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Abstract

The central theme of our work is to explore connections between values of hyper-
geometric functions and algebraic curves. The theory of classical hypergeometric
series has been studied for centuries and their associations with counting points on
algebraic curves have been fully explored. In 1980’s, Greene introduced the notion
of hypergeometric functions over finite fields analogous to classical hypergeometric
series. Since then, connections between number of points on elliptic curves and
hypergeometric functions over finite fields have been investigated by many mathe-
maticians such as Ahlgren, Frechette, Koike, Ono, and Papanikolas.

Recently, Fuselier gave formulas for traces of Frobenius of certain families of
elliptic curves in terms of Gaussian hypergeometric functions involving characters
of orders 12 as parameters for primes p satisfying p = 1 (mod 12). Following her
approach, Lennon provided a general formula for the number of Fy-points of an
elliptic curve E with j(E) # 0,1728 in terms of values of Gaussian hypergeometric
series containing characters of order 12 for ¢ = p* = 1 (mod 12). Following these,
in this dissertation, we present some general formulas connecting the number of
points on certain families of elliptic curves given by Weierstrass normal form over
F, with Gaussian hypergeometric series containing characters of order 6, 4, and 3,
separately.

Most recently, Vega considered certain more general families of algebraic curves
and expressed the number of F,-points on those families as a linear combination
of o F1 hypergeometric functions. In our work, we have considered two families of

algebraic curves, namely y* = z(z — 1)(z — A) and 3¢ = (z — 1)(22 + \); and give

il



explicit formulas for the number of F,-points on these families as sums of values of
oF and 3F; Gaussian hypergeometric series, respectively. These formulas generalize
certain known regults on elliptic curves and Gaussian hypergeometric series. Further,
we define period analogue for the algebraic curve 4° = z(z—1)(z — A), and obtain an
expression for the period analogue in terms of 2 F classical hypergeometric series.

In all the known results connecting Gaussian hypergeometric series and algebraic
curves, expressions are obtained in terms of o F} and 3F, Gaussian hypergeometric
series. Hence, the task remained to find similar results for 4, F, Gaussian hyper-
geometric series for n > 3. Ahlgren and Ono studied this problem and deduced the
value of 4F3 hypergeometric series at 1 over F, in terms of representations of 4p as
a sum of four squares using the fact that the Calabi-Yau threefold is modular. For
n > 3, the non-trivial values of ,41F,, Gaussian hypergeometric series are difficult
to obtain, and this problem was also mentioned by Ono. We present explicitly the
number of distinct zeros of the polynomial z¢ + az + b over F, in terms of the Gaus-
sian hypergeometric functions ¢Fy_; and 4_1Fy_2 containing characters of orders d
and d — 1 as parameters.

Finally, we deduce certain special values of o F1 and 3 F» Gaussian hypergeometric

series containing higher order characters as parameters using our results.
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Chapter 1

Introduction

1.1 General introduction

The problem of finding the number of solutions of a polynomial equation over a field,
in particular, over a finite field, has been of interest to mathematicians for many
years. Recently, lots of progress have been made in this direction which paves the
way to solve many important congruences, old conjectures, and related problems.
Mathematicians such as Ahlgren, Fuselier, Frechette, Koike, Ono, and Papaniko-
las have found many interesting connections of different parameters ;)f algebraic
curves and modular forms with hypergeometric functions over finite fields. For ex-
ample, explicit formulas for traces of Frobenius of elliptic curves and traces of Hecke
operators on certain spaces of modular forms are obtained in terms of Gaussian
hypergeometric series. For details, see [2, 3, 14, 15, 16, 27, 28].

An algebraic curve or affine curve F over a field K is defined as the set of all points
satisfying a polynomial equation in two variables P(z,y) = 0 over K. It is easy to
check that if both the partial derivatives %’5 and %’5 do not vanish simultaneously
at any point on E, there is a well-defined tangent line at every point on E. Such
a curve is called a non-singular curve, otherwise it is singular. The projective form
C of an algebraic curve E defined by P(z,y) is the collection of all points which
satisfy the homogenous polynomial equation P(x,y,z) = 0 in three variables . If
z # 0, there is always a one-to-one correspondence between the points on E and the

points on C. For z = 0, the points on C are called the points at infinity of E. For



details, see [24].

In 1812, Gauss presented to the Royal Society of Sciences at Géttingen his fa-
mous paper [17] in which he defined ; Fj classical hypergeometric series. He also gave
criteria for the convergence of such infinite series in the same paper. Since then, con-
nections between classical hypergeometric series and different mathematical objects
have been investigated by mathematicians. Meanwhile, in 1980’s, Greene introduced
finite field analog of classical hypergeometric series as finite character sums called
Gaussian hypergeometric function. It is found that this function also has many in-
teresting connections with algebraic curves, modular forms, and other mathematical
objects in the same way as classical hypergeometric series do.

In this chapter, we begin by giving a survey of recent works in which classi-
cal hypergeometric series and Gaussian hypergeometric series are connected with
different parameters of algebraic curves, in particular elliptic curves. We recall def-
initions of classical hypergeometric series, characters on finite fields, and Gaussian

hypergeometric functions and list a few of their properties.

1.2 Brief history

1.2.1 Classical hypergeometric series and elliptic curves

The Classical hypergeometric series have been studied for centuries. Ramanujan
had studied classical hypergeometric series more extensively and contributed a lot
in this area. He found many connections of classical hypergeometric series with
other number theoretical functions.

For a complex number a and a non-negative integer n, let (a), denote the rising

factorial defined by
(ap:=1 and (a)p:=ala+1)(a+2)---(a+n-1) for n>0.

Then, for complex numbers a;, b; and z, with none of the b; being negative integers



or zero, the classical hypergeometric series is defined as
ag, ai, .-, (a0)n( a'l)'n - (ar)n 2"
"yl Z
o ( b, ..., ) Z (b1)n(b2)n - - - (br)n !

This hypergeometric series converges absolutely for |z| < 1. The series also converges

absolutely for |z| =1 if Re(>_b; — )" a;) > 0 and converges conditionally for |z| =
1,z#1if 0 >Re(d>_b;—3_ a;) > —1. For details, see [4, 5|. Classical hypergeometric
series satisfy many interesting symmetries and transformation identities [38].

The relations of classical hypergeometric series with different mathematical ob-
jects, for example, number of points on algebraic curves have been investigated by
many mathematicians. In 1836, Kummer found a striking connection between the
real period of a family of elliptic curves and classical hypergeometric series as given

in the following theorem.

Theorem 1.2.1. [22, Thm. 6.1] If 0 < t < 1, then the real period QU(2E)) of the
elliptic curve

2B () v =x(z — 1)(z —t),

t).

At the beginning of 20th century, mathematicians such as Beukers, Stiller, and

s given by

— N

1
Vs

others studied about classical hypergeometric series more extensively, and investi-
gated relations of this series with modular forms and other mathematical objects. In
[39], Stiller connected classical hypergeometric series with graded algebra generated
by classical Eisenstein series E4 and Eg. Soon after, Beukers (8] represented a period
of the lattice associated to the family of elliptic curves 3 Ej(t) : y> =2*—z—tasa

constant multiple of o F] classical hypergeometric series. In fact, he identified the pe-

2
Recently, McCarthy [30] considered the Clausen family of elliptic curve and gave

1l 35
riod (2 E}) of the elliptic curve o E as a constant multiple of o F; ( 122 112 | 2779) .

a relation between a period of the elliptic curve and 3F, hypergeometric series.



Theorem 1.2.2. [30, Thm. 2.1] Let 3E; be the elliptic curve defined by

sBo(t) - y* = (z - 1)(@" +1), teQ\{0,~1}.
¢ ) _ VI Q@E)

1
K7
32( |1+t ™

where (3 E5) is the real period of 3E»(t).

Then fort > 0,

b

¥

P 0O |
ot 2O

b

It is to be noted that the Clausen family of elliptic curve 35 has only one
real point of order 2 for ¢ > 0; whereas the Lagendre’s family of elliptic curve o E;

considered by Kummer has three real points of order 2.

1.2.2 Gaussian hypergeometric function and algebraic curves

Analogous to the classical hypergeometric series, Greene [18] introduced hypergeo-
metric series over finite fields or Gaussian hypergeometric series. Let F, denote the
finite field with ¢ elements, where ¢ = p®, p is a prime and e € N. Extend each
multiplicative character x : Fy — C* to F, by defining x(0) = 0. For characters A
and B of F,, the binomial coefficient (4) is defined by

(A) =B (q‘l)J(A,‘E) - -B—(QZQ S A()B(1 - 2),

B z€F,

where J(A, B) denotes the usual Jacobi sum and B is the inverse of B. With
this notation, for characters Ay, A;,..., A, and By, By, ..., B, of Fy, the Gaussian

hypergeometric series over I, is defined as

Ao, Ay, ..., A g <A0x> (AIX) (Anx>
n Fn T R — .. n ,
* ( By, ..., Ba | ) q—lg x J \Bix Bnx x(@)

where the sum is over all characters x of IF,.

Greene explored properties of these functions and found that they satisfy many
summation and transformation formulas analogous to classical hypergeometric se-
ries. These similarities generated interest in finding connections that hypergeometric
functions over finite fields may have with other objects, for example elliptic curves

and modular forms.



Define an elliptic curve E over Q in Weierstrass form by
E:y =23 +az+0

The discriminant A(E) and j-invariant j(E) of F are given by
(—48a)*  283%°
A(E)  4a3+27b2°
For a prime p of good reduction, that is, if pt A(F), the trace of Frobenius for E is

A(E) = —16(4a® + 276%), and J(E) =

given by
ap(E) =1+p — #E(F,),
where
E(F,) = {(z,y) € F2: > = 2° + az + b} U {P}

denotes the set of points on E over F, together with the point at infinity P = [0 :
1:0]. Again, if p | A(E), that is, p is a bad prime, then a,(E) = 0,+1 depending
on the nature of singularity.

The Hasse-Weil L-function associated to an elliptic curve E is defined in terms
of traces of Frobenius of the elliptic curve by the Euler product

L(E,s)= ] Q=awp™)™ J] @ —awp™+p72)7,

PlA(E) PA(E)
where s is a complex number with Re(s) > 2. Further, the L-function has close
connection with the rank of the elliptic curve as conjectured by Birch, Swinnerton,
and Dyer. Thus, the trace of Frobenius of an elliptic curve E is an interesting pa-
rameter, and finding simple expressions for a,(E) in terms of different mathematical
objects is a problem of interest.

Consider the following two families of elliptic curves defined by
2Byl =z(e—1D(z—t), t#0,1

3By iy =(z— 1)(z®+1t), t#0,-1
In the following theorem, Koike [25] and Ono (34] gave explicit formulas for the

traces of Frobenius of the above families of elliptic curves in terms of Gaussian

hypergeometric series.



Theorem 1.2.3. ((a) [25], (b) [34]) Let p be an odd prime. Then
@p-afi( # ¢ 1t) = ~o(-DepleB)
O am( P 81 D) —sbEN - )
where ¢ and € are quadratic and trivial characters on IF,, respectively.

These results are analogous to the expressions of real periods of the same families
of elliptic curves in terms of classical hypergeometric series stated in Theorem 1.2.1
and Theorem 1.2.2. In these formulas, only quadratic and trivial characters are
used as parameter, and thus the task remained to find expressions with higher
order characters as parameters [35]. Following are some of the directions where the
relations of Gaussian hypergeometric series containing higher order characters and
number of F,-points on families of varieties have been explored.

In [14], Fuselier gave formulas for the trace of Frobenius of certain families of
elliptic curves which involved Gaussian hypergeometric series with characters of

order 12 as parameters, under the assumption that p = 1 (mod 12).

Theorem 1.2.4. (14, Thm. 1.2] Suppose p 1s a prime, p =1 (mod 12) and € € ]EE
has order 12. If t € F,\{0, 1}, then for the elliptic curve

27 27

xr— ———

1-1¢ 1-1¢

E,: y®=4x® -
with j(E;) = 1—73§, we have

pafi (&5 10) = (e
In the same paper, Fuselier also considered elliptic curves constructed by Beukers
[8], and found a striking resemblance between the Gaussian hypergeometric function
expression of the trace of Frobenius and classical hypergeometfic series expression
of a period of the same family of elliptic curves.
Afterwards, for ¢ = 1 (mod 3), Lennon gave formulas for certain elliptic curves
involving Gaussian hypergeometric series with characters of order 3 as parameters

in [28].



Theorem 1.2.5. (28, Thm. 1.1] Let E,, 4, be an elliptic curve over Q in the form
given by the equation

and let p be a prime for which E,, o, has good reduction. Also assume that pt ay,
and g =p¢ =1 (mod 3). Let p € Fx be a character of order three, and let € be the

trivial character. If E~a1,a3 denotes the curve obtained by reduced modulo p of E,, 4,
then the trace of the Frobenius map on E,, o, is given by

- , p*  27a
ag(Eaya5) = —q - 2F1 ( p i | 7‘?) :
1

In all of the above results, the character parameters in the hypergeometric series
depended on the family of curves considered. In addition, the values at which the
hypergeometric series are evaluated are functions of the coefficients and so depended
on the model used. Lennon [27] gave a general formula expressing the number of F,-
points of an elliptic curve in terms of more intrinsic properties of the curve without
having to put the curve in a specific form. Consecutively, Lennon removed the
restriction on p imposed by Fuselier [14], and provided a general formula connecting
the number of Fy-points on an elliptic curve E with j(F) # 0,1728 with Gaussian
hypergeometric series for ¢ = p* =1 (mod 12).

Theorem 1.2.6. [27, Thm. 1.1] Let ¢ = p%,p > 0 a prime and q = 1 (mod 12).

In addition, let E be an elliptic curve over Fy with j(E) # 0,1728 and T € Fy
a generator of the character group. The trace of the Frobenius map on E can be
ezpressed as )

o1 (1728 T, T% | j(E)
E)=—q - T'% (=) -,F ’ Ly |2
(B)=—¢-Tm (A(E)) 2 ‘( 7252 1708 |
where A(FE) is the discriminant of E.

All formulas stated above connect Gaussian hypergeometric series with number
of F-points on elliptic curves. Therefore, a natural question to ask is whether there
are similar formulas for counting points of more general curves in terms of Gaussian
hypergeometric series. Most recently, Vega in [40], generalized this problem to more
general curves of degree £ > 0. For z € F,, Vega considered the smooth projective

curve with affine equation given by

C,: v'=2™(1 - x2)*(1 — zz)™,



where £ € N and 1 < m,s < £ such that m + s = ¢. She explicitly related the
number of points on C, over F, with Gaussian hypergeometric functions containing

characters of order ¢ as parameters.

Theorem 1.2.7. [40, Thm. 1.1] Let a = 2 and b = 2 be rational numbers such
that 0 < a,b < 1, and let z € Fy, 2 # 0,1. Consider the smooth projective algebraic
curve with affine equation gwen by

Cga,b) . yf — xl(l—b)(l _ x)tb(l _ zx)ta,
where £ = lem(n,r). If =1 (mod £), then
, -1 " yti=a) 5 it1-b)
#OEIE) =g+ L+ L x (-1 ( X 2),

c €
i=1

where x € ]f‘} s a character of order £ and #Cﬁa’b) (F,) denotes the number of points
that the curve C® has over F,.

In the same paper, she proposed a conjecture connecting the 5 F] hypergeometric
function of the above theorem and the reciprocal roots of zeta functions of C,. She

also proved the conjecture for some special cases.

1.3 Preliminaries

In this section, we define classical hypergeometric series, characters on finite fields,
and Gaussian hypergeometric series. We list properties of characters and recall some
symmetric and transformation identities of hypergeometric functions which will be

used to prove our results. We start with the classical hypergeometric series.

1.3.1 Classical hypergeometric series

The classical hypergeometric series is an old example of infinite series. In 1810’s,
Gauss defined classical hypergeometric series in one of his famous papers. For

a,b,c € C, he defined ;F classical hypergeometric series as

QFI(a,b,z>=@ﬁ_z:

c (S)n n!



Mathematicians such as Euler, Kummer, and Vandermonde studied this series and
found many interesting identities and transformation formulas. The classical hyper-

geometric series satisfy a beautiful integral representation due to Euler [10] given

a, b _ 2P(C b-1 je-b-1 a
2F1< . IZ) m/t (1- (1 -2t)™%dt,

where Re ¢ > Re b > 0. Again, making a change of variables, the above integral can

as

be stated as follows.

Theorem 1.3.1. {9, p. 115] For Re ¢ > Re b > 0,

b 2T (c) ™/2 (gin ¢)2~1 (cos ¢)2e-2-1
A% - |
o ( ¢ |Z> F(b)F(C_b)/o (1 — zsin®¢)® dt

" Kummer showed that ,F} classical hypergeometric series satisfy a well known

second order differential equation. The classical hypergeometric series enjoy many
interesting symmetric and transformation properties. For example, the Pfaff’s trans-

formation is given as follows.

Theorem 1.3.2. 38, p. 31]

a, b _ —a a, c—b z
2F1< c |x>—(1—x) 2F1( c lz—l).

Many special values of classical hypergeometric series have been evaluated by

mathematicians such as Gauss, Kummer, Vandermonde and Pfaff. In (17], Gauss

deduced the following special value of classical hypergeometric series.

Theorem 1.3.3. If Re (c —a —b) > 0, then

a, b _I()T(c—a—b)
2 ( ¢ | 1) " T(c—a)T(c—b)

Further, the Kummer’s Theorem is given by

Theorem 1.3.4. [5, p. 9]

. b Fl+b—-a)l(1+2)
2F1( l+b—a '_1> I‘(1+b)I‘(1+——a).
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1.3.2 Characters on finite fields

Let F, be the finite field with g elements, where g = p®, p is prime and e is a positive
integer. Recall that Fy = F,\ {0} is a cyclic multiplicative group of order ¢ — 1.
A multiplicative character x : Fy — C* is a group homomorphism. Throughout,
we reserve the notations € and ¢ for trivial and quadratic characters, respectively.
Thus, for z € Fy
e(z) =1,
and
[\ _ )L, if z is square of some element in Fy ;
Ha) = (_) B { —1, if z is not square of any element in F,

is the Lagendre symbol. The following theorem gives the structure of multiplicative
characters on F,. Also, every multiplicative character on F, can be constructed from

the following theorem.

Theorem 1.3.5. [29, Thm. 5.8, p. 192 Let g be a generator of the multiplicative
group of Fq. For each j =0,1,2,...,q9 — 2, the function

277k

x,(g*) =e T, for k=0,1,2,...,9—2,

defines a multiplicatwe character on F,.

The set 1@3 of all multiplicative characters on F7 is a cyclic group under mul-
tiplication of characters [6, 23, 29]. One extends the domain of all multiplicative
characters x on Fy to IF, by defining x(0) = 0. We state a result which enables us

to count the number of points on a curve using multiplicative characters on F,,.

Lemma 1.3.6. (23, Prop. 8.1.5| Let a € F}. If n|(p — 1), then
#{z€Fp: 2" =a} =) x(a),
where the sum runs over all characters x on I, of order dividing n.

We now state the orthogonality relations for multiplicative characters in the
following lemma. For proofs of these relations and further information on characters,

see [23, 6).
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Lemma 1.3.7./[23, Chap. 8] Let T be a fized generator for the group of multiplica-
tive characters FX. Then

il LI e

2. S92 T(x) ={ 8_1 :)fc f;z

Definition 1.3.1. For multiplicative characters A and B of F,, the Jacobi sum
J(A, B) is defined by

J(A,B) =Y A(z)B(1 —z).

z€F,;

Define the additive character 8 : F, — C* by 6(a) = ¢*(®). Note that ¢ = "/

and tr : F, — I, is the trace map given by
tr() =a+aof +o” +---+ .

The following theorem of additive character will be used frequently to express the
number of F,-points on polynomials in simplified form.

Theorem 1.3.8. [23, Thm. 10.3.3] Let z,y,z € F,. Then

> 8(z(z - y) = ¢d(z,v), (1.3.1)

z€F,

where 6(z,y) =1 if z = y and zero otherwise.

Further, we define an important character sum called Gauss sum as follows.
Definition 1.3.2. For 4 € fq;, the Gauss sum is defined by

G(A) == > A(z)¢"®) = A(z)6(z).

T€F, z€lF,

Denoting T as a fixed generator of Ifq;, we often use the notation G,, to define
G(T™). Now, we restate a lemma which provides us values of certain particular
Gauss sums.

Lemma 1.3.9. [14, Lemma 2.1] For ¢ = p®, p a prime and e € N, we have
(@) Gle)=Go=-1

, ifg=1 (mod 4);
(b) G(¢)=Gs;—1={2</aq, if353(23d4).
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The following lemma enables us to evaluate multiplicative inverse of a Gauss

sum.

Lemma 1.3.10. [18, Eqn. 1.12] If k € Z and T* # ¢, then
GkG_k = qu(-—].).

Using orthogonality of characters, we have a lemma that provide a scope to
express an additive character in terms of Gauss sums.
Lemma 1.3.11. 14, Lemma 2.2] For all a € FY,
=
0(a) = — Z G_mT™(a).
m—O
There are many nice relationships between Gauss sums and Jacobi sums. Among
them, the most beautiful one is the following.

Lemma 1.3.12. [18, Eqn. 1.14] If T™ ™ # ¢, then

™

GmG-n= q (T"

)Gm_nT"(—l) = J(T™, T"")Grmn.

1.3.3 Gaussian hypergeometric functions

Gaussian hypergeometric series is first introduced by Greene in [18] as finite field

analogue of the classical hypergeometric series.

Definition 1.3.3. For character A and B on F,, the binomial coefficient (4) is
defined by

A\ B(-1) B(-1) N
() - — 2 J(A,B) = - > A(z)B(1 - 1),

B
z€lFy

where B is the inverse of B.

Many special cases of the binomial coefficient have been deduced by Greene. For

example, the following special case is known from [18]

(f) - (i) = ‘}i‘ +1 ;l (A), (1.3.2)

where 6(A) = 0 if A # ¢ and d(A) = 1 if A = e. With these notation, Greene

defined Gaussian hypergeometric series in the following way:
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Definition 1.3.4. Let n be any positive integer and z € F,. For characters

Ao, Ay ... An and By, By,..., By in FY, the Gaussian hypergeometric series ,41 5,
is defined to be

Ay, A1, ..., An q Aox\ [A1x Anx
n F H 1 H = —_— DY .
H"( By, ..., By [3:) q—lZ(x Byx B,x x(z)
x€Fy
Greene also provided an alternative definition of 3/} Gaussian hypergeometric
function as follows.

Definition 1.3.5. For character A, B,C on F, and z € Fy, we have

2o F ( A, g i x) = 5(:1:) BC;—I) y}e; B(y)FC’(l _ y)/_{(l 3 my). <1.3‘3)

Greene found many symmetric and transformation formulas for Gaussian hyper-
geometric series analogous to those satisfied by classical hypergeometric series. Some
follow directly from his definitions, while others are far more subtle. For characters

Al,...,An and Bl,.'.,Bn OH]Fq, let

denotes the product

Further, let

denotes the series
C, A, ..., A
n+1Fn " l Tq.
B, ..., B,

With these notation, we now recall some results of Greene.

Theorem 1.3.13. [18, Thm. 3.15 (v)] For characters A, B,C, E, B,? on F,; and
z €T,

A B, C D _(CE A C D BE(~1)—, .(AB
F( E, B F u) _<BE)F( E, F 'I)" : B(’”)(F)
BE g—1 A, B _

x (?§>+ = BE(~1)F( 'B’ |w> §(CE).
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Theorem 1.3.14. [18, Thm. 4.2 (ii)] For characters A,B,D, G, E of F, and
z € F,

F ( 4 5 g | x) = ABDCE(-1)A(z)F ( A, AD, A::Ei | 1) .
AB, AC %
Moreover, Greene proved the following transformation formulas of Gaussian hy-
pergeometric series using the binomial theorem of characters and making changes in
variables in Definitions 1.3.4 and 1.3.5. Let 6 : F, — {0, 1} be the function defined
by 6(0) =1 and é(z) =0 for z # 0.
Theorem 1.3.15. [18, Thm. 4.4 (i) & (ii)] For character A, B,C onF, and z € F,,

@) 2F1<A 5 |:z;) =A(—1)2F1(A’ Agé |1—m>

+A(- 1)( )5(1 z) - (g)a(x),'

) F ( : g lx) = C=DAQ - )P ( " CCB 5o 1)
B

A(-1){ = - z).
+ A( )<AC) 6(1—1z)
Lemma 1.3.16. [18, Coro. 3.16 (ii)] For characters A, B onF, and = € F,,

oy ( A, ) ﬁ) ~1)B(z)AB(1 - z)
% (~De(z) + TA( 1)6(1 - 2)6(AB).

We will need the Hasse-Davenport relation to express traces of Frobenius endo-
morphism of elliptic curves as special values of Gaussian hypergeometric series. The
Hasse-Davenport relation can be stated as follows. Here 6 is considered as the addi-
tive character though the most general version of this relation involves any additive

character.

Lemma 1.3.17. [26, Hasse-Davenport Relation] Let m be a positive integer and let
q = p® be a prime power such that ¢ = 1 (mod m). Let @ be the additwe character on

F, defined by 6(a) = (¥, where { = e’ . For multiplicative characters x, ¢ € E;,
we have

IT Gow) = -Gw™pm™) ] Gk (1.3.4)

x™=1 xm=1
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1.4 Organization

There are six chapters in this thesis. We explore connections that values of hyper-
geometric functions may have with algebraic curves and polynomials.

The Chapter 1 is introductory in nature which contains basic introduction to
algebraic curves, classical hypergeometric series, and Gaussian hypergeometric se-
ries. We also give a brief survey of recent works that relates algebraic curves with
hypergeometric functions.

Chapter 2 is dedicated to study connections between traces of Frobenius of el-
liptic curves and Gaussian hypergeometric series. For each of the cases, ¢ = 1 (mod
6), ¢ = 1 (mod 4), and ¢ = 1 (mod 3), we find explicit relationships between the
number of F -points on certain families of elliptic curves in Weierstrass normal form
and the values of a particular hypergeometric function over F,.

In Chapter 3, we focus our attention on a particular family of algebraic curve of
higher degree and find connection between the number of points on this family over
F, and sums of values of certain 5F; Gaussian hypergeometric functions. We also
provide a striking analogy between binomial coefficients involving rational numbers
and those involving multiplicative characters.

Chapter 4 is devoted to another family of algebraic curve of higher degree. We
express the number of points on this family of curve over I, as a linear combination
of certain 3F» Gaussian hypergeometric series.

Chapter 5 contains relations between number of zeros on some polynomial equa-
tions over F, and 4, F,, Gaussian hypergeometric series for n > 2. These expressions
partially answer a question proposed by Ono [35].

Finally, in Chapter 6, we evaluate certain special values of o F} and 3F; Gaussian

hypergeometric series over I, using the results of Chapter 2 and Chapter 4.



Chapter 2

Elliptic Curves and Gaussian
Hypergeometric Series

2.1 Introduction

An elliptic curve is a particular family of algebraic curve, which can be described
as non-singular cubic projective curve over a field in three variables with at least
one point. These curves are of genus 1, and the points on such curves over any field
enjoy the beautiful group law of algebra called Mordell-Weil group law [37, 22]. Any

elliptic curve over Q can be represented by an equation
E:y*=f(z)=2+az+b,

where f(z) = 0 does not have any repeated roots. This form of an elliptic curve
is called the Weierstrass normal form. The discriminant of F, denoted by A(FE), is
given by

A(E) = —16(4a® + 275%).

Let E denote the reduction of E mod p. Recall that if p { A(E) then E has good
reduction, that is E is also an elliptic curve over F,. In this case, we say that pis a

prime of good reduction. We define the integer a,(E) by

ap(E) = p+1—#E(F,),

1The contents of this chapter have been published in Proc. Amer. Math. Soc. (2013) and J.
Number Theory (2013).

16
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where #E(IFP) is the number of points on E over F, including the point at infinity.
If p is a prime of good reduction, a,(E) is called the trace of Frobenius as it can
be interpreted as the trace of the Frobenius endomorphism on E. Further, if E is

given by y? = f(z) then

a(B) ==Y $(f(=)),

z€F,
where ¢ is the quadratic character on F,. For further details about elliptic curves
and its different parameters, see [37, 41, 22].

Elliptic curves have many mysterious arithmetic properties and mathematicians
are working to find their connections to other objects in number theory and related
areas of mathematics. The connection between elliptic curves and modular forms
brought to light famously in the proof of Fermat’s Last Theorem. There are many
open problems on elliptic curves and the most famous is the Birch and Swinnerton-
Dyer conjecture.

In this chapter, we consider the problem of expressing traces of Frobenius en-
domorphisms of certain families of elliptic curves in terms of hypergeometric func-
tions over finite fields. We present explicit relations between the traces of Frobe-
nius endomorphisms of certain families of elliptic curves and special values of 5 F3-
hypergeometric functions over F, for ¢ = 1 (mod 6), ¢ = 1 (mod 4), and ¢ = 1 {mod
3). Moreover, we extend a result of Koike on Lagendre’s family of elliptic curves

which includes some more families of elliptic curves.

2.2 Traces of Frobenius endomorphism of elliptic

curves
Throughout, we consider an elliptic curve E, ;. over I, given by

EBope P =23+ az’+br+c (2.2.1)
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If we denote by a,(Eq,pc) the trace of the Frobenius endomorphism on E,p,, then
a‘l(Ea,b,C) =q+1- #Ea,b,c(Fq), (222)

where #FE,; (F,) represents the number of F,-points on E, ;. including the point
at infinity. Fuselier [14], Koike [25], Lennon [27, 28], and Ono [34] considered some
particular forms of the elliptic curve E, ;. and expressed their traces of Frobenius
endomorphism in terms of Gaussian hypergeometric series. Among them, Lennon
[27] considered the most general form and related its number of points with hypérge—
ometric series over I, containing characters of order 12, as parameters for ¢ = p® =
(mod 12).

In the following theorems, we extend the result for a,(F4p.) of Lennon and
deduce some expressions for a,(Fqp) in terms of hypergeometric functions over F,
for ¢ = 1 (mod 6), ¢ = 1 (mod 4), and ¢ = 1 (mod 3), respectively. In the proofs,
we follow the method used in [14] and [27].

2.2.1 Case 1: ¢=1 (mod 6)

Theorem 2.2.1. Let g =p°, p > 0, be a prime and ¢ = 1 (mod 6). In addition, let
a be non-zero such that (—a/3) a quadratic residue inF,. If T € Iﬁq; is a generator
of the character group, then the trace of the Frobenius on Eg.p : y* = 2% +az + b

can be expressed as

T%, T l_k3+a,k:+b

aq(Boas) = ~aT°T (~k) 2Py |

€
where € is the trivial character on F, and k € F, satisfies 3k*> +a = 0.

Theorem 2.2.1 will follow as a consequence of the next theorem. We consider the
family of elliptic curves E.g4 over F, for ¢ # 0. Then, the trace of the Frobenius
endomorphism of E,gq is expressed as a special value of a hypergeometric function

in the following way.
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Theorem 2.2.2. Let ¢ =p°%, p >0, be a prime and ¢ =1 (mod 6). If T € ]I‘“E is
a generator of the character group, then the trace of the Frobenius on E.g4 : y* =

23 + cz? + d is given by
-1
0q(Eco4) = =477 (=3¢) 2 Fy

where € 1s the trivial character on F,.

Proof. Consider the polynomial
P(z,y) =23+ cz® +d — 4%,

and denote by #E,4(F,) the number of points on the curve E g 4 over F, including

the point at infinity. Then

#E.04(Fy) — 1 = #{(z,y) € Fg xF, : P(z,y) = 0}.
The elementary identity (1.3.1) for the polynomial P(z,y) becomes

z€F, 0 if P(z,y) #0.

Using this, we obtain

g (#Ecpa(Fg) - 1) = Z 6(2P(z,))

- Z 8(0P(z,y)) + ¥ 6(zP(0,0)) + ¥ 6(zP(0,y))
z,y€F, 2€FY v,2€F}
Z 6(zP(z,0)) + Z 0(zP(z,y))-

The polynomial P(z,y) and the fact

2 (0P(z,y)) = ZG

xz,yEF, z,y€F,
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together yield

¢ (#Epa(Fy) — 1) =*+ ) _ 0(zd) + > 0(2d)8(—2y%)+

z€FF y,2€F3
> 0(zd)b(2z®)0(zca®) + Y 6(2d)8(25°)8(zcx?)0(~297)
z,2€Fy z,y,2€FY
=¢+A+B+C+D. (2.2.4)

Now using Lemma 1.3.11 and then applying Lemma 1.3.7 repeatedly for each labeled
term of (2.2.4), we deduce that

Z ZG (T (2d) = —iZG (TH(d) Y T'(2) = Go =

zEF>< =0 2€FY

Here the second equality follows from the fact that the innermost sum is 0 unless
[ =0, at which it is ¢ — 1. Similarly,

- = $ GG @™ (-1) 3 1) Y ),

L,m=0 yeF} 2€FY

which is nonzero if and only if ] = —m and m = 0 or 5=. Thus, Lemma 1.3.7 yields
B—1+Gg_G g_lT (d)T ( 1).
Using Lemma 1.3.10 for k = =, we deduce that
B=1+ qT*S—‘(—l)T%‘(d)T’E—‘(—l)
=1+4¢T% (d).

Expanding the next term, we have

1 a2 n m+2n
C= =1 3 CaGomGnTHAT™Y () Y TH™n(z) ST T3+ (g),
q l,m,n=0 z€F} z€Fy
Finally,
1 X

7T Y GG GG THA)T™()TH(-1)x
l,m,n k=0

Z Tl+m+n+k(z) Z T3m+2n(.’13) Z T2k(z).

2€Fy z€Fy 2€Fy
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The innermost sum of D is nonzero only when k = 0 or k = 1;—1 Using the fact

that Gy = —1, we obtain

where
1 2 »
DgZ—l - (g —1) , 2:_0 G—lG—mG—nGg;_lTl(d)qm(C)T 7 (—1)x
Z Tl+m-+-ﬂ+ﬂ%l (Z) Z T3m+2n(x)
2€Fg z€Fy
which is zero unless m = /—gn andn = -3/ — Si__lq; Y Since G31+3L42—12 = G'31+9;—1 and

G_gl_(q_l) = G-g[, we have

ZG 1G_uGyy 1 Gaa THAT ™ ()T (-1).
=0

Dy-_1=
2

q—l

Using Davenport-Hasse relation (1.3.4) form =2, =T and m = 3,% = T+

respectively, we deduce that

o G—lG_z-ngl d o Gt+%‘Gz+%1Gz+§$“g—‘l
= an -1 = = .

4T G Ti(4) S gT-=%(27)
Therefore,

5-—’ = 27d
Dg%—l = q(q_ 1) IZG =i lG—l -'Z—Gl-}-g—.G[_i.R_GH_ gq ILT (463) .

: —1
Replacing I by | — 45, we have

T (-3¢) E2 27d
— 43 )

a(g—1) ZG 13252G 1 a1 GGy a1 GiGy a T =
Now using Lemma 1.3.12, we obtain

-2 g_ H.ﬂ_
qu( -3c) « T'- T a1 (27d
Dﬂg—lz q-1 1§0:G Ti- a1 Ga_ Ti- a-1 Gs 5= QT 2 e )

Dg-1 =
2
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Plugging the facts that if [ # 0 then G;G_; = ¢T*(—1) and if l = 0 then G,G_; =

qT'(~1) — (¢ — 1) in appropriate identities for each [, we deduce that

3na=l g-1 q—2 i—9=1 H.a_
_¢*T s (-1)T"7 (-3¢) =\ (T ez (27dY
Pa = g-1 ;O -t )\t )T )T
2

AT (1T (3c)<TJ—2>(;t>TL(i—?)

Replacing { by I + -‘%1 in the first term and simplifyinig the second term, we obtain

D _q3T“2—1(-3c)§ TS /7 o (_27d
T g¢-1 &\ T T! 43

gl G2gq3—12G_q_-2-_1G§;_1Gg;_l
—-q¢'Tz (d) 3
q Gg%;ngq—lz
6
4%, T 974
=TT ( 3c)Fy 13 —qT'T (d)

Putting the values of A, B, C, D all together in (2.2.4), we have

g1 8e=1)
, T8

T75
g (#Eo0a(Fy) — 1) = ¢ + ¢*T*F (=3c), Fy | -
€

21d
4¢3

Since ag(Fepa) = ¢+ 1 —#E.04(F,), we have completed the proof of the Theorem.
a

Proof of Theorem 2.2.1. Since a # 0 and (—a/3) is quadratic residue in Fg, we
find k € F) such that 3k% + a = 0. A change of variables (z,y) — (z + k,y) takes
the elliptic curve Egqp: 42 = 2° + az + b to

Eyop : y? = 2® 4 3kz? + (k* + ak + b),

where o' = 3k? and ¥’ = k® + ak + b. Clearly a,(Eoap) = aq(Euw oy ). Since 3k # 0,

using Theorem 2.2.2 for the elliptic curve Eg g, we complete the proof. O
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2.2.2 Case 2: ¢ =1 (mod 4)

Theorem 2.2.3. Let g = p®, p > 3, be a prime and ¢ = 1 (mod 4). Also assume
that 23 + ax + b = 0 has a non-zero solution in F, and T € EI; is a generator of
the character group. The trace of the Frobenius on Egqp : y? =28 +az+b can be

expressed as

q-1 3(g-1)
- - T, T3 12h% + 4a
ag(Eoap) = ~aT'F (BR)T'T (-1) 2y | |
£

where € is the trivial character of Fy and h € F} satisfies h® + ah + b = 0.

We now prove a result for the elliptic curve Efgp : y> = 23 + fz? + gz under
the condition that ¢ = 1 (mod 4) similar to Theorem 2.2.2, and then Theorem 2.2.3

will follow from this result.

Theorem 2.2.4. Let g =p°, p >0, be a prime and ¢ =1 (mod 4). If T € Fq; s a
generator of the character group and f # 0, then the trace of the Frobenius on Ef 40

s given by
-1 -1
aq(Epg0) = =qT°7 (2f)TT (-1)oFy = |
where € 15 the trivial character on IF,.

Proof. We have

#Ef»gyO(IFq) -1= #{(Z,y) € F(I X ]Fq : P(za y) = 0})

where

P(z,y) = 2* + fa? + gz — .
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Using (2.2.3), we express the number of points of Ey ¢ over F, as

q (#Efgo(]F = Y 0(zP(z,))
z,y,2€F,
=q*+ Z 6(0) + Z 6(—zy*) + Z 0(2z%)0(2fz*)0(29z)
2€Fy y,z€FY z,2€Fy
+ Z 8(22)0(z f1*)0(292)0(—2y?)
z,y,2€FY
=¢+((g-1)+A+B+C. (2.2.5)

Now, following the same procedure as followed in the proof of Theorem 2.2.2, we
deduce that

q-—2 q—

A=q%lz > GTa) = —= Z VS T(y) YT (=2) = —(g - 1),

=0 y 2eF} =0 yEF, z€F,
where the third equality follows from the fact that the innermost sums are nonzero

only for | = 0, at which both are ¢ — 1 and Gy = —1. Then expanding the next

term, we obtain

1 =
B = m Z G..IG_mG_nTm(f)T"(g) Z Tt+m+n(z) Z T3l+2m+n($)
I,m,n=0 2eF} z€Fy

Finally, using Lemma 1.3.11 and Lemma 1.3.7 in the last term of (2.2.5), we deduce

that
1 a2
=—(q — 1)4 Z G—lG—mG—nG_kTm(f)jm(g)Tk(_1) Z Tl+m+n+k(z)x
{,m,n=0 . zeF;‘

Z T3l+2m+'n(x) z T2k(y)’

z€Fy y€F,
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which is nonzero only if £ = 0 or 3=, Hence the term breaks up into two terms as
1 X
C =- T3 Z G—lG—mG—nTm(f)llm(g) z Tl+m+n(z) Z T3l+2m+n(m)
(q - 1) { =0 x x
ULl 2€F; z€Fy
1 A -t
l+m4nt 251
MITENE Y GuGomG_nGeuaa T™(f)T™(9) D T z (2) X
{,mn=0 Z€F}
Z T3l+2m+n(x)‘
z€FJ

Substituting the values of A, B, C all together in (2.2.5), we have

1
7 (#Bre0(Fa) = 1) = 0+ 3 Z GiG -GGz T™(f)T"(9)
l;mn=0
Z Tl+m+n+9§-(z) Z T3l+2m+n(x).
2€F zelFy
Both inner sums of the second term is nonzero only when n =1 and m = -2 — 9%1
Thus, we use Lemma 1.3.7 in the second term, and then simplify to obtain
) Ga-_lT “(f) &2 '
0 (#E190(Fg) = 1) =¢' + — ——— ) GGy GiT f? (2.2.6)
1=0
The Davenport-Hasse relation (1.3.4) with m = 2,4 = T+ yields
G _q;lG 3(q-1) _
Gppamt = ——= 70 pi-g3t gy, (2.2.7)
2 Gg;_l

Using (2.2.7) and then Lemma 1.3.12 in (2.2.6), we have

2f)
0 (#Epg0Fy) — 1) = ¢ + —20) ( f ZG lGH_g__GH_MG /T <f2)

3P (2 )T (- THIE i 4
e TSR ) )
=0

g;_l T.’ng—ll
2 R 4g
=g +¢'T (Qf)T H(~1)Fy 7
€

Then using the relation a,(Ey,g0) = ¢+ 1 —#E;40(F,), we complete the proof. 0O



26

Proof of Theorem 2.2.3. Since z* + az + b = 0 has a non-zero solution in F,, let
h € F be such that h3 +ah+b = 0. A change of variables (z,y) — (z+ h,y) takes

the elliptic curve Eggp : v’ =13 +az+bto
Evypo:y® =2+ 3hz® + (3% + a)z,

where o/ = 3h and b’ = 3h? + a. Since ay(Eoap) = ag(Ew o) and 3h # 0, using

Theorem 2.2.4 for the elliptic curve Ey y o, we complete the proof of the theorem.O

2.2.3 Case 3: ¢=1 (mod 3)

In Theorem 2.2.1 and Theorem 2.2.3, we expressed the trace of Frobenius of the
elliptic curve Ey 4 in terms of Gaussian hypergeometric series involving characters of
orders 6 and 4 under certain conditions. But all these expressions are not adequate to
find trace of Frobenius formula for all families of elliptic curves in terms of Gaussian
hypergeometric series because of the conditions imposed on the coefficients of the
model. Here we consider a family of elliptic curves which is not included in above
theorems and find relation of its number of points with hypergeometric function
over finite fields.

Hessian form of elliptic curve: Hessian form of elliptic curve is a particular
family of elliptic curves. For some a € F, and a® # 1, the Hessian curve over F, is

given by the cubic equation
Cy:z®+9* +1=3azxy.

A birrational change of variables, the equation C, transforms to a Weierstrass normal
form of elliptic curves.

In the following theorem, we express the number of points on C, over F, in terms
of Gaussian hypergeometric series. Let C,(F,) denotes the set of all F,-points on
C, given by

Cu(Fq) = {(z,y) € F2: 2° + y* + 1 = 3azy}.
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Theorem 2.2.5. Let q =p®, p > 0, be a prime and ¢ =1 (mod 3). If T € lf'q; s a
generator of the character group, then the number of Fq-points on the Hessian form

of elliptic curve can be expressed as

T, 5% 1

#Ca(]Fq) =q—-2+q 2k g

13

Proof. The method of this proof follows similarly to that given in [14] and [27]. We

have
#Co(Fy) = #{(z,y) € Fy x Fy : P(z,y) =0},
where

P(z,y) = 2® +4*+ 1 - 3azy.

Using (2.2.3), we express the number of points as

- #CuF)) = ) 6(zP(3,y))

z,y,2€F,
=g+ > 0(2)+ Y 0(z)0(2)+ D 0(22%)6(2)
2€F} y,2€FY z,2€F¥
+ E 0(2z3)0(2y>)0(2)0(—3azzy)
zy,zeF
=¢*+(-1)+A+B+C. (2.2.8)

Following the same procedure as followed in the proof of Theorem 2.2.2 and Theorem

2.2.4, we deduce that

q-2
l+4m 3l 1 3!
A..—_( 2 Z Z G_ [G_mT+ (z)T (y —IZG [GIZT (y
l I,m=0 Y, zEFq yqu

By Lemma 1.3.7, the above sum is nonzero only if [ = 0, 1;—1 or 2-("3_—12 Thus, using

Lemma 1.3.9 (a) and Lemma 1.3.10, we obtain

A=GyGy+ Gg;_lGZggs—lz + ngq:;IZGg;_l =1+ 2g.
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Similarly,

B=1+2q.

Again, we use Lemma 1.3.11 and Lemma 1.3.7 repeatedly to deduce

q-—2

1 .
B (g — 1) Z GGG -nG_xT*(—3a)x
,mmn k=0

Z Tl+m+n+k(z) Z T3m+k($) Z T3n+k(y)

ZEF; ZEF: zEF:
1 &
= (g—1) Z G-lG—lG—thzT_al(—Ba)+
=0
9 2
-3
(= 1) 2 C-iG-ms2 G s Gl ™ (=30),

. - 2g—~
since the sums are nonzero only for m = 0, 93—1 or =& V n=2m-1land k =

—l — m — n. We use the Davenport-Hasse relation (1.3.4) for G3 given as

qT-+2N)T (-1)

in each term, and then Lemma 1.3.12 in the first term to obtain

iG { [GH_g%l} {G—tGngs_—u}T’(—%)

a-

Q(q—l

N

1
{GG} {Gl+9—;—‘G—(l+1§—‘)} {Gz+3(ﬂ;—‘2G—(z+3%9)} Tl(—g)

1) =
q-2 1+azt 14+ 2(e-1)
q T3 T3 1 2
= — -1 q—lT —_——
@) ,=0G‘G‘( p ) )G oy

q-2
/ 1
Z {G[G-—l} {GH_ﬂ%l G_(H_g_;_l)} {Gl_'_?(q:’—l) G_(H_?(QS—D)} Tl(—ag)
=151 2a1)

6
q(g —1)

We use Lemma 1.3.10 in each term, and plug the facts that if [ # 0 then G,G_; =

+ Gg_—a;l_G:_ﬂ_;_lG2£q—12G_2gq—ll.
3 3

gT(—1) and if [ = 0 then G,G_; = ¢T*(—~1) — (g — 1) in appropriate identities for
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each [ in the first sum to deduce that

o <q_1>Z(T‘§7)(T'?u Jre-e ()0

q ;1 6q
+ E T (= —
(¢-1) (a3)+q—1
I=1#451 2

7%, 7% 242 a2 6
=2, F ’ | -1 q 24 29
T |z Ta-D = @ ) N

€

ng_l, T2 qs—l

1
=q22F1 l ? —-1- 6q

€

Combining all the values of A, B, C and putting in (2.2.8), we obtain that

T3
Q'#Ca(Fq) =q2_2Q+q22F1 =1,

completing the proof of the theorem. a

The Hessian form of an elliptic curve can be transform to an elliptic curve in
Weierstrass form by making a birrational change of variables. Therefore we have

the following result.

Theorem 2.2.6. Let ¢ = p®, p > 3, be a prime with ¢ = 1 (mod 3). In addition, let
m = —27d(d®*+8) and n = 27(d® — 2043 —8), where d® # 1. If T € Iﬁq; is a generator

of the character group, then the trace of the Frobenius on Egp;mn : y2 = B +mz+n

15 given by
E = 9243 + 354° Tw, T 1
ag(Eomn) =14+ q— ¢(-3(8+ + ) —a2F pe
€

\

Proof. Consider the elliptic curve

2 _ .3
Eomn 1 y° =27+ mz +n,
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where m = —27d(d® + 8) and n = 27(d® — 204® — 8). Making the birational change
of variables z — —%%ﬂ and y — —%—T‘L}?? we obtain the equivalent
form Cy (see [13]). Now, the points on Egm,n for z = —9d? do not correspond to
any point on Cy. Thus there are 1+ ¢(—3(8 + 92d% + 35d%)) extra points on Egm .-

On the other hand, under the inverse transformation

12(d® - 1 36(d3 —1
d+z+y d+z+y
the Hesssian curve Cjy is birationally equivalent to Fgm . In this case, the points
on Cy for z +y + d = 0 do not correspond to any point on Eym, and there are g

such extra points. Therefore, we have
#Eomn(Fq) + g = #Ca(F,) + 2 + ¢(—3(8 + 92d° + 35d°%)),

and hence Theorem 2.2.5 yields

1
#Eoma(Fy) = ¢(—3(8 + 92d° + 35d°%)) + q o Fy | =
£
Finally, using the fact that ay(Fomn) = 1+ ¢ — #Eomn(F,), we complete the

proof. -0

2.3 Number of F,-points on Edward form of ellip-

tic curve

We are now going to express the number of Fy-points on Edward form of elliptic
curve in terms of Gaussian hypergeometric series. Later this expression will be used
to determine certain special values of Gaussian hypergeometric series.

Edward form of elliptic curves: An Edward curve over a finite field I, with

characteristic not equal to 2 is given by

2? +y? = u*(1 + 2%,
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where u € F, with u® # u. The twisted Edward curve is given by the equation
Cap : ar? +yP =1+ bm2y2,

where a and b are distinct nonzero elements of Fy(see [7]). This curve has great
interest in cryptography. We express the number of F,-points on C,; in terms of

Gaussian hypergeometric series. Let
Cop(Fy) = {(z,y) € ng caz? + 9% =14 bz?y?)
be the set of all Fg-points on C, .

Theorem 2.3.1. Let g = p%, p > 0, be an odd prime and let T be a generator of the
character group IF’E. The number of points on the twisted Edward curve Cqy over F,

can be expressed as

-1 —1
T, T%

#Cop(Fy) = ((a,b) + qT*7 (—a)o

Q| o

€
where ((a,b) = q—1—T% (b) — T (ab).
. Proof. We follow the technique followed by Fusilier [14] and Lennon [27] to prove
the theorem. Let
P(z,y) = az® + 4% — 1 — bz’
Then
#Cup(Fq) = #{(z,y) € F; : P(z,y) = 0}.

Using the elementary identity (2.2.3) deduced from (1.3.1), we obtain

- #Cap(F) = Y 0(zP(z,y))

x,Y,2€F,
=g+ Z B(—2) + Z 8(—z)8(zaz?®) + Z 6(—2)6(zy")
2€F¥ z,2€Fg y,z€Fg
+ Z 6(zP(z,y)
zay)ZEF;

=¢+A+B+C+D. (2.3.1)
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We use Lemma 1.3.11 and Lemma 1.3.7 repeatedly to each term of (2.3.1) to simplify

the expression. First, we obtain that

1 = l !
A = 5_—1§G_1T (—1) %;T (Z) =-1

Expanding the next term yields

. 1)2 }: GLG_nTH(-1)T™(a) Y TH™(2) 3 T?™(x),

Lym=0 2€F Y z€FY

which is nonzero when | = —m and m = 0 or %2. Using this and Lemma 1.3.7, we

deduce that

B=14Gu1G_gaT7 (=a) =1+ T (a).

2 2

Similarly, we deduce that

C= 1 S Z GG mTH=1) Y TH™(2) Y T™(y) =1+q.

(q N Lm=0 2€F} yeFy
Finally,
1 &

= (q — 1)4 Z G—lG—mG—nG_le(a)qm(—l)Tk(_b)x
l,m,n,k=0

Z Tl+m+n+k(z) Z T2l+2k(m) Z T2m+2k(y)_

2€FY z€Fy yeFy
Now, D will be nonzero only for the following four cases.
Case 1. |=—-k,m=—-k,n=k.
Using Lemma 1.3.10, we obtain
1 22

—_]__ZGkG xGeG_iT*(b/a) = . {1+q22Tk(b/a)}

q-—




Case 2. l=—k+ L2 m=—kn=k- %5

Here, we use Lemma 1.3.12 and then Lemma 1.3.16 to deduce
z Gy 222 G-kGkG_ eras 7T *(—a)T*(b/a)

25u(TkL)(TELLT'%@T%ww

2

q—l

q — 1
= ¢*T*% (~a),Fy

= —qT*F (b) - 4T (a).

Case 3. | = —k,m=—k+ 5, n=k- L

As in case 2, we obtain

1 2
m Gk g_G kaG k+L1T ( 1)T’°(b/a)
k=0
1 Tgs—l, € b
= ¢?T7 (-1),F, -
% ¢
= —qT'T (b/a) - ¢
Y (ad) — q.
Case 4. l=—k+ L m=—-k+ %5 n=k
In this case, Lemma 1.3.12 yields
— IZGk 121G 4Gy_ 1 Gk TF (a)TH(b/a)
q-2 k—3=1 k—d=1
q o (T2 ™ a1 k
_lgcg;_l< - )( - )T 7 (a)T*(b/a)
ng—l, TS b
= ¢*T'7 (~a)2Fy ' | "

£

33
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Combining all the terms together in (2.3.1), we obtain

b

9 #Cop(Fy) = @ —q—qT*7 () —qT"7 (ab)+¢*T*7 (—a)2 F, l

~
I
~
I
Q| o

which completes the proof. d

The Edward family of elliptic curves is birrationally equivalent to the elliptic
curve Eyg g2 9. It is to be noted that E,g g2 ¢ contains more families of elliptic curves

including the Lagendre’s family.

Theorem 2.3.2. Let ¢ = p®, p > 0, be an odd prime. If a # £2 and B # 0, then

the trace of Frobenius on the elliptic curve Eyg g2 can be expressed as

¢, ¢ -2
ag(Bap g o) = —gp(—af — 28):Fy | Z —

£

Proof. Consider the elliptic curve
Eugprp: y® = 2° + afz® + fz.

Following (7], we perform the birational change of variables z — ‘Z—’, y— %”%1)1 to

obtain the equivalent form C, as
Cop : az® +y? = 1+ br’e?,

where a = aff + 28 and b = aff — 28. Now, the points on F,g 420 for y = 0 and

z = —1 do not correspond to any point on Cg.
1. For y =0, there are 2 + T% (a?® ~ 4) extra points on Eop g 0-
2. Also z = —1 corresponds 1 + T (af — 2f) extra points on E,g g2 .

Similarly, under the inverse transformation z — %l_iyy)l, Yy — %8—'_%, the twisted

Edward curve C, 4 is birationally equivalent to F,g420. Again, the points on C,p
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for y =1 and 2 = 0 do not correspond to any point on E,g 2. In this case, (0,1)

and (0, —1) are the only extra points on C,;. Hence, considering all we have
HBapn0 = #Cus + T2 (o — 4) + T'F (af — 26) +2

Thus, Theorem 2.3.1 and the fact ay(Fapp20) = 1+ q — #Eqap520(F,), together

complete the proof. O

Corollary 2.3.3. Let g =p°%, p > 0, be an odd prime and ¢ =1 (mod 4). Ifaff #0
and o # £2, then

Tg:_17 Taq‘:l 4 q-1 ¢ ¢ a—2
— | = —1)¢(2a* +4 ’
2F1 . o2 T7 (-1)¢(20" +4a)2Fy . | T2

Proof. Replacing f = off and g = 2 in Theorem 2.2.4, we have

7%, T*%? 4

ay(Bapp20) = —qT"T (=1)¢(20B)2 Fy £

2
€ (04

Then combining this with Theorem 2.3.2 we complete the proof. O



Chapter 3

Hypergeometric Functions and
y' = z(z —1)(z - N)

3.1 Introduction

Recall that every elliptic curve E over C can be written in the Weierstrass normal

form
y® = 4z® — goz — gs, (3.1.1)

with go, g3 € C. If E(C) denotes the group of complex points on E, then we can
associate a period lattice A to E via the biholomorphic mapping ¢ : C/A — E(C)
given by
[p(z) : /() : 1), for z € A;
W(Z)z{[O:LO], for z € A,
where p is the Weierstrass p-function. If go, g3 € R then A can be chosen to be of
the form A = Q(E)Z + QY (E)Z, where Q(E) € R and ¥(E) € C. We call Q(E)
the real period of E. Furthermore, if the right-hand side of (3.1.1) has three real
roots then Q'(E) will be strictly imaginary. Thus, the period of an elliptic curve is
a characterization to the real points of order 2 on the curve:
In this chapter, we define 2(Cy,y) for an algebraic curve Cy  of degree £ analogous

to the real period of elliptic curves and find a relation with ordinary hypergeometric

2The contents of this chapter have been published in The Ramanujan J. (2012).
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series. We also give a relation between the number of points on Cp, over a finite
field and Gaussian hypergeometric series. Finally, we give an alternate proof of
a result of [36] and develop the interplay between binomial coefficients involving
rational numbers and those involving multiplicative characters by providing some

expressions for a,(Cy ) and Q(Cy ).

3.2 Main results

Let A € Q\ {0,1} and ¢ > 2, and denote by Cj the nonsingular projective curve
over Q with affine equation given by

¥t =z(z — 1)(z — ). (3.2.1)
The change of variables (z,y) — (z + 112, %) takes (3.2.1) to
vt =28z — a)(z — b)(z — ¢, (3.2.2)
where a = =132 b= 21 and ¢ = 12,

Remark 3.2.1. If £ = 3, Cyx s an elliptic curve. Dehomogenizing the projective
curve Cy 5 : Y3 = X(X — Z)(X — AZ) by putting X = 1 and then making the

substitution

1+
Y—)A:c,Z—>/\<y+ oz ),

we find that Cs  is isomorphic over Q to the elliptic curve

¥ =2+ (’\_1)2. (3.2.3)

2)2

3.2.1 On y* = z(z — 1)(z — )) and classical hypergeometric
series

We define an integral for the family of curves (3.2.1) analogous to the real period of

elliptic curves.
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Definition 3.2.1. The complex number Q(Cg,) is defined as

b
dz
Q(Cg)‘) = 2/ F,

a

where z and y are related as in (3.2.2).

It is to be noted that, Cs, is the elliptic curve in Legendre normal form with
real period (Cs ), and Cj ) represents the elliptic curve (3.2.3) with period integral
Q(C3,). In the following theorem, we express the integral Q(Cp ) in terms of 3 Fy

classical hypergeometric series.

Theorem 3.2.1. If0 < A < 1, then Q(Cy,) is given by

(T(3)? (¢-1)/¢ 1/¢
Q(Cen) = 27_2—)‘471_‘@ 2B ot |

Proof. Recalling (3.2.2), from the definition of Q(Cy ), we have

b
dz
Q(Ce’)‘) = 2 A *ye—_l

b dz
/a 2-1{(z — a)(z — b)(z — )} T

Note that @ < z < b and 0 < A < 1. Hence (z — a) is positive, while (z — b) and

(z — c) are negative. Thus Q(Cy,) is real.
Putting (z — a) = (b — a)sin?f, we obtain
/2 2Up — :
QCe») = 2/ (b—a)sinfcosé 4o
o 2¢1(b—a)sin®0(b— a)cos?6{(c — a) — (b — a)sin®6}] T
1 /"/2 (b — a) %" (sin 0) 7 (cos 0) *T*
273 )y {(c-a) - (b—a)sin?4}7
Using (b—a) = X and (c — a) =1 yields

\Q(Cg,,\) =

/2 (oo 0251 22_91_
1 / (sinf)?t(cos §)*t 22 I
0

2-3)\ (1 - Asin®9) 7
CERP | €D e

= e i RYE
2-207TL(3) 2/¢
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where the last equality follows from Theorem 1.3.1. This completes the proof of the

theorem. O

Remark 3.2.2. If we put £ = 2'in Theorem 8.2.1, we obtain Theorem 1.2.1 using
the facts that T'(3) = /7 and T(1) = 1.

3.2.2 On ¢’ = z(z — 1)(z — )\) and Gaussian hypergeometric
function
We define a,(Cy ) analogous to the trace of Frobenius of elliptic curves.

Definition 3.2.2. Suppose p is a prime of good reduction for Cpy. Define the

integer a,(Cp ) by
ap(Cex) = 14+ p — #Co 1 (F,), (3.2.4)

where #C;(IF,) denotes the number of points that the curve Cy, has over Fp.

It is clear that a prime p not dividing £ is of good reduction for Cy , if and only
if ord,(AM(A — 1)) = 0.

Remark 3.2.3. For A # 0,1, we have
Cox: v =2"32(z - 2)(z — A2). (3.2.5)

Let £ > 4, then z = 0 implies that y* = 0, and hence [1 : 0 : 0] is the only point
at infinity. If £ = 2, then for z = 0, we have 3 = 0. Thus the point at infinity is
[0:1:0]. Hence, if £ # 3, then

#Cea(Fp) = 1+ #{(z,y) €F : y* = 2z — 1)(z - N)}.

Let £ = 3. Putting z = 0 in (3.2.5), we have y® = 2°. Let p = 1 (mod
3) and w € FX be of order 3. Then there are three points at infinity, namely,

[1:1:0,[1:w:0], and [1: w?:0]. Hence, in this case,

#CoA(Fp) = 3+ #{(z,y) € IF?, syt =2(z - D(z - N}
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Again, if £ = 3 and p = 2 (mod 3), then the point at infinity s {1:1:0]. Thus,

in this case

#CoA(Fp) =1+ #{(z,y) € IF?, syt =z(z - 1)(z — )\)}

With this notation, we have the following result which connects the number of

points of Cy » over F, with Gaussian hypergeometric series.

Theorem 3.2.2. If p=1 (mod ¢) and ord,(A(A — 1)) =0, then a,(C, ) satisfies

( _
—L . xt, X ,
P X (=N)F A e
- X )
—ay(Cyp) = _
-1 ) \ X‘L’ X‘l .
2+pZX(_A)2Fl . ‘)‘ ) Zfe=3;
i=1 x*
\

where x s a character of F, of order £.

Proof. Since p = 1 (mod ¢), there exists a character x of order £ on F,. Using
(1.3.3), we have

— xh X
S X ()P | A

i=1 X

—Zx( ) S e - i - 2

=1 teF,
_Z X'(= ’\2)X ( 2) ZX(t)X —)x'(1 - At).
teF,

Replacing t by £, we deduce

x -3 T - )

i=1 teF,

-1
p- Y X(-N)F
=1

= i Xt —1)t-A).  (326)

teFp i=1
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Moreover,

#{(z,y) €F : ' = a(z - 1)(z - M)}

=Y #HyeF:y' =t - 1) - N}

teF,

= S #HyeFp:yf =t(t - 1)t — N} +#{t €F,: t(t — 1)(t — ) = 0}.

tE€Fp t(t—1)(t—A)#0

Now applying Lemma 1.3.6, we obtain
#{(z,9) € Fj 1y = z(z ~ 1)(z — N)}

-1
=D D Xt -1t~ X)) +H#{EF, 1t —1)(t - \) =0}

teFp i=0

= {#{t eF,:t(t—1)(t— N =0}+Z£(t(t— 1)(t—A))}

teF,

£~-1
+ D Xt -1 -N)

teF, i=1
-1
=p+y_ > Xt - 1)t - A).
teF, i=1
Then the equation (3.2.6) yields

-1

#Hzy)eF: =z -z -N}=p+p- in(—)\z)zFl

=1

X5 X. B
X21
Since ordp(A(A — 1)) = 0, using (3.2.4) and Remark 3.2.3 we complete the proof of

the result. a

Remark 3.2.4. Theorem 1.2.3 (a) can be oblained from Theorem 3.2.2 by putting
¢ = 2. Note that for the quadratic character ¢ of Fy,, we have ¢(—)?) = ¢(~1).

Remark 3.2.5. The formula for a,(Cs ) in Theorem 3.2.2 gives the trace of Frobe-

nius of the family of elliptic curves (3.2.3).
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A typical result in the direction of finding the number of solutions over a finite
field of a polynomial equation is the Hasse-Weil bound, which states that a smooth
projective curve of genus g defined over a finite field with ¢ elements has between
g+ 1—2g,/q and ¢ + 1+ 2g,/g points. For £ > 3, the genus of the curve Cy, is
ﬁ‘—%(ﬂ. Thus, the Hasse-Weil bound yields the following corollary.

Corollary 3.2.3. Suppose £ > 4. Ifp=1 (mod ¢) and ord,(A(A — 1)) =0, then

-1 ~i 3

> (=X)eF || 2=

i=1 X% VP

where x 15 a character of F,, of order ¢.
If £ =3, then
2 X, X
24p- Y x(-N)Fy N | A || <2,

1=1 X :

where x is a character of F,, of order 3.

Corollary 3.2.4. If p =1 (mod 3) and 2 + 3y* = p, then

2 1 i
p >R | | = (5) s,
i=1 x%

where x is a character of F, of order 3.

Proof. As mentioned in Remark 3.2.1, C;_; is isomorphic over Q to the elliptic

curve
E:y*=23+1
Therefore,
a5(Co 1) = ap(E). (3.2.7)
Again, (34, Prop. 2] states that
a,(E) = (—1)$+y-1(§) 2. (3.2.8)

Using (3.2.8) in (3.2.7), the result follows from Theorem 3.2.2. O
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3.3 Analog between classical and Gaussian hyper-

geometric series

Greene [18] introduced the notion of hypergeometric series over finite fields, which
are analogous to the classical hypergeometric series. Since then, the interplay be-
tween ordinary hypergeometric series and Gaussian hypergeometric series has played
an important role in character sum evaluation [20], the representation theory of
SL(2,R) [19], finite field versions of the Lagrange inversion formula [21], and find-
ing the number of points on an algebraic curve over finite fields [34]. Recently,
Rouse [36] and McCarthy {30] provided expressions for the traces of Frobenius of
certain families of elliptic curves in terms of Gaussian hypergeometric series. These
formulas are analogous to the expressions for the real periods of the curves in terms
of classical hypergeometric series. Moreover, the classical hypergeometric series ex-
pression of the périod integral of Cy given in Theorem 3.2.1 is analogous to the
Gaussian hypergeometric series expression of the number of F,-points on Cj » given
in Theorem 3.2.2. This section examine thi's analogy further and provide a striking
analogy between binomial coefficients involving rational numbers and those involv-

ing multiplicative characters.

Theorem 3.3.1. For A = 3, we have

2!!—3”!—1!1_‘(%)
(T(3)?

QCpp) = (3.3.1)
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. Moreover, if p=1 (mod ¢), then

(15

». Z 3 (8) [( _21) ( _21)] . i B is odd and £ £ 3;
-ﬂACQ)=7;a§:x%8[( ) (¢V—>y if 85 is even and £ # 3;

e 5[ () e

where x is a character of ), of order £ and ¢ is the quadratic character.

(3.3.2)

Proof. By Theorem 1.3.4, we have

€—1)/¢, 1/¢ I

_ | - TEreE)
i pe ) TTEDND

(2Z+1)

LN

P(Zl-f—l)
r&HrEz)

TTIE)
=2

T(3)0(=)

= % (3.3.3)
2_;!

Putting A = 1/2 in Theorem 3.2.1, we obtain the relation

s\ PN VARV
O e 2

Then using Theorem 1.3.2, we have

(€-1)/¢, 1/¢ 1 a (€—-1)/¢, 1/¢
21 |§ =2lTQF1 |—1
2/¢ 2/
Thus
9f=3tst 2 . 0—1)/¢, 1/¢
* YO o)) =2 | ¢ A (3.3.4)

TEE 2/0
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From (3.3.3) and (3.3.4), we complete the proof of (3.3.1).

Now, we shall prove the second part of the result. Putting A = % in Theorem

3.2.2, we have
( ¢ .
-1 - i
o1 xXH X1 :
p'ZX‘(‘Z)zFl N |§ , if¢#3
i=1 X
—ap(Cp1) = § , . (3.3.5)
2+p-ix"(—l)zF1 NI R
=1 4 x% 2]’
\

Again, from [18, (4.15)], we have

if B is not a square;

0,
() e

Using this in (3.3.5), we obtain

A A
2F1 ]
AB

[\CR

(154
P Z x~%(8) [( ) < _2z>] if x is not square and ¢ # 3;
i=1
-1
—%(Ce,g) =94 p Zx_i(8) I:( _ )} , if x is square and ¢ # 3;
=1
2
$V/x* ) .
2 . , : , fé=3,
2+ ;‘[(x—t)Jf(xﬂ |
(3.3.6)

Note that p is an odd prime. Write x = w*, where w is a generator of the group of
Dirichlet characters mod p. Let o(w) denote the order of w. Then o(w) =p—1 and
¢ =o(w*) = (p—1)/ged(k,p — 1). So (p - 1)/¢ = ged(k,p - 1).

If (p — 1)/ is even, then k is also even, hence x is a square.

Conversely, if x is a square, it is an even power of the generator w, hence k is
even, and (p — 1)/€ = ged(k,p — 1) is even.

This implies that x is a square if and only if (p — 1)/¢ is even. Moreover, X' is
always a square for even values of 4, and for odd values of 7, x* is a square if and

only if x is a square. Using these, from (3.3.6), we complete the proof of (3.3.2). O
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In [36], Rouse gave an analogy between ordinary hypergeometric series and Gaus-
sian hypergeometric series by evaluating Q(Czi%) and a,(Cj 1 ) in terms of hyperge-
ometric series. We now give an alternate proof of [36, Thm. 3, p. 3] with the note
that (i;‘;) is real. Here we extend the definition of binomial coefficient to include

rational arguments via

ny _ L(n+1)
k) Tk+1DT(n-k+1)
The statement of the result is as follow.

Theorem 3.3.2. [36, Thm. 3] If A = 1/2, then

2 - (1)

If p=1 (mod 4), then

_ 2(;2) - ay(C2p) = Re(f)’

where x4 1 a character on Fp, of order 4 and ¢ is the quadratic character.

Proof. Putting ¢ = 2 in (3.3.1), we obtain

1/4
ey - )

)

LR (172)

which yields

since ("Y*) =1 and I() = /7.
For the second part, recall that p = 1 (mod 4). Putting £ = 2 in (3.3.2), we find

that

40 - () ().
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since x2 = ¢. Clearly ¢xs = ¥Xa, and this implies that <¢;4) = (f;). Also,

observing that ¢(8) = ¢(2), we obtain

'—f}@ -ay(Cy1) = Re (’;‘)

Since p = 1 (mod 4), we have that ¢(—1) = 1, and hence the result follows. )

Simplifying the expressions for ap(Cy 1) given in (3.3.2), we obtain the following
result which generalizes the case £ = 2, p = 1 (mod 4) treated in Theorem 3.3.2.

Corollary 3.3.3. Suppose that p =1 (mod ¢). Then we have

- ()« Sone i ((24) + (25)))

if B2 is odd and £ = 0 (mod 4);

 Eulew () ()

if 2% is odd and £ = 2 (mod 4);

0y fon(5) o (1) ()]

if % and ¢ are even;

e (%) + (52)]

if %1 1s even and £ is odd, £ > 5;

o)+ () v

where 1, x, xa are characters of F,, of order 2¢, £, 4 respectively and ¢ is the quadratic

(

~
i
-

2p -

'M~I

1=1

character.

Proof. Let x be any character of order ¢. For each i, we have x** = x* and



48

VXt = 7—; Hence
X (8) [(Xf‘:;i)) + (;ﬁ;)] =x"(8) [(i;) + (‘2{)]

) (GAREA)
Thus, we have

X~.2i(8) [(x)i’) " (jﬁi’)} ) [(xﬁz")) i (x%::"))}
el () ()]}

Therefore, the result follows from (3.3.2). O

Corollary 3.3.4. Ifp=1 (mod 3) and z? + 3y® = p, then
[ (3] ee
X X 3
where X 1s a character of order 3 on F, and ¢ is the quadratic character.

Proof. As mentioned in Remark 3.2.1, C3 _; and C3,% are isomorphic over Q to the
elliptic curve

=234+ 1

From (3.2.7) and (3.2.8), it is known that
(05, = (-1 (D) -2
From Corollary 3.3.3, we have

~ay(Cy3) = 2+2p-Re Ki) + (d’;‘)] .

Since ap(C3,-1) = ap(C3 1), the result follows. O



Chapter 4

Gaussian Hypergeometric Series
and y¢ = (z — 1)(z% + )

4.1 Introduction

Finding number of solutions of a polynomial equation over a finite field has been
of interest to mathematicians for many years. Recently, lots of progress have been
made to express the number of Fy-points on certain families of algebraic curves in
terms of Gaussian hypergeometric functions. For example, Fuselier [14], Koike [25],
Lennon [27, 28], and Ono [34] expressed the traces of Frobenius of certain families
of elliptic curves in terms of particular values of Gaussian hypergeometric series. In
Chapter 2, we have also discussed this problem for certain families of elliptic curves,
and extend some of the earlier results. Moreover, Vega [40] connected the number
of points on an algebraic curve of degree £ > 0 in F, with Gaussian hypergeometric
series.

Let £ > 2, and f(z) be a cubic polynomial over Q. In Chapter 3, we considered
the algebraic curve y¢ = z(z — 1)(z — ) and found relations between the number
of points on the algebraic curve and hypergeometric series over finite fields. In this
chapter, we consider the algebraic curve y¢ = (z — 1)(z® + )). For this family of
algebraic curves, we give relations between the number of F,-points on the algebraic
curve and o F] and 3F» Gaussian hypergeometric series, separately. We also provide

3The contents of this chapter have appeared in Int. J. Number Theory (2012).
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an alternate proof of a result of McCarthy [30].

4.2 Preliminaries

First of all, we restate some results of Evans and Greene from [11, 12], which will be
used to prove our results. In [12], for A,B € EI; the function F(A, B;z) is defined
by

q AP (Ax\ (=
) = z 2,
F(A, B; 1) q—l;(x>(3x>x<4)’ (4.2.1)
and its normalization as
(A Big) = . AG)
F*(A, B;z) = F(A, B;z) + AB(-1) e (4.2.2)
Another character sum from [11) that we will need is
9(A, Byz) ==Y A(1-t)B(1 - t?), zel,. (4.2.3)

teF,

There is a nice relationship between the two functions F* (A, B; z) and g(A, B; z)

stated as follows.

Theorem 4.2.1. [11, Thm. 2.2]) If A # C and z ¢ {0,1}, then

F* (A,C; z ) _ A(QAT( - 1)

_2 —
= -g(AC",AC;1 — x).
—7 ; 9(AC", AC;1 — 1)
Further, the following theorems give connections of the functions F* (A, B;z)

and g(A, B; z) with Gaussian hypergeometric series.
Theorem 4.2.2. [11,\Thm. 25| Let C# ¢, A¢ {e,C,C?}, # 1. Then

A, AC? c —
| A O ) S C@A D) | oy e AT - o)
oG !

J(AC?, AC)

—2 —
—— . g(AC",AC;1 - z)2.
274 4c) ¥ )
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Theorem 4.2.3. (12, Thm. 1.2] Let R? ¢ {¢,C,C?}. Then

J@CR) . Ro R

F*(Rz,C;x)=R(4)J(FCR-¢) 2 o

| z

We now prove a result similar to the above theorem.

Proposition 4.2.4. We have
(

¢, €
2F1 [z |, if C#¢;
C
F*(e,C;z) = |
¢, €
—(q—2)-2F lz|, ifC=c.
\ C

Proof. We prove the result following the technique used in [12]. From [18, (4.21)],

(B;X2> - (d)ix) (522) (¢33)—13x(4).

Putting B = ¢, we have
(- (IG)E) o 020

From (4.2.4) and (4.2.1), we obtain

we know that

2

- () ()6
DO

-1
=(Z) N LT (4.2.5)
C, ¢

By Theorem 1.3.13, (4.2.5) reduces to

<$)F(€’C;x)=(g)2pl > ; K —C(q_l)@). (4.2.6)
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From (4.2.2), we have

()re.cim = (§)Fecim - 2C2 (7). (427)

Comparing equations (4.2.6) and (4.2.7), we obtain

C\ [\ b, €
F*(E,C;a:)=< )() F | z
c)\e) 2 c

Using (1.3.2), we complete the proof of the result. 0O

4.3 Main results

Let A € Q\ {0, -1} and £ > 2. Denote by V; the nonsingular projective algebraic

curve over (Q with affine equation given by
vt = (z - 1)(z% + ). (4.3.1)
Remark 4.3.1. If £ =3, V,, is an elliptic curve. The change of variables
X-Z->X,Y>Y and X > X
transforms the projective curve
Vaa:Y3=(X - 2)( X%+ 22
to
Y3=X(X*+2XZ+(1+)N)Z?%). (4.3.2)
Now dehomogenizing (4.3.2) by putting X = 1 and then making the substitution
Y>> (Q+Nz,Z2 -5 1+ Ny-— Y

we find that V3, is isomorphic over Q to the elliptic curve

A
2_ .3
v=r 1+ N4



53

We now define an integer a,(Vg,») analogous to the trace of Frobenius of elliptic

curves.

Definition 4.3.1. Suppose p is a prime of good reduction for V. Let g = p°.

Define the integer a,(V;,) by

aq(Ve,z\) =1+4+q¢- #Vl,z\(]Fq):
where #V;,(IF,) denotes the number of points that the curve Vj has over F,.

It is clear that a prime p not dividing £ is of good reduction for V;, if and only
if ord,(A(A+ 1)) = 0.
Similar to the Remark 3.2.3, we have the following remark regarding the number

of F-points on V. For details, see Remark 3.2.3.

Remark 4.3.2. Let £ # 3. Then
#Vea(Fy) =1+ #{(z,y) € F2 : ¢y = (z - 1)(=* + N)}. (4.3.3)

In fact, for £ > 4, the point [1 : 0 : 0] is the only pownt at infinity. Moreover, if
¢ =2, the point at infinity is [0:1: 0.

Further, let £ = 3 and p = 1 (mod 3). Consider w € Fy be of order 3. Then
there are three points at infinity of V., namely [1:1:0], [1:w: 0], and [1: w?: 0].

Hence,
#Vea(F) =3+ #{(z,y) € F2: yf = (z — 1)(2® + \)}. (4.3.4)

Again, if £ =3 and p = 2 (mod 3), the only point at infinity is [1:1:0].
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4.3.1 o' = (z - 1)(z? + )\) and 3;F, Gaussian hypergeometric
series

Ono [34, Thm. 5|, proved that if A € Q\ {0, -1} and p is an odd prime for which
ord,(A(A + 1)) = 0 then

3F2(¢, b ¢ ,1;A> _ N0 —p) (43.5)
E, € p

Note that a change of variables in Theorem 5 of Ono [34] is required to arrive at
(4.3.5). In this chapter, we give a proof of the following result which generalizes

(4.3.5) to the algebraic curve V,, over F,.

Theorem 4.3.1. Let p be a prime such that ord,(AM(A+ 1)) =0 and ¢ = p® =
(mod £). If £ > 2 is such that 34 £ or 41 ¢, then

-1 i 3i i 2i
J(8%,57%) S*8 ST 140
= 2 —_—
aq(VlA q ;S’“( 4)3 J(S‘ S) -3k2 gt g b\

(=A)J(S%, 5-7)
ta Zsz( “o(+))JE s T

where
(- 1)(g~1) = (£ 3)ag(Ven), if € s odd;
0= (- 2)(q ~ 1) = (€= 2)ag(Vea)
~1 % g% gl
~2g Z Jé%SS 3)1) 2R S:’ |1+ )|, if€is even

1

and S is a character on Fy of order £.

Proof. Putting A= S5* B = 5" and z = —} in (4.2.3), we obtain

(sz S —-) D STH=NSH(E - 1)(E + A))

teF,
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which gives
S~ 1)+ N) = SH(=N)g (sz St J) . (4.3.6)

Moreover,

#{(z,y) €F; 4 = (z - D)(=® + )}
=) #{yeF ' =(t- 1)(t2+/\)}

teF,

= Z o H#H{yeF iy =t -DE+ N} +#{t e Fy: (¢ - 1)(E* + ) =0).

teF,,(t—1)(t2+2)#0

Applying Lemma 1.3.6, we obtain
#{(z,y) € Fy 1 yf = (z ~ (" + M)}

-1
= ST St - D+ ) + At € Fy: (- D+ N) =0}

teFy i=0
£-1
=g+ Y St-1)(E+N).

teF, i=1

Since ord,(AM(A + 1)) =0, (4.3.3) yields

—a,(Vn) ZZS’( 1)(t2 + \)). (4.3.7)

i=1 teF,

Squaring both sides of (4.3.7), we obtain

ag(Vep) =Z[ZS’((t (t2+)\} Z Y5 (( - 1)(E + N).

i=1 | teF, i,7=1,i#j teF,

Again using (4.3.6), we deduce that

£-1 2 -1
. | .
ag(Ven)? =D _ S'(N)g (S’, S ‘X) + Y Y SH(E-)(E+N)
i=1 i,j=1yi],i+j=C tcF,
-1

+ Y DS - DE+ ).
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Then Lemma 1.3.7 yields

-1 2 _
aalVin)? = Y 5009 (57,851 ) +2(0- 1) 155

£-1

FY TSHE-DE ). (438)

§J=1,i#7,i+j£L teF,

Since 3t or 41 ¢, taking A = S~%, C = S~% and v = %2 in Theorem 4.2.2, we

)
obtain
o 2 i -3i qi §-% g g%
g<511515_l> =ngs'( 4>\)_J'(S_,,5) oF) ¢ 1+
A J(S-%,§%) g4  g-% A

$(—N) S} (— ) j(5-5 5
J(8-% 57%)

+gq- (4.3.9)

Now we find the value of

-1 .
S Yo S -DE + ).

§,j=1,i7],i+j#E teFq
Let P(ix) be the set of all possible values of i such that i+ j = k (mod ¢),1 <4,5 <
£ -1 and ¢ # j. Then for odd values of ¢

#P(ix) =3

and for even values of |

) £ -2, if k is odd;
#P (i) =

{—4, if k is even.

Therefore,

-1
Yoo D oS- DE+N)
1,9=1,i#ji+y#L t€F,
-1 .
€-3)) "> St - 1)(E+ ), if £ is 0dd;
1=1 teFq

4
£-1

(¢—2) z_: SOSHE-1(E+A) —2> D> St - 1)(t*+ ), if £is even.

1=1 teF, i=1 teF,



From (4.3.7), (4.2.3) and Theorem 4.2.1, we deduce that

-1
D 2STE-DEE+N)

1,j=1,i%3,1+5#L teF,
_(e - 3)0’0(‘/[,/\))
—(€ - 2)ag(Vea)

4
£

—4i
\ S

Using (4.3.9) and (4.3.10) in (4.3.8), we complete the proof.

Remark 4.3.3. Putting £ = 2 in Theorem 4.3.1, we obtain

RSP LR RS

A
€, €

which yields (4.3.5) over .

J(¢,5%) %,
~2 Z J S—‘L S3z¢ 2Fl I 1+’\ )

aq,

57

if £ is odd;

if £ is even.

(4.3.10)

a

(4.3.11)

4.3.2 y* = (z —1)(z? + )) and ,F; Gaussian hypergeometric

series

In the previous subsection, we have expressed the number of F;-points on the al-

gebraic curve V;, as linear combination of 3F; Gaussian hypergeometric function.

Now, we prove the following result, which connects the number of points on V; 5 and

o[ hypergeometric series over F,.

Theorem 4.3.2. Suppose that ¢ = p* = 1 (mod £) and ord,(A(A+1)) =0. If3{¢

and 9;—1 is even, then

£-1 J(4,8 _, \/§-37¢, 34
—aq(Vi . oFy
ag(Ven) = ¢~ Z J(\/S_' NG 3,¢) gei

|14+ A

(4.3.12)
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and for £ =3,

2
€
RAUOEERTD WY IREREY § (4.3.13)
i=1 i

where S is a character of order £ on IF,.

Proof. Following the proof of Theorem 4.3.1, we obtain

) . . 1
Z SH(t = 1)+ X)) = S (=N)g (S’, S, -X) (4.3.14)
teF,

and

-1
#{(zy) €EF iyt = (- DE*+ N} =g+ > > S(t-1)(E+)). (4315

teF, i=1

Since S* # €, we have S~% # $~%. Putting A= S™%, C =S % and z = 42 in

Theorem 4.2.1, we deduce that

9(S', 8% —%) = qS"(—;)F*(S—‘“, 57214 ). (4.3.16)

As T is even, S* is a square. Also, 34 ¢ implies that S* # £. So applying Theorem
4.2.3, we obtain
L _ eSS [ VET VET

A=) = e e -

1+ X]. (43.17)

From (4.3.14), (4.3.15), and (4.3.17), we have
#{(z,y) € F 1 y* = (z - 1)(z® + )}
-1
=g+ ) S(-Ng (s* S 'X)

i=1
¢ Sz F ,/S-—Sid)’ ,/5—31‘ '

=q+q- Z R i 1+ A

Since ord,(A(A + 1)) = 0, (4.3.3) completes the proof of (4.3.12).
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Again, if £ = 3, then S~% = ¢ and S~% = S*. Therefore, using Proposition 4.2.4
in (4.3.16), we obtain

. 1 . 8 .
g(S*, 8% _X) = qS’(—X)F*(s, SH14 )

;o1 ¢, €
=¢S'(—<) P} |1+ A (4.3.18)
A Si
Now combining (4.3.18) with (4.3.14) and (4.3.15), we deduce that
-1 . 1
M) €F 1y = (= (e + N} = 0+ 3 (N 54,51

i=1

- ¢,

€
=q+q-) oF 1+
i=1 *

S

which yields the result because of (4.3.4). 0O

Corollary 4.3.3. Let p be an odd prime for which ord,(A(A+1)) =0. Ifp =1 (mod
3) and z* + 3y? = p, then

ap(Vs 1) = $(2)(-1)=+! (g) 22

and
2
¢a € 1 z T
p-ig,l:gﬁa 5 | = @17 (3) 22-2,

1

X3

where x3 15 a character on I, of order 3.

Proof. As mentioned in Remark 4.3.1, V; . is isomorphic over Q to the elliptic

3
curve

E:y?=2%+2%,
which is 2-quadratic twist of E' : 32 = z3 + 1. It is known that if E(d) is the

d-quadratic twist of the elliptic curve £ and ged(p, d) = 1, then

ap(E) = ¢(d)ay(E(d)).
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Again, from [34, Prop. 2], we have

a(E) = (-1 (3) - 20

Since ged(p, 2) = 1, we must have

) = $(2)ay(E)

ap(Vs,-3
= 62~ (3) - 20 (4.3.19)

Again combining this result with the equation (4.3.13), we complete the second

part of the corollary. a

Now, we have the following corollary which is the finite field analog of a particular

case of the Clausen Theorem of classical hypergeometric series.

Corollary 4.3.4. Let p be an odd prime for which ord,(A(A+1)) =0. Ifg=p°=
1 (mod 4), then

2

o R Y I EE Y I

€, € €

where x4 s a character of order 4 on TF,,.

Proof. Putting £ = 2 in Theorem 4.3.2 and then squaring both sides, we have
2

J(¢)¢)2 . F z’ X4 l1+)\

a’q(%,k)z = q2 ' J(X4 _X_Z)2 2471
’ £

By (1.3.2), we have J(#, #) = J(x4,Xa)- Hence comparing with (4.3.11), we complete
the proof. O

Corollary 4.3.5. Let ¢ = p®, p > 0 a prvme and ¢ = 1 (mod 4). If o # 0 and
a # £2 such that ordy(24=2) = 0, then

2

; -2 ¢ & ¢ 4
o F1 @ |Z+2 = ¢(4 — *)3F> | !
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X X4 4 ¢, ¢ ¢ 4
21 | = | =¢d-ahF == | T
e @ €, € a q
Again, from Corollary 2.3.3, we obtain
2 2
E) X4 4 ¢) ¢ a—2
2F1 = | =2k | 19
e ¢ e
Hence the proof follows. g

44 Onyl=(z—-1)(22+)) for A= 3

We now will consider the special case when A = % for the algebraic curve V. In
this case, simpler expressions for the Gaussian hypergeometric functions involved in
Theorem 4.3.2 are known. We use a known transformation of the hypergeometric
series in terms of the gamma function to simplify the expression as a binomial

coefficient.

Theorem 4.4.1. If ¢ =1 (mod £), then for A = §, we have

(

0, if £# 3 and ¢ = 2 (mod 3);

~ag(Vep) = § q- i\;:S’(%) [(X::) + (f‘:)] , f0#3 and g =1 (mod 3);

=1

e £ (@) vees

where S and x3 are characters on Fy of order £ and 3 respectwely.

Proof. Putting A = % in (4.3.1) and making the change of variables (z,y) — (£ +

%, y), and then replacing —% by z we obtain the equivalent equation of

vt =(z - 1)(z?+ )
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Therefore,

#(y) € By = (o - )&+ 3))

8
=#{(z,y) €Fg: ¢ = -

= Y HyeF, iyt =—(l+5Y)} + #{z €Fy: 1457 = 0)

27
2€F ¢, 1+33#£0

(1+2%)}

Applying Lemma 1.3.6, we obtain

#{(z,y) €F2: ¢t = (z — 1)(a® + )}—q+ZZS’(—2—7 SH(1 + 2.

1=1 z€F,

Now recall that the binomial theorem (see [18]) for a character A on F, is given by
4 A
A(l+z) =(5(a:)+——z x(z),
g— 1 \x
where §(z) = 1 (resp. 0) if z =0 (resp. z # 0). Hence
1
#{(2,y) €F;: 4 = (z - 1)(z” + 3)}

LI IS

1=1 zcF,

3 (D))
=q+ ZS‘(——) o1 Z: 8 ( ) > x@). (441)

z€F,
By Lemma 1.3.7, 3 5 x3(z) is nonzero if and only if x* = e, which is possible

only for €, x3 and x2. Therefore, (4.4.1) reduces to

#{(@,9) €F g = (o= )& + 5))

q, if ¢ = 2 (mod 3);
— -1
- INNEE X%) o _
q+q.i§=15(8)[(5i)+(5i , if g =1 (mod 3),

which completes the proof of the result because of (4.3.3) and (4.3.4). O
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We now give an alternate proof of a result of McCarthy [30]. In this result, the
trace of Frobenius of an elliptic curve is expressed in terms of the binomial coefficient

of characters, which can be also express in terms of Gauss sums.

Theorem 4.4.2. [30, Thm. 2.3] If ¢ =1 (mod 3), then

¢(_2) _ X3
2y = me()
and
~$(—2) - ag(Va1) = 2Re [%] ’

where x3 is a character of order 3 on Fy and G(x) is a Gauss sum.

Proof. Since ¢ =1 (mod 3), putting £ = 2 in Theorem 4.4.1 we find that

(i) =000 | () + ()]

We know that ¢(—3) = 1 if and only if ¢ = 1 (mod 3). Hence the first part of the

theorem follows from the fact that (’g’_) = (’f)

Again the second part follows from the fact that if x% is nontrivial, then
-1 — -1) G(x)G@
(£) - 4205, - UOWGH),
(] q 7 Glx¥)
where J(x, ) and G(x) are Jacobi and Gauss sums respectively. O

Simplifying the expression for a,(V,) given in Theorem 4.4.1, we obtain the

following result which generalizes the case ¢ = 2, treated in Theorem 4.4.2.

Corollary 4.4.3. Let d = lem(3,¢). If g =1 (mod d), then

( 2
2+2q-Re[<X3)+(X3>], ifl=3;
LL\X3 X3

-1

2¢-3 Re [s"' (%) {(’5‘?) + (’;,%) H ., iftisodd, £>3;
1

—aq(,V,%) = < g 2
| ) (e (D) () @)

\ if £ 1is even;

~

or

where S and x3 are characters on Fy of order £ and 3 respectively.
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Proof. Applying the same procedure as followed in the proof of Corollary 3.3.3 in

the expression of Theorem 4.4.1, we can obtain the result. a



Chapter 5

On The Polynomial 2% + ax + b and
Gaussian Hypergeometric Series

5.1 Introduction

In the previous chapters, we have discussed about connections between number of
points on algebraic curves over F, and Gaussian hypergeometric functions. In all
those expressions only 2} and 3F, Gaussian hypergeometric functions are involved
containing characters of different orders as parameters.

The problem of finding special values of n41F, Gaussian hypergeometric series
for n > 2 was discussed by many mathematicians. For n > 2, the non-trivial
values of ,,;F, Gaussian hypergeometric series have been difficult to obtain. For

example, Ono and Ahlgren-Ono mentioned this problem in [35] and [1], respectively.
¢7 ¢’ ¢’ ¢

€, € €
representations of 4p as a sum of four squares. The deduction of the value relies on

In 1], Ahlgren and Ono deduced the value of 4F3 ( | 1) in terms of

the fact that the Calabi-Yau threefold is modular. Except this, there is not much
known results in literature where expressions of different mathematical ‘ob jects can
be obtained in terms of ,,+1 F;, Gaussian hypergeometric series for n > 2.

" In this chapter, we consider this problem and explicitly find the number of solu-
tions of a polynomial equation Py(z) = 0 of degree d in [, as special values of 4Fy_;

and 4_1 Fy_o Gaussian hypergeometric series with characters of orders d and d — 1

4The contents of this chapter have appeared in Int. J. Number Theory (2013).
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as parameters. Thus these expressions partially solve a problem posed by Ken Ono

(35, p. 204] on special values of .41 F,, Gaussian hypergeometric series for n > 2.

5.2 Main results

First of all we look into two special cases of Hasse-Davenport relation. Then we
state our main results of this section in detail and subsequently prove them using

the following two special cases.

Lemma 5.2.1. Let d be a positive integer, |l € Z, ¢ = p* = 1 (mod d), and t €

{1,-1}.
1. If d > 1 15 odd, then

- (d-1)(d+1)(g~1}
GlGl+t9;—lGl+tg‘%——12 T Gz.;.tﬁd;l)éﬂ) = Q%T : 8.:1 = (—1)T_l (dd) Gld-

(5.2.1)

2. If d is even, then

d-2 (d-2)(g-1) _
GlGl+tgi_1Gl+t2(q‘1_12 “en Gl-}-tgd_lldgq_ll — qdzng;_lT sq (—1)T l(dd)Gld

(5.2.2)

Proof. Let d > 1 be an odd integer and consider m = d in Lemma 1.3.17. Since
g = 1 (mod d), there are d multiplicative characters of order dividing d, namely,
€, Tgﬁ‘l,T‘(_22 s Yo ,Tgﬂl_x_l_ldq_1 . Applying Hasse-Davenport relation for these charac-

ters and for any arbitrary multiplicative character T* of F,, we have

G(THG(THT) - - G(TH )

= ~G(TYT d")G(e)G(T*T) - - - G(T )

= -G THd%)Gy {Gg;_ngd—lzdgq—lz} e {G(d—lgl(iq—-l)G(d—Fl%gq—l)} .
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Using Lemma 1.3.10, and the fact Gy = G(¢) = —1, we obtain

GlGH»-‘li—l <o GH_gd—l)dgq—Q

= G TN (d%) {ngz—‘(_l)} .. {qTﬂi%&ﬂ(_l)}
= ¢TSI L (%) G

as required. To get the other equality, we use Hasse-Davenport relation for the d
characters e,T‘gZ_l, e ,T'uﬁgq—_lz. Thus we complete the proof of (5.2.1).
For even values of d > 2, the proof of (5.2.2) follows similarly to that of (5.2.1)

by virtue of Hasse-Davenport relation. O

We are now going to state and prove our main results. Throughout the chapter,

for d > 2, we consider the polynomial
Pyz) =z%+az+b

over Iy, where a,b # 0. For even and odd values of d, we find separate expressions

for the number of points on P; over F, in terms of 4_;Fy_5 and 4Fy_; Gaussian

hypergeometric functions, respectively. The method of the proofs follow similarly
1

to that given in [14] and [27].

5.2.1 Number of zeros of z% + az + b for even d
Theorem 5.2.2. Let d > 2 be an even integer and q = 1 (mod d(d — 1)). If Ny is
the number of distinct solutions in F, of the polynomial equation Py(z) =0, then
da—2
2

Nd=1+q_><

¢’ X? AR | XT’ X27 R | X |§< bd )d_l
b gl e e\a@D) ]

d-1F4-2

where ¥ and x are characters of order d — 1 and d, respectively.
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Proof. We first recall that the polynomial Py(z) defined over F, is given by
Py(z) = 2%+ az + b,
where a,b # 0. We also have
Ny =#{a € F,: Py(a) =0},

the number of distinct zeros of the polynomial Py(z) in F,. Using (1.3.1) for the

polynomial Py(z), we have

if Py(z) = 0;

S 0(zPiz) = () (5.2.3)

z€F, 0 if Pd(.’L') 7é 0,

and hence
g-Na= Y 6(zPu(z))
z,2€F,
=q+ Z 6(zb) + Z 0(21%)6(zaz)0(z2b)
z€FF z,z€FJ
=q+ A+ B. (5.2.4)

Now using Lemma 1.3.11 and then applying Lemma 1.3.7 repeatedly for each term
of (5.2.4), we deduce that
= Z ZG_,T‘ (2b) = —— ZG T'O) Y THz)=-1.  (5.2.5)
zEFX =0 2€Fy
The second equality follows from the facts that the innermost sum is nonzero only
if I =0, at which it is ¢ — 1, and Gy = —1. Similarly,

1

=T Z GUG_mG_nT™(a)T(b) Y TH™"(2) > T'™(2).
q 1,m,n=0 2€Fy¥ z€Fyg
This term is zero unless m = —Id and n = [(d — 1). Plugging these values, we have
1 32 b1
B= o —— " GGG a-nT* ( ) : (5.2.6)
1=0
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Here d > 2 is even. Using the Hasse-Davenport relations for Giy and G_yg-1) as

given in (5.2.2) and (5.2.1), we deduce that

qug_lezq_ (-1)

and

—i(d-1) = . 2.
¢ 2TA_(_)L7_28d T T‘((d— 1)d- 1)

Using (5.2.7) and (5.2.8) in (5.2.6), we obtain

R (-
B= (Z 74 2G Z{GzG t}{ ‘+§“§lG’l}{Gl+$q—;QG_z_g}“'

" {G‘—)‘—Zc’l%rl} | Cutengenr gy } -
Tl

X {GHsﬂ)dsq;lz G_,_gd;gz_gsl—_lz} (8), (5.2.9)

=i(wt)

To eliminate G;G_;, we use the facts that if [ # 0, then G,G_; = ¢T*(~1); and if

where

I =0, then G;G_; = 1 = qT"(~1) — (g — 1) in appropriate identities of (5.2.9) and
deduce that

3——(;}5—)—2"‘2_";1 2
i & {66} GG}

=

X {GH_M%;’;Q G_l_!d;2d!—gql—1! } {Gt+£d+2!§q—1! G—l—; q—l } PN
ngszdggql 11( 1 {
g4

x G\, wneenG__wmngen | TH(-5) + GGy}

{G(d 2!§q IEG ! H )} {G!d+2!§q ltG d%q— ;} e {G(d—léq—l) G_(d-:)_(g—g} .
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Now, we rearrange the Gauss sums of the second term to get

d—2)(q—1

B(d-1 _ 9-2
b =<§— f)qd—?»(cgl; Z {Gus i {CrugnCig )

=l

x <G (d=2)( —QG d—-2)(g—1 G (d+2)( —QG d(g—1
{ A= “—Lz'zl(_yd-q1 2 TS =

T 1
X {G,+(d—1);q—1) G_,_(a—:)_(g-l) } TH-B) + —_2—() {G@ng_mg_q}

« {G G }{G G -}G e G dtany b
{ B S (e 7 (e l) -G _de-

But, Gua-ye-1y = G_(¢-1),G_@-2)q-1) = Gﬁ_—i’ and so on. Using Lemma 1.3.12 in
d d - .

2)(q
d-1

the first term and Lemma 1.3.10 in the second term, we have

PTEREE (1) £2 (pessty | queiest T

B = (q — l)Gg_;_l T[ TH_ d;2d—q1—

T+ i+ et TR (1)
G -2 1 d(g—1 d-2)(a-1) |G a1 Tl(ﬂ)—l-

x {ar“F ()} {r E ()} { )} {5 )

2 -1

=0

G d~2

2d(d-1

Finally, we use Lemma 1.3.10 again, and simplify to get

¢ X X7, x¥F x4
B _ 1 + qu_le_2 ) ] k] d_zv ) ] ) I ﬁ
’lp’ A ¢_2_> ¢§7 ot ’(l)d_z
Substituting the values of A and B in (5.2.4), we have
42 d+2 d—1
4 ¢ X, -y XZT, XZT, -, X
g Ni=g+g2a1Fu - ) | B

'lz}) M | ’lpT, d]—i’ ety wd_z

Canceling q from both sides, we complete the proof of the theorem. a
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5.2.2 Number of zeros of z¢ + az + b for odd d

Theorem 5.2.3. Let d > 2 be an odd integer and ¢ = 1 (mod d(d — 1)). If Ng is

the number of distinct solutions in F, of the polynomial equation Py(z) =0, then

—ad
No=1- 2 qa)+ (-1
¢’ X’ R | X-d_;_li X’d%l" R | Xd_l d bd d_l
().
b, W, L, gt aleldT])

where ¢ and x are characters of order d — 1 and d, respectively.

Proof. We follow the same procedure as followed in the proof of Theorem 5.2.2. We

have

Pyz) =z%+az+b

and

Ny ={a €F,: Pia) =0}

From the proof of Theorem 5.2.2, we know that

1 &2

pd-1
q-Ng=q— 1+——1 G 1G 4G g1y T" ( pr ) (5.2.10)

. 7
“v*

B

Here d > 3 is odd. We evaluate the labeled term B using the Hasse-Davenport
relation for Gig and G_y(4_1y from (5.2.1) and (5.2.2). We have

G[Gl+g—_1G 2(g—=1) **° Gl+!d—12£q_l!

Gld = T (d— 1)gd+1)gq 11( 1) Tl (dd)

and

~ G—tG—z_g—“—‘G g G _eeaeen _ 1)d-1
G——l(d—l) = G T (d=3)(g-1) q 1 ( 1) T ((d 1) )
g:l
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Plugging these in the labeled term of (5.2.10), we deduce that

_ TSSd_lsz‘éq_ll(—l) q-2

(0 —1)g2G 1 ,2;‘ (GG {Gl“z—‘ G ey }
2 =i

x {G-—lG_l_g:_i te G_l_ﬁd;:)é‘{_‘ll } Tl(ﬂ))

SO

The facts G,G_; = qT(—1) if | # 0, and G,G_; = qT*(=1) = (g —1) if | = 0 together

where

yield that

T!3d—18=;q—1!(_1) q—2
B =G 2 Gt Custeoen } {O-Co g+ O sgpeon
2!3d~1!!q—11

X TH(=B) + Zd_z (=) {Gggz_llcgd-lzdgq_ll} {G_ﬁ:_ia_@_?_ﬂl_,z} ..

X {G(d—l%'(iq—l) G(d+1%‘(iq—1) } {GSd;3d)_gq1—12G_gd-;-ld)_sql—l) } . (5.2.11)
Again, using

b

g+ (- 1), if L #

gq-1
2
T+ (-1) ~ (¢ - 1), ifl=2?

Gy Cipot =

for appropriate values of I, we have

-2

o

(Guig - Gusigen} {0y G T8
l

Il
=)

1 2

=

X {Gl+gd+12)dgq-1) G_l_gdgl‘i)_gql—lz } cee {Gl+sd—12d£q-12 G_l_gd—zz_gg-q } Tl(ﬂ)
(g—-1)Ger
- m {Gw“%gq-l)aw_%q_n} {G_ a0 G _pon }

X {G(2d—12§q-1)G(2d+]é)l§q—l)} {G_ gzdz-:—ggg—QG_z:gj__lll} . (5.2.12)
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We use (5.2.12) and Lemma 1.3.12 in (5.2.11), and then simplify to get

T+ i+ag

(3d— ng 1) 1)Tg_;_1(_ ) -2

vQ

9T

(¢ - 1)G9-_1 =0
l+(d l!!q 1! l+!d+12!d!q—1!
dlql d-2 1 d—1)(g—1 Gd—z -1) *
( 2 -1 7d dql (TH' 2(d-1) ) STI()E(ET)J

<Tl+(d l!!q 1 )
X

im0 |G g T(=B) ~ T (~ad) + 1

ddl

¢, X X7, x*F x4
d+1 ) ) R | ’ P
=1-¢(-ad)+q 7 aFu . | -

d-1  d-1 _
w) R | 'l/)z) 1[)27 A | 't/)dz

Finally, putting the value of B in (5.2.10), we have

g Ny=q— ¢(—ad) +¢F ¢(—1)x

d-1 a1 _
¢) X7 AR | X 2 ) X 2 ) R ) Xd !
aFa-1 d—1 d—1 I —B
1)[)7 AR | ’(/}T Y "pT b R ] wd—z
Thus we complete the proof of the theorem. ‘ a

‘We have the following immediate consequence from our main results.

Corollary 5.2.4. Let a,b € Fy and g = 1 (mod 6). The polynomial 3 +azr+bis

irreducible over T, if and only if

¢, X3, X5 . 272

¢ 3F b o vl B #(3a) — qp(—1),

where x3 is a character on F, of order 3.

Again the polynomial P; is of degree d, so it can have at most d zeros in F,.
Thus 0 < N4 < d, and hence we have the following two corollaries from our main

results.

Corollary 5.2.5. Let d > 2 be an even wnteger and ¢ = 1 (mod d(d — 1)). If
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a,be Iy, then

-1
=z <
q2
a—2 d+2
F, ¢ X -5 X2, X_;—’ T Xd—l é _bd__ .
d-1Fa-2 o d}g;_z, wg, o2 @ a(d—1)
d-1
S d—2 1
qT

where 1 and x are characters of order d — 1 and d, respectively.

Corollary 5.2.6. Let d > 2 be an odd integer and ¢ = 1 (mod d(d—1)). Ifa,b € FY,

then

¢(ad) — gp(-1) <

'R
o AR X7, X, T d b\
o T P )
TR S @1
< 4= D(=1) + d(ad)
< = ,

where Y and x are characters of order d — 1 and d, respectively.



Chapter 6

Special Values of Gaussian
Hypergeometric Series

6.1 Introduction

Classical hypergeometric functions are well understood. Mathematicians such as
Gauss, Kummer, Pfaff, and Vandermonde deduced many special values of classi-
cal hypergeometric series at different arguments, for example see [4, 5, 17]. Since
the introduction of hypergeometric functions over finite fields analogous to classical
hypergeometric series, mathematicians are taking interest in finding special values
of Gaussian hypergeometric functions. The Gaussian hypergeometric functions are
closely related to different parameters of algebraic varieties and number theoreti-
cal objects similarly as classical hypergeometric series. However, only a few special
values of the Gaussian hypergeometric series are known.

For a given elliptic curve E over Q, the trace of Frobenius endomorphism a, are
important quantities. Recall that A(E) denotes the discriminant of E, and a prime
p is called good or bad accordingly p t A(E) or p | A(E). In terms of the trace of
Frobenius, the Hasse-Weil L-function of an elliptic E is defined by the Euler product

5The contents of this chapter have been published in Int. J. Number Theory (2012) and J.
Number Theory (2013).

75
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L(E,s) = H (1 —app~*)7! H (1 —app™® +p*=25)71, (6.1.1)
p|A(E) PA(E)

where s is a complex number. It is known from Hasse-Weil bound that |a,| < 2,/p.
The Euler product (6.1.1) converges for Re(s) > 2 and has analytic continuation
to the whole complex plane. Moreover, the Birch and Swinnerton-Dyer conjecture
concerns the behavior of L(F,s) at s = 1. n fact, the conjecture predicts that
ords=1(L(E, s)) = rank(E/Q).

In Chapter 2, we have found general formulas for the trace of Frobenius endo-
morphism of certain families of elliptic curves in Weierstrass normal form in terms of
Gaussian hypergeometric series. Thus, finding special values of Gaussian hypergeo-
metric functions is an important and interesting problem. Earlier works of Greene
[18], Ono [34], Ahlgren-Ono (1], and Evans-Greene (11, 12] pave the way to find
special values of many Gaussian hypergeometric functions. Most of them have been
used to solve many old conjectures [31, 32] and supercongruences [33].

In this chapter, we mainly concentrate to find special values of certain Gaussian

hypergeometric series using our earlier results.

6.2 Main results

In this section, we give a brief description of the special values of Gaussian hyperge-
ometric series those have been already evaluated. Then we deduce some more values
of hypergeometric functions over finite fields.- We start with the special values of

2F) Gaussian hypergeometric series.

6.2.1 Values of ;F; Gaussian hypergeometric series

The story of special values of Gaussian hypergeometric series begins from its incep-

tion in [18] by Greene. After introducing hypergeometric functions over finite fields,
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Greene [18] deduced certain special values of 3 F} Gaussian hypergeometric functions

at some particular arguments.

Theorem 6.2.1. (18, (4.11), (4.14) & (4.15)] For any two characters A, B on F,,

we have
' A, B 0, if B 15 not a square;
(1) 2R _ -1y =
AB 9+ (%), if B=C>
N A, B 0, if B is not a square;
(i3) oFy |2} =A(-1)
A2 @)+ (%), fB=C
A A 0, if B is not a square;
(#i1) oF1 ] 5= A(-2)
AB )+ (%), if B=C2

Further, Ono worked in this direction and found the following interesting results
in which he explicitly deduced special values of o F; hypergeometric series over F,.
He used the technique of complex multiplication of elliptic curves to establish these

results.

Theorem 6.2.2. [34, Thm. 2] Let A € {—1,3,2}. Ifp is an odd prime, then

P o, ¢ N 0, if p=3 (mod 4);
2471 I - 9z(—1 z+¥+1 ) ) 0 _
€ J——l———p , fz*+y*=p=1(mod4), and z odd.

Motivated by all these results, we have also deduced certain special values of
oFy Gaussian hypergeometric series. We have mainly used the formulas of traces of
Frobenius of elliptic curves and some transformation formulas of Gaussian hyperge-

ometric series to prove the results.
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Theorem 6.2.3. Let g = p?, p > 0 a prime with ¢ = 1 (mod 4). Then

T S I () G |
wa(* 3] - i)

i [ 12) < nen[()+(3)]
(2 1) = [+ ()]

where x4 15 a character of order 4 on F,.

Proof. If we put A = B = ¢ in Theorem 6.2.1 (iii) we obtain

b, ¢ 1 0, if ¢ = 3 (mod 4);
F 2| = g(-2
i € | 2 #-2) [<X4> + (¢X4)] , ifg=1(mod 4),
¢ ¢
0, if ¢ = 3 (mod 4);

) 4@ [(’(‘;) + (’f)} Cesiimas %Y

This is because any character x of order [ on F, is square if and only if 9—7—1 is even

and hence ¢ = x2.

(i) Replacing a by 6 in Corollary 2.3.3, we have

3
; , ¢
Y N Y R

€ €

B

Hence the proof follows from (6.2.1).

(ii) Putting z = § in Theorem 1.3.15 (i), we obtain

X4 XZ

8
9
1
( = xa{—1)2F1 | 3
€

tDIOO



79

Thus the result (i) completes the proof of (ii).
(iii) For £ = —%, Theorem 1.3.15 (ii) yields

3
X4 Xa 1 X4, X4
2 F1 | —3

9
5| = Xi(g)zpl |

1
€ € 9

Hence the proof of (iii) follows from the proof of (i).

(iv) Finally, putting z = —8 in Theorem 1.3.15 (ii), we have

3
X4, X4 X4 X4 |8
Y21 | -8 | = x3(9):F '3
€ £
This completes the proof due to (ii). O

Moreover, if we use Theorem 1.3.15 (i) in each of Theorem 6.2.3 (iii) & (iv),

respectively we can deduce the following Corollary.

Corollary 6.2.4. Let g =p%, p >0 a prime and ¢ =1 (mod 4). Then

o130 [(3)+ ()]

/
X4 X4 \

o (2 0] wnion () )

where x4 15 a character of order 4 on F,.

The above special values of Gaussian hypergeometric functions are valid only for
certain special characters of particular order in ;. we now focus on special values of

hypergeometric functions over finite fields containing characters of arbitrary order.

Theorem 6.2.5. Let S be a character on ¥y, whose order 1s not equal to 3. If S is
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square of some character on Fy, then

0, ifg=2 (mod 3),
| V873, V53 4 ) SISV [(S S
(1) 2F1 52 3] = J(¢,S) [(Xa) i (x%)} ’
if ¢=1 (mod 3).
( 0, if ¢ =2 (mod 3);
[ VEEe VEE 1) S()IWETLVE) [(SY | (S
(1) 2F2 514 | 317~ \ VSp(—1)J(s,S) [(X?) * (X%)} ’
\ if g =1 (mod 3).
( 0, if ¢ =2 (mod 3);
| s, Vs VB(-$)J(VE,VE) [(S\ . (S
113) o F1 = v :
(224) 52 14 [ =3 $(=3)J (¢, S) [(Xa) " (x%)] ’
\ ifg=1 (mod 3) and S # ¢.
( 0, if g =2 (mod 3);
| V573, VB 1 VS(=#)J(VST,V5%) TS\ (S
) oF1 1= &z ;
(iv) 2 51 7] =" #(3)J(¢,S) [(m) " (x%)]
L if g=1 (mod 3).

We need the following two corollaries to deduce the above special values.

Lemma 6.2.6. Let S be any character on F,. For A = %, we have

D_S(@-1)("+ ) = > S o if g =2 (mod 3);
2€F, ¢S(—%) [(Xs) + (X%)] , ifg=1 (mod 3),

where x3 is a character of order 3 on F,.

Proof. Recall that making the change of variables (z,y) — (£ + 3,y), and then

replacing —% by z we obtain the equivalent form of

Y == 1E+3)

8
ol 3
Yy = —27(1+a:).
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For any multiplicative character A on F,, we have the binomial theorem from (18]

as

_ 5 (M
A+ 2) =)+ = 5 (4o

X

where 6(z) = 1 (resp. 0) if £ = 0 (resp. z # 0). Using this, we have

ZS((Q;_1)T+ ))—ZS(— S(1+ 2%

=;E<i A (_—)x;z()
= S(-2)+ —q—IS——Z(>Zx

z€F,
By Lemma, 1.3.7, the innermost sum in the second term is nonzero only if x% = ¢ at
which it is ¢ — 1. Thus x = ¢, if ¢ = 2 (mod 3); and x = ¢, 3, or X2, if ¢ = 1 (mod

3). Hence the result follows immediately. O

Lemma 6.2.7. If S is square of some character on F, and S is not of order 3, then

ey D88 o V8T VET
xEZ&S((x 1)( +A))_J(\/S__1’\@¢) oFy o |14 A

Proof. Putting A=S,B=Sand r = —% in (4.2.3), we obtain
1
> Sl@ = 1)@ + 1) = 5(=)a(S, $; -3).
z€F, .
Again, S is a square of some character of F;,. Hence applying Theorem 4.2.1, we

deduce that
95,51 -3) = aS*Q)S(—3) P (57,54 1+ ),

and hence

Y S((z - 1)(z* + X)) = ¢SPR)F*(S7%, 7514 ). (6.2.2)

z€F,

Further, S is not of order 3. Thus using Theorem 4.2.3, we complete the proof . O
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Following the proof of Lemma 6.2.7 and applying Proposition 4.2.4 in spite of
Theorem 4.2.3 in (6.2.2), we have the following result.

Lemma 6.2.8. If S is a character of order 3 on Fy, then

ZS((m—l)(x2+)\))=q‘2F1 b€ |z | . (6.2.3)

z€F, S

Now, we give the proof of Theorem 6.2.5 using Lemma, 6.2.6 and Lemma 6.2.7.

Proof of 6.2.5. (i) Putting A = } in Lemma 6.2.7, we have

2F1(\/_¢ -31_) J(VST,V5%)

S((z - 1)(z* +
05 Z (e~ 1)+ 3))
Therefore, we complete the proof of (i) after using Lemma 6.2.6.
(ii) Taking z = § in Theorem 1.3.15 (i), we obtain

VS3¢, V53 1 VS3¢, V53 4
2F1 ( 51 | —§> = VS¢(-1):Fy ( 52 | §> :

Now using (i), we complete the proof.
(iii) Applying Theorem 1.3.15 (ii) for z = 2, we have

3
(\/_¢\/_Tl (~/—¢,\/_-3|g)
S2

2

| 4) = VS3¢(-3)2F

if S # ¢. Hence the result follows from (i).
(iv) Using Theorem 1.3.15 (ii) for £ = —3, we find that

R 3 (VETs VET 1
' —1)VS36(% ’ -z
and then the proof follows from the proof of (ii). ]

6.2.2 Values of 3F; Gaussian hypergeometric series

The value of 3> Gaussian hypergeometric series at the argument 1 is first evaluated

by Greene in his famous paper [18]. The non-trivial values of 3F, hypergeometric
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series over I, are explicitly deduced by Ono. He used the technique of complex
multiplication of elliptic curves to deduce the following special values of 3 F;, Gaussian

hypergeometric series.

Theorem 6.2.9. [34, Thm. 6] If A € {2,36,8,3,~12, 8, ~252}, then for every odd

’ 167

prime p for which ordy(AM(A — 4)) =0, the value of 3‘F2(Zf_)\) is given by:

¢, ¢, & -1 ifp=3 (mod4);
€, € %ﬂ, if p=1 (mod 4), p=x%+ 3%, and = odd.
(i) oF ¢, ¢, ¢ ] ~28 ifp=3 (mod 4);
1) gL' - | =
€ € 8 ﬂgzg;#’lz,z'f:zcz+yz =p =1 (mod4) and z odd.
e -8 ifp=5,7 (mod 8);
221) 3’9 —_ = )
€, € M%;ﬂ_—lz), ifp=1,3 (mod 8), p = xz% + 2y%.
¢ ¢ ¢ 2232, fp=2(mod3),
('[/U) 3F2 l4 = p 2
& ¢ A8 if p=1 (mod 3), p = a? + 3.
Wl * 0L ~4 i p=2 (mod 3);
3k - | =
£, € 4 ﬁ@ﬂ?’l, ifp=1(mod 3), p= 2? + 3y%.
—CT if p=3,5,6 (mod 7);
(v1) 5Fy ¢, ¢ ¢ 64| = v fp=3,56 ( )
€, € AP ifp=1,2,4 (mod 7), p = 22 + Ty?.
( ) F é, ¢) ¢ 1 —'tﬂ,;l) 2fPE3,5,6 (m0d7),
vii) 3F — | =
€, € 64 ﬂZ)_(;l?g_z-_Pl, ifp=1,2,4 (mod 7), p= 1%+ Ty°.

The characters involve in the above formulas are only quadratic and trivial. In
[11], Evans and Greene gave an expression for 3F(}) containing characters of ar-
bitrary orders, which extend Theorem 6.2.9 (v) evaluated by Ono. To obtain the
following result, Evans and Greene deduced some transformation relations between
3F> and o Fy hypergeometric functions over finite fields analogous to Clausen Theo-

rem of classical hypergeometric series.
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Theorem 6.2.10. [11, Thm. 1.3] Let S be a character on Fy which is not trivial,

cubic, or quartic. Then

. S, S8 S | 1 $(-1)S4) —1qs o8 if g =2 (mod 3);
3k - =
4 #(-1)S(4 J(S, J(SX o
S2. Sé _(_3_(.) (1 + J(s,;) + J(s;)) , ifqg=1 (mod 3),

where X s a character of order 3 on IF,.

Further, Evans and Greene deduced the following special value of Gaussian hy-

pergeometric series.

Theorem 6.2.11. [12, Thm. 1.8] Suppose that S is a character whose order is not
equal to 1,3 or 4 over F,. Then
S, S S 1
3k | -3
S?, S¢

—¢§—1q2S£—82’ 4f S is not a square;

- - S 83 .
HSE) 4 VIAIES) (J(S, D)2 + J(S, De)?) , if S = D2.

In the following theorem, we evaluate the value of 3F5(4) hypergeometric series
over [y, which extends another result of Ono [34] (see Theorem 6.2.9 (vi)). The

result of Ono can be obtained by putting S = ¢, thus solving a problem posed by
M. Koike (25, p. 465].

Theorem 6.2.12. If S is a character on F, with order not equal to 1, 3, or 4, then

( _w, if ¢ = 2 (mod 3);

q
S_S, S_l, S—z _16 - - 2
o] =) SIS (5 (5

S_4, S-2 J§5‘3, S) X3 X%
_¢_—I_3_)55;(_@’ if g =1 (mod 3),

where x3 is a character of order 3 of IF,.

We remark that in view of Theorem 1.3.14, there is a result similar to Theorem

6.2.12 in which the argument 4 is replaced by %. However, our result about 3F2(§)
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will be different from Theorem 6.2.10 obtained by Evans and Greene. We now prove
the following lemma from which Theorem 6.2.12 will follow directly after combining

with Lemma. 6.2.6.

Lemma 6.2.13. If S is a character on F, whose order 1s not equal to 1, 3 or 4,

then

§73, 871, 5% 1+ J(S1, 871
3P ‘ b\ ) 3 =3 g "
5_4, S—2 q S(_4)‘ )J(S ,S)

[Z S((z - D" + A))] - 52((?)«5(—».
z€F,

Proof. Since S is a character on F, whose order is not equal to 1, 3 or 4, so applying

Theorem 4.2.2 directly for A= S73, C = §72, and z = 12, we obtain

573, 871, S§7% 1+ J(871, 871 R
3F2 g4 g = | "@cyiE= 5% 3)
2( 1A
S( A )¢( A). (6.2.4)

Again, from (4.2.3), we have

9(S,S;—3) = Y _ STH=NS((z — 1)(z* + X)). (6.2.5)
z€F,
Hence combining (6.2.4) and (6.2.5), we complete. the proof. O

Proof of 6.2.12. Putting A = 1 in Lemma 6.2.13, we obtain

S8 871 5% J(S 18- :
3F2( 54 g |4> 5(-2)J (S 3 ) [ZS ((z = 1)(=® + ))]
S(16)

—¢(-3).

Now combining this with Lemma 6.2.6, we complete the proof of the result. 0O
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