ", "Imagi.na%y Axis"}]] 
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Im3.ginaty Axis 
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-2 

-4 -3 

Figure 3.4.5 (c) 
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Real Axis 


